American Mathematical Society 

Colloquium Publications 

Volume 55 



Noncommutative Geometry, 
Quantum Fields and Motives 

Alain Connes 
Matilde Marcolli 



®AMS 

American Mathematical Society 



MOJB1 HINDUSTAN 
ULLLrU BOOK AGENCY 



Editorial Board 



Paul J. Sally, Jr., Chair 
Yuri Manin 
Peter Sarnak 

2000 Mathematics Subject Classification. Primary 58B34, 11G35, 11M06, 11M26, 11G09, 
81T15, 14G35, 14F42, 34M50, 81V25. 

This edition is published by the American Mathematical Society 
under license from Hindustan Book Agency. 



For additional information and updates on this book, visit 
www.ams.org/bookpages/coll-55 



Library of Congress Cataloging-in-Publication Data 

Connes, Alain. 

Noncommutative geometry, quantum fields and motives / Alain Connes, Matilde Marcolli. 
p. cm. — (Colloquium publications (American Mathematical Society), ISSN 0065-9258 ; 

v. 55) 

Includes bibliographical references and index. 
ISBN 978-0-8218-4210-2 (alk. paper) 

1. Noncommutative differential geometry. 2. Quantum field theory, I. Marcolli, Matilde. 
II. Title. 

QC20.7.D52C66 2007 

512'. 55— dc22 2007060843 



Copying and reprinting. Individual readers of this publication, and nonprofit libraries 
acting for them, are permitted to make fair use of the material, such as to copy a chapter for use 
in teaching or research. Permission is granted to quote brief passages from this publication in 
reviews, provided the customary acknowledgment of the source is given. 

Republication, systematic copying, or multiple reproduction of any material in this publication 
is permitted only under license from the Hindustan Book Agency. Requests for permission for 
commercial use of material should be addressed to the Hindustan Book Agency (India), P 19 Green 
Park Extention, New Delhi 110 016, India. Requests can also be made by e-mail to hbaSvsnl . com. 

© 2008 by the Hindustan Book Agency. All rights reserved. 
Printed in the United States of America. 

@ The paper used in this book is acid-free and falls within the guidelines 
established to ensure permanence and durability. 
Visit the AMS home page at http://www.ams.org/ 

10 9 8 7 6 5 4 3 2 1 13 12 11 10 09 08 



To our loved ones for their patience 



Contents 



Preface xiii 

Chapter 1. Quantum fields, noncommutative spaces, and motives 1 

1. Introduction 1 

2. Basics of perturbative QFT 7 

2.1. Lagrangian and Hamiltonian formalisms 8 

2.2. Lagrangian and the Feynman integral 10 

2.3. The Hamiltonian and canonical quantization 11 

2.4. The simplest example 13 

2.5. Green's functions 17 

2.6. Wick rotation and Euclidean Green's functions 18 

3. Feynman diagrams 22 

3.1. The simplest case 23 

3.2. The origins of renormalization 27 

3.3. Feynman graphs and rules 31 

3.4. Connected Green's functions 35 

3.5. The effective action and one-particle irreducible graphs 37 

3.6. Physically observable parameters 41 

3.7. The physics idea of renormalization 43 

4. Dimensional regularization 46 

5. The graph by graph method of Bogoliubov-Parasiuk-Hepp- 

Zimmermann 52 

5.1. The simplest example of subdivergence 54 

5.2. Superficial degree of divergence 58 

5.3. Subdivergences and preparation 59 

6. The Connes-Kreimer theory of perturbative renormalization 66 

6.1. Commutative Hopf algebras and affine group schemes 67 

6.2. The Hopf algebra of Feynman graphs: discrete part 71 

6.3. The Hopf algebra of Feynman graphs: full structure 78 

6.4. BPHZ as a Birkhoff factorization 81 

6.5. Diffeographisms and diffeomorphisms 88 

6.6. The renormalization group 89 

7. Renormalization and the Riemann-Hilbert correspondence 95 

7.1. Counterterms and time-ordered exponentials 96 

7.2. Flat equisingular connections 103 

7.3. Equivariant principal bundles and the group G* = G x G m 114 

V 



vi 



CONTENTS 



7.4. Tannakian categories and affine group schemes 119 

7.5. Differential Galois theory and the local Riemann-Hilbert 

correspondence 123 

7.6. Universal Hopf algebra and the Riemann-Hilbert 

correspondence 128 

8. Motives in a nutshell 137 

8.1. Algebraic varieties and motives 137 

8.2. Pure motives 146 

8.3. Mixed motives 151 

8.4. Mixed Hodge structures 156 

8.5. Tate motives, periods, and quantum fields 159 

9. The Standard Model of elementary particles 160 

9.1. Particles and interactions 162 

9.2. Symmetries 163 

9.3. Quark mixing: the CKM matrix 166 

9.4. The Standard Model Lagrangian 166 

9.5. Quantum level: anomalies, ghosts, gauge fixing 170 

9.6. Massive neutrinos 174 

9.7. The Standard Model minimally coupled to gravity 179 

9.8. Higher derivative terms in gravity 183 

9.9. Symmetries as diffeomorphisms 184 

10. The framework of (metric) noncommutative geometry 186 

10.1. Spectral geometry 187 

10.2. Spectral triples 190 

10.3. The real part of a real spectral triple 192 

10.4. Hochschild and cyclic cohomology 193 

10.5. The local index cocycle 198 

10.6. Positivity in Hochschild cohomology and Yang-Mills action 201 

10.7. Cyclic cohomology and Chern-Simons action 202 

10.8. Inner fluctuations of the metric 203 

11. The spectral action principle 206 

11.1. Terms in A 2 in the spectral action and scalar curvature 210 

11.2. Seeley-DeWitt coefficients and Gilkey's theorem 216 

11.3. The generalized Lichnerowicz formula 217 

11.4. The Einstein- Yang-Mills system 218 

11.5. Scale independent terms in the spectral action 223 

11.6. Spectral action with dilaton 227 

12. Noncommutative geometry and the Standard Model 230 

13. The finite noncommutative geometry 234 

13.1. The subalgebra and the order one condition 238 

13.2. The bimodule TCf and fermions 240 

13.3. Unimodularity and hypercharges 243 

13.4. The classification of Dirac operators 246 

13.5. Moduli space of Dirac operators and Yukawa parameters 252 

13.6. The intersection pairing of the finite geometry 255 



CONTENTS 



vii 



14. The product geometry 257 
14.1. The real part of the product geometry 258 

15. Bosons as inner fluctuations 259 

15.1. The local gauge transformations 259 

15.2. Discrete part of the inner fluctuations and the Higgs field 260 

15.3. Powers of Z^ ' 1 ) 262 

15.4. Continuous part of the inner fluctuations and gauge 

bosons 265 

15.5. Independence of the boson fields 269 

15.6. The Dirac operator and its square 269 

16. The spectral action and the Standard Model Lagrangian 271 

16.1. The asymptotic expansion of the spectral action onMxF 271 

16.2. Fermionic action and Pfaffian 275 

16.3. Fermion doubling, Pfaffian and Majorana fermions 277 

17. The Standard Model Lagrangian from the spectral action 280 

17.1. Change of variables in the asymptotic formula and unification 281 

17.2. Coupling constants at unification 282 

17.3. The coupling of fermions 284 

17.4. The mass relation at unification 292 

17.5. The see-saw mechanism 293 

17.6. The mass relation and the top quark mass 295 

17.7. The self-interaction of the gauge bosons 298 

17.8. The minimal coupling of the Higgs field 300 

17.9. The Higgs field self-interaction 302 

17.10. The Higgs scattering parameter and the Higgs mass 304 

17.11. The gravitational terms 306 

17.12. The parameters of the Standard Model 308 

18. Functional integral 309 

18.1. Real orientation and volume form 311 

18.2. The reconstruction of spin manifolds 313 

18.3. Irreducible finite geometries of i^O-dimension 6 314 

18.4. The functional integral and open questions 316 

19. Dimensional regularization and noncommutative geometry 318 

19.1. Chiral anomalies 318 

19.2. The spaces X z 322 

19.3. Chiral gauge transformations 325 

19.4. Finiteness of anomalous graphs and relation with 

residues 326 

19.5. The simplest anomalous graphs 329 

19.6. Anomalous graphs in dimension 2 and the local index cocycle 335 

Chapter 2. The Riemann zeta function and noncommutative geometry 341 

1. Introduction 341 

2. Counting primes and the zeta function 345 

3. Classical and quantum mechanics of zeta 351 



viii 



CONTENTS 



3.1. Spectral lines and the Riemann flow 352 

3.2. Symplectic volume and the scaling Hamiltonian 354 

3.3. Quantum system and prolate functions 356 

4. Principal values from the local trace formula 362 

4.1. Normalization of Haar measure on a modulated group 364 

4.2. Principal values 366 

5. Quantum states of the scaling flow 370 

5.1. Quantized calculus 372 

5.2. Proof of Theorem 2.18 375 

6. The map £ 377 
6.1. Hermite- Weber approximation and Riemann's £ function 378 

7. The adele class space: finitely many degrees of freedom 381 

7.1. Geometry of the semi-local adele class space 383 

7.2. The Hilbert space L 2 (Xs) and the trace formula 388 

8. Weil's formulation of the explicit formulas 396 

8.1. L- functions 396 

8.2. Weil's explicit formula 398 

8.3. Fourier transform on Ck 399 

8.4. Computation of the principal values 400 

8.5. Reformulation of the explicit formula 406 

9. Spectral realization of critical zeros of L-functions 407 

9.1. L-functions and homogeneous distributions on Ajj 409 

9.2. Approximate units in the Sobolev spaces L^Ck) 414 

9.3. Proof of Theorem 2.47 416 

10. A Lefschetz formula for Archimedean local factors 421 

10.1. Archimedean local L-factors 422 

10.2. Asymptotic form of the number of zeros of L-functions 423 

10.3. Weil form of logarithmic derivatives of local factors 424 

10.4. Lefschetz formula for complex places 427 

10.5. Lefschetz formula for real places 428 

10.6. The question of the spectral realization 431 

10.7. Local factors for curves 434 

10.8. Analogy with dimensional regularization 435 

Chapter 3. Quantum statistical mechanics and Galois symmetries 437 

1. Overview: three systems 437 

2. Quantum statistical mechanics 442 

2.1. Observables and time evolution 444 

2.2. The KMS condition 445 

2.3. Symmetries 449 

2.4. Warming up and cooling down 451 

2.5. Pushforward of KMS states 451 

3. Q-lattices and commensurability 452 

4. 1-dimensional Q-lattices 454 
4.1. The Bost-Connes system 458 



CONTENTS ix 

4.2. Hecke algebras 459 

4.3. Symmetries of the BC system 461 

4.4. The arithmetic subalgebra 462 

4.5. Class field theory and the Kronecker-Weber theorem 470 

4.6. KMS states and class field theory 474 

4.7. The class field theory problem: algebras and fields 476 

4.8. The Shimura variety of G m 479 

4.9. QSM and QFT of 1-dimensional Q-lattices 481 

5. 2-dimensional Q-lattices 483 

5.1. Elliptic curves and Tate modules 486 

5.2. Algebras and groupoids 488 

5.3. Time evolution and regular representation 493 

5.4. Symmetries 495 

6. The modular field 501 

6.1. The modular field of level N = 1 502 

6.2. Modular field of level N 504 

6.3. Modular functions and modular forms 511 

6.4. Explicit computations for N = 2 and N = 4 513 

6.5. The modular field F and Q-lattices 514 

7. Arithmetic of the GL2 system 518 

7.1. The arithmetic subalgebra: explicit elements 518 

7.2. The arithmetic subalgebra: definition 521 

7.3. Division relations in the arithmetic algebra 527 

7.4. KMS states 532 

7.5. Action of symmetries on KMS states 541 

7.6. Low-temperature KMS states and Galois action 542 

7.7. The high temperature range 543 

7.8. The Shimura variety of GL 2 545 

7.9. The noncommutative boundary of modular curves 546 

7.10. Compatibility between the systems 549 

8. KMS states and complex multiplication 551 

8.1. 1-dimensional K-lattices 551 

8.2. K-lattices and Q-lattices 553 

8.3. Adelic description of K-lattices 554 

8.4. Algebra and time evolution 556 

8.5. K-lattices and ideals 558 

8.6. Arithmetic subalgebra 559 

8.7. Symmetries 560 

8.8. Low-temperature KMS states and Galois action 563 

8.9. High temperature KMS states 569 

8.10. Comparison with other systems 572 

9. Quantum statistical mechanics of Shimura varieties 574 

Chapter 4. Endomotives, thermodynamics, and the Weil explicit 

formula 577 



X 



CONTENTS 



1. Morphisms and categories of noncommutative spaces 582 

1.1. The KK-category 582 

1.2. The cyclic category 585 

1.3. The non-unital case 588 

1.4. Cyclic (co) homology 589 

2. Endomotives 591 

2.1. Algebraic endomotives 594 

2.2. Analytic endomotives 598 

2.3. Galois action 600 

2.4. Uniform systems and measured endomotives 603 

2.5. Compatibility of endomotives categories 604 

2.6. Self-maps of algebraic varieties 606 

2.7. The Bost-Connes endomotive 607 

3. Motives and noncommutative spaces: higher dimensional 

perspectives 610 

3.1. Geometric correspondences 610 

3.2. Algebraic cycles and fT-theory 612 

4. A thermodynamic "Frobenius" in characteristic zero 615 

4.1. Tomita's theory and the modular automorphism group 616 

4.2. Regular extremal KMS states (cooling) 618 

4.3. The dual system 622 

4.4. Field extensions and duality of factors (an analogy) 623 

4.5. Low temperature KMS states and scaling 626 

4.6. The kernel of the dual trace 631 

4.7. Holomorphic modules 634 

4.8. The cooling morphism (distillation) 636 

4.9. Distillation of the Bost-Connes endomotive 638 

4.10. Spectral realization 648 

5. A cohomological Lefschetz trace formula 650 

5.1. The adele class space of a global field 651 

5.2. The cyclic module of the adele class space 652 

5.3. The restriction map to the idele class group 653 

5.4. The Morita equivalence and cokernel for K = Q 654 

5.5. The cokernel of p for general global fields 656 

5.6. Trace pairing and vanishing 670 

5.7. Weil's explicit formula as a trace formula 671 

5.8. Weil positivity and the Riemann Hypothesis 672 

6. The Weil proof for function fields 674 

6.1. Function fields and their zeta functions 675 

6.2. Correspondences and divisors in C x C 678 

6.3. Frobenius correspondences and effective divisors 680 

6.4. Positivity in the Weil proof 682 

7. A noncommutative geometry perspective 685 

7.1. Distributional trace of a flow 686 

7.2. The periodic orbits of the action of Ck on 690 



CONTENTS xi 

7.3. Frobenius (scaling) correspondence and the trace formula 691 

7.4. The Fubini theorem and trivial correspondences 693 

7.5. The curve inside the adele class space 694 

7.6. Vortex configurations (an analogy) 712 

7.7. Building a dictionary 721 
8. The analogy between QG and RH 723 

8.1. KMS states and the electroweak phase transition 723 

8.2. Observables in QG 727 

8.3. Invertibility at low temperature 729 

8.4. Spectral correspondences 730 

8.5. Spectral cobordisms 730 

8.6. Scaling action 730 

8.7. Moduli spaces for Q-lattices and spectral correspondences 731 

Appendix 733 

1. Operator algebras 733 

1.1. C*-algebras 733 

1.2. Von Neumann algebras 734 

1.3. The passing of time 738 

2. Galois theory 741 

Bibliography 749 



Index 



763 



Preface 



The unifying theme, which the reader will encounter in different guises 
throughout the book, is the interplay between noncommutative geometry 
and number theory, the latter especially in its manifestation through the 
theory of motives. For us, this interwoven texture of noncommutative spaces 
and motives will become a tool in the exploration of two spaces, whose role 
is central to many developments of modern mathematics and physics: 

• Space-time 

• The set of prime numbers 

One may be tempted to think that, looking from the vantage point of 
those who sit atop the vast edifice of our accumulated knowledge of such 
topics as space and numbers, we ought to know a great deal about these 
two spaces. However, there are two fundamental problems whose difficulty 
is a clear reminder of our limited knowledge, and whose solution would 
require a more sophisticated understanding than the one currently within 
our immediate grasp: 

• The construction of a theory of quantum gravity (QG) 

• The Riemann hypothesis (RH) 

The purpose of this book is to explain the relevance of noncommutative 
geometry (NCG) in dealing with these two problems. Quite surprisingly, 
in so doing we shall discover that there are deep analogies between these 
two problems which, if properly exploited, are likely to enhance our grasp 
of both of them. 

Although the book is perhaps more aimed at mathematicians than at 
physicists, or perhaps precisely for that reason, we choose to begin our 
account in Chapter 1 squarely on the physics side. The chapter is dedicated 
to discussing two main topics: 

• Renormalization 

• The Standard Model of high energy physics 

We try to introduce the material as much as possible in a self-contained 
way, taking into consideration the fact that a significant number of mathe- 
maticians do not necessarily have quantum field theory and particle physics 
as part of their cultural background. Thus, the first half of the chapter is 
dedicated to giving a detailed account of perturbative quantum field theory, 
presented in a manner that, we hope, is palatable to the mathematician's 
taste. In particular, we discuss basic tools, such as the effective action and 
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the perturbative expansion in Feynman graphs, as well as the regulariza- 
tion procedures used to evaluate the corresponding Feynman integrals. In 
particular, we concentrate on the procedure known as "dimensional regu- 
larization" , both because of its being the one most commonly used in the 
actual calculations of particle physics, and because of the fact that it admits 
a very nice and conceptually simple interpretation in terms of noncommuta- 
tive geometry, as we will come to see towards the end of the chapter. In this 
first half of Chapter 1 we give a new perspective on perturbative quantum 
field theory, which gives a clear mathematical interpretation to the renor- 
malization procedure used by physicists to extract finite values from the 
divergent expressions obtained from the evaluations of the integrals associ- 
ated to Feynman diagrams. This viewpoint is based on the Connes-Kreimer 
theory and then on more recent results by the authors. 

Throughout this discussion, we always assume that we work with the 
procedure known in physics as "dimensional regularization and minimal sub- 
straction" . The basic result of the Connes-Kreimer theory is then to show 
that the renormalization procedure corresponds exactly to the Birkhoff fac- 
torization of a loop 7(2) £ G associated to the unrenormalized theory eval- 
uated in complex dimension D — z, where D is the dimension of space-time 
and z 7^ is the complex parameter used in dimensional regularization. 
The group G is defined through its Hopf algebra of coordinates, which is the 
Hopf algebra of Feynman graphs of the theory. The Birkhoff factorization 
of the loop gives a canonical way of removing the singularity at z = and 
obtaining the required finite result for the physical observables. This gives 
renormalization a clear and well defined conceptual meaning. 

The Birkhoff factorization of loops is a central tool in the construction 
of solutions to the "Riemann-Hilbert problem" , which consists of finding a 
differential equation with prescribed monodromy. With time, out of this 
original problem a whole area of mathematics developed, under the name of 
"Riemann-Hilbert correspondence". Broadly speaking, this denotes a way 
of encoding objects of differential geometric nature, such as differential sys- 
tems with specified types of singularities, in terms of group representations. 
In its most general form, the Riemann-Hilbert correspondence is formu- 
lated as an equivalence of categories between the two sides. It relies on the 
"Tannakian formalism" to reconstruct the group from its category of rep- 
resentations. We give a general overview of all these notions, including the 
formalism of Tannakian categories and its application to differential systems 
and differential Galois theory. 

The main new result of the first part of Chapter 1 is the explicit identi- 
fication of the Riemann-Hilbert correspondence secretly present in pertur- 
bative renormalization. 

At the geometric level, the relevant category is that of equisingular flat 
vector bundles. These are vector bundles over a base space B which is a 
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principal G m (C) = C*-bundle 

G ro (C) — ► B A 

over an infinitesimal disk A. From the physical point of view, the complex 
number z 7^ in the base space A is the parameter of dimensional reg- 
ularization, while the parameter in the fiber is of the form hn z , where h 
is the Planck constant and \i is a unit of mass. These vector bundles are 
endowed with a flat connection in the complement of the fiber over £ A. 
The fiberwise action of G m (C) = C* is given by hJ^. The equisingularity 
of the flat connection is a mathematical translation of the independence (in 
the minimal subtraction scheme) of the counterterms on the unit of mass 
fi. It means that the singularity of the connection, restricted to a section 
z G A a(z) £ B of the bundle B, only depends upon the value <r(0) of 
the section. 

We show that the category of equisingular flat vector bundles is a Tan- 
nakian category and we identify explicitly the corresponding group (more 
precisely, afhne group scheme) that encodes, through its category of finite 
dimensional linear representations, the Riemann-Hilbert correspondence un- 
derlying perturbative renormalization. This is a very specific proalgebraic 
group of the form U* = U x G m , whose unipotent part U is associated to 
the free graded Lie algebra 

^(1,2,3, ■■•). 

with one generator in each degree. We show that this group acts as a uni- 
versal symmetry group of all renormalizable theories and has the properties 
of the "Cosmic Galois group" conjectured by Cartier. In many ways this 
group should be considered as the proper mathematical incarnation of the 
renormalization group whose role, as a group encoding the ambiguity inher- 
ent to the renormalization process in quantum field theory, is similar to that 
of the Galois group in number theory. 

We conclude the first part of Chapter 1 with a very brief introduction 
to the theory of motives initiated by Grothendieck. We draw some parallels 
between the Tannakian formalism used in differential Galois theory and in 
particular in our formulation of perturbative renormalization and the same 
formalism in the context of motivic Galois groups. In particular we signal the 
fact that the group U* also appears (albeit via a non-canonical identification) 
as a motivic Galois group in the theory of mixed Tate motives. This "motivic 
nature" of the renormalization group remains to be fully understood. 

While the discussion in the first part of Chapter 1 applies to arbitrary 
renormalizable theories, the second part of this chapter is concerned with 
the theory which, as of the writing of this book, represents the best of our 
current knowledge of particle physics: the Standard Model. This part is 
based on joint work of the authors with Ali Chamseddine. 

Our main purpose in the second part of Chapter 1 is to show that the 
intricate Lagrangian of the Standard Model minimally coupled to gravity, 
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where we incorporate the terms that account for recent findings in neutrino 
physics, can be completely derived from very simple mathematical data. The 
procedure involves a modification of the usual notion of space-time geometry 
using the formalism of noncommutative geometry. 

Again we do not assume that the reader has any familiarity with par- 
ticle physics, so we begin this second part of Chapter 1 by reviewing the 
fundamental facts about the physics of the standard model and its coupling 
with gravity, in a formulation which is as close as possible to that of the 
physics literature. A main point that it is important to stress here is the 
fact that the standard model, in all its complexity, was built over the years 
as a result of a continuing dialogue between theory and experiment. The 
result is striking in its depth and complexity: even just the typesetting of 
the Lagrangian is in itself a time-consuming task. 

After this introductory part, we proceed to give a brief description of 
the main tools of noncommutative geometry that will be relevant to our 
approach. They include cyclic and Hochschild cohomologies and the basic 
paradigm of spectral triples (A,TC,D). An important new feature of such 
geometries, which is absent in the commutative case, is the existence of inner 
fluctuations of the metric. At the level of symmetries, these correspond to 
the subgroup of inner automorphisms, a normal subgroup of the group of 
automorphisms which is non-trivial precisely in the noncommutative case. 

We then begin the discussion of our model. This can be thought of as a 
form of unification, based on the symplectic unitary group in Hilbert space, 
rather than on finite dimensional Lie groups. The internal symmetries are 
unified with the gravitational ones. They all arise as automorphisms of 
the noncommutative algebra of coordinates on a product of an ordinary 
Riemannian spin manifold M by a finite noncommutative space F. One 
striking feature that emerges from the computations is the fact that, while 
the metric dimension of F is zero, its i^-theoretic dimension (in real K- 
theory) is equal to 6 modulo 8. 

A long detailed computation then shows how the Lagrangian of the 
Standard Model minimally coupled with gravity is obtained naturally (in 
Euclidean form) from spectral invariants of the inner fluctuations of the 
product metric on M x F. 

This model provides specific values of some of the parameters of the 
Standard Model at unification scale, and one obtains physical predictions 
by running them down to ordinary scales through the renormalization group, 
using the Wilsonian approach. In particular, we find that the arbitrary pa- 
rameters of the Standard Model, as well as those of gravity, acquire a clear 
geometric meaning in this model, in terms of moduli spaces of Dirac op- 
erators on the noncommutative geometry and of the asymptotic expansion 
of the corresponding spectral action functional. Among the physical predic- 
tions are relations between some of the parameters of the Standard Model, 
such as the merging of the coupling constants and a relation between the 
fermion and boson masses at unification. 
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Finally, in the last section of Chapter 1, we come to another applica- 
tion of noncommutative geometry to quantum field theory, which brings us 
back to the initial discussion of perturbative renormalization and dimen- 
sional regularization. We construct natural noncommutative spaces X z of 
dimension a complex number z, where the dimension here is meant in the 
sense of the dimension spectrum of spectral triples. In this way, we find a 
concrete geometric meaning for the dimensional regularization procedure. 

We show that the algebraic rules due to 't Hooft-Veltman and Breiten- 
lohner-Maison on how to handle chiral anomalies using the dimensional 
regularization procedure are obtained, as far as one loop fermionic graphs 
are concerned, using the inner fluctuations of the metric in the product by 
the spaces X z . This fits with the similar procedure used to produce the 
Standard Model Lagrangian from a product of an ordinary geometry by 
the finite geometry F and establishes a relation between chiral anomalies, 
computed using dimensional regularization, and the local index formula in 
NCG. 

Towards the end of Chapter 1, one is also offered a first glance at the 
problem posed by a functional integral formulation of quantum gravity. We 
return only at the very end of the book to the problem of constructing a 
meaningful theory of quantum gravity, building on the experience we gain 
along the way through the analysis of quantum statistical mechanical sys- 
tems arising from number theory, in relation to the statistics of primes and 
the Riemann zeta function. These topics form the second part of the book, 
to which we now turn. 

The theme of Chapter 2 is the Riemann zeta function and its zeros. Our 
main purpose in this part of the book is to describe a spectral realization 
of the zeros as an absorption spectrum and to give an interpretation as a 
trace formula of the Riemann- Weil explicit formula relating the statistics of 
primes to the zeros of zeta. The role of noncommutative geometry in this 
chapter is twofold. 

In the first place, the space on which the trace formula takes place is 
a noncommutative space. It is obtained as the quotient of the adeles Aq 
by the action of non-zero rational numbers by multiplication. Even though 
the resulting space X = Aq/Q* is well defined set-theoretically, it should be 
thought of as a noncommutative space, because the ergodicity of the action 
of Q* on Aq prevents one from constructing measurable functions on the 
quotient X, as we show in Chapter 3. In particular, the construction of 
function spaces on X is done by homological methods using coinvariants. 
This will only acquire a full conceptual meaning in Chapter 4, using cyclic 
cohomology and the natural noncommutative algebra of coordinates on X. 

The space X can be approximated by simpler spaces X$ obtained by 
restriction to finite sets S of places of Q. We use this simplified setup 
to obtain the relation with the Riemann-Weil explicit formula. The main 
point is that, even though the space X$ is in essence a product of terms 
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corresponding to the various places, the trace of the action of the group 
of idele classes becomes a sum of such contributions. It is in the proof of 
this key additivity property that we use another tool of noncommutative 
geometry: the quantized calculus. 

In the simplest instance, the interpretation of the Riemann-Weil explicit 
formula as a trace formula gives an interpretation as symplectic volume in 
phase space for the main term of the Riemann counting function for the 
asymptotic expansion of the number of non-trivial zeros of zeta of imaginary 
part less than E. We show that a full quantum mechanical computation then 
gives the complete formula. 

We end Chapter 2 by showing how this general picture and methods 
extend to the zeta functions of arithmetic varieties, leading to a Lefschetz 
formula for the local L-factors associated by Serre to the Archimedean places 
of a number field. The Serre formula describes the Archimedean factors as 
products of shifted Gamma functions with the shifts and the exponents de- 
pending on Hodge numbers. We derive this formula directly from a Lefschetz 
trace formula for the action of the Weil group on a bundle with base the 
complex line or the quaternions (for a real place) and with fiber the Hodge 
realization of the variety. 

The origin of the relation described above between the Riemann zeta 
function and noncommutative geometry can be traced to the work of Bost- 
Connes. This consists of the construction, using Hecke algebras, of a quan- 
tum statistical mechanical system whose partition function is the Riemann 
zeta function and which exhibits a surprising relation with the class field 
theory of the field Q. Namely, the system admits as a natural symmetry 
group the group of idele classes of Q modulo the connected component of 
the identity. This symmetry of the system is spontaneously broken at the 
critical temperature given by the pole of the partition function. Below this 
temperature, the various phases of the system are parameterized by embed- 
dings Q cyd — > C of the cyclotomic extension Q cyd of Q. These different 
phases are described in terms of extremal KMS/j states, where (3 = ^ is the 
inverse temperature. Moreover, another important aspect of this construc- 
tion is the existence of a natural algebra of "rational observables" of this 
quantum statistical mechanical system. This allows one to define in a con- 
ceptual manner an action of the Galois group Gal(Q CJ/d /Q) on the phases 
of the system at zero temperature, merely by acting on the values of the 
states on the rational observables, values which turn out to provide a set of 
generators for Q cycl , the maximal abelian extension of Q. 

Our main purpose in Chapter 3 is to present extensions of this relation 
between number theory and quantum statistical mechanics to more involved 
examples than the case of rational numbers. In particular we focus on 
two cases. The first corresponds to replacing the role of the group GLi in 
the Bost-Connes (BC) system with GL2. This yields an interesting non- 
abelian case, which is related to the Galois theory of the field of modular 
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functions. The second is a closely related case of abelian class field theory, 
where the field Q is replaced by an imaginary quadratic extension. The 
results concerning these two quantum statistical mechanical systems are 
based, respectively, on work of the authors and on a collaboration of the 
authors with Niranjan Ramachandran. 

We approach these topics by first providing a reinterpretation of the BC 
system in terms of geometric objects. These are the Q-lattices, i.e. pairs 
(A, <p) of a lattice A C W l (a cocompact free abelian subgroup of M n of rank 
n) together with a homomorphism of abelian groups 

<t> : Q n /Z n — ► QA/A. 

Two Q-lattices are commensurable if and only if 

QAi = QA 2 and 0i = <p 2 mod Ai + A 2 . 

Let C n denote the set of commensurability classes of n-dimensional Q- 
lattices. Even in the simplest one-dimensional case (n = 1) the space C n is 
a noncommutative space. In fact in the one-dimensional case it is closely 
related to the adele class space X = Aq/Q* discussed in Chapter 2. 

We first construct a canonical isomorphism of the algebra of the BC 
system with the algebra of noncommutative coordinates on the quotient of 
C\ by the scaling action of M.+ . Following Weil's analogy between trigono- 
metric and elliptic functions, we then show that the trigonometric analogue 
of the Eisenstein series generate, together with the commensurability with 
division points, the arithmetic subalgebra of "rational observables" of the 
BC system. This opens the way to the higher dimensional case and much of 
Chapter 3 is devoted to the extension of these results to the two-dimensional 
case. 

The system for the GL 2 case is more involved, both at the quantum 
statistical level, where there are two phase transitions and no equilibrium 
state above a certain temperature, and at the number theoretic level, where 
the cyclotomic field Q cyd is replaced by the modular field. 

We end Chapter 3 with the description of our joint results with Ra- 
machandran on the extension of the BC system to imaginary quadratic 
fields. This is based on replacing the notion of Q-lattices with an anal- 
ogous notion of 1-dimensional K- lattices, with K the imaginary quadratic 
extension of Q. The relation between commensurability of 1-dimensional 
K-lattices and of the underlying 2-dimensional Q-lattices gives the relation 
between the quantum statistical mechanical system for imaginary quadratic 
fields and the GLi2-system. This yields the relation between the quantum 
statistical mechanics of K-lattices and the explicit class field theory of imag- 
inary quadratic fields. 

Underlying our presentation of the main topics of Chapter 3 there is 
a unifying theme. Namely, the three different cases of quantum statistical 
mechanical systems that we present in detail all fit into a similar general 
picture, where an ordinary moduli space is recovered as the set of classical 
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points (zero temperature states) of a noncommutative space with a natural 
time evolution. In the setting of Chapter 3 the classical spaces are Shimura 
varieties, which can be thought of as moduli spaces of motives. This general 
picture will provide a motivating analogy for our discussion of the quantum 
gravity problem at the end of the book. 

The spectral realization of zeros of zeta and L-functions described in 
Chapter 2 is based on the action of the idele class group on the noncom- 
mutative space X of adeles classes. Nevertheless, the construction, as we 
describe it in Chapter 2, makes little use of the formalism of noncommuta- 
tive geometry and no direct use of the crossed product algebra A describing 
the quotient of adeles by the multiplicative group Q* . 

In Chapter 4, the last chapter of the book, we return to this theme. Our 
main purpose is to show that the spectral realization described in Chapter 
2 acquires cohomological meaning, provided that one reinterprets the con- 
struction in terms of the crossed product algebra A and cyclic cohomology. 
This chapter is based on our joint work with Caterina Consani. 

We begin the chapter by explaining how to reinterpret the entire con- 
struction of Chapter 2 in "motivic" terms using 

• An extension of the notion of Artin motives to suitable projective 
limits, which we call endomotives. 

• The category of cyclic modules as a linearization of the category of 
noncommutative algebras and correspondences. 

• An analogue of the action of the Frobenius on ^-adic cohomology, 
based on a thermodynamical procedure, which we call distillation. 

The construction of an appropriate "motivic cohomology" with a "Frobe- 
nius" action of for endomotives is obtained through a very general pro- 
cedure. It consists of three basic steps, starting from the data of a non- 
commutative algebra A and a state <p. One considers the time evolution 
at G Aut.4, for t G R, naturally associated to the state (p. 

The first step is what we refer to as cooling. One considers the space £@ 
of extremal KMS^ states, for (3 greater than critical. Assuming these states 
are of type I, one obtains a morphism 

vr : A x CT R -► S(£p x R* + ) ® C 1 , 

where A is a dense subalgebra of a C*-algebra A, and where C l denotes the 
ideal of trace class operators. In fact, one considers this morphism restricted 
to the kernel of the canonical trace r on A x CT IBL 

The second step is distillation, by which we mean the following. One 
constructs a cyclic module D(A, <p) which consists of the cokernel of the 
cyclic morphism given by the composition of ir with the trace Tr : C l — > C. 

The third step is then the dual action. Namely, one looks at the spectrum 
of the canonical action of W + on the cyclic homology 
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This procedure is quite general and it applies to a large class of data 
(A, <p), producing spectral realizations of zeros of L-functions. It gives a rep- 
resentation of the multiplicative group M* + which combines with the natural 
representation of the Galois group G when applied to the noncommutative 
space (analytic endomotive) associated to an (algebraic) endomotive. 

In the particular case of the endomotive associated to the BC system, 
the resulting representation of G x W + gives the spectral realization of the 
zeros of the Riemann zeta function and of the Artin L-functions for abelian 
characters of G. One sees in this example that this construction plays a role 
analogous to the action of the Weil group on the ^-adic cohomology. It gives 
a functor from the category of endomotives to the category of representations 
of the group G x . Here we think of the action of Rl as a "Frobenius in 
characteristic zero", hence of G x as the corresponding Weil group. 

We also show that the "dualization" step, i.e. the transition from A to 
A x CT R, is a very good analog in the case of number fields of what happens for 
a function field K in passing to the extension K ¥ q . In fact, in the case 
of positive characteristic, the unramified extensions K ®f 9 ^q n , combined 
with the notion of places, yield the points C(¥ q ) over ¥ q of the underlying 
curve. This has a good parallel in the theory of factors and this analogy 
plays an important role in developing a setting in noncommutative geometry 
that parallels the algebro-geometric framework that Weil used in his proof 
of RH for function fields. 

We end the number theoretic part of the book by a dictionary between 
Weil's proof and the framework of noncommutative geometry, leaving open 
the problem of completing the translation and understanding the noncom- 
mutative geometry of the "arithmetic site" . 

We end the book by coming back to the construction of a theory of quan- 
tum gravity. Our approach here starts by developing an analogy between 
the electroweak phase transition in the Standard Model and the phase tran- 
sitions in the quantum statistical mechanical systems described in Chapter 
3. Through this analogy a consistent picture emerges which makes it possi- 
ble to define a natural candidate for the algebra of observables of quantum 
gravity and to conjecture an extension of the electroweak phase transition 
to the full gravitational sector, in which the geometry of space-time emerges 
through a symmetry breaking mechanism and a cooling process. As a wit- 
ness to the unity of the book, it is the construction of the correct category 
of correspondences which, as in Grothendieck's theory of motives, remains 
the main challenge for further progress on both QG and RH. 
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CHAPTER 1 



Quantum fields, noncommutative spaces, and 

motives 

1. Introduction 

The main goal of Chapter one is to unveil the mathematical conceptual 
meaning of some of the sophisticated computations performed by physicists 
in the domain of particle physics. It is divided into two parts dealing, re- 
spectively, with 

(1) Renormalization 

(2) The Standard Model 

We try to keep close contact with the way the computations are actually 
performed by physicists and to bridge the gap between, on the one hand, 
the lessons physicists learned from their constant dialogue with experimental 
results and, on the other hand, with the elaborate mathematical concepts 
involved in allowing one to understand the meaning of these computations 
(if any). The bare data we start with are, respectively, 

• Computations of cross sections and scattering amplitudes from the 
perturbative expansion of the Feynman integral using renormalized 
values of Feynman graphs in the dimensional regularization and 
minimal subtraction scheme. 

• The detailed expression of the full Standard Model Lagrangian with 
neutrino mixing, the see-saw mechanism and coupling to gravity. 

We start the chapter with a presentation of quantum field theory (QFT) 
that ought to be understandable to mathematicians. In particular we recall 
in §2.1 the Lagrangian and Hamiltonian formalisms of classical mechan- 
ics and explain in §2.2 how the Lagrangian formulation of quantum field 
theory leads to Feynman's path integral. The path integral prescription is 
ambiguous (even ignoring all the divergence problems) and the removal of 
the ambiguity by Feynman's ie trick can only be properly understood after 
an excursion into the Hamiltonian formulation and canonical quantization. 
We do this in §2.3 where we base the discussion on the three main physical 
properties of a quantum field theory, which are 

• Causality 

• Positivity of energy 

• Unitarity 



i 



2 



1. QUANTUM FIELDS, NC SPACES, MOTIVES 



We discuss the simplest example of QFT in §2.4: it is the free bosonic field 
on the space-time 

X = R x S 1 

with the Lorentz metric. This gives a good occasion to describe this ba- 
sic example of algebraic quantum field theory, and to explain what are the 
vacuum states and the temperature states which fulfill the KMS/3 condition 
relative to the Heisenberg time evolution. Even though algebraic quantum 
field theory is an interesting formalism involving deep mathematical struc- 
tures such as von Neumann algebras it falls short of what is essential to our 
purpose: concrete physics computations. It is, however, essential in clarify- 
ing the conceptual meaning of the boundary conditions on Green's functions 
by clearly separating the kinematical relations from the construction of the 
vacuum states. We turn to the Green's functions in §2.5 and give their 
formal perturbative expansion in terms of free fields as the Gell-Mann-Low 
formula. We then show in §2.6 how Wick rotation allows one to encompass 
Feynman's ie prescription for how to go around the pole of the propagator 
in the analytic continuation to imaginary time. We give all the details on 
that point since it removes the first ambiguity in the perturbative compu- 
tation of the functional integral and shows from the start the merit of the 
Euclidean formulation. 

The Feynman graphs are dealt with in §3. We start with a detailed ac- 
count of a concrete example in §3.1 and show how the various pairings com- 
ing from the integration by parts under a Gaussian are labeled by graphs 
and yield integrals. The simplest graphs, such as self-energy graphs, give 
rise to integrals which diverge when an ultraviolet cutoff is removed so that 
one is confronted with the problem of renormalization. The physics origin 
of the problem was already understood by Green in 1830 and we explain the 
computation of the self-energy in hydrodynamics in §3.2 as a first example 
of mass renormalization. We then use the analogy between hydrodynamics 
and electromagnetism to explain how the crucial distinction between the 
bare parameters and the observed ones makes it possible to eliminate the 
divergence of the simplest self-energy graph by adding counterterms to the 
Lagrangian. We give a precise mathematical definition of Feynman graphs 
and of the rules which associate a formal integral to a graph in §3.3. We then 
describe the standard procedures that allow one to simplify the combina- 
torics of the Feynman graphs. First, by taking the logarithm of the partition 
function with a source term one reduces to connected graphs (§3.4). Then 
after applying the Legendre transform one obtains the effective action. Both 
the action's role as the basic unknown of QFT and its expansion in terms 
of one-particle irreducible (1PI) graphs is explained in §3.5. With this tool 
at hand we come to a precise definition of the physical parameters, such as 
the mass, and observables, such as the scattering matrix, in terms of the 
effective action in §3.6. Finally we describe the physical ideas of mass, field 
strength and coupling constant renormalization in §3.7. 
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In §4 we recall the basic dimensional regularization and minimal sub- 
traction procedures (DimReg+MS). We begin with the very simple example 
of the self-energy graph for the scalar </> 3 theory. We show explicitly, in this 
example, how to implement the dimensional regularization of the divergent 
integral using Schwinger parameters and the formal rules for Gaussian inte- 
gration in a complexified dimension D — z. We then discuss the existence of 
an analytic continuation of the Feynman integrals to a meromorphic func- 
tion on the complex plane. We prove in Theorem 1.9 that the dimensionally 
regularized unrenormalized values U z (T(pi, . . . ,pn)) have the property that 
their Taylor coefficients at p = admit a meromorphic continuation to the 
whole complex plane z £ C. In §5.1 we show a simple example of a subdiver- 
gence for a 1PI (one-particle irreducible) graph of the massless 4> 3 theory in 
dimension 6. This example shows the need, in addition to the regularization 
scheme (here DimReg+MS), for a renormalization procedure that accounts 
for the combinatorics of nested sub divergences. 

In §5, we introduce the Bogoliubov-Parasiuk-Hepp-Zimmermann renor- 
malization (BPHZ) procedure. This takes care of eliminating the divergences 
step by step in the perturbative expansion, by repeatedly adjusting the bare 
parameters in the Lagrangian by suitable counterterms that cancel the di- 
vergences. The BPHZ procedure also takes care of the problem of non-local 
counterterms associated to subdivergences. We show this in detail in an 
explicit example in §5.1. We also explain the role of the external structure 
of Feynman graphs. The counting of the degree of divergence is described 
in §5.2. The BPHZ preparation of Feynman graphs and the extraction of 
the renormalized value and the inductive definition of the counterterms are 
discussed in §5.3. 

In §6.1 we give some mathematical background on commutative Hopf 
algebras and affine group schemes, while in § 6.2 we introduce the Connes- 
Kreimer Hopf algebra of Feynman graphs, first only in its discrete combina- 
torial version. Then in §6.3 we refine the construction, by taking also into 
account the external structure. Theorem 1.39 gives the recursive formula of 
Connes-Kreimer for the Birkhoff factorization in a graded connected Hopf 
algebra, which gives a clear conceptual interpretation to the BPHZ proce- 
dure, when applied to the Hopf algebra of Feynman graphs. 

In §6.5 we recall another result of the Connes-Kreimer theory, relating 
the affine group scheme of the Hopf algebra of Feynman graphs, called the 
group of diffeographisms of the physical theory, to formal diffeomorphisms 
of the coupling constants of the theory. We explain in §6.6 the dependence 
of the U z (T(pi, . . . ,Pn)) on a mass parameter jjl and how to recover in 
the Connes-Kreimer theory the notion of renormalization group lifted to 
the level of the group of diffeographisms, with the (5- function given by an 
element in the corresponding Lie algebra. 
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This singles out the data of perturbative renormalization as describing 
a certain class of loops in the affine group scheme of diffeographisms, sat- 
isfying some conditions on the dependence on the mass parameter fi, with 
the renormalization procedure consisting of their Birkhoff factorization. 

We give in §7 a reinterpretation of these data in terms of a Riemann- 
Hilbert correspondence. We begin in §7.1 with the expression of the coun- 
terterms as a "time-ordered exponential" (iterated integral) . We then intro- 
duce in §7.2 the notion of flat equisingular connection, which reformulates 
geometrically the conditions satisfied by the class of loops corresponding to 
the data of perturbative renormalization. The corresponding equivariant 
principal bundles are described in §7.3. 

In §7.4 we recall some general facts about Tannakian categories, the 
Tannakian formalism, and representations of affine group schemes. In §7.5 
we show how this formalism is variously used in the context of differential 
Galois theory to classify categories of differential systems with prescribed 
singularities through the Riemann-Hilbert correspondence, a broad gener- 
alization of the original Riemann-Hilbert problem on the reconstruction of 
differential equations from their monodromy representations. 

In §7.6 we apply this general strategy to the case of renormalization. 
We introduce a category of flat equisingular vector bundles, and we ob- 
tain in Theorem 1.100 an identification with the category Repjj. of finite- 
dimensional linear representations of the affine group scheme U* = U x G m 
with Hopf algebra H v := Z7(JT(1,2,3, • • • ).) v where 2, 3, ■ ■ ■ ). is the 
free graded Lie algebra with one generator e_ n in each degree n > 0. 

In §8 we give a brief introduction to the theory of motives, which plays 
a role in many different ways throughout the book. In particular we men- 
tion the fact that the affine group scheme U* also has an incarnation as a 
motivic Galois group for a category of mixed Tate motives. Of the general 
aspects of the theory of motives, we recall briefly the general interpreta- 
tion as a universal cohomology theory, the construction of the category of 
pure motives, the role of algebraic cycles and equivalence relations, the re- 
lation to zeta functions (which plays an important role in Chapter 2), the 
Weil conjectures and the Grothendieck standard conjectures, the role of the 
Tannakian formalism and motivic Galois groups, the special case of Artin 
motives (which plays a role in Chapter 4), mixed motives and, in particular, 
the mixed Tate motives that seem to be deeply related to quantum field 
theory and their relation to mixed Hodge structures. 

This completes the first part of Chapter 1. In the second part of the 
chapter we deal with the Standard Model of elementary particle physics 
and an approach to a simple mathematical understanding of its structure via 
noncommutative geometry. The second part of Chapter 1 follows closely our 
joint work with Chamseddine [52], which is based on the model introduced 
by Connes in [73], as well as on the previous work of Chamseddine and 
Connes on the spectral action [45], [46], [47]. 
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Since we do not assume that the reader has much familiarity with particle 
physics, we begin §9 by giving a brief overview of the Standard Model. We 
introduce the various parameters, the particles and interactions, symmetries 
in §§9.1, 9.2, 9.3 and we reproduce in full in §9.4 the very complicated 
expression of the Lagrangian. We discuss in §9.5 other aspects, such as the 
ghost terms and gauge fixing, that become relevant at the quantum rather 
than the semi-classical level. In § 9.6 we distinguish between the minimal 
Standard Model, which has only left-handed massless neutrinos, and the 
extension that is required in order to account for the experimental evidence 
of neutrino mixing. We describe in §9.6.2 the corresponding modifications 
of the Lagrangian. In §§9.7 and 9.8 we describe the Lagrangian that gives 
the Standard Model minimally coupled to gravity, where the gravity part 
can be considered as an effective field theory by including higher-derivative 
terms. 

The problem of realizing the symmetries of particle interactions as diffeo- 
morphisms (pure gravity) on a suitable space suggests the idea that noncom- 
mutative geometry, where inner symmetries are naturally present, should 
provide the correct framework. We discuss this in §9.9. 

In §10 we then recall the main notions of (metric) noncommutative ge- 
ometry developed by Connes, based on the structure of spectral triple that 
generalizes Riemannian geometry to the noncommutative setting. We intro- 
duce spectral geometry in §10.1, we recall the definition and basic properties 
of spectral triples in §10.2, including the real part defined in §10.3. We recall 
some well known facts on Hochschild and cyclic cohomology in §10.4. The 
local index formula of Connes-Moscovici is recalled briefly in §10.5. The 
Yang-Mills and Chern-Simons actions are described in terms of Hochschild 
cohomology in §10.6 and §10.7 following work of Chamseddine-Connes. 

The important notion of inner fluctuations of the metric associated to 
self-Morita equivalences of a noncommutative space is discussed in §10.8. 

In §11 we introduce the spectral action principle of Chamseddine-Connes. 
This plays a crucial role in recovering the Standard Model Lagrangian from 
noncommutative geometry and is one of the main tools in metric noncommu- 
tative geometry. A careful discussion of the terms arising in the asymptotic 
expansion of the spectral action functional is given in §§11.1, 11.2, 11.3 using 
Seeley-DeWitt coefficients and Gilkey's theorem. 

In §11.4 we recall a result of [46] that illustrates how to recover the 
Einstein- Yang-Mills action from the spectral action on the very simple non- 
commutative space given by the product of an ordinary 4-manifold by a 
noncommutative space described by the algebra Mjv(C) of TV x TV matrices. 

We then analyze the terms that appear in the asymptotic expansion of 
the spectral action in §11.5 and their behavior under inner fluctuations of 
the metric. We also recall briefly in §11.6 the modification of the spectral 
action by a dilaton field introduced by Chamseddine and Connes in [47] . 
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In §12 we begin the discussion of the noncommutative geometry of the 
Standard Model, following [52]. We introduce in §13 a finite noncommuta- 
tive geometry F, derived from the basic input of the model, which is the 
finite-dimensional associative algebra C © HI © HI © M^C), with H the real 
division algebra of quaternions. We explain how to construct canonically 
an odd spin representation Tip of this algebra and, upon imposing a very 
natural condition on possible Dirac operators for this geometry, we iden- 
tify in §13.1 a maximal subalgebra compatible with the existence of Dirac 
operators with the required properties. The subalgebra is of the form 

A F = CffiMffiM 3 (C) C C©H©M©M 3 (C). 

In §13.2 we identify the bimodule Hp with the fermions of the Standard 
Model (after fixing the number of generations N = 3) and we show in §13.3 
that this identification is dictated by the fact that it reproduces the correct 
values of the hypercharges. 

In §§13.4 and 13.5 we give a complete classification for the possible Dirac 
operators for this finite geometry and we describe their moduli space, which 
gives a geometric interpretation for the Yukawa parameters of the Standard 
Model. The intersection pairing of the finite geometry is analyzed in §13.6, 
using the fact that the metric and KO-dimensions are not the same, the 
first being zero and the second being equal to 6 modulo 8. 

We then consider in § 14 the product M x F of an ordinary compact spin 
4-manifold with the finite noncommutative geometry introduced previously, 
described as a cup product of spectral triples. We identify the real part of 
the product geometry in §14.1. 

The bosons of the Standard Model, including the Higgs field, are ob- 
tained as inner fluctuations of the metric on the product geometry in §15, 
with the discrete part giving the Higgs analyzed in §15.2 and the gauge 
bosons in §15.4. 

The main computation that shows how to recover the Standard Model 
Lagrangian, including mixing and Majorana mass terms for neutrinos, min- 
imally coupled to gravity, is carried out in §16 by breaking down the La- 
grangian in several steps and relating the resulting terms to the terms in 
the asymptotic expansion of the spectral action functional 

Tr(/(L>/A)) + ^(J^DV), 

with the additional fermionic term (Jip,D^). In particular, we explain in 
§§16.2 and 16.3 how the fermionic term gives rise to a Pfaffian which takes 
care of the "fermion doubling problem" of [210] by taking the square root of 
a determinant. Among the physical consequences of deriving the Lagrangian 
from the spectral action, and making the "big desert" hypothesis, we find 
in § 17.2 the merging of the coupling constants at unification, in the form 
of the relation 52 = 53 = \/5/3 g\ typical of the grand unified theories. We 
also find in §§17.4 and 17.6 a simple quadratic relation between the masses 
of quarks and leptons and the VF-mass at unification, compatible with the 
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known physics at ordinary energies. In §17.5 and §17.10 we show that this 
model also provides a see-saw mechanism that accounts for the observed 
smallness of neutrino masses, and a prediction of a heavy Higgs mass at 
around 168 GeV. The gravitational terms are discussed in §17.11 and the 
geometric interpretation of the free parameters of the Standard Model is 
summarized in §17.12. 

In §18 we outline a possible functional integral formulation in the context 
of spectral geometry. We briefly explain a more conceptual path to the alge- 
bra Af and its representation given in [49], [50] based on the classification 
of irreducible finite geometries of KO-dimension 6 modulo 8. This quickly 
leads to the algebra M2(H) © M^C) with a non-trivial grading on M2(H) 
and to its natural representation, playing the role of the above odd-spin 
representation. The same mechanism, coming from the order one condition, 
then reduces to the subalgebra 

A F = C © H © M 3 (C) C M 2 (H) © M 4 (C). 

We also show that the use of the larger algebra restores Poincare duality. 

In the remaining part of Chapter 1, in §19 we return to the dimensional 
regularization procedure described in the first part of the chapter in the 
context of the Connes-Kreimer theory. Here we give the construction, us- 
ing spectral triples, of a noncommutative space X z whose dimension (in the 
sense of the dimension spectrum of a spectral triple) consists of a complex 
number z, and we reinterpret geometrically the DimReg procedure, as far 
as one-loop fermionic graphs are concerned, as taking the cup product of 
the spectral triple associated to an ordinary manifold of integer dimension 
D with this noncommutative space. In Chapter 2 we return to discuss this 
construction and we give an arithmetic model of a noncommutative space 
X z of dimension z. We show in §19.1 and following that the construction of 
X z is compatible with the Breitenlohner-Maison prescription for treating 75 
in the context of DimReg. We continue with the discussion of anomalies, by 
introducing chiral gauge transformations in §19.3, and discussing the finite- 
ness of the anomalous graphs in §19.4. We treat explicitly the simplest cases 
of anomalous graphs in §19.5 and we relate anomalous graphs in dimension 
2 and the local index cocycle in §19.6. 

2. Basics of perturbative QFT 

Quantum field theory is the most accurate source of predictions about 
the world of elementary particles. At the theoretical level, it is full of 
subtleties and ingenious procedures that extract finite and experimentally 
testable values from formal series of divergent integrals. The development of 
this theory, which achieved the unification of two fundamental revolutions of 
early twentieth century physics, special relativity and quantum mechanics, 
traces its origins to two crucial developments that took place in the late 
1920s. The quantization of the electromagnetic field by Born, Heisenberg, 
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and Jordan in 1925 explained Einstein's fluctuation formula for the electro- 
magnetic radiation in a cavity. It was soon followed by Dirac's foundational 
paper [119] of 1927 which performed the first quantum electrodynamics 
calculation and explained Einstein's ansatz for the probabilities of sponta- 
neous and induced transitions in an atom. The second crucial development 
is Dirac's relativistic wave equation for the electron which gave the spin, the 
magnetic moment, the fine structure of the atomic spectra and predicted 
the positron. The advent of quantum field theory provided a formalism in 
which particles and fields are treated on an equal footing. This is crucial 
in order to describe phenomena involving the interaction of radiation and 
matter, as well as all the particle physics events involving collisions, where 
typically the number of particles is not preserved. In such events, in fact, 
particles are created and annihilated, via the conversion of energy into mass 
and vice versa. This is a typically relativistic phenomenon that cannot be 
accounted for simply by the use of quantum mechanics. 

The problem of divergences in quantum field theory manifested itself 
very early, in computing the self-energy of the interaction of a charged point 
particle with its own electromagnetic field. It became clear in the early 
stages of development of the theory that the problem of divergences was a 
substantial difficulty that systematically plagued the calculations. Typically, 
the problem arises from the fact that, at very high energies, there is an 
increasingly large number of virtual states to sum over, so that the resulting 
series are divergent. The fact that, for a "renormalizable" theory, one can 
cure these infinities is a manifestation of the idea that the corresponding 
physical processes are insensitive to the virtual states that live above a 
certain energy scale. 

2.1. Lagrangian and Hamiltonian formalisms. 

We recall for convenience the relation between the Lagrangian and Ha- 
miltonian formulations of classical mechanics. 
Lagrange's equations 



where V(q) is a potential function. 

The Lagrangian L(q, q) is a function on the tangent space TC of the 
configuration space C. The Hamiltonian is a function on the cotangent space 
T*C obtained as the Legendre transform of L. Thus at a given point q £ C 



(1.1) 




follow from the stationary value of the action integral 



(1.2) 




The simplest example of a Lagrangian is of the form 
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one considers the map A from the tangent space T q C to the cotangent space 
T*C defined by differentiating the restriction of L to T q C. The differential 
d q L is a linear form on T q C and hence an element of T*C, thus 

(1.4) X(q)= d q L(q,q)eT*C. 

The inverse correspondence A -1 from the cotangent space T*C to the tan- 
gent space T q C is obtained by assigning to p € T*C the values of q 6 T q C 
for which the following expression is stationary in q, 

(1.5) q^pq- L(q,q). 

There is no guarantee that A is invertible. When it is one gets a function, 
the Hamiltonian, on T*C defined by 

(1.6) H(p,q) = p\-\p)- L(q,\- l (p)), VpGT^C. 

In other words the Hamiltonian is given by the value of (1.5) at the (unique 
by hypothesis) stationary point. 

One can now apply the same Legendre transformation to the Hamilton- 
ian, i.e. consider the map A' from the cotangent space T*C to the tangent 
space T q C defined by differentiating the restriction of H to T*C. In fact one 
has A' = A -1 . Indeed, when we differentiate (1.6) with respect to p the sta- 
tionarity condition (1.5) shows that the only contribution is the coefficient 
A _1 (p) of p in the first term. 

In other words the relation between the Lagrangian and the Hamiltonian 
is symmetric; each is the Legendre transform of the other. Notice also that 
the important expression is L dt, which can be written in the form 

(1.7) L(q,q)dt = pdq- Hdt 
which already brings in the Lorentz signature. 

For functions on the cotangent space T*C the Poisson bracket is defined 

<'■"> <'■«>-(£■ I) -(*•!' 

where the pairings take place as above between the tangent and cotangent 
spaces at the same point. The equations of motion (1.1) in Hamiltonian 
form just give the evolution of any function / on the cotangent space T*C, 

(1.9) =Wfl 

In particular H itself is a constant of the motion, which is the energy of 
the system. One has to take care of overall signs (which were unimportant 
insofar as the equations of motion were concerned) since stability of a system 
means that the energy is bounded below. For the simplest Lagrangians such 
as (1.3) the Hamiltonian is simply 

2 

(1.10) H(p,q)= ^ n +V(q) 
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and the sign of the potential function is the opposite one of the one it had 
in the Lagrangian. 

One also needs to pay attention to "units" . We use the speed of light as 
a conversion factor from time to length and thus set c = 1 . Thus length and 
time are on the same scale T (i.e. they have the same physical dimensions). 
Similarly, masses, energies and momenta are on the same scale E. Both 
the Lagrangian L and the Hamiltonian have physical dimension E. The 
action (1.2) has physical dimension E ■ T, which is quantized in units of h. 
One could set h = 1 but it is useful to keep track of powers of h in the 
perturbative expansions in QFT. 

2.2. Lagrangian and the Feynman integral. 

A quantum field theory in dimension D (one usually assumes D = 4, 
but we will see a significant example with D = 6) is specified by assigning a 
classical action functional 



;i.ii) s {<!>) = J £(0)d D x, 
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where is a classical field and the Lagrangian density is of the form 

(1.12) c{4>) = \{d^) 2 - r ^4> 2 -cU<t)). 

Here we write (d(j)) 2 = (do4>) 2 — Yli/^oi^^) 2 > w ^ tn Lorentzian signature, i.e. 
where 



(i.i3) orw=i,.. 



The first two terms 

(1.14) £ O (0) = ^W) 2 -^ 2 

give the free field part of the Lagrangian, while the remaining term Ant(^) 
is the interaction part, which is usually assumed to be a polynomial in the 
field <j>. 

In terms of physical units, since we observed that (1.11) has the physical 
dimensions E ■ T, we see from (1.12) that, when setting h = 1, the field <j) 
is expressed in physical units of £'(- D ~ 2 )/ 2 . We say in this case simply that 
the field 4> has physical dimension D/2 — 1. Similarly, one can deduce from 
(1.12) the physical dimensions of the coupling constants that appear in the 
term £ int (</>)• 

Definition 1.1. A theory T is specified by assigning the data of a La- 
grangian density (1.12) and a positive integer D, the dimension. 
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A classical observable is a function 0{4>) °f t ne classical fields. One 
can define the quantum expectation value of a classical observable by the 
expression 

/■ SU) 

where N is a normalization factor, 

N-' = j e iS ^V[$\. 

Notice that the (Feynman) integral here has only a formal meaning, since 
the "measure" "D[(j>] is typically not well defined mathematically. However, 
this suffices in the case where the space of classical fields is a linear space, 
in order to define without difficulty the terms in the perturbative expansion, 
which make the renormalization problem manifest. 

Notice also how the expression (1.15) formally resembles the averages 
that are used in computing observables and correlation functions in statis- 
tical mechanics, except for the important difference that here, in the tran- 
sition from "classical field theory" to "quantum field theory", one replaces 
the classical notion of probabilities by complex-valued probability amplitudes 
and asserts that the probability amplitude of a classical field configuration 
<fi is given by the formula of Dirac and Feynman 



(1.16) exp 



where S(<j>) is the classical action (1.11) and h is the unit of action, so that 
iS(4>)/h is a dimensionless quantity. 



2.3. The Hamiltonian and canonical quantization. 

In classical field theory the configuration space C is the space of fields 
4>{x 3 ) viewed as functions on "space" (one uses traditionally the Greek in- 
dices for space-time variables with x° = t and Latin indices for the space 
variables). A space-time field <p{x^) is viewed as a trajectory in C 

1 1 > q{t) = <£(<,•) G C. 

The classical action (1.2) is of the form 

5(0)= J L(q,q)dt 

where L(q, q) is of the form (1.3). The kinetic term is given by the functional 
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on TC, where we use the linearity of C to identify it with its tangent space 
at a given point. The potential V is given by the function 

1/(0) = J Q {d^f + n ^<p 2 + Ant(£>) d D ~ l X 

on C and the Hamiltonian is 

(1.17) F(tT, 0) = j {] 2 ^+\ (W) 2 + ^ 2 + Ant(</>)) . 

Canonical quantization replaces 4>(x) and 7r(x) by noncommuting variables 
4>(x) and 7r(x) which for a simple scalar bosonic field as above fulfill the 
canonical commutation relations 

(1.18) [4>(x)J(y)} = , [7f(a;), *(y)] = , [tt(z), 0(y)] = - i fi<f(x - y) . 

One then defines the quantum field <j>(t, x) at the formal level by the basic 
formula 

(1.19) if>(t,x) = e itH 4>(x)e~ itH 

where H stands for the evaluation of the function H(tt,4>) of (1.17) on the 
noncommuting variables 4>(x) and tt{x). This is a highly ambiguous and 
ill-defined element of the algebra A generated by these variables. What 
matters is the one-parameter group 

(1.20) a t (T) = e itH Te ~itH 

giving the time evolution of observable quantities. Once one has succeeded 
in making sense of this group the main problem is to classify the vacuum 
states, i.e. the representations p of the algebra A in a Hilbert space H such 
that 

• p is an irreducible representation 

• There exists a positive unbounded operator H in H such that 

p(a t {T)) = e itH p(T) e~ itH , VT e A 

• There exists a unique eigenvector | ) G H, such that H\ ) = 
and the subspace p(A) \ ) C H is dense in Ti 

Such representations are characterized by the positive linear functional 
on A: 

^(T) = (0\p(T)\0) 

whose main property is to be a pure state and to fulfill the following limiting 
case of the Kubo-Martin-Schwinger (KMS) condition (which will play a 
crucial role in Chapter 3 below): 

• For bounded observables a, b G A the correlation function 

F(t)=^(aa t (b)) 

is the boundary value of a bounded holomorphic function F{z) in 
the upper half-plane. 
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In practice it is very hard to make sense of the one-parameter group at 
and then to classify the vacuum states. It is nevertheless quite important 
to keep in mind that there are two separate steps that need to be taken in 
order to obtain a quantum field theory: 

• The definition of the observables and the dynamics. 

• The construction and classification of vacuum states. 

The three main physical properties of a quantum field theory are 

• Causality 

• Positivity of energy 

• Unitarity 

The first two are already incompatible in quantum mechanics [130]. 
Causality is a property of the dynamics; its best formulation says that 
(for bosonic fields) the quantum fields commute at space-like separation, 

(1.21) [4>(x)J(y)]=0, V(x,y), (x - y) 2 < 0, 

where two points x, y of space-time are space-like separated iff (x — y) 2 < 
in the metric (1.13). 

Unitarity is equivalent to the property of the vacuum state that 

(1.22) V(a*a)>0, Va G A. 

The positivity of energy is the positivity (which we discussed above) of 
the operator H in the representation associated to the vacuum states. 

In order to get "numbers" one bypasses the analytic difficulties of the 
above framework by working with the Feynman path integral formalism 
and in perturbation theory. It is in the latter framework that the problem 
of renormalization manifests itself in the simplest manner. 

2.4. The simplest example. 

Let us consider the simplest field theory, namely the free massive scalar 
field 4> on the space-time 

X = R x S 1 

with the Lorentz metric. 

The scalar field is a real-valued function on X governed by the La- 
grangian 

£(<f>) = 1 -{(do4>) 2 -(d^) 2 -m 2 <p 2 ) 

where do = d/dt is the time derivative (t 6 M) and d\ = d/dx is the spatial 
derivative, where the space is here compact and one-dimensional. The action 
functional is given by 

S(<f>) = J £(<f))dxdt = J L(t)dt 
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Figure 1 . Space-like separated regions 0\ and O2 in space- 
time cylinder 



Thus, at the classical level, one is dealing with a mechanical system with 
infinitely many degrees of freedom, whose configuration space C is the space 
of real- valued functions on S 1 . The Hamiltonian of this classical mechanical 
system is the functional on the cotangent space T*C given by 

H(cj),TT)= I [ (tt(x) 2 + (dcp(x)) 2 + m 2 (f) 2 (x)) dx, 
2 Js 1 

where one uses the linear structure of C to identify T* C with C x C* , and 
where one views the field it as an element of C* in the form 

(p 1 ^ / 4>{x) n(x) dx £ C. 
Js 1 

As a classical mechanical system the above is the same as a countable 
collection of uncoupled harmonic oscillators. Indeed, one can take as coordi- 
nates in C (resp. C*) the Fourier components 4>k = f s i (/>(%) e~ lkx dx (resp. 
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ir k ), which are subject only to the reality condition 

4>-k = <Pk V&: G Z (resp. 7r_ fe = n k ). 

Thus, both spaces C and T*C are infinite products of finite-dimensional 
spaces and the Hamiltonian H is an infinite sum 



H = ^2 o (^k + (k 2 + m 2 )4> k (t) k ) 



The quantization of a single harmonic oscillator, say a system with con- 
figuration space R and Hamiltonian ^(p 2 + ^ 2 Q 2 ), is given by the simple 
rule 

[p, q]= -ih- 

This quantizes the values of the energy, as one sees from the equality (up to 
a shift of tf) 

H =^{P 2 +^ 2 q 2 ) = huja*a 

where the annihilation operator a and its adjoint, the creation operator a* , 
obey the commutation relation 

[a, a*} = 1. 

The terminology here comes from Dirac's theory of emission and absorption 
of photons [119]. These two equations completely describe the quantum 
system. Its representation in L 2 (R), given by the equality 

1 / d 

is, up to unitary equivalence, its only irreducible representation. The (unique 
up to phase) normalized vector such that aft = is called the vacuum 
vector. 

The reality condition (f)- k = cf> k shows that for k > 0, the pair {— k,k} 
yields a pair of harmonic oscillators, whose quantization yields a pair of 
creation operators a* k , a*_ k . The algebra of observables of the quantized field 
has the following presentation. It is generated by a k and a k , k G Z, with 
relations 

[a k , a* k \ = 1 Vfc € Z 

[ak, ae] = , [ak, a}] =0 VA; / I. 
The Hamiltonian is given by the derivation corresponding to the formal sum 



(1.23) Hb = huj k a k a k with uj k = \/k 2 + m 2 . 



16 1. QUANTUM FIELDS, NC SPACES, MOTIVES 

The "vacuum representation" which corresponds to the vacuum state, which 
is the infinite tensor product of the vacuum states, is given by the Hilbert 
space 

n b = (w fc ,n fc ) 

fcez 

and the tensor product representation of the algebra. 

Equivalently, one can describe this infinite tensor product as the Hilbert 
space L 2 (C,d[i) where \i is a Gaussian measure on C (cf. [145]). 

The spectrum of the quantum field Hamiltonian H b acting in Hb is now 

Spec Hb = rikhuJk \ n\- G n| . 

Quantum field theory reconciles positivity of energy (i.e. the fact that Hb 
is a positive operator in Hb) with causality, which means that we have 
commutation at space-like separation for functions of the quantum field 

4>(t,x) = e u ' Hb 0(0, x) e~ itHb , with 

0(0, x) = Y J (a k e tkx + a* k e" fa ) (2^,)~ 1/2 • 

k&Z 

This commutation of 0(t, x) with 0(s, y) for (t, x) and (s, y) space-like sep- 
arated in the space-time X = 1 x 5 1 is easy to check directly. First, the 
operators 4>(f) = J f(x) 0(0, x) dx, f G C°°(S 1 ), commute with each other, 
using Uk = co-k- Next, with at the automorphisms given by time evolution 

a t = e itHb (-)e- itH », 

one computes [crt<j>(f), <f>(g)], for /, g G C ao (S 1 ), and finds a scalar multiple 
of the identity, where the scalar is 

J c{x,y,t)f(x)g(y) dxdy, 

where 

c(x, y,t) = J2 e~ ik{x - y) (e-^* - e 1 ^ 1 ) ^ l = c(x - y, t) 
k 

with c satisfying the Klein- Gordon equation 

(do - d\ + m 2 ) c = 

with initial conditions c(x, 0) = and c(x,0) = A(5o(a^) with A 7^ 0. 

It then follows from elementary properties of the wave equation that 
c(x,t) vanishes if (x,t) is space-like separated from (0,0), hence that the 
quantum field (j) satisfies causality. The classification of vacuum states is 
simple in this free case and one has the following result (cf. [182]). 
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a) The representation in Tib is the unique vacuum representation. The 
quantum fields (ft are represented by operator-valued distributions. 

b) Let O be a local region (i.e. a bounded open set) in X and U(O) be 
the von Neumann algebra in Tib generated by bounded functions of 
the <ft(f) with Supp(/) C O. Then, when 0\ and O2 are space-like 
separated, one has 

c U(0 2 )', 

where ^/(C^)' is the commutant of the von Neumann algebra U{02) . 

c) For all j3 > one has Tr(e~^ b ) < 00 and the map 

a^Tppia) = Z- 1 Ti(ae'^ Hb ) , with Z = Tr(e _/3if6 ), 

defines a state on the algebra of observables, which fulfills the KMS/3 
condition relative to at- (See Chapter 3 below for a detailed dis- 
cussion of the KMS/3 condition.) 

The von Neumann algebras U{0) of local observables are an essential 
part of the algebraic formulation of quantum field theory (cf. [182]). The 
finiteness of the trace Tr(e~^ b ) < 00 follows from the convergence of the 
infinite product 

Tr(e^) = TT V- 

while the free energy log Z is given by 

(1.24) logZ= logtl-e"^). 

kei 

2.5. Green's functions. 

Once a vacuum state has been constructed, one way to describe the 
corresponding quantum field theory cft{x) is by means of the time-ordered 
Green's functions 

(1.25) G N ( Xl ,...,x N ) = (O\T0( Xl )...0(x N )\O), 

where is the vacuum state, and the time-ordering symbol T means that the 
0(xj)'s are written in order of increasing time from right to left. Typically, 
from the Green's functions one can recover all the experimentally relevant 
data, such as the cross sections of the particle collisions. 

In the functional integral formalism as in (1.15), the Green's functions 
can be computed by Feynman's formula as an "integral over histories" 



(1.26) G N ( Xl ,..., 




(ft(xi) ■ ■■(j)(x N )V[4>], 



18 1. QUANTUM FIELDS, NC SPACES, MOTIVES 

where the factor M ensures the normalization of the vacuum state 

(1.27) ( | > = 1 . 

This means that, if one could ignore the issue of renormalization, which 
we will discuss later, then the functional integral (1.26) would be easy to 
compute in perturbation theory, i.e. by treating the term £i nt in (1.12) as a 
perturbation of (1.14). The action functional (1.11) correspondingly splits 
as the sum of two terms 

(1.28) S(<f>) = S {(f>) + S int {(f>), 

where the free action So generates an "imaginary Gaussian" measure 

(1.29) dfi = exp{iS {<P))V[<p], 

where we have set h = 1. 

The series expansion of the Green's functions can then be written in the 
form 

G N ( Xl , ...,X N )= {J2n= ^ I 4>(X1) • • • cj>(x N ) Sint(0) n 

(1.30) 

or equivalently in terms of the Green's functions for the free field <pF as the 
Gell-Mann-Low formula 

G N (X!, . . .,x N ) = 

(1.31) (Zn=o %. K \TM*i) ■ ■ ■ Mxn) Uj Ant(%) I ) n, dy 3 ) 
■ (E^=o %. K \T Uj Ant(%) I ) n, d Vj ) 1 . 

2.6. Wick rotation and Euclidean Green's functions. 

Even for the simplest case of the two-point Green's function of the free 
field 4>f some care is required in order to get the right answer. Indeed, in 
terms of (1.30) the only non-zero term is for n = which gives, with the 
normalization factor Mq of the free Gaussian, 

(1.32) G%(x,y) = N J <l>(x)<j>(y) exp (i S ^))V[4>]. 

As a function of the classical field <j>, the expression <p{x)ct){y) only depends 
upon the two-dimensional projection of 4> but one cannot yet use the factor- 
ization property of the Gaussian integral since So((p) involves the derivatives 
of (f). In fact So((f>) is diagonal in terms of the Fourier transform <f)(p), 

(1.33) 4>(p)= J ( ( } (x)e- ip - x d D x, 
where it becomes 

(1.34) So^) = (2vrr D f l -(p 2 - m 2 ) ^(p)^(-p) d D p. 
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The reality condition for (f)(x) shows that the <fi(p) are not independent 
variables but fulfill the condition 



(1.35) 4>{-p) = <f>{p). 
Then one uses the Fourier inversion formula 

(1.36) <j>(x) = (2tt)- d J 4>{p) e ip - x d D p 
and applies integration by parts under the Gaussian to get 

M) / 4>(pi) 4>(P2) ex P (i s (4>)) v[<p] 

= i (2tt) d 5(pi + p 2 ) (pi - m 2 )- 1 . 

At the formal level, this integration by parts is obtained from the following 
simple manipulations. One lets V be a finite-dimensional real vector space 
with Q 6 V* (£> V* a non-degenerate quadratic form. The inverse of Q is 
simply obtained from the canonical identification V* <8> V* ~ Hom(V, V*) as 

Hom(V, V*)3Q^ Q- 1 G Hom(V*, V). 

The invertibility and the symmetry of Q show that, for any linear form 
L G V* on V, one has 

9q-hl) \ Q= l - 
The integration by parts formula is then obtained from 

j P{X)L{X) exp (-^) V[X] = 
-j P(X)d Q - HL) (exp (-^)) V[X\ = 



This gives 
(1.38) 



J d Q - HL) (P(X)) exp (-^) 

;a g -i (£) (p(x))exp(-9p)u[jc]. 



Thus, (1.37) reduces the computation of the two-point Green's function 
(1.32) to the integral 

—2 2 d °P- 

The presence of the oscillatory term e~ ip '^ x ~ y ^ takes good care of the issue 
of convergence for large p. The reason why care is needed is the singularity 
at p 2 = m 2 which makes the meaning of (1.39) ambiguous. 
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The right answer is easy to compute for the explicit example of subsec- 
tion 2.4, where one gets by direct computation 

(i.4o) (o\4>F(t,x)Ms,y)\o) = ^(2^)- 1 e ^-^-c-^), 

where, as in (1.23), the frequency oj^ is the positive square root of k 2 + m 2 . 



Lemma 1.2. Let u > and uo > be positive real numbers. Then one 

has 

f e ±ipu it 

lim / -^—= - dp =JL e -™ m 

e~*0+ J R p A — UJ Z + ie lU) 

Proof. The integral 



F( U ) = dp 

JR P 



OJ 2 

defines a holomorphic function of u> in the half-plane G(u/) < 0. For a > 
one has F(—ia) = ^ e~ ua , hence 

F(u) = — e' iuu) , VwGC with $S(w) < 0. 

Using this as a formula for the square root of lo 2 — ie near u one gets the 
desired result. □ 



This makes it possible to rewrite (1.40) using Dyson's time-ordered 
Green's function, in the form 

i f e i{k{x-y)-ko(t-s)) 

(1.41) W TMt,*)Ms,v)\o)= ^Ejf. p^i * 

where the limit for e — > is understood. The role of the time ordering T is 
simply in order to ensure (t — s) > 0. Thus, more generally, the prescription 
due to Feynman for the removal of the singularity (or on how to go around 
the pole) in the integral (1.39) consists of defining it as 

-i — 2^- d °p- 

p z — m A + ie 

This prescription embodies the physical conditions fulfilled by the free 
field theory and makes it possible to start the perturbation theory. It is 
important to be able to formulate it at a more conceptual level and this is 
done by the Wick rotation to imaginary time. The Green's functions (1.25) 
then appear as the distributional boundary values of the Schwinger functions 
Sn(xi, ■ ■ ■ ,xn). These are complex analytic functions of the complexified 
time parameters Zj of Xj = (zj,Vj). They are defined in the cone 

(1.43) Qfzi < %z 2 < ■■■ < %z N . 
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The relevance of the Schwinger functions Sn(xi, . . . , xjv) comes from the 
positivity of the Hamiltonian H and the formal equality 

S N ( Xl , . . . ,x N ) = (0 | 4>(vi) e^-^ H ■ ■ ■ 4>(v N ^) e^ z "- ZN -^ H 4>(v N )\0). 

In particular, for N = 2, the ambiguity in the definition of the Green's 
function of the free field is uniquely resolved in terms of the corresponding 
Schwinger function. The existence of the two-point Schwinger function 

(1.44) (O\0(vi)e lzI1 4>(v 2 )\0) , 9z>0 

is a limit case (at zero temperature) of the Kubo-Martin-Schwinger (KMS) 
condition which plays a central role in Chapter 3 of this book. 

To perform the computation one works directly with purely imaginary 
time. Thus, one lets r = it and one expresses the Schwinger functions in 
the form 

/_ S E (4, E ) 
(t) E (xi) . . .4> E (x N )e —^V\4> E \, 

where N is the normalization factor 

. r 1 f s e(4>e) „ r , , 



and where the Euclidean action functional 

(1.46) Se^e) = j C E (4> E )d D x 
is given by the Lagrangian density 

(1.47) C E (4>e) = \{d^ E ? + ^ 4>l + Ant(^) • 

The integration variables <p e are classical Euclidean fields and one uses the 
(positive) Euclidean metric g^ u = 5^ v to compute (d<fi) 2 = g^ h ' d^ipdycf). The 
Euclidean functional integral 

(1.48) (0) E = N j O(cPe) e~ V\<\> 

for an observable 0{<Pe) (a function of the classical Euclidean fields) is 
identical to the expectation value of a classical statistical mechanical system 
and this gives a far-reaching correspondence between Euclidean field theory 
and statistical mechanics ([145]). 

Notice that the change of sign of the potential terms of the Lagrangian 
in the transition from Minkowski space-time to Euclidean space-time is the 
same as in the transition (1.7) from the Lagrangian to the Hamiltonian. In 
particular, one keeps track of the basic positivity properties of the latter, 
the measure d[i of (1.29) becomes a true Gaussian measure after the Wick 
rotation to Euclidean signature, and the singularity of the propagator (cf. 
(1.39)) has now disappeared. 
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The series expansion of the Euclidean Green's functions takes the form 
S N (xi, . . . ,x N ) = 

(1.49) (En=0 / Mxi) ■ ■ ■ M*N) Sinter ^) 

3. Feynman diagrams 

The various terms 

(1.50) J cf>( Xl ) . . . <ftx N ) (5 int (0)) n dn 

of the expansion (1.30) are integrals of polynomials with respect to a Gauss- 
ian measure d[i. When these are computed using integration by parts, the 
process generates a large number of terms. The combinatorial data label- 
ing these terms are conveniently encoded by graphs T, known as Feynman 
graphs. Each graph determines the terms that appear in the calculation of 
the corresponding integral. 

The class of graphs that label terms in this procedure depends on the 
nature of the terms in the Lagrangian density of the theory. For example, the 
possible valences of vertices in the graphs correspond to the monomials in the 
Lagrangian density: the quadratic terms give rise to vertices of valence two, 
while, for instance, the presence of a term g4? in the interaction Lagrangian 
£int means that there will be vertices of valence three in the graphs. 

The physical intuition behind Feynman diagrams is that each graph 
represents a possible event where particles are exchanged, created and anni- 
hilated. For example, the lower part of the graph depicted in Figure 2 shows 
an electron releasing a photon, which in turn creates a pair consisting of a 
particle and antiparticle (an electron and a positron). These are then anni- 
hilated releasing a photon that is finally absorbed by an electron. Diagrams 
of increasing complexity enumerate more complicated possible interactions. 

The particles that are involved in the intermediate processes are "vir- 
tual" particles which differ notably from real particles in that their energy- 
momentum vectors p no longer satisfy the "on-shell" condition 

(1.51) p 2 = m 2 , po > 

and the integration process involves all "virtual" particles including those 
of negative energy. 
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3.1. The simplest case. 

In order to understand how Feynman graphs label the various terms of 
the perturbative expansion, let us take the simplest interaction term, namely 
a monomial of the form 3 , so that the Lagrangian is given by 

(1.52) m = \m 2 -^^-^ 

where g is the coupling constant. 

The first non-trivial correction to the Euclidean two-point function comes 
from the term in (1.49) of the form 

(1.53) J 4> E {xi) <f) E (x 2 ) S iQt ((f>E) 2 dfi, 
where, by construction, we have 

Sint(<pE)= §J<P 3 E (x)d D X 

= {2tt)~ 2D § f ^hW^MhWh + k 2 + fa) Ud D kj. 

The simple mnemonic, in order to keep track of the powers of 2ir, is to attach 
a factor of (2tt)~ d to each momentum integration dPk and a factor of (2ir) D 
to each <5-function. Using 

M*j)= (2vr)- D J 4>(p)e^d D p 

the problem is then reduced, up to an overall factor and to the product 
(27r) 2D 5(k 1 + k 2 + k 3 )5( qi +q 2 + q 3 ), 
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Figure 3. Vacuum bubble 
to computing the integral 

(1.54) J fe)^(p2)^(A;i)^(fc2)^(fc3)^(9i)^(gi2)^(93)dM, 

which is the integral of a polynomial of degree 8 under a Gaussian. To 
compute it, one just needs to apply (1.38) four times, contracting pairwise 
the factors of the monomial. This generates 7x5x3 = 105 terms. Each of 
the contractions takes place between pairs of factors of the form (j)(£i) $(£2) 
and delivers a delta-function 

(2Tr) D 5(£ 1 + e 2 ) 

in the sum of the momenta £j involved, and a "propagator", i.e. a factor of 

( L55 ) ,2! 2 1 

£ z + m z 

where £ = £j and the choice of j is irrelevant since the propagator is an even 
function of the momentum. 

The terms where 4>{p) is paired with 4>(—p) are not relevant, since they 
get canceled by the denominator of (1.49). It is nevertheless worthwhile to 
see what they look like. This means computing the degree-six expression 

(2ir) 2D 5(h + k 2 + k 3 )6( gi + q 2 + q 3 ) J <£(*i) 4>(fa) Hfa) fai) <K<? 2 ) HQs) dp. 

In any of the 15 possible pairings, at least one of the <p(k) will get paired 
with one of the 4>(q). There are then two possible cases: 

• Only one of the cf>(k) is paired with one of the 4>{q); 

• The three <j>{k) are paired with the three (f>(q). 
An example of the first case is given by the pairings 

fci < >k 2 , fa < >qi, q 2 < ► q3- 

There are 9 such pairings. An example of the second case (which yields 6 
pairings) is given by 

fci < ►gi, k 2 < >q2, fa< <?3- 

These two possibilities are represented pictorially by the vacuum bubble di- 
agrams of Figures 3,4. 
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Figure 4. Vacuum bubble 




Figure 5. Tadpole 




Figure 6. Double tadpole 

In the other terms, the factors of <fi(p) and </>(— p) get paired with the 
terms of the monomial 4>{k{) (f){k2) 4>{k^) (f>(qi) 4>{q2) 4>{q.z)- Thus, there are 
again two distinct cases: 

• The terms 4>(p) and </>(— p) get paired with terms of the same group; 

• The terms <fi(p) and (ft(—p) get paired with terms of two different 
groups (i.e. with a k and a q). 

These cases are represented pictorially by the diagrams of Figure 5 for 
the first case, and Figure 6 and Figure 7 for the second case. The latter, 
in fact, splits into two subcases according to the pairings of the remaining 
terms in the two groups. 

The presence of the ^-functions (i.e. momentum conservation) shows 
that in all the tadpole graphs the momentum k flowing through the single 
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Figure 7. Self-energy graph 

line is zero (i.e. there is an overall factor of S(k)). The contributions of all 
these diagrams can be eliminated by the following a priori requirement on 
the vacuum state: 

(1.56) (0| <f>(x) | 0) = 0. 

This condition is satisfied in the free field case and one requires that it 
continues to hold in the perturbative case (tadpole vanishing condition). 

Thus, we focus on the only remaining graph, that is, the self-energy 
graph of Figure 7. It corresponds to one of the 36 pairings of the form 

pi < ► fei , p 2 < > qi , k 2 < > <? 2 , h < ► Q3- 

Each of the edges delivers a propagator. Thus, the external lines (called 
external legs of the graph) each give rise to a term in (p 2 + m 2 ) . This 
means that we get an overall factor of (p 2 + m?)~ 2 . Notice then that the 8- 
functions occurring from the contractions and from the overall factor 5(k\ + 
^2 + ^3)^(^1+^2 + 53) do not uniquely determine the momenta kj and qj from 
the value of p. Indeed, there is one law of conservation of momentum per 
vertex of the graph and one free momentum variable for each internal line. 
However, the obtained linear relations are not independent. They leave one 
momentum variable k undetermined, so that the flow of momenta through 
the diagram is given by 



p + k 




k 

Including the <5-functions and the coupling constant, the contribution of the 
self-energy graph is then given by 

(1-57) ~g 8(pi + P2) ^2 _|_ m 2 p2 _|_ m 2 j £2 _|_ m 2 _|_ ^ 2 _|_ m 2 ^ 

Notice here that there are 36 pairings giving the same graph and the factor 
of (jr) 2 in front of g 2 cancels this numerical factor. 

Thus, we see that in dimension D = 4 the problem of divergences shows 
up when one wants to integrate the contributions for the different values 
of k as required in computing (1.53). In the expression (1.57) large values 
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FIGURE 8. Self-energy graph in QED 



of the Euclidean momentum k contribute disproportionate amounts to the 
self-energy and if one integrates only over momenta k with \\k\\ < A where 
A > is a cutoff parameter, one obtains 



which diverges when the cutoff is removed, i.e. for A — > oo. It would then 
appear at first sight that the theory does not make sense, since it delivers 
divergent answers. This type of problem arose in the early 1930's, when 
Oppenheimer, starting from Dirac's theory, computed the second-order cor- 
rection corresponding to the emission and absorption of a virtual photon by 
an electron, as in Figure 8, and concluded that self-energy effects generate 
an infinite displacement of the spectral lines. The physics resolution of this 
type of problems is called renormalization. 

3.2. The origins of renormalization. 

The idea of renormalization goes back to the mid-nineteenth century, 
long before the advent of quantum field theory. At the time, the problem 
that motivated Green to introduce a form of renormalization was the motion 
of bodies in fluids [150]. It was observed that, due to the interaction with 
the surrounding field of water, a moving object still obeys the usual physical 
rules, like Newton's law F = ma, but with the mass m no longer given 
by the "bare" mass mo of the body, but by a corrected "physical" mass 
m = mo + 5m. 

More precisely, this statement holds for a spherical object B immersed 
in a perfect incompressible fluid with constant density p. When B is moving 
at a speed v, say along the z-axis, it imparts a speed distribution X to the 
fluid surrounding B which can be computed, in the moving frame of B, as 



(1.58) 
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the gradient vector field of the solution h of the Laplace equation in the 
complement of B whose gradient is tangent to dB. Thus one has 

X = Vh, with Ah = 0. 

This solution is given in terms of the first spherical harmonics and is of the 
form 

h(x, y,z) = - (r~ 3 + 2) z, where r 2 = x 2 + y 2 + z 2 , 

in the moving frame where B is the ball of radius one centered at 0. Thus, 
with respect to the fluid, the vector field is Y = V/i — (0, 0, v) and its kinetic 
energy density is easily computed to be 

_ l . . 1 llTAll2 v 2 x 2 + y 2 +4z 2 
E(x, y, z) = - p \\Y\\ = — —— — — — 2u/5. 

2 8 [x z + y z + z^Y 

The energy of the fluid disturbance is then the integral 

E(x,y, z) dxdydz = Xpv 2 

' B c 

in the complement B c of B. An easy direct computation shows that one has 

1 o 1 9 

Xp = - M , Xpv 2 = -Mw, 

where M is the mass of the fluid contained in the volume of the ball B. As 
shown by Green [150], this implies that the inertial mass m that appears in 
Newton's law of motion for the ball B undergoes, by the mere presence of 
the surrounding fluid, a "renormalization" 

M 

rriQ i ^ ttl = mo + dm = m^ + — . 

The striking fact is that this effect is felt even at zero speed and it modifies 
the initial acceleration of the moving ball. 



L 



An amusing example of what this means in very concrete terms is given 
in Sidney Coleman's course on quantum field theory [59]. Namely, one 
considers what will be the initial acceleration of a ping-pong ball immersed in 
water, subject to the usual Archimedes law. If one simply applies Newton's 
law with the bare mass of the ball, one finds an unrealistically high value 
for the acceleration (something of the order of 11 g), while if one corrects 
the value of the mass as observed by Green, where 5m = M/2 is half of the 
mass of the water contained in the volume of the ball, then Archimedes law 
— (M — mo)g = ma yields a more realistic value of the acceleration of the 
order of 2 g. (The ball has a mass of mo = 2.7 grams and a diameter of 4 
centimeters. Readers not versed in the metric system can make a conversion 
to their favorite units.) 

The additional inertial mass 5m = m — mo accounts for the interaction 
of the body with the surrounding field of water. In this classical setup 
with bodies moving in fluids, clearly both m and mo are experimentally 
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Figure 9 . Self-energy of an immersed ball 



measurable. However, if the interaction could not be turned off by removing 
the body from the fluid, there would be no way to measure the bare mass 
mo, and m would remain the only physically observable mass. 

The analogy between hydrodynamics and electromagnetism led in steps, 
through the work of Thomson, Lorentz, Kramers, et al. (cf. [125]), , to the 
crucial distinction between the bare parameters, such as mo, which enter the 
field-theoretic equations, and the observed parameters, such as the inertial 
mass m. Since it is not possible to isolate an electron from the surrounding 
electromagnetic field, in quantum field theory the bare parameters are not 
physical observables. 

Around 1947, motivated by the experimental findings of spectroscopy 
about the fine structure of spectra, physicists were able to exploit the dis- 
tinction between these two notions of mass (bare and observed) , and similar 
distinctions for the charge and field strength, in order to eliminate the un- 
wanted infinities associated to the pointwise nature of the electron. This 
marked the beginning of renormalization techniques in quantum field the- 
ory. We refer the interested reader to [125] for a detailed account of the 
historical developments of the subject. 

In the example of §3.1 above, one uses the aforementioned distinction 
so as to cancel the second-order self-energy divergence in the following way. 
One takes the freedom to shift the bare mass parameter m 2 which appears 
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* — X — * 

Figure 10. Tree level counterterm graph 

in the Lagrangian by an amount Sm 2 which depends on the cutoff parameter 
A. This results in a new term 



4 x 



(1.59) SS^e) = - l -5m\K) j <f> E (x) d 

in the Euclidean action. Considering this term as part of the interaction 
Sint, one obtains a corresponding term in the perturbative expansion (1.49) 
of the Euclidean two-point function, of the form 

(1.60) - J <j> E ( Xl ) fafa) SS(<f> E ) dfi. 
Using (1.59), one obtains 

(1.61) -SS((j> E ) = \ Sm\A) (2vr)- 4 J 0(h) 4>(k 2 ) S(h + k 2 ) ]J d%. 
Thus, we get the additional term 

(1.62) l5m 2 (A)(2ir)-U(k 1 + k 2 )([ 4>( Pl ) j>(p 2 ) fe) $(k 2 ) dfi) J] d 4 t 
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which is the integral of a polynomial of degree 4 under a Gaussian. When we 
apply (1.38), the terms in which the pj get paired together only contribute 
to the normalization factor and are canceled out. Thus, we just get the two 
terms in which p\ is paired with one of the kj . These are represented by the 
graph of Figure 10 and their values add up to 

(1.63) 5m 2 (A) (2vr) 4 <5( Pl +p 2 )^-^ ~2~T_ 2 ' 

pf + m 2 P2 + m z 



This shows that the choice 
(1.64) 5m 2 (K) = -{2tt)- a it 2 g 2 log A, 

cancels the divergence coming from the second-order self-energy graph. In 
other words, one can take advantage of the unphysical nature of the bare 
parameters to ask them to conspire so that they cancel the divergences. This 
is a very tricky process since a counterterm such as (1.64) will now generate 
many other new terms in the perturbative expansion and it is not clear at all 
how to organize the elimination of the unwanted infinities. After clarifying 
what is meant by a Feynman graph (subsection 3.3) we describe the first 
step, which is to reduce the zoo of graphs that are physically relevant and this 
is done in terms of generating functions and the effective action (subsection 
3.5). 
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3.3. Feynman graphs and rules. 

As explained in §3.1 above, the various terms of the perturbative ex- 
pansion of Euclidean Green's functions (1.49) are labeled by graphs which 
encode in a visual manner all the possible pairings in the integration by 
parts under the Gaussian. Thus, at the formal level, one has 

(1.65) S N (x u ...,x N ) = J2j V{T)iP ^ T) • ' PN) e^+-+-*™> n ^ 

where we need to give precise meaning to the terms 

• r (Feynman graph) 

• V(r)(pi, . . . ,Pn) (unrenormalized value of the graph) 

• <r(r) (symmetry factor). 

Graphs: A Feynman graph T is given by a finite set of vertices and 
a finite set of oriented edges. (The oriented edges are also called lines. 
We are dealing here, for simplicity, with a single scalar field and do not have 
to distinguish among several propagators.) The sets of vertices and edges 
are endowed with a collection of maps dj, for j E {0, 1} and t. Here 

(1.66) dj : rW ->r(°) U{l,2,...,iV} 

is the map that assigns to each line the two vertices (corresponding to the two 
cases j £ {0, 1}) of its boundary. Let I denote the collection of monomials 
in the interaction Lagrangian £ mt . Then the map i is given by 

(1.67) l : r(°) -► /. 

It assigns to each vertex a monomial in the interaction Lagrangian £- mt . One 
requires that the degree of the monomial is the valence of the vertex, i.e. 
that 

(1.68) degi(v) = #d \v) + #d^\v), Vuer(°'. 

One also requires that there are N external lines labeled by {1,2, .. . ,N}. 
The labelling is by the vertex in {1,2,..., N} and one assumes that 

(1.69) #d^(v) + #d-\v) = l, We {1,2,..., AT}. 
The set of external lines is 

(1.70) r« =u} =0 a7 1 {i,2,...,iv}cr( 1 ) 

and its complement C is the set of internal lines. 

The geometric realization of a graph is the one-dimensional space 

(1.71) |r| = r (1) x [o, i] u d (r (0) u {i, 2, . . . , n}) 

obtained by gluing the endpoints of the lines using the maps dj. The graph 
is planar when it can be represented by a planar picture. It can always be 
represented by a spatial picture, hence by a planar projection with a finite 
numbers of crossings (usually indicated by a broken line, so as not to be 
confused with vertices). 
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Graphs from pairings: We write the decomposition of the interaction 
Lagrangian C m t into a sum of monomials as £i nt = Y^Mel ^ e then 
look at the contribution to the perturbative expansion (1.49) coming from 
terms of the form 

(1.72) tlL f 0( Pl )...0( PN ) H Mjdfx, 

n ' J j&x 

where X is a finite set mapping to /, by X 3 j i— > Aij £ I. Each monomial 
of the form 

M = z i Mx)d 

yields, as in §3.1, a product 

where we omit the integral in fcj. 

The derivative interaction term ^(<9</>e(x)) 2 delivers a quadratic term 

(1.74) z (2ir) D S(h + k 2 )kU(kS(k 2 )^^. 

Notice that in the original Lagrangian this term is not an interaction term, 
but later on, in the process of wave function renormalization, one needs to 
add such a term and view it as part of the interaction. 

The terms (1.72) generate graphs T from the pairings in the integration 
by parts in 

dj 

(1.75) f 4>( P1 ) ■ ■ ■ 4>( PN ) n n 4>(k t (j)) d M . 

J jex i=i 

For each such graph T the set of vertices is = X and the map i is the 
obvious one which, to each element j G X, assigns the monomial Mj. Thus, 
each monomial determines a vertex with a number of half-lines equal to its 
degree, and a pairing in the integration by parts (1.75) corresponds to a 
way of matching these half-lines. In (1.75) the ki(j) denote the momentum 
variables carried by the half- lines associated to the monomial Mj- Thus, we 
see that each such pairing in (1.75) determines in this way a graph T, where 
the set rW of ed ges is the set of the coupled pairs. For each such pair we 
make an arbitrary choice of orientation. The map d in (1.71) is obtained by 
taking the image of the two elements of the pair under the map 

Pt ~£€{l,2,...,N}, kiti)»j€X = TW. 

Edges where two pi, say p\ and p 2l are paired together correspond to 
the simplest kind of graph. It splits off as a connected component and its 
contribution is of the form 

(1.76) (2vr) D 5{p l +p 2 ){p{ + m 2 )-\ 
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Figure 11. Self-energy graph in 0' 



Edges where one pi is paired with one of the kg are external. Each pi 
appears once and only once among the pairs, hence (1.69) holds. For each 
j € X, each of the h(j) appears exactly once in one of the pairs and (1.68) 
holds. 

Notice that the two endpoints of an edge may well be the same, as 
in the tadpole graph of Figure 5. In the (p 3 theory this only occurs for 
tadpole graphs, but in other theories it occurs in more important graphs. 
For instance, in the case of the <p 4 theory this happens in the self-energy 
graph of Figure 1 1 . 



Feynman rules: Now that we know how to assign a graph to a pairing 
we can write down the Feynman rules which give the contribution of the 
pairing. For the moment, we ignore the combinatorial factor that accounts 
for the number of occurrences of the same graph from different pairings, 
which we describe later. 

The Feynman rules assign: 

1) To each external line I 6 r^J. a propagator 

pf + m z 

2) To each internal line I £ T^ a momentum variable k = kg and a 



3) To each vertex v with l{v) = -^f 4>e a momentum conservation 



propagator 



1 



d D k 



k 2 + m? 




z(2ir) D 5( J2 



di(e)=v 



d (l)=v 



4) 



To each vertex v with l(v) = 



-if (d(f>E) 2 a term 



z(2ir) D k 2 5( 



d!(e)=v 



d Q (l)=V 
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In the last term the variable k is any of the k( involved in the momentum 
conservation (there are just two of them by (1.68)). 

Unrenormalized values: The unrenormalized value V(T)(pi, . . . ,pn) 
of the graph is the multiple integral obtained from the product of the four 
types of terms described above, assigned to T by the Feynman rules. It 
factorizes as a product 

(1.77) V(T) = [J V(T C ) 

over the connected components T c of (the geometric realization of) T. In 
particular, it always contains an overall factor of the form 

(1.78) e(T) = Y[e(T c ), 
where, for a connected graph, one lets 

(1.79) £ (r) = (^) D s(J2pj)U^r 



I / ; ' ill 

3 3 



Pj + 777/ 



where pj are the momentum variables assigned to the external lines and we 
assume for simplicity that all external lines are inward oriented. This can 
always be done, except when there is a single line, in which case one uses 
(1.76). 

For a connected graph with N external legs, the number of free integra- 
tion variables in the multiple integral V(T) is 

(i.80) l(t) = #r« - #r<°) + i, 

i.e. the number of internal lines minus the number of vertices plus one, 
which is the same thing as the first Betti number &i(|r|) of the geometric 
realization of T. 

Symmetry factors: Let us determine the numerical factor in the con- 
tribution of (1.72) of the form 

/ kpi)---kPN) n m j^- 

n - J iex 

The cardinality of X is n. We write each monomial in the form M. = 4>%, 
so that the minus signs cancel and we can ignore them. We also write the 
term EljeA -^H? m * ne f° rm 

j&X I 

where ^ n L = n occurs with a multiplicity n\j \\ nj from the binomial ex- 
pansion of (Yli M) n . This gives an overall denominator 5 = n nj n (dJ) nL , 
where d L is the order of the corresponding monomial M . 

One sees that 5 is the order of the group A of permutations of the terms 
i (_?')) in (1.75) that respect the map X — > I. In particular, this group A 



3. FEYNMAN DIAGRAMS 



35 



acts on the pairings and the orbit A(ir) of a given pairing gives all pairings 
of the same type. 

Thus, we see that the symmetry factor is given by the cardinality of the 
isotropy group 

(1.81) a(T) = #{g G A | g(ir) = tt}. 

Since the construction of the graph T from the pairing ir is natural, the 
isotropy group is the group of automorphisms of the graph, so that 

(1.82) a(T) = #Aut(r). 

It accounts for repetitions, as usual in combinatorics. Notice that we do not 
take into account the orientation of the edges, i.e. we do not consider two 
graphs which only differ by a choice of orientations of their edges as distinct. 



3.4. Connected Green's functions. 

There are standard procedures that allow one to simplify the combina- 
torics of the Feynman graphs. First, one can combine the Green's functions 
(1.25) in a single generating function. This takes the form of a Fourier 
transform 

Z(J)= fexpfi SW + W) N ) V[<j>\ 

(1.83) „ ' 

= EaLom / J(x!) ■ ■ ■ J(x N )G N (xi, . . . ,x N ) dx 1 - ■ -dx N , 

where the source J is an element of the linear space dual to that of the 
classical fields 4>, with ( J, 4>) = f J(x)(f>(x)dx. 

The first simplification of the class of graphs that need to be considered 
is obtained by passing to the logarithm of Z(J), 

iW(J) = log(Z(J)) 

(1.84) = ^ — / J(xi) ■ ■ ■ J(x N )G N , c (xi, . . . ,x N )dxi ■ ■ ■ dx N . 

n=o ' J 

This is the generating function for the connected Green's functions Gn,c- 
This means that, at the formal combinatorial level, the perturbative expan- 
sion 

G N (xi, . . .,x N ) = 

(1.85) \- f V(^)(Pl-i ■ ■ ■ :_Pn) i{xyp\-\ \-x N -p N ) TT dpj 

of the original Green's functions (i.e. the Minkowski space analogue of (1.65)) 
is over all graphs (including the non-connected ones). By taking the log and 
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passing to the expression W{J) in (1.84), one simply drops from the counting 
all the disconnected graphs, so that 

Gn,c(xi, ■ ■ -,x N ) = 
(1.86) \- fV(T)( Pl ,...,p N ) i( + ... +XN } jj d Pj 



V [ V ( T )(Pli ■ ■ ■ iPN) j( xl . vl+ ...+ XN . VN ) TT 



(2tt) d ' 

r connected 3 

At the same time, dividing by the normalization factor M in (1.83) 
eliminates all the "vacuum bubbles", that is, all the graphs that do not 
have any external legs. 

The number L of loops in a connected graph determines the power h L ~ x 
of the unit of action that multiplies the corresponding term, so that (1.84) 
has the form of a semiclassical expansion. Indeed, if we keep track of the 
powers of h in the perturbative expansion, we see that each propagator 
contributes one factor of h (since it is the inverse of the free part of the 
action) and each interaction term a factor of ftT 1 . Thus, each connected 
graph r with iV external legs inherits a factor of h N+L ^~ 1 . The source 
J appears in the action with a coefficient of ft -1 , hence we are left with a 
factor of /j i(T ) _1 for the contribution of each graph to W(J). 

In a similar manner, the generating function of Euclidean Green's func- 
tions is given by 

Z{J E ) = 

AAJexp(- S(fe) ~ r i Jg ' fe) ) V[<f> E ] = 
°° 1 f 

^ M / Je ^ Xi " ) ' ' ' Je ^ Xn ) S n(xi, • • • , x N ) dxi--- dx N , 



(1.87) 



where the source Je is an element of the linear space dual to that of the 
Euclidean classical fields 4>e- The generating function for the connected 
Euclidean Green's functions is of the form 

W(J E ) = log(Z(J E )) = 

(1.88) » 1 r 

and is similar to the free energy of a statistical mechanical system in the 
presence of the source Je- 

Suppose given a formal expansion in terms of connected graphs and 
symmetry factors 

(1.89) W- E 

T connected 
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Figure 12. One-particle reducible graph 
The relations that give the equality 
(1.90, '""E^ 

with the sum over all (not necessarily connected) graphs, are of the form 

(1.91) v(r 1 ur 2 ) = v(r 1 )v(r 2 ), with ff (r) = JJny! JJ^r^ 

where the T, are the distinct graphs that appear as components of T and 
the rij are the multiplicities of their occurrences. 

Using this general principle one obtains 

(1.92) W(J E ) = log Z{J E )= V{T 2t) E) ' 

r connected 

where 

1 f . j . . . -p-r dp,' 



(i.93) v(r)(j) = ^ J Hvi) ■ ■ ■ Apn) F(r(pi, . . . , PiV )) n 



(2tt) 

3.5. The effective action and one-particle irreducible graphs. 

There is then a second key simplification of the combinatorics of graphs 
which makes it possible to reduce the computations to connected graphs 
which are one-particle irreducible (1PI). 

Definition 1.3. Let T be a connected Feynman graph of a given QFT. 
Then T is a one-particle irreducible ( 1PI) graph if the following holds. 

(1) r is not a tree. 

(2) r cannot be disconnected by cutting a single 



Since in the following we work mostly in the Euclidean case, we drop 
the distinction between 4>e and and we simply write (ft for the scalar field 
in the Euclidean theory. 

The second simplification we now introduce is achieved by passing to 
the effective action S e s((j)). We describe it in the Euclidean context. There 
are similar formulas (with suitable powers of i) in the Minkowski signature. 
By definition, S e s((j)E) is the Legendre transform of W(Je), namely it is 
defined by 

(1.94) 5 cff (0) = (cf>,J E ) - W(J e )\j b= j W , 



: J ,8 
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where Je is chosen so that the functional (variational) derivative SW/8J of 
W with respect to J at Je is equal to <\> (i.e. so that the right-hand side of 

(1.94) is stationary). Such a Je can be uniquely determined in perturbation 
theory. In the case of free fields, with S(4>) = Sq(4>), the effective action is 
the same as the original action, with the possible addition of an irrelevant 
constant. In the general case, where an interaction term <Si n t(</>) is present 
in the action, the effective action S e s(4>) is a non- linear functional of the 
classical fields, which constitutes the basic unknown in a given quantum 
field theory. 

The key result on the effective action is that it can be computed by 
dropping all graphs that can be disconnected by the removal of one edge, as 
in the case illustrated in Figure 12, where the shaded areas are a shorthand 
notation for an arbitrary graph with the specified external leg structure. One 
can reduce in this way the combinatorics of graphs and restrict attention 
to 1PI graphs only. The individual contribution of 1PI graphs to the non- 
linear functional S e s(4>) can be spelled out very concretely as follows. Up to 
a sign and a symmetry factor (Theorem 1.5) the contribution to the effective 
action of the 1PI graph T is of the form (cf. (1.93)) 

(1.95) LT(r)(0 = ^ J Ep=Q kvi) ■ ■ ■ Hpn) U(T( P1 , . . . , PN )) J] j^n ■ 

Here N is the number of external legs of the graph T, while (f> denotes the 
Fourier transform of <j) (we are integrating in momentum space). Formula 

(1.95) should be understood as the pairing of the distribution U(T(pi,. . . ,pn)) 
with the Fourier transforms 4>(pi). The distribution U(T(pi, . . . ,pn)) is in 
fact given by a smooth function of the external momenta pi and is specified 
by the Feynman rules of the theory. The U(T(pi, . . . , P n)) is referred to as 
the unrenormalized value of the graph T with assigned external momenta 
(pi, . . . ,p N ). 

Definition 1.4. Let T be a 1PI graph. Its unrenormalized value, de- 
noted by J7(r(pi, . . . ,pn)), is given by V(T) with external propagators and 
5 -function removed, so that 

(1.96) V(T( Pl , . . . , PN )) = e(r) U(T( Pl , . . .,p N )). 

It is only defined for J2j Pj = and it is of the general form 

(1.97) U(T( Pl ,...,p N )) = J I r (k 1 ,...k L , Pl ,...p N )d D k 1 ---d D k L , 

where L = fei(|r|) is the loop number of the graph (the first Betti number) 
and the ki G R D , with i = 1, . . . , L, are momentum variables assigned to the 
internal edges. 
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Figure 13. Connected graph with two external legs 

Theorem 1.5. The effective action is given by the formal series 

(1.98) S eS (*) = S W - £ ^M. 

re ipi ^ ' 

Proof. If we keep explicit count of the powers of h, then (1.98) becomes 

h h h ^ a(vy 

reiPi v ; 

where the loop number L(T) of IPI graphs is > 1 since we excluded tree 
graphs. Thus, the effective action S e s((p) encodes the quantum corrections 
to the original action. Its knowledge makes it possible to calculate Green's 
functions in a direct manner. Namely, one obtains the same answer by 
computing at tree level with the effective action S e fi((p) as by computing the 
full perturbative expansion with the original action S(4>), 

(1.99) N ! P(</>) e~ 5W V[<j>\ = N ! P(<j>) e~ s ° s W V[<f>] . 

J J tree— level 



To compute the right-hand side one isolates the quadratic part of the 
functional S e s((j)) and then applies perturbation theory, but one drops all 
non-tree graphs. The basic facts that show how this works are the following. 

a) Let r be a connected graph with two external legs. Then one can 
write r uniquely as a tree graph with interaction vertices given by 
IPI graphs II with two external legs. 

b) The sum of the contributions of all the connected graphs as above 
is given by 

V(T(p,-p)) 1 



(l.ioo) ]T 



The reason to drop the external momenta in the definition 1.4 of U(H) 
can be understood very simply from the evaluation of V(T(p, —p)) for a 
graph of the form II * II * ■ ■ ■ * II as in Figure 13, where * here denotes the 
concatenation product. Such a graph gives, up to symmetry factors, the 
expression 

V(T(p, -p)) = (p 2 + m 2 )-^ 1 U(U(p, -p)f. 

Summing the geometric series (allowing for different choices of II) gives the 
required equality b). Extending a) to connected graphs with an arbitrary 
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Figure 14. Connected graph with three external legs 



number of external legs as shown in the case of graphs with three external 
legs in Figure 14 proves (1.99). 



This suffices to prove Theorem 1.5. Indeed, computing the functional 
integral in the right-hand side of (1.99) at tree-level, means that one just 
applies the stationary phase method to the functional integral with the am- 
plitude 



when the parameter T (which has nothing to do with h) tends to 0. We 
know from (1.99) that this yields the same result as the full calculation of 
the integrals with respect to the original Euclidean action (1.45). 

Introducing a source term J implies that W( J) is the Legendre transform 
of S e s((f)) and, by reciprocity of the Legendre transform, that Theorem 1.5 
holds. □ 

The computation of the non-linear functional of classical fields given 
by the effective action is the basic first problem in QFT. If one knows the 
effective action, one can obtain from it all the Green's functions by tree level 
calculations, applying the stationary phase approximation. This makes it 
possible to compute the physical observables such as the 5-matrix elements. 



(1.101) 
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3.6. Physically observable parameters. 

The main idea of the renormalization process is the distinction between 
the bare parameters that enter in the Lagrangian and the physically observ- 
able parameters. As a prerequisite to understanding renormalization one 
needs to define the physically observable parameters. This is done in terms 
of the effective action in a way that makes it possible to compute them in a 
direct manner. We explain briefly how. 

Physical mass: The notions of particle and of mass in QFT are under- 
stood through the classification of irreducible representations of the Poincare 
group. In the case at hand of a scalar field (j), the spin vanishes and the rel- 
evant irreducible representations are induced from the mass-shell orbits of 
the Lorentz group acting on momentum space. For each fi > one lets 
TL^ be the Hilbert space of square-integrable functions on the mass shell 
k 2 = fJ- 2 ,ko > 0, and defines an irreducible representation of the Poincare 
group. In the free quantum field theory the particle description is in terms 
of the Fock space 

oo 

(1.102) f m = 0SX, 

n=0 

where S n H is the n-th symmetric tensor power of the one-particle Hilbert 
space 7i m . The natural action of the Poincare group on the Fock space is 
no longer irreducible and decomposes as an integral of irreducible ones with 
a discrete part where the mass m appears as the smallest eigenvalue with a 
mass gap. Still in the case of the free field, one can compute the mass m 
by looking at the connected Minkowski space Green's functions. Since there 
is no interaction, the only connected graph is the trivial two-point graph 
and the only non-zero connected Green's function is the two-point function 
given by (1.42) 

G 2 , c (xi,* 2 ) = /' ., t —^e i &- x >>» dDl ' 



(1.103) ^,cv~„~„ J p2 _ m 2 + ie - (2?r) D 

= A + (xi - x 2 , m 2 ). 

In the general interacting case one has the Kallen-Lehmann spectral decom- 
position which asserts the existence of a positive density a(u) for u > "iphys 
such that: 

(1.104) 



^ G 2 , c (x 1 ,x 2 ) = A + (xi-x 2 ,m 2 



poo 

+ / A + (x\ — x 2 ,u) a(u) du 

J m 2 , 

phys 

where the normalization factor Z is described in more detail in (1.109) below. 
The formula (1.104) shows that the physical mass m p hy S can be read off from 
the pole structure of the Fourier transform of the connected Minkowski space 
Green's function G 2:C . It has an isolated simple pole at p 2 = m 2 hys , which 
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signals the presence of a particle of mass m p h ys and makes it possible to 
apply scattering theory. 

Now by Theorem (1.5) we know that G 2 , c is given by the tree-level 
calculation using the effective action. In fact, (1.100) gives for the (Fourier 
transform of) the Euclidean connected two-point function the formula 

(1.105) S 2 , c (p) = -j-; 2 — v- T )m( vwTm' 

This shows that the physical mass mp^ys can be computed in perturbation 
theory by solving the equation 

(1.106) p2 + m 2_^ ^(n(p,-p)) =Q for p 2 = _ m " 

n ^ ' 

The expression 

(1.107) iv) = y. ™^ 

is called the self-energy. 



phys- 



Physical field and scattering matrix: The presence of the normal- 
ization factor Z in the Kallen-Lehmann formula (1.104) can be eliminated 
by a rescaling of the quantum field </>. One simply defines 

(1.108) <f/ = Z' 1 / 2 0. 
The factor Z is the residue 

(1.109) Z = Res p2= _ mlb J 2 , c (p) 

of (1.105)) at the pole p 2 = —m 2 hys . 

The basic formula which makes contact with experiments is the scat- 
tering formula of Lehmann-Symanzik-Zimmermann (LSZ), which gives the 
scattering matrix S in the form 

(k±, . . . , k s \S — l|/c s +i, . . . , k r ) = 

(1.110) 

i-rz-r/2 , {k 2 _ Gjv (_ fcl , . . . , -k s , k s+1 , ...,k r ). 

This says that a matrix element in S — 1 is a momentum space Green's 
function (here in Minkowski space), with external propagators removed, 
rescaled by a suitable power of the residue of the propagator at the square 
of the physical mass. 

Effective coupling constant: The knowledge of the scattering matrix 
makes it possible to determine the strength of the coupling, by looking at 
the matrix elements involving r = 3 particles. Consider the 3 theory with 
Euclidean Lagrangian 

(i-iii) m = l(d^ + ^4> 2 - 9 ^ 3 , 
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where we change the sign of the coupling constant to eliminate the minus 
signs in the perturbative expansion. One defines the effective coupling con- 
stant from the cubic term in the effective action as in the LSZ formula 
(1.110), using the overall factor of Z~ r / 2 , This gives 



I1-H2) 



9cS 



-3/2 



9 + 



\ 



E 

<x 



Z7(r(o,o, o)) 

a(T) 



J 



where the sum is over all 1PI graphs with three external lines, each with a 
zero momentum. 



3.7. The physics idea of renormalization. 

The rule is that one computes physical quantities in terms of the observ- 
able parameters such as the physical mass, not the bare parameters such as 
the bare mass. The main point is not that of getting finite quantities (any 
regularization procedure does that), but to eliminate the regularization pa- 
rameters (such as the parameter A in the cutoff) by a suitable addition 
of counterterms to the original Lagrangian. The main requirements on the 
counterterms are the following: 

• Locality: they are polynomials in the fields and their derivatives. 

• Finiteness: The number of monomials in the Lagrangian remains 
finite after the introduction of all the necessary counterterms. 

The reason for the finiteness requirement is that each new countert- 
erm leaves behind a free parameter of the theory (for instance the physical 
mass). There is no way such a parameter can be fixed other than by its 
experimental value, hence one gets not a single theory but a family of the- 
ories parameterized by as many free parameters as the counterterms added 
to the Lagrangian. Since a theory with an infinite number of free parame- 
ters has virtually no predictive power (it can always accommodate any new 
experimental result) the finiteness of the number of counterterms is required. 

We now explain more carefully the meaning of the three types of coun- 
terterms needed to renormalize the theory in the above generic example, 
namely 

• Mass counterterm (renormalization) 

• Field strength counterterm (renormalization) 

• Coupling constant counterterm (renormalization) 

Mass renormalization: Let us consider the simple example of the self- 
energy graph (1.57) for D = 4. We write its contribution to the self-energy 
(1.107). It is given by 

(ins) n « _ \ 3 > ( 2.)- / ^ ((p+fc ; 2+m2) A- 
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In physics, the idea of how to handle this divergent expression is to distin- 
guish between physical and non-physical mass parameters. On the one hand 
we have the bare mass parameter 

mo = bare mass, 

which specifies the mass term in the Lagrangian. It is the parameter that 
appears in the term ^to 2 ,^ 2 in the Euclidean Lagrangian. On the other hand, 
one has the measured experimental mass m p hy S , which arises as the position 
of the pole in the full propagator, i.e. as the zero of its inverse 

p 2 + to 2 — Tl(p 2 ) =0 for p 2 = — TOp hys . 

Let to = mphys denote the physical mass. After introducing a cutoff param- 
eter A one writes 

TOq = to 2 — 5m 2 (A). 

In this way one views the term — dm (A)^- as an interaction term in the 
Lagrangian. 

Thus, one does perturbation theory with the free part given by the 
(Euclidean) propagator (p 2 +m 2 )~ 1 and one determines 8m 2 in perturbation 
theory as a function of a regularization parameter, such as a cutoff A, in 
such a way that it cancels the divergence but does not spoil the location of 
the pole, so that the self-energy LT satisfies the renormalization condition 

(1.114) n(-TO 2 ) = o. 

The interaction term — 5m 2 ^ contributes by the tree graph of Figure 
10 to the self-energy. This contributes an additional term of 5m 2 to the 
self-energy. Thus, at this order it is easy to solve (1.114). Namely, one takes 

5m 2 = — LT( — to 2 ) . 

Thus, at order g 2 in the perturbation theory, the renormalized self-energy 
is of the form 

(1.115) n rcn ( P 2 ) = n{p 2 ) - n( to, 2 ) . 

This is now a finite quantity, which can be computed using any regularization 
method such as a cutoff, giving the answer 

(me) iw/) = t /'i°g( x(1 -f 2+ ?,V 

32tt z J m z {l+x — x z ) 

Besides the mass counterterm, there are two other types of countert- 
erms, allowing for the renormalization of the field strength and the coupling 
constants. 

Field strength renormalization: We saw in the Lehmann-Symanzik- 
Zimmermann scattering formula (1.110) that the residue of the two-point 
connected Green's function at the pole enters explicitly in the expression 
for the scattering matrix, so that the physical field <p' is related to the bare 
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field 4> by equation (1.108). The change of variable formula 4> — > Z 1 / 2 cp' in 
the Euclidean functional integral 

Mfex V (-S(<P)) <P( X1 ) ■ ■ ■ <f>{x N )V[<f,\ = 

(1.117) 

Z N / 2 M' Jexp(-,S(Z 1 /2 0'))^( Xl )... <//( XN )V[<f/] 

shows that the distinction between the physical field and the bare field makes 
it possible to modify the kinetic term in the Lagrangian. When expressed 
in terms of (/>', this takes the form 

£'= 1 -Z(d<f>') 2 + --- 

Writing Z = 1 — 5Z(A), one then chooses the field strength counterterm 
5Z(A) in such a way that the residue at the pole remains equal to 1. In 
terms of the self-energy this means that the derivative vanishes at — to 2 , i.e. 
that 

(1.118) dU(-m 2 )=0. 

In the example above only a finite field strength renormalization is re- 
quired to compensate for the contribution of (1.116) to the self-energy. No- 
tice that, since (1.115) is a shift by an additive constant, the finiteness of 
the field strength renormalization in this example comes from the absence 
of a momentum dependence in the divergence of the integral (1.113). If we 
look at the same (/> 3 theory in dimension D = 6, then the divergence of the 
integral (1.113) is not canceled by the mass counterterm alone. However, 
one can replace (1.115) by 

(1.119) n ren (p 2 ) = U(p 2 ) - U(-m 2 ) + n'(-m 2 ) (p 2 - to 2 ), 

where II' is the derivative of II with respect to p 2 . Exactly as for mass 
renormalization, one then computes the counterterm 5Z(A) using the renor- 
malization condition (1.118). 



Coupling constant renormalization: In the same 3 theory in di- 
mension D = 6 the graph of Figure 15 is 1PI and gives a contribution of the 
form 

(1.120) g 3 (27r) 6 J k2 + m2 {p + k)2 + m2 {q _ k) 2 + m 2 d&k - 

The distinction between the bare coupling constant and the effective cou- 
pling constant of (1.112) gives us the freedom to write the bare coupling 
in the form g + Sg and to introduce the counterterm 5g. The last renor- 
malization prescription is that the effective coupling (1.112) is fixed by its 
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Figure 15. Graph with three external legs 



experimental value. The full (Euclidean) Lagrangian with the counterterms 
now takes the form 



The renormalization scheme described above is called the mass-shell 
scheme and is the scheme which is easiest to interpret in physics terms. 
One computes physically observable quantities such as the S'-matrix ele- 
ments not in terms of the bare parameters but in terms of the physical 
parameters, which in the example are the mass, field strength and coupling 
constant. This is done by computing the bare parameters as formal power 
series in the coupling so that the renormalization conditions such as (1.114) 
and (1.118) are fulfilled while the effective coupling constant is held fixed at 
its observed value. 



As we saw above, the cutoff method and the mass-shell scheme allow 
for a natural explanation of the basic physics content of renormalization. 
However, in general one needs more refined regularization procedures for 
the integrals involved in the expression of the U(T(pi, . . . ,pn)), which do 
not break Lorentz invariance. Moreover, renormalization schemes which are 
compatible with the massless case are needed in general. We use the reg- 
ularization scheme known as Dimensional regularization (DimReg), for the 
reason that, when combined with Minimal Subtraction (MS), it is the most 
widely used renormalization scheme in explicit perturbative calculations in 
quantum field theory and elementary particle physics. The method was 
developed by 't Hooft and Veltman [169], with the aim of treating perturba- 
tive calculations involving nonabelian gauge theories, theories with fermions, 



(1.121) 




4. Dimensional regularization 
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and anomalies. As we explain in Section 19 of this Chapter, DimReg also 
turns out to be very closely related to noncommutative geometry. 

Before giving a general definition, we explain what it means to apply 
DimReg in the simple example of the self-energy graph (1.57). Its contribu- 
tion as a 1PI graph is given (up to g 2 (2ir)~ D ) by 

p + k 




(X 122) k — > / - - d D k 

J k 2 + m 2 ((p + k) 2 + m 2 ) 

In fact, recall that for 1PI graphs one does not have a contribution from the 
external propagators (cf. (1.96)). 

One first introduces the Schwinger parameters. These replace each prop- 
agator of the form p by J °° e~ sP ds, introducing in this way an additional 
parameter s that will then be eliminated by integration. This means, in the 
case of (1.122), that we use the simple identity 

(1.123) , '., f e -^ 2 +m 2 )-t((p+kf+m^ dsdL 



k 2 + m 2 [p + k) 2 + m 



s>0, t>o 



One diagonalizes the quadratic form —Q{k) in the exponential, which is then 
written as 

-Q(k) = -\{{k+xp) 2 +{{x-x 2 )p 2 +m 2 )), with s = (l-x)X and t = x A. 

Thus, after changing the order of integration, one obtains a Gaussian integral 
in dimension D in the variable q = k + xp, of the form 

(1.124) [ e- x ^d D q = <k d / 2 \- D ' 2 . 



In this way we have rewritten the unrenormalized value U(T) of the graph 
(1.122) in dimension D in the form 

-(\(x-x 2 )p 2 +\m 2 ) / -Xq 2 ,D, 



(1.125) / / e-W*-* >p + Am > e - A " d u q XdX dx 
Jo Jo J 

rl poo 

= n D/2 / / e - ( X( x - xV+ Xm*) x -D/2 xdxdx 

Jo Jo 

(1.126) = ir D/2 T(2 - D/2) C {{x - x 2 )p 2 + m 2 ) ' 2 - 2 dx. 

Jo 

The remaining integral can be computed in terms of hypergeometric func- 
tions. We do not need to write it out explicitly, since what matters here is 
the fact that the divergence of the integral (1.122) is now attributed to the 
presence of a pole of the Gamma function r(2 — D/2) at a point D E 4 + 2N. 
Moreover, all the terms that appear in the expression (1.126) now continue to 
make sense when the integer D is replaced by a complex number D — z € C, 
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with z in a small disk A C C centered at zero. Notice also that, in (1.126), 
the coefficient of the pole of T(2 — D/2) at D £ 4 + 2N is a polynomial in p, 
hence its Fourier transform is a local term. 

This example exhibits all the characteristics of the DimReg method. 
In general, the main idea is to use the basic formula (1.124) to define the 
meaning of the integral when D is no longer an integer. 

More precisely, according to the Feynman rules, the expression I-p of 
(1.97) is typically of the form 

with k = (fei, . . . , ki) and p = (pi, . . . ,Pn). Here P is a polynomial, and 
the Fj, j = 1, . . . , L + N are linear forms on M L+Ar . It is better to be more 
specific. In all cases of interest the Fj(n,p) turn out to be of the form 

(1.128) Fj{n,p) = a j,i + Yl b i> £ (Pi)'' 

i I 

where the coefficients are integers. We use the same formula when the 
Kj = {nj)i and the pj = (pj)e are no longer scalars but elements of a fixed 
Euclidean space E of dimension D. We use the notation v 2 for the square of 
the Euclidean norm of an element v G E. Thus Fj(K,p) 2 is now a quadratic 
form on E L+N and can be written using an orthogonal basis e r of E as the 
sum of the D expressions 

(1.129) Fj( K ,p) 2 = £> r o Fj( K ,p)) 2 , 

r 

where e r is viewed as a linear form on E so that each e r oFj(n,p) is a linear 
form on E L+N . 

To compute the integral associated to (1.127) one uses the Schwinger 
parameters as before, rewriting the integral (1.97) in the form 

J P(k, p ) (I e -EM^MM)(itj d D K, 

with d D K = dPk\ - • • dPkL and dt = Wjdtj, integrated over tj > 0. For- 
mally, one permutes the order of integration and sets the above equal to 

j (e-Ztrf J p(« )P ) e -E^(M a d ^ dt . 

One then treats the integral in dP k as a Gaussian integral. One writes 
£i/j(«,p) 2 = A E (t)(q)+ 2^Fj(K(t),p) 2 , with g =K- K (t), 
where the quadratic form A#(t) on E L is given by 

(1.130) A E {t){q) = Yh F M^? 



and the minimum k(£) of ^2tjFj(n,p) depends rationally on t. 
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In fact, by construction n(t) is of the form A(t)~ 1 £(t, p), where £(t,p) is 
a bilinear function of t and p. After a change of variables k ^ q = k — re(i) 
one is left with the integral of a polynomial in q with respect to the Gaussian 

e -A E (t)(q) d D g _ 

Using integration by parts (1.38), the only integration in dPq to be 
performed is that of the Gaussian, which gives 

J e -A E (tKl) d D q= n LD/2 det ( A(t ))-S/2 j 

where A(t) is the quadratic form (1.130) but in the one- dimensional case. 
This means that one uses formula (1.130) to define the quadratic form A(t) 
on WL L . One checks that one gets the correct result using (1.129). 

Both the integration by parts and the dependence n(i) = A(t)~ l l(t) 
introduce denominators, given by powers of det(A(t)). Thus, the end result 
is an integral of the form 

(1.131) 7t LD l 2 J e-^ t X-S^ J! i-(' s W> p ) a /(P,t)det(A(t))- D / 2 -"dt, 

where / depends polynomially on t and p. 

The integral obtained in this way is divergent, because of the singularity 
coming from the zeros of the polynomial Q(t) = det(A(t)), but all the terms 
that appear in (1.131) now make sense when D is continued to D — z € C. 

Thus, we have formally obtained an integral in dimension D — z which 
replaces the integral (1.97). Namely, we have 

U z (T( Pl ,..., PN )) = 



(1.132) 




...k L ,p l ,...p N )d D - z k 1 ---al u - z k L := 



je-^ m h^ F i( K ( t )'P) 2 f( p ,t)det(A(t))-^ D - z y 2 - n dt, 

with the last line obtained as we just described. The integral is convergent 
when the real part of z is sufficiently large. 

We now discuss the existence of a meromorphic continuation to the com- 
plex plane. The mathematical treatment, cf. e.g. [128] is based on the fol- 
lowing result of Bernstein [17], applied to the polynomial det(A(t)). 

Lemma 1.6. Let Q(t) be a polynomial in n variables. There exists a 
polynomial q(D) and a polynomial differential operator L(D) in n variables, 
whose coefficients are polynomials in D, such that 

L(D) Q-°l 2 = q(D) Q- / 2 - 1 , \JD. 

Proof. We first give a proof in the "generic" case, i.e. assuming that the 
hypersurface Q = is smooth. In that case, by Hilbert's Nullstellensatz, the 
ideal generated by the polynomial Q and its first derivatives djQ contains 
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the constant polynomial 1. Thus, one can find polynomials A and Aj such 
that 

AQ + J2 A J d jQ = !• 

j 

One just lets 

L(D) = ~A+Y,A j d j and q(D) = ~ 
j 

In the general case ([IT]) one considers the space V of expressions of the 
form p(t, D) Q~ D l 2 ~ k where p(t, D) is a polynomial in t whose coefficients 
are rational functions of D. It is a D-module, i.e. a module over the ring of 
differential operators P(t, d, D) whose coefficients are polynomials in t and 
rational functions of D. The main point is to show that, as a P-module, 
V is finitely generated. It follows that the increasing filtration by the 
submodules generated by Q~ D / 2 ~ k is stationary, hence 

Q- D l 2 - k - 1 = P{t,d,D) Q' D ' 2 - k 

for suitable choices of k and P. It remains to show that V is finitely gener- 
ated and this is done using the filtration 

V m = {p(t, D) Q- D ' 2 - m | degp < m(deg Q + 1)}, 

which is compatible with the natural filtration of the ring of differential 
operators and whose growth 

dimP m ~ (degQ + l) n m n 

is slow enough to show that V is finitely generated (cf. [17]). □ 

Using Lemma 1.6 together with integration by parts and induction on 
the number of variables tj, one can prove the following statement (cf. [128]). 

Lemma 1.7. Let g be a smooth function of rapid decay defined for tj > 0, 
whose derivatives are of rapid decay; then the integral 

I(D,g)= [ g{t)Q{t)- D ' 2 dt 
Jtje[o,oo) 

extends meromorphically to the whole complex plane. 
Proof. Indeed, integration by parts gives 

(1.133) I(D + 2,g)= q(D)- 1 1(D, L{D)* g) + C(D), 

where L{D)* is the adjoint of L{D) and C{D) is a boundary term which is 
meromorphic by the induction hypothesis. □ 

The problem is that, when one wants to apply this lemma to an ex- 
pression of the form (1.132), the function which plays the role of g is given 
by 

(1.134) g(p,t) = e-Z^'-ZWWM'ffat). 
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This function, while of rapid decay along with its derivatives for t large, is 
not smooth for t — > 0. It is bounded and has a finite limit but its higher 
derivatives are in general not bounded and blow up by a negative power of 
det(A(t)) so that there is no guarantee that integration by parts improves the 
domain of convergence. This seems to be a major difficulty, also witnessed in 
the notation of [128] by the presence of the term — tr(C B F * (t)) in equation 
(34) of [128]. 

The problem disappears, however, if we look at the Taylor coefficients 
of the expansion of g at p = 0. Indeed, we have the following result. 

Lemma 1.8. Let 

a 

be the Taylor expansion of g(p,t) at p = 0. Then all the functions g a (t) are 
of the form Q(t)~^h a where h a fulfills the hypothesis of Lemma 1.7. 

PROOF. We just need to understand the behavior of the Taylor expan- 
sion at p = of the expression 

b(t,p) = e-ZjWW*)*? = e a ^ p \ 

where n(t,p) is the point where the function k i— > Ylj tjFj( K >P) 2 reaches its 
minimum. For p = this point is n(t, 0) = so that a(t, 0) = 0. Thus, each 
term in the Taylor expansion of b(t,p) at p = is a polynomial in the terms 
of the Taylor expansion of a(t,p) at p = 0. Moreover, n(t,p) is of the form 
J 4(t) _1 f(t,p) where £(t,p) is linear in both t and p. This shows that, up to 
a power of Q(t) = det(A(t)), all the terms in the Taylor expansion of both 
a(t,p) and b(t,p) at p = are just polynomials in t. □ 

To summarize, we have obtained the following result. 

Theorem 1.9. The Taylor coefficients at p = of U z (T(pi, . . . ,pn)) 
admit a meromorphic continuation to the whole complex plane zdC. 

The Laurent series expansion in the variable z around z = for the 
Taylor coefficients at p = of the expression U z (T(pi, . . . ,Pn)) serves as the 
basis for the minimal subtraction scheme which will be used in conjunction 
with DimReg in the next section. 

Definition 1.10. Let L(z) be the Laurent series in z. Let T(L(z)) 
denote its polar part. Minimal subtraction (MS) applied to L(z) consists of 
the removal of the polar part L(z) — T(L(z)). 

In particular, one can apply this subtraction of the polar part to the Lau- 
rent series obtained by Theorem 1.9 for the Taylor coefficients at p = of 
the expression U z (T(pi, . . . , P n)) of the unrenormalized values of Feynman 
graphs in dimensional regularization. In the following, with a commonly 
used abuse of terminology, we often refer loosely to the Laurent series ex- 
pansion of U z (T(pi, . . . ,pn))- It is understood that what we actually refer 
to is the result of Theorem 1.9 above. 
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It is important to remark at this point that, while subtraction of the pole 
part plays a key role in the minimal subtraction scheme, it is not sufficient to 
achieve renormalization. As we discuss in detail in Section 5 below, when the 
Feynman graphs become more complicated than our basic example (1.122), 
one encounters the problem of subdivergences and of the presence of non- 
local terms in the coefficients of the Laurent expansion. We shall see in the 
coming sections why this is a problem and how a renormalization procedure 
takes care of it. 

Moreover, and this will play an important role later (cf. §6.6 below), 
expressions such as (1.132) have a physical dimension which depends on 
the parameter z. Indeed, at least at the formal level, the integrand d D ~ z k 
has the physical dimension of a mass to the power D — z. Since minimal 
subtraction involves subtracting the results for different values of z it is 
necessary to rescale them so that their physical dimensions no longer depend 
upon z. This is done by introducing an additional parameter fi, which has 
the physical units of a mass, and defining 

U^T(p 1 ,...,p N )) = 

(1.135) 

/ / r (fci, ...,k L , Pl ,... , PN )v zL d D ~ z h ■ ■ ■ d D - z k L . 

This dependence on the mass (energy) scale plays an important role in renor- 
malization. 

For example, consider the case of the graph (1.122) in dimension D = 
6. After dimensional regularization, one finds (cf. [62] p. 173, where the 
symmetry factor a(T) = 2 is also included) that the unrenormalized value 
is given by 

c^(r(p)) = 

(1.136) 

ji z (4vr)- 3 + 2 / 2 g 2 T(z/2 - 1) J V(x - x 2 ) + m 2 ) l ~ z / 2 dx. 

Before we begin discussing the issue of renormalization more closely, we 
should make a further remark about the geometry underlying the DimReg 
procedure. In fact, in setting (1.132) to be the "integral in dimension D — z", 
we have not actually made any attempt to define a space whose dimension 
is a complex number. In the physics literature, one takes (1.132) to be just 
a formal definition and regards the "complexified dimension" merely as a 
tool to perform calculations. In §19 of this Chapter we will see that there 
is more to DimReg than just a formal procedure. In fact, we will show a 
natural way to make sense of an actual space of dimension D — z, using 
noncommutative geometry. 

5. The graph by graph method of 
Bogoliubov Parasiuk Hepp Zimmermann 

The basic idea of renormalization is that one eliminates the divergences 
step by step in the perturbative expansion by repeatedly adjusting the bare 
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parameters in the Lagrangian so as to cancel the divergences. In the mass- 
shell scheme explained above this is achieved by setting the physical param- 
eters, such as the mass or the coupling constant, to their observed values. 
This procedure quickly becomes very cumbersome and simpler renormaliza- 
tion schemes have been introduced in order to handle complicated theories 
such as the gauge theories involved in the Standard Model. Thus, in a 
chosen regularization scheme (for us DimReg+MS), one introduces a de- 
pendence on the regularization parameter (here the complex variable z) in 
the terms of the Lagrangian. One then adjusts the dependence of the bare 
parameters on z term by term in the perturbative expansion. 

Let us consider, as a sufficiently generic example, a theory with Eu- 
clidean Lagrangian 



where, as before, we changed the sign of the coupling constant to minimize 
the number of minus signs in the perturbative expansion. 

We modify the parameters by introducing counterterms of the form 



These counterterms are divergent for z — > 0. 

The main idea of the Bogoliubov-Parasiuk method is to write each coun- 
terterm itself as an infinite series 



whose terms are labeled by suitable 1PI graphs V of the theory, while the 
value of the counterterm C Z (T) is determined by a recursive procedure. 

A theory is said to be renormalizable if it is possible to eliminate all 
divergences at all orders in the perturbative expansion by such a recursive 
procedure. The series of successive corrections to the bare parameters is 
typically itself divergent, but here one uses essentially the fact that the bare 
parameters in the Lagrangian are not physical observables that have to be 
finite, hence they can be modified in this way. 

As we have seen, in order to be able to eliminate the divergences by 
adjusting the terms in the Lagrangian, it is necessary that the coefficients 
of the divergence in U z (T(pi, . . . ,pn)) be given by local terms, i.e. by a 
polynomial in the external momenta pj, as only this type of term appears 
in the Lagrangian. 

This is a necessary, not a sufficient condition, as one can see by consid- 
ering the example of the integral (1.122) in different dimensions D £ 4 + 2N. 
The coefficient of the pole is local, but for D = 8 it is of degree 4 and the 
theory is not renormalizable, since there is no term in the Lagrangian that 
would cancel it, while for D = 6 the pole coefficient has degree 2 and there 



(1.137) 



(1.138) 
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Figure 16. Subdivergence 

are terms in the original Lagrangian C that can be used to eliminate the 
divergence by introducing suitable counterterms 5Z(z) and 5m 2 (z). 

As we mentioned in Section 4 above, the problem of non-local coun- 
terterms arises in conjunction with the presence of subdivergences in the 
Feynman graphs. We now show how this happens in a simple example. 



5.1. The simplest example of subdivergence. 

Let us consider the 1PI graph T (of the </> 3 theory) of Figure 16. To 
simplify the computation we work in the massless D = 6 case. Notice, how- 
ever, that the general result of Theorem 1.9 above on the Taylor expansion 
at p = works in the massive case. One has (up to a factor g 4 /J> 2z ) 

(1.139) U(T (P ,- P))= (^/F ^ (k l t? h iD ' iDk - 

We already computed the inner integral in t and, disregarding the infrared 
divergence and setting m = in (1.126), we get a multiplicative factor of 

(1.140) / — ^ I d°t = n D / 2 F(2 - D/2) £ (x - x 2 )^ 2 ' 2 dx. 
One has 

whose poles at D/2 — 1 G — N correspond to infrared divergences due to 
m = 0. Thus, after the integration in £ we are left with an integral which, 
up to the T factors and powers of it, is of the form 

Writing then 

POO 

x D/2-4 = r(4 _ D/2 yl / e -t Xt 3-D/2 dt 

Jo 



one gets 



J = T(4 - D/2)- 1 I e -^ 2 -M*- P ) 2 ^ d D k 
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With t\ = As, t2 = A(l — s), one has 

h k 2 + t 2 {k - p) 2 = \ q 2 + \ {s - s 2 )p 2 , with q = k - (1 - s)p. 
Integration in d D q gives 

/ = T(4 - D/2)- 1 n D / 2 j e-^ s - s ^ 2 A 3 " D s^ D / 2 XdXds. 

Integration in A then gives the term T(5 — D)((s — s 2 )p 2 ) D ~ 5 and the re- 
maining integration in s gives F(D — A)Y{D/2 — l)r(3D/2 — 5) -1 . Thus, 
one gets (up to a factor <?V 2z ) 

(1.141) U(T( P , -,)) . (*,)-» r(i 7' r| t"'lf°' 4 ' O^"- 
v i \ f>> \ > r(D-2)r(4- f)r(^-5) v ; 

This gives a double pole at D = 6 coming from the factors T(2 — y)r(5 — D). 
If we expand in z at dimension 6 — z and reinstate the \x dependence, the 
result comes from the expansion 

(^ 2 r=E^ lo sV/M 2 ). 

This contributes to the coefficient of | by the non-polynomial term 

(1.142) -g 4 {4tt)- 6 ^- P 2 (log(p 2 //^ 2 ) + constant). 

18 

The Fourier transform of the operator of multiplication by p 2 log(p 2 //x 2 ) is 
a non-local operator and no local counterterm in the Lagrangian can cancel 
this type of "non-local" divergence. 

The conceptual origin of this type of non-polynomial term in the di- 
vergence can be understood by differentiating with respect to the external 
momentum p. In the case of the simple graph (1.122), differentiation with 
respect to p raises the term (p + k) 2 + m 2 in the denominator to higher 
powers, hence it quickly improves the convergence of the integral (1.122). 
This shows that the divergence is a polynomial in p. In the case discussed 
above, the part of the integral (1.139) which involves 

< L143 » Iidw^ 

is independent of p and, irrespective of the repeated applications of d p , it 
creates a term in ^ in the overall integral. Using (1.140), one sees that in 
dimension 6 — z the coefficient of ^ in this term is given by 

and is local. 

In other words, the effect of the subdivergence corresponding to the 
subgraph 7 C T is to add a divergent contribution to the integral (1.139). 
Regardless of the numerical coefficients involved in (1.139), this amounts to 
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replacing the contribution of the expression (1.143) by the right-hand side 
of (1.144). Its effect on (1.139) is then the term 

which promotes the finite part of the graph (1.122) 



/ 



1 1 n 1 o o 1 ^ 3 2 i 2 

a k = 7r p — h - 7r p logp + constant 



k 2 {k — p) 2 3 z 6 

to a divergence and yields the non-local term (1.142). 

We need to understand what happens in the method of differentiation 
with respect to the external momentum p after the replacement 

(1.146) f -±—±-d D £^ [ -l—l-d D e+-n 3 k 2 -. 
v ' J {k + £) 2 £ 2 J (k + l) 2 I 2 3 z 

The right-hand side is no longer divergent and is of the order of /c 2 log/c 2 . 
This shows that, if we make the change (1.146) in the integral (1.139) and 
then differentiate enough times with respect to the external momentum p, 
we get a convergent integral. In other words, the correction (1.146) is good 
enough to restore the locality of the terms in the pole part. 
The replacement (1.146) is expressed by the formula 

(1.147) R(T) = U(T) + C( 7 )C/(r/ 7 ) 

where 7 C T is the divergent subgraph (Figure 16) and where the countert- 
erm C( 7 ) is given by the opposite of the pole part 

(1.148) C( 7 )= -T(U( 7 )). 

The remaining graph T/ 7 is obtained by contracting 7 to a single ver- 
tex. In (1.147) and in the following, we write U(T) as a shorthand for 
U(T{pi, . . . ,pn)) where the external momenta pi determine the external 
structure. 

This preparation of the graph V by addition of counterterms correspond- 
ing to the subdivergence suffices to restore the locality of the divergence. In 
this simple massless example only one type of counterterm, namely the field 
strength counterterm, arises from subdivergences with two external lines. In 
the presence of a non-zero mass term there will also be a mass counterterm 
and we need to explain how (1.147) gets modified. 

The contribution (1.140) becomes 



(1.149) 



1 1 iH 



(k + i) 2 + m 2 I 2 + m 2 

n D/2 r(2 _ D / 2 ) [\( x _ x 2 ) k 2 + m 2 ) D l 2 ~ 2 dx. 
Jo 

Notice that the coefficients of k 2 and m 2 in the divergence 
(1.150) (c m 2 + cik 2 ) - 
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in dimension D = 6 — z are different, Co ^ c\, so that the corresponding 
counterterms need to be treated separately. 

Thus, in order to prepare the graph V of Figure 16 in the massive case 
we need to modify (1.147) to the expression 

(1.151) R(T) = U(T) + C( 7 (o)Mr/7(o)) + C( 1{1) )U(T/ 1{1) ), 

where now the additional index j = 0, 1 in 7^ makes it possible to keep 
track of the distinction between the coefficients of k 2 and m 2 in the following 
way. 

First, as explained in the discussion of the Feynman rules, we associate 
vertices of graphs to all the terms in the Lagrangian, including the kinetic 
term |(<9(/>) 2 and the mass term |m 2 2 . Both of these vertices are of valence 
2 (i.e. they correspond to quadratic terms), hence one needs a notation to 
distinguish between them, which we do by adding an index j at the vertex, 
with j = for the mass term and j = 1 for the kinetic term. Thus, we get 
three types of vertices: 



• Three-leg vertex \ associated to the (j) term in the Lagrangian 

• Two-leg vertex — x — associated to the term eft 2 . 

• Two-leg vertex — * — associated to the term (d<p) 2 . 

When we evaluate a graph with such vertices we apply the Feynman rules 
with the coefficients corresponding to the terms of the initial Lagrangian as 
follows. The kinetic term gives a k 2 , where k is the momentum flowing 
through the vertex, and the mass term gives an m 2 . This is coherent with 
the overall homogeneity and the fact that, in the massless case, no mass 
counterterm is needed (in D = 6). 

The role of the index j in the subgraphs comes from their external 
structure determined by the external momenta pi in U(T(pi, . . . ,pn))- The 
pole part (1.148) of this evaluation will (after preparation of 7) give a poly- 
nomial of the form com 2 + c\k 2 in terms of the external momentum k. We 
specify the external structure of ^fj\ so that the evaluation of the graph with 
that structure gives the coefficient Cj. The coefficient cq is simply obtained 
by taking the external momenta to vanish and multiplying the result by m~ 2 
so that the external structure corresponds to the distribution m~ 2 5o, that 
is, to 

(1.152) a (f):=m- 2 5o(f). 

The coefficient c\ is obtained by differentiating with respect to k 2 i.e. by 
considering the distribution 

(1-153) a ^ : =^ 6o)if)= W 2fik i k _ - 
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Figure 17. Preparation 

Thus, in (1.151) the notation 7^ denotes the graph 7 with external structure 

Thus, the behavior of the counterterms C(j) is the reason why, when 
dealing with the external structure, one needs to assign two different dis- 
tributions (1.152) and (1.153) that distinguish the vertices of valence two 
that come from the mass and from the kinetic terms in the free part of the 
Lagrangian. 

In fact, as we just saw, the problem is that such a counterterm is not a 
scalar function but a combination com 2 + c\k 2 . Thus, one needs to separate 
the counterterms C{^u\) using any two distributions c7j, i = 0, 1 with the 
property that 

(1.154) do (com 2 + c\k 2 ) = Co, <J\ {com 2 + c±k 2 ) = c\ . 

Our choice (1.152), (1.153) clearly satisfies this requirement. 

In the case of a massless theory, one does not take k 2 = as in (1.152) 
and (1.153), to avoid a possible pole at k = due to infrared divergences. 
The same procedure applies to give the counterterms, even though the finite 
part has a singularity. 

Finally, notice that it is natural to take linear combinations of the values 
f/(r(pi, . . . ,pn)) of a graph. The first example is the formula (1.95) which 
governs the contribution of T to the effective action. 

5.2. Superficial degree of divergence. 

One can get a rough idea of the behavior of the integral associated to 
a graph in D dimensions just by power counting, i.e. by assigning to each 
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internal line a degree —2 corresponding to the homogeneity degree of the 
propagator, and to each integration variable a degree D. Thus, if we let 

(1.155) I = #r[2, F = #r (0) and I - V = L - 1, 
we get, by definition, the superficial degree of divergence 

(1.156) deg(r) := -21 + DL. 

When this degree is strictly negative it indicates that the only reason for a 
divergence of the graph comes from the presence of subdivergences. 

Let us consider the <fi 3 theory and compute this degree of graphs. We 
ignore the two-point vertices since they can only improve the convergence 
of the integral and also do not change the physical dimension of the result. 
Consider the set of pairs 

(1.157) {(M) e r(°) x r« | s e i}. 

Counting its cardinality using the two projections, one gets 

(1.158) 3V = 2I + N, 

where N is the number of external legs. It then follows that the degree of 
divergence can be expressed as 

(1.159) deg(r) = 6 - 2iV + (£> - 6)L. 

This shows that the origin of the subdivergences is in subgraphs whose 
number of external legs is N = 2 or N = 3 (recall that tadpole graphs with 
N = 1 are excluded, cf. (1.56)). 

5.3. Subdivergences and preparation. 

The renormalization procedure is designed to solve two types of prob- 
lems: 

• Organize the subdivergences: when applying the regularization pro- 
cedure to an unrenormalized value U(T) one should be able to as- 
sume that all subgraphs 7 C T such that U (7) is itself divergent 
have already been regularized. 

• Eliminate the non-local terms: The problem of non-local terms in 
the coefficients of the divergences of U(T) arises in conjunction 
with the problem of subdivergences. The renormalization proce- 
dure should ensure that, when the latter is properly handled, one 
obtains only local terms as coefficients of the divergences. 

A renormalization procedure that takes care of both problems was de- 
veloped by Bogoliubov and Parasiuk [26] [27] and later refined by Hepp 
and Zimmermann [166], [306]. It is generally referred to as the BPHZ 
procedure. 

We fix a renormalizable theory T, and let J be the set of all monomials 
of the Lagrangian. It contains as a subset the set / of monomials of the 
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Figure 18. Graph r se if in 4 , 7 = {k,q} 




Figure 19. Subgraph of r se if 

interaction Lagrangian used in the definition of Feynman graphs as the tar- 
get of the map (1.67). The definition of Feynman graphs extends with no 
change to graphs with vertices in J rather than /. 

Definition 1.11. Extended Feynman graphs are defined as in §3.3 above, 
with the map (1.67) replaced by 

(1.160) l : r (0) -► J, 

subject to the same valence condition of (1.68). 

We let Graph (T) be the set of extended Feynman graphs for the theory 
T. The condition to be a graph in the sense of §3.3 is simply the requirement 
that the range of the map 1 of (1.160) is contained in I C J. 



Let r be a graph of this theory. We need to specify what we mean by 
a subgraph of V and to concentrate on subgraphs that are responsible for 
subdivergences. 

Let r 6 Graph(T), and consider a pair (7, %) where 7 C T^l is a subset 
of the set of internal lines of T and x 1S a map from the set of connected 
components of |7| C |T| to the set J of monomials in the Lagrangian. For 

each connected component of I7I let 7^ C T^ be the corresponding subset 
of edges and 5 = 7^ be the graph, called a component of 7, defined as follows. 

• The set of internal lines is 6^ = 7^ . 

• The set of vertices is <j(°) = r(°) f~l 

• The set of external lines at a vertex v is the disjoint union of the 
d~ x {v) n 7?, with the maps dj as in (1.66). 

• The maps dj and 1 of (1.66) and (1.67) are defined by restriction 
of the corresponding maps for T. 
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Figure 20. Components of | —y | 




Figure 21. Components of 7 G V(r) 



It is important to define the set of external lines as a disjoint union. 
This is illustrated in the example of Figure 24 (in the case of the cj) 4 theory) , 
where we take as the subgraph 7 the subset of internal lines marked by the 
labels {2,3}. It may happen that the graph 7 has more lines than T. This is 
shown in the example of the graph T of Figure 18 (again for the <^> 4 theory), 

where we take for 7 any subset 7 C Tw consisting of two elements. One 
obtains the graph 7 of Figure 19, which has 4 external lines and a total of 
six edges, while the original graph has only five. 

Notice that, even though the 7, are disjoint by construction, the com- 
ponents 7i need not be. In fact, they may have external edges in common. 
One can see this in the example of Figure 21. 
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FIGURE 22. The contracted graph r self /7 in 4> A 

Let (7, x) be as above. We let r/7 be the contracted graph obtained 
from the graph V by collapsing each component 7^ of I7I to a single vertex 
V{. In other words, the contracted graph is obtained in the following way. 

Definition 1.12. The contracted graph r/7 has the following descrip- 
tion. 

• The set of internal lines is T^j. \ 7. 

• The set of vertices is the disjoint union of the set \ \ j\ and the 
set of connected components of 

• The set of external lines is the same as that ofT. 

• The maps dj are defined by restriction of the corresponding maps 

for r. 

• The map 1 is given by restriction on \ \j\ and by x on the set 
of connected components of 

For instance, in the example of Figure 19 above, the contracted graph 
r/7 is given by Figure 22. 

Remark 1.13. It is not true in general that the construction of Defini- 
tion 1.12 gives a graph which is also a Feynman graph of the theory, since 
the condition (1.68) is a strong restriction when applied to the vertices of 
r/7 coming from the components 7^. Indeed, what this condition means 
is that, for each such component, the number of external lines of 7^ is the 
degree of x(li)- 

For instance, in the case of the </> 3 theory, this means that the number 
of external lines of ji is < 3. For example, the subset 7 of curved internal 
edges in Figure 23 does not qualify, since 7 has 4 external lines, so that the 
contracted graph would in fact be the </> 4 graph of Figure 22 which does not 
exist in <fi 3 theory. 

Thus, taking all this into account, we can now introduce the appropriate 
notion of subgraphs of a theory T in the following way. 

Definition 1.14. Let T £ Graph(T); a subgraph of T is a pair (7, x) 
such that 



5. BPHZ METHOD 



63 




Figure 23. For 7 = {1,2,3,4}, 7 has 4 external lines 

(1) The components 0/7 are 1 PI graphs. 

(2) r/7 G Graph(T) 

IFe let V(r) denote the set of (not necessarily connected) subgraphs ofT, 
with 7 / r. 

An example of the list of elements of V(r) with the corresponding 7 and 
r/7 is given for a <fi 3 graph with three loops in Figure 25. 



The subgraphs of Definition 1.14 and the corresponding contracted 
graphs satisfy the following general properties. 

Proposition 1.15. 1) Condition (2) of Definition 1.14 holds if and only 
if, for every component ji 0/7, the degree of x(n) ^ equal to the number of 
external lines of ji . 

2) IfT is connected so is r/7. 

3) Assume (1) of Definition 1.14. Then V is a 1 PI graph if and only if 
r/7 is 1PI. 

Proof. 1) One needs to check that r/7 fulfills the condition of (1.68) 
at each vertex. For vertices v that are not in I7I, the adjacent lines are not 
in 7, hence the condition follows since i(v) is the same as for T. For a vertex 
v corresponding to a component 7« of 7, the valence in r/7 is the number 
of external lines of 7$, while by definition we have i(v) = x(7i)> so that the 
equivalence of the first statement follows. 

Notice that, even if the component 7, has only one vertex, the vertex 
of the graph 7; is not necessarily of the same valence. This can be seen by 
considering the two subgraphs (remember that one needs to specify x so 
that there are two choices) of Figure 24 associated to the single line labeled 
1. The original interaction vertex becomes a self-energy vertex. 

2) There is a natural continuous surjection 

(1.16I) 7T : |r| -> |r/ 7 | 

from the geometric realization of T to that of r/7. Indeed, the latter is 
obtained by collapsing closed subsets to points. Thus, both 2) and the 
similar implication in 3) follow, since the image of a connected set by a 
continuous map is connected. 
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Figure 24. Two subgraphs correspond to {1} and one to 
{2,3} in <P 4 

3) Let us prove the converse in 3). We need to show that, if we insert at 
a vertex v of a 1PI graph Ti another 1PI graph T2 with the right valence, 
we obtain a 1PI graph. Indeed, if one removes a line of the subgraph T2, 
the latter remains connected and all its vertices are connected together. If 
one removes a line of T\ the result is the remaining connected graph with 
T2 inserted at a vertex, and this again is a connected graph. □ 



BPHZ procedure: We now describe the BPHZ procedure. One begins 
with a given Feynman graph T of the theory and performs the inductive 
Bogoliubov-Parasiuk preparation. This replaces the unrenormalized value 
U(T) with the formal expression 

(1.162) R(r) = u(r) + Yl c( 7 Mr/ 7 ), 

7 ev(r) 

with V(r) as in Definition 1.14. 

The counterterms C(-j) in (1.162) are defined inductively, by setting 

(1.163) C(T) = -T(R(T)) = -tIu(T)+ £ C(7MIY7) 

\ 7£V(r) 

where T denotes the projection onto the pole part of the Laurent series in the 
variable z of DimReg. When 7 is a union of different connected components, 
7 = 71 U • • • U j r , the counterterm is multiplicative, 

(1.164) C( 7 ) = C(7i)---C(7r), 

with 7 the component graphs defined above (cf. [62] §5.3.3, p. 105). 
One defines then the renormalized value to be 

(1.165) i?(r)=^(r) + c(r) = c/(r) + c(r)+ £ c( 7 )c/(r/ 7 ), 

7 ev(r) 

where, as before, we have suppressed the explicit dependence on external 
momenta for simplicity of notation. 

By the results of the previous sections, the expressions (1.162), (1.163), 
(1.165) are Laurent series in the variable z of DimReg, with the renormalized 
value R(T) regular at z = by construction (subtraction of the pole part). 
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Figure 25. Subgraphs and the contracted graphs 

Remark 1.16. The external structure is defined for the component 
graphs by choosing distributions a L for i G J, which form a basis dual 
to the basis of monomials in the Lagrangian. 

The only thing that matters is that we get the correct value of the 
counterterm, viewed as a function of the external momenta, when we sum 
all terms with the same number of external legs. Thus, in the (p 3 theory we 
have, for any two-leg graph, 

(1.166) C( 7 )(p) = m 2 C( 7 (o)) + p 2 C( 7( i)). 

We also need to be more specific about the way the Feynman rules are 
extended to the graphs of Definition 1.11. Namely, we need to extend the 
Feynman rules to cover the vertices in J\I, i.e. those vertices that do not 
belong to the original interaction Lagrangian and are used to handle the 
mass or field strength counterterms. The monomials in J \ I correspond 
to the free part of the Euclidean action, hence they consist of terms of the 
form ^(dcf)) 2 or ^m 2 4> 2 . We need to take into account an overall minus sign 
for the counterterms. In fact, these appear typically as — C( 7 )(p) in the 
Euclidean action. This means that, for each such vertex in J\I, we apply 
the rules of §3.3 corresponding to the monomials — ^m 2 (f) 2 and — ^(d(f>) 2 . 
Thus, the vertices marked with X( ) give the product of m 2 by a 5-function 
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and the vertices marked with x^) give the product of k 2 (where k is the 
running momentum) by a 5-function. This has the advantage of minimizing 
the number of minus signs. Moreover, it also has the effect of dropping the 
new vertices entirely in the case of a massless theory. One should remember 
that only the product of the counterterms by these vertex contributions 
is relevant, so that one has the freedom of multiplying one by A and the 
other by A . It is convenient to use from the start the negative sign for 
interaction terms (such as the term — |^ 3 ) so that the minus sign of the 
counterterms is automatic for the monomials in / and the external structure 
of the component graphs is the evaluation at zero external momenta divided 
by the coupling constant. 

The main result of [26], [166], [306] is the fact that this procedure 
takes care of both the problem of organizing subdivergences and of elim- 
inating non-local terms. It is clear by construction that it accounts for 
subdivergences. Moreover, the following holds. 

Theorem 1.17. (BPHZ) 1) The coefficients of the pole part of the pre- 
pared graph R{T) are given by local terms. 

2) The perturbative expansion of the functional integral with Euclidean 
Lagrangian 

(1-167) Ce- Y, fff} 

(,(r(°))cJ 

gives the renormalized value of the theory. 

To be more specific, in the case of the t/> 3 theory, the above series takes 
the form 

/ 



v -o 



( 



c(r (0) ) 



<x(r) 

v -o- 
V <x 




where in each case the graphs involved are those with t(T^) C /. 

Several of the following sections in this chapter are dedicated to ex- 
plaining the rich mathematical structure that lies hidden behind the BPHZ 
formulae (1.162), (1.163), (1.165). Our presentation is based on the work of 
Connes-Kreimer [82], [83] and of the authors [87], [89]. 

6. The Connes-Kreimer theory of perturbative renormalization 

The Connes-Kreimer (CK) theory provides a conceptual understanding 
of the BPHZ procedure in terms of the Birkhoff factorization of loops in a 
pro-unipotent complex Lie group associated to a commutative Hopf algebra 
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of Feynman graphs. The main points, which we discuss in detail in the rest 
of this section, are summarized as follows. 

• The Hopf algebra TC of Feynman graphs. 

• The BPHZ procedure as a Birkhoff factorization in the Lie group 
G(C) = Hom(W,C). 

• The action of G(C) on the coupling constants of the theory, through 
formal diffeomorphisms. 

• The renormalization group as a 1-parameter subgroup of G(C). 
We begin by recalling some general facts about commutative Hopf al- 
gebras and affine group schemes. We then present the construction of the 
Hopf algebra TC(T) of Feynman graphs of a renormalizable quantum field 
theory T. 

6.1. Commutative Hopf algebras and affine group schemes. 

The theory of affine group schemes is developed in SGA 3 [115] . Whereas 
affine schemes are dual to commutative algebras, affine group schemes are 
dual to commutative Hopf algebras (for an introductory text see also [291]). 
We recall here some basic facts that we need later. 

Definition 1.18. Let k be afield of characteristic zero. A commutative 
Hopf algebra TC over k is a commutative algebra with unit over k, endowed 
with a (not necessarily cocommutative) coproduct A : TC — > TC^kTC, a counit 
e : TC — ► k, which are k-algebra morphisms and an antipode S : TC — > TC 
which is a k-algebra antihomomorphism. These satisfy the "co-rules" 

(A ® id) A = (id ® A)A : TC ^ TC ® k TC ® k TC, 

(1.168) (id <g> e)A = id = (e <g> id) A :TC^TC, 
m(id®S)A = m(S®id)A = le :TC^TC, 

where we use m to denote multiplication in TC. 

Suppose given a commutative Hopf algebra TC as above. There is an 
associated covariant functor G from the category Ak of unital fc-algebras to 
the category Q of groups. It assigns to a unital fc-algebra A the group 

(1.169) G(A) = Hom_4 fc (Tt,A). 

Thus, elements of the group G(A) are fc-algebra homomorphisms 

cP:7i^A, <p(xy) = 4>(x)<P(y), ^x.y^H, <f>(l) = 1 . 
The product in G(A) is dual to the coproduct of TC, that is, 

(1.170) fa * (f>2 (x) = (fa 4>2 , A(x)) . 

Similarly, the inverse and the unit of G(A) are determined by the antipode 
and the co-unit of TC. The co-rules imply that these operations define a 
group structure on G(A). The functor G is an affine group scheme. 
One can give the following general definition. 
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Definition 1.19. An affine group scheme G is a covariant representable 
functor from the category of commutative algebras over k to the category of 
groups. 

In fact, the functor G of (1.169) is certainly representable (by H) and, 
conversely, any covariant representable functor from the category of com- 
mutative algebras over k to groups is an affine group scheme G, represented 
by a commutative Hopf algebra, uniquely determined up to canonical iso- 
morphism (cf. e.g. [291]). 

Here are some simple examples of affine group schemes. 

• The additive group G = G a corresponds to the Hopf algebra H = 
k[t] with coproduct A(t) = i<g>l + l<8>t 

• The multiplicative group G = G m is the affine group scheme ob- 
tained from the Hopf algebra H = with coproduct A(t) = 
t®t. 

• The group of roots of unity /i n is the kernel of the homomorphism 
G m — > G m given by raising to the n-th power. It corresponds to 
the Hopf algebra H = k[t]/(t n — 1). 

• The affine group scheme G = GL n corresponds to the Hopf algebra 

H = k[xij,t]ij = i,... tn /(det(xij)t - 1), 
with coproduct A(xij) = Y^k x i,k <8> x k,j- 

The latter example is quite general. In fact, if H is finitely generated as 
an algebra over k, then the corresponding affine group scheme G is a linear 
algebraic group over k, and can be embedded as a Zariski closed subset in 
some GL ra . 

More generally, we have the following result (cf. e.g. [232] Proposition 
4.13 and [291]). 

Lemma 1.20. Let H be a commutative positively graded connected Hopf 
algebra. There exists a family Hi C TL, i G X, indexed by a partially 
ordered set, where the Hi are finitely generated algebras over k satisfying 
the following properties: 

(1) A(Hi) dHi® Hi, for all i £ 1. 

(2) S(Hi) C Hi, for all i G 1. 

(3) For all i,j £ I, there exists a k G X such that Hi U Hj C Hk, and 
H = UiHi. 

Then the affine group scheme G of H is of the form 
(1.171) G = lunGi, 

i 

where the Gi are the linear algebraic groups dual to Hi. 

Thus, in general, such an affine group scheme is a projective limit of 
unipotent linear algebraic groups Gi, we say that G is a pro-unipotent affine 
group scheme. 



6. THE CONNES-KREIMER THEORY 



69 



Recall that an element X in a Hopf algebra TC is said to be group-like 
if A(X) = X (g> X and is said to be primitive if A(X) = X 01 + 10 X. If 
G denotes the affine group scheme of a commutative Hopf algebra TC, then 
a group- like element X £ TC determines a homomorphism G — ► G m , which, 
at the level of Hopf algebras, is given by <\> : /c[i,i _1 ] — > H with = X. 
Similarly, a primitive element X & TC corresponds to a homomorphism G — ► 



There is a notion of Lie algebra for an affine group scheme. It is also 
defined as a functor. 

Definition 1.21. The Lie algebra of an affine group scheme G is a 
covariant functor g = Lie G from the category Ak of commutative k-algebras 
to the category Cj~ of Lie algebras over k, 



Normally, the datum Lie G of the Lie algebra is not sufficient to reconstruct 
the affine group scheme G. One can see this already in the simplest case: 
the affine group schemes G m and G a have the same Lie algebra. There 
is, however, a particular class of cases in which the knowledge of the Lie 
algebra is sufficient to reconstruct the Hopf algebra. This follows from the 
Milnor-Moore Theorem [232] Theorem 5.18, which asserts that a primitively 
generated Hopf algebra over a field k of characteristic zero is the enveloping 
algebra of the Lie algebra of primitive elements. 

Recall that, given a graded connected Hopf algebra TC, one obtains a dual 
Hopf algebra TC y by reversing all the arrows. More precisely we assume that 
the graded pieces TC n are finite-dimensional k- vector spaces, and we define 
TC y as the graded dual of TC, i.e. an element of TC y is a finite linear combi- 
nation of homogeneous linear forms on TC. It follows from [232] Proposition 
3.1, that TC y is a graded Hopf algebra, and also that the bidual (TC y ) y is 
canonically isomorphic to TC. We can now state the following corollary of 
the Milnor-Moore Theorem: 

Theorem 1.22. Let TC be a commutative Hopf algebra over a field k of 
characteristic zero. Assume that TC is positively graded and connected, TC = 
®n>oTC n , with TCo = k, and that the graded pieces TC n are finite- dimensional 
k-vector spaces. Let TC y be the dual Hopf algebra and let C denote the Lie 
algebra of primitive elements in TC y . Then there is a canonical isomorphism 
of Hopf algebras 



G, 



a- 




The Lie bracket of two elements in g(A) is given by 
(1.174) [L 1 ,L 2 ](X)= (L 1 ®L 2 -L 2 ®L 1 ,A(X)). 



(1.175) 



TC U(C) y , 
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where U(£) is the universal enveloping algebra of C. Moreover, £ = Lie G(k) 
as a graded Lie algebra. 

Proof. Let TL y be the graded dual of TL. By [232] Corollary 4.18, TL y 
is primitively generated. Thus the Milnor-Moore Theorem ([232] Theorem 
5.18) shows that TL y = U{C). The result follows from the isomorphism 



Remark 1.23. Note that without the fmiteness hypothesis, the dual TL y 
of a Hopf algebra TL is ill defined since, if one considers arbitrary linear forms 
L on TL, there is no guarantee that the functional X <8> Y *— > L{XY) can be 
expressed as a finite linear combination of simple tensors L\ % L2. This 
difficulty disappears if one restricts to linear forms for which this fmiteness 
holds (at any level), and this is automatic for primitive elements, as they 
fulfill by hypothesis the equality 



Remark 1.24. In our set-up we are only considering Hopf algebras 
which are commutative rather than "graded-commutative" as in [232]. 
This should not create confusion since one can multiply the grading by 2 to 
apply the results of [232]. In fact, in our setting one should really think of 
the grading as being an even grading: this will become clearer in comparison 
with the Lie algebras of motivic Galois groups of mixed Tate motives (see 
Section 8), where the grading corresponds to the weight filtration, which is 
naturally parameterized by even integers. A reason for regarding the grad- 
ing by number of internal lines of graphs (cf. Proposition 1.30 below) as an 
even grading comes from the fact that it is customary in physics to think of 
internal lines of graphs as a pair of half-lines, see for instance [170], [19]. 
In fact we saw in §3.1 that the graphs are obtained from pairings of half- 
lines. Thus the grading is actually given by the number of half-lines that 
contribute to the internal lines of the graph. In the mathematical literature, 
this formulation of graphs in terms of collections of half-lines was variously 
used (cf. [189], [142]). 

The result of Theorem 1.22 can also be used to obtain an explicit de- 
scription of the Lie algebra of an affine group scheme G, using the primitive 
elements in the dual Hopf algebra. This is the form in which it is used in 
the Connes-Kreimer theory. 

Lemma 1.25. Let TC be a commutative graded connected Hopf algebra, 
TL = ®n>oH n - There is an action of the multiplicative group G m on TL and 
an associated semidirect product of affine group schemes G* = G x G m . 

PROOF. Let Y denote the generator of the grading, namely the linear 
operator on TL that satisfies Y{X) = nX for all X G TL n . This defines an 
action of the multiplicative group G m on TL by setting, for all u 6 G m , 



TL = (TL y ) y . 



□ 



L{XY) = L{X) e(Y) + e(X) L(Y) , VX, Y G TL . 



(1.176) 




u n X VX G TL 
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Thus, we can consider the affine group scheme obtained as the semidirect 
product 

(1.177) G* = G y\ G m , 

and we have a corresponding homomorphism G* — > G m . The action (1.176) 
is also defined on the dual Hopf algebra H w . One then obtains an explicit 
description of the Lie algebra of G* in terms of the Lie algebra of G. Namely, 
the Lie algebra of G* has an additional generator Zq such that 

(1.178) [Z ,X] = Y(X) VX G Lie G . 

□ 



6.2. The Hopf algebra of Feynman graphs: discrete part. 

The first main step of the CK theory is to associate to a given renor- 
malizable quantum field theory T a Hopf algebra Ti(T) over k = C, where 
the coproduct reflects the combinatorics of the BPHZ preparation formula 
(1.162). In this section we describe a simplified version of the Hopf alge- 
bra of Feynman graphs (the "discrete part" ) where we only consider graphs 
responsible for divergences. We discuss in §6.3 the full Hopf algebra of Feyn- 
man graphs, where we take into account arbitrary 1PI graphs. We let as 
above J denote the set of all monomials in the Lagrangian. 

Definition 1.26. For a given renormalizable quantum field theory T, 
the discrete Hopf algebra of Feynman graphs Ti(T) is the free commutative 
algebra over C generated by pairs (T,w) with T £ Graph(T) a 1PI graph, 
and w £ J a monomial with degree equal to the number of external lines of 
r. The coproduct is defined on generators as 

(1.179) A(r) = r®i + i®r+ 7®r/ 7 , 

7 ev(r) 

where the set V(T) is as in Definition 1.14. 

Notice that by construction the meaning of 7 in (1.179) is the product 
of the components 7« where each is endowed with the element x(li) £ J- I n 
other words, 

7 = YlilijXilfi))- 

The external lines of r/7 are the same as for V, hence in (1.179) the notation 
r/7 stands for the pair (T/^,w) with the same w as for V. 

Notice how 7i{T) is strongly dependent on the physical theory T, both 
in the generators and in the structure of the coproduct, where the class of 
subgraphs V(T) also depends on T. We see in §7.6 below that there is a 
universal Hopf algebra that relates naturally to all the Ti(T) and encodes 
the renormalization procedure canonically for all the physical theories. 



72 



1. QUANTUM FIELDS, NC SPACES, MOTIVES 



Theorem 1.27. ([82]) The commutative algebra of Definition 1.26 with 
the coproduct (1.179) is a Hopf algebra 7i(T). 

Proof. Let us prove that A is coassociative, i.e. that 

(1.180) (AO id) A = (id® A) A. 

Since both sides of (1.180) are algebra homomorphisms from TL to H.®H.®li., 
it will be enough to check that they give the same result on 1PI graphs T. It 
is suitable to enlarge the definition of V(r) to V(r) which includes the cases 
7 = and 7 = , allowing the graphs 7 or r/7 to be empty, in which case 
we represent them by the symbol 1 6 7i{T). We write 

(1.181) 7^r« 7 GV(r) 

and 

(1.182) 7^ r ^7GV(r),7^r«. 

With this notation, the coproduct of V takes the form 

(1.183) Ar=^ 7 ®r/ 7 , 

where by definition 7 is given by the product of its components 

(1.184) 7 = n 

Applying A ® id on both sides of (1.183) we get 

(1.185) (A <g) id) A T = ^2 A 7 <g) r/7. 

Since A is a homomorphism, one has 

A( 7 ) = [J A( 7 ,). 
Using (1.183), this can be written as 

(1.186) A( 7 )= 2t'8 7M 

where the notation -< has been extended to non-connected graphs. What 
matters here is that a subgraph of 7 is given by a collection of subgraphs 
of its components, with the limit cases in V allowed. Since things happen 
independently in each component, the product of the sums is equal to the 
sum of the products and one gets (1.186). We can think of 7' as a collection 
of subsets 7^ of the sets of internal lines of the components jj. Thus, we 
can view the union of the 7^ as a subset 7' of the set of internal lines of T. 
Let us check that, for 7' C 7, we have 

(1.187) 7' £ V(r) 44> 7j £ V(7j) , Vj. 

Here, for each component jj of 7, one lets 7^ = 7j n 7'. First, a connected 
component 5 of 7' is contained in one (and only one) of the jj. Let us show 
that the graph S is the same relative to 7^ or to T. Its set of internal lines is 
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S in both cases. Its set of vertices is the set of vertices of \S\, which does not 
change in passing from jj to T. The set of external lines at a vertex v is the 
disjoint union of the H 5 C . One has to show that this is unchanged 

in passing from jj to T. Since a line I of T such that d% £ = v is a line of jj, 
one gets the result. It follows that the graph 5 does not depend on whether 
it is taken relative to jj or to T and we can now write 

(1.188) (A®id)Ar= £ 7®7/y®r/ 7 , 

where the parameters 7 and 7' vary among the subsets of rj^ that fulfill 

(1.189) 7 g v(r) , y e v(r) , y c 7. 

We can write (using (1.183)) the coproduct of T as 

(1.190) Ar = ^ y ®ryy, 

hence 

(1.191) (id®A)AT= £ y®A(r/y). 

Thus, to prove (1.180) it suffices to show that, for fixed 7' G V(r), one has 

(1.192) A(r/ 7 ')= £ 7/y®r/ 7 . 

7^ T,7D7' 

We let r' = r/y be the contracted graph. The set of internal lines of V is 
the complement of 7' in T^. Thus, subsets 7D7' correspond to subsets of 
(r')^ by the map 7 p(j) = 7" = 7^7'. One has (using (1.183)), 

(1.193) Ar'= Yl f'^r'/y. 

It remains to show that the map p fulfills 

(1.194) 7^r^p( 7 )^r', 7 /y = P ( 7 ), vft=r/ P {i). 

We take a subset 737' and we let 

(1.195) 7r : |r| — »> ir/Vl 

be the continuous surjection of (1.161). It is not injective but, if ir(x) = n(y), 
then x and y are in the same connected component of | 7 '|. Since we have 
7' C 7, each connected component of | 7 '| is inside a component of | 7 |. 
Thus, if 7r(x) = ir(y), then they are in the same connected component of 
| 7 |. We let 7i be the components of 7. The argument above shows that 
the 7r(|7i|) are disjoint. The lines of 7r(|7j|) are labelled by the complement 
7" = 7i\7' of 7' Dji in 7$. Thus, 7" is a connected component of where 

ph) = 7" = 7\y- 
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Figure 26. The pair 7' C 7, components S of 7' are the 
darker ones 



Conversely, every connected component of is obtained in this 
way and its inverse image vr _1 (|7j|) is connected and is a component | -y^ | of 
|7|. The corresponding graph 7^ is obtained by inserting at some vertices 
of 7" the corresponding 1PI graphs associated to the components of 7'. 
This operation preserves the property of being 1PI by Proposition 1.15. 
Moreover, the collapsed graph of a 1PI graph is still 1PI. This makes it 
possible to check, using Definition 1.14, that 7 ^ T 44> p(j) ^ T'. Moreover, 
the connected components of I7I and correspond bijectively under tt. 
For each component 7, of 7, one has 71/7' = 7 4 " with 7" = 7^7'. To check 
this one needs to show that the external lines correspond. This follows from 
the equality 7 = 7' U 7". 

One then needs to show that T'/'y" = r/7, that is, that (T/j')/j" = r/7. 
In both cases the set of internal lines is the complement of 7 = 7' U 7" in 
rj-^. Let us look at vertices. The set of vertices of r/7 is the disjoint union 
of r(°)\7 with the set of connected components 7, of 7. In other words, it is 
the quotient of by the identification of vertices in the same component 
7i of 7. In the same way the set of vertices of (T/j')/^" is obtained as a 
quotient of T^°\ One first identifies vertices in the same component of 7' 
and then of 7". Under the above correspondence between components ji 
of 7 and components of 7", one gets the desired identification of the sets 
of vertices. The external legs are unaltered in the collapsing process, hence 
one gets r/7 = T' /p(-y) as required. 
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We have neglected to take the map x m t° account in the above discussion 
and we explain how to handle it now. Indeed, a subgraph is not just given 
as a subset 7 C but it also consists of the datum of a map \ from the 
set of connected components of I7I to J. All the sums considered here above 
involve summations over compatible choices of x- Thus, in (1.188) one has 
to sum over all choices of a x f° r 7 an d a x\ for the 7- C ji, where the 
7i are the components of 7. The only requirement is that, if 7^ = 7i, then 
x'idj) = x(li)- I n an y case, giving x and the family x\ is the same as giving 
a x' for the subset 7' C T^, and a x" f° r t ne subgraph 7/7' of T'. Thus, 
the sums involved in (1.188) and (1.191) give the same result. 

This ends the proof of the coassociativity. One still needs to show the 
existence of the antipode for H(T). This can be obtained ([82]) by an 
inductive procedure. In fact, this follows from the existence (cf. Proposition 
1.30) of gradings of H(T) given by maps from Graph(T) to N* such that 

(1.196) ^,5(7,) + 5(i77) = <5(r), v 7 ev(r). 

This implies that, for a monomial X £ H(T), the coproduct A(X) can be 
written in the form 

(1.197) A(l)=I®l + l®I + ^l'or, 

where the terms X' and X" are of strictly lower degree in the chosen grad- 
ing satisfying (1.196). The equation m(S <S> 1)A = el can then be solved 
inductively for the antipode S using the formula 

(1.198) S(X) = -X -Y,S{X')X". 

□ 

It is useful to see the Hopf algebra of Definition 1.26 in the simplest 
concrete example. As we did previously, we often use as an example the 
theory T = 0g, which has the Lagrangian density (1.137) in dimension 
D = 6. This example is not very physical, both because of the dimension 
and because the potential does not have a stable equilibrium. However, it 
is a very convenient example, because it is sufficiently easy (a scalar theory 
with a very simple potential) and at the same time sufficiently generic from 
the point of view of renormalization (it is not super-renormalizable) . 

In this case, the conditions on the class of subgraphs V(r) of Definition 
1.14 can be rephrased as follows. A subgraph 7 C T in V(r) is a non- 
trivial (non-empty as well as its complement) subset 7 C T-^ such that the 
components 7« of 7 are 1PI graphs with two or three external lines, together 
with a choice of index xin) £ {0, 1} for each component with two external 
lines. By Proposition 1.15 the graph r/7 is a 1PI graph. The map x 1S use d 
to give a label £ {0, 1} to the two-point vertices of the contracted graph. 
Thus the above general discussion agrees with that of [82]. 
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The following are examples of an explicit calculation of the coproduct 
for graphs T of the </>g theory, taken from [82] . 

A(-0-)= -O Ol + 18-O- 



a (-0-) = -©- ®i + 1 ® -CD- + 

2 -< ® -O 



a (-<C>-) = -O- ®i + 1 ® -O- 



<j +2^0-0+2^(8-0- 
+ — < — < ® -O 

(0 ' 



As one can see clearly in the examples above, the coproduct has an 
interesting property of "linearity on the right", which is expressed more 
precisely in the following result. 

Proposition 1.28. ([82]) LetH\ be the linear sub space ofH generated 
by 1 and by the 1PI graphs. Then, for all V G TLx, the coproduct satisfies 

A(r) eH®Hi. 

We have introduced the Hopf algebra ~H{T) in Definition 1.26 as a Hopf 
algebra over C. However, for possible arithmetic applications, it is useful 
to know that, in fact, the Hopf algebras of Feynman graphs can be defined 
over Q. 

Remark 1.29. The definition of the coproduct and antipode in Definition 
1.26 continue to make sense if we consider H(T) be be the free commutative 
algebra over Q generated by the 1PI graphs. 
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We now discuss several natural gradings of the Hopf algebra H(T). 

Proposition 1.30. The Hopf algebra H(T) is graded by the loop num- 
ber, deg(r) = &i(r), extended by 

(1.199) deg(ri • • • T r ) = J^deg(ri) and deg(l) = 0. 

i 

It also has a grading by the line number 

(1.200) ^(r) = #r« and £(l[T j ) = J2^j)- 

j j 

The grading by line number has the property that the graded components of 
H(T) are finite- dimensional. 

Proof. For any subgraph 7 G V(r), one has 

(1.201) £ ( r) = ^( 7l ) + £(r/ 7 ), 

i 

since the set of internal lines of r/7 is the complement of 7 in while 
the internal lines of the components are the disjoint subsets 7$. There are 
only finitely many graphs with a given number of internal lines. This gives 
the required finiteness for the dimensions of the graded components. Let us 
check that the prescription 

(1.202) v(r) = #r(°) - 1 and <f[r,) = J>(r,) 

j j 

defines another possible grading on H(T). We need to show that 

(1.203) v(T) = J2v(li) + v(T/j). 

i 

The graph T / 7 is obtained by collapsing each of the connected components 
7i to a single vertex, i.e. by replacing the u( 7 i) + 1 vertices of 7, with a single 
vertex. Thus, (1.203) follows. Since both t and v are gradings so is their 
difference I — v , which gives the grading by loop number 61. □ 

Notice that, with respect to the grading v by number of vertices (1.202), 
the Hopf algebra T~C(T) is in general not connected, i.e. in general the degree- 
zero component of H(T) is not just a copy of the field of scalars. One can 
see this in the example of the <fi A graph of Figure 22. 

With the grading given by the loop number, the Hopf algebra T~i(T) 
is graded connected, namely TL = © n >oW n , with 7io = C. However, with 
respect to this choice of grading, the graded components H n are in general 
not finite-dimensional. In fact, one can insert two-point vertices without 
changing the loop number. 

The graded components 7i n are finite-dimensional for the grading I of 
Proposition 1.30 associated to the counting of the number of internal lines, 
as shown above. Moreover, for this grading the Hopf algebra is connected, 
i.e. Ho = C. 
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Thus, as in Lemma 1.20, we have a corresponding affine group scheme 
that is a projective limit of linear algebraic groups. The affine group scheme 
is prounipotent, since H is positively graded connected. 

Definition 1.31. The group of diffeographisms Difg(T) of a renormal- 
izable theory T is the pro-unipotent affine group scheme of the Hopf algebra 
H(T) of Feynman graphs. 

The terminology "diffeographisms" is motivated by another result of the 
CK theory, which we discuss in §6.5 below, according to which Difg(T) acts 
on the coupling constants of the theory through formal diffeomorphisms 
tangent to the identity. 

The Lie algebra of Difg(T) is identified in [82] using the Milnor-Moore 
theorem (Theorem 1.22). 

Theorem 1.32. ([82]) The Lie algebra LieDifg(T) has a canonical lin- 
ear basis given by pairs (T, w) consisting of a 1PI graph V and an element 
w G J with degree the number of external lines of T. The Lie bracket is 
given by 

(1.204) [(T, w ),(v',w')}= Yl (ro„r»- Yl (r'vrV) 

v, l{v)=w' v' , i{v')=w 

where V o v T' denotes the graph obtained by inserting V in T at the vertex v 
ofT. 

The Lie bracket is uniquely defined from the Milnor-Moore Theorem. 
In general the notation T o v T' is ambiguous since there may be several ways 
of inserting V in T at the vertex v due to the ordering of the external legs, 
and one has to take into account the corresponding combinatorial factor. 
We refer to [277] for the needed precise discussion of this point. 

Remark 1.33. The Hopf algebra T~i(T) simplifies even further when 
we take the massless case of the (p 3 theory in D = 6 dimensions (which is 
consistent in dimension 6). In that case the monomials in the Lagrangian are 
distinguished by their degrees and one can drop the w as well as the maps 
i and x of the above discussion. Moreover there is no need to introduce the 
new vertices X(j) since the only relevant one, namely X(i), brings in a k 2 
which yields the same result as if one eliminates the new vertex altogether 
(the resulting loss of a propagator is compensated for exactly by the removal 
of the k 2 vertex) . The grading by loop number is now finite in each degree 
and the counting £ of the number of internal lines is no longer a grading. 

6.3. The Hopf algebra of Feynman graphs: full structure. 

So far, we have not been taking into account the fact that Feynman 
graphs have an external structure, T(p±, . . . ,pn) (cf. Figure 27). We now 
describe the full Hopf algebra of Feynman graphs, following [82]. 
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We need to input the external data in the structure of the algebra. For 
a Feynman graph T of the theory with TV external legs, we define the set 

(1.205) E r := {(^=1,...,^ ; Pi = °} 

of possible external momenta subject to the conservation law. Consider then 
the space of smooth functions C°°(Ey) and let C~°°{Ey) denote the space 
of distributions dual to C°°(Er). 

Definition 1.34. An external structure on a Feynman graph T with N 
external legs is a distribution a £ C~°°(Er). 

It is often sufficient to consider distributions a : C°°(Ey) — ► C that are 
^-functions. However, this is in general not enough. In fact, one should 
keep in mind the non-linear dependence of U(T(pi, . . . ,Pn)) on the external 
momenta. 

We choose a set of distributions cr L , indexed by the elements i G J, so 
that the a L form a dual basis to the basis of monomials in the full Lagrangian, 
i.e. they fulfill the analog of (1.166). 

We then consider the disjoint union E := Ur-Etj over 1PI graphs T and 
the corresponding direct sum of the spaces of distributions C ( T 00 (£'r), which 
we denote by 

C-°°{E) = ® T C~°°{E T ). 
We obtain the following description of the full Hopf algebra of Feynman 
graphs. 

Definition 1.35. For a given renormalizable quantum field theory T, 
the full Hopf algebra of Feynman graphs 7i{T) is the symmetric algebra on 
the linear space of distributions C~°°(E), 

(1.206) H(T) = Sym(C7- 00 (^)) . 
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The coproduct on 7~L{T) is defined on generators (T,a), with T a 1PI graph 
ofT and a £ C~°°(Er), by the formula 

(1.207) A(r, a) = (r, a) ® 1 + 1 ® (r, a) + ^ (7, a x{l) ) ® (r/ 7) a). 

7 ev(r) 

In the formula (1.207), the subgraphs 7 belong to the class V(r) of 
Definition 1.14. The notation (7, c x ( 7 )) is a shorthand for 

n(^' a x(7i)) 

where the product is over the components of 7 and % is the map from the 
set of components of 7 to J of Definition 1.14. The contracted graph r/7 
has the same external lines as the graph T so that one can endow it with 
the external structure a. 

The proof that Definition 1.35 indeed gives a Hopf algebra, cf. [82], is a 
direct extension of the above proof of Theorem 1.27. 

The full Hopf algebra H(T) also has an associated afiine group scheme 
Difg(T). The relation of Difg(T) to the group of diffeographisms Difg(T) 
of the discrete Hopf algebra Ti.(T) is through a semidirect product 

(1.208) Difg(T) = Difg ab (T) x Difg(T), 

where Difg ab (T) is abelian. This can be seen at the level of the Lie algebra. 

Consider the linear space 

(1.209) C = C°°{E), 

with E := Ur-Er, the disjoint union over 1PI graphs V. We denote an 
element of £ as a family L = (/ r ) with / r G C co {E T ), indexed by 1PI 
graphs r. An element L in C determines a linear form on the Hopf 
algebra 7i(T), which is non-zero only for elements of 

C-°°{E) C Sym(C-°°(£)) 

and pairs as follows with the generators (T,a), 

(1.210) (Z L ,(T,a)):=a(f), 

where f r is the component in C°°(Er) of L. The form Zl : ii.(T) — > C 
satisfies the condition (1.173) 

Z L {XY) = Z L (X)e(Y) + s(X)Z L (Y), VX, Y G H(T), 

hence it defines an element in LieDifg(T). The bracket then corresponds to 
the commutator [Zl l ,Zl 2 ] = Zl 1 * Zl 2 — Z^ 2 * Zl x , where the product is 
obtained by transposing the coproduct of Ti,(T), 

(Z Ll * Z L2 ,(T,a)) = (Z Ll ® Z L2 , A(T,a)). 

When we evaluate [Z^jZ^] on (T,o~) the only terms of (1.207) which 
contribute are those coming from subgraphs 7 G V(T) which have only one 
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component. For such subgraphs 7 G V c (r) the map \ ls J us t an element 
u> G J whose degree is the number of external lines of 7. One gets 

([Z Ll ,Z L2 ],(T,a)) = Yl a M) °{fl H ) ~ <? w {ft)°{fl h ) 
7GV c (r),w 

One then has a description of the Lie algebra Lie Difg(T), identified with 
the Lie algebra of primitive elements in the dual Hopf algebra 7i{T) y . 

Proposition 1.36. The Lie algebra LieDifg(T) is the linear space C of 
(1.209) endowed with the Lie bracket 

(1.211) [Li,L 2 ] r = £ a w (fi) fl h ~ M/ 2 7 ) fl H 
where Lj = (fj)- 

The Lie algebra LieDifg(T) is the semidirect product of an abelian Lie 
algebra £ a b with the Lie algebra Lie Difg(T). Elements L = (/ r ) of the 
abelian subalgebra £ a b are characterized by the condition 

(1.212) L = (f) G £ ab e> a w (f J ) = , V»eJ 

for any graph 7 whose number of external lines is the degree of w £ J. We 
refer the reader to [82] for more details. 

6.4. BPHZ as a Birkhoff factorization. 

We now come to the main result of the CK theory of perturbative renor- 
malization. We begin by describing the Birkhoff factorization of loops. 

Definition 1.37. Let C = dA denote a circle around the point z = 
6 C, with A a small disk centered at z = 0. We denote by C± the two 
components o/P 1 (C)\C, with G C+ and 00 G C_. Let G(C) be a connected 
complex Lie group. Given a smooth loop 7 : C — > G(C), we say that 7 admits 
a Birkhoff factorization if it can be written as a product 

(1.213) 7(z)=7_(z)- 1 7+ W, VzeC, 

where the^± are boundary values of holomorphic functions 7± : C± — > G(C), 
7_(oo) = 1. 

In general, not all loops admit a Birkhoff factorization. This can be 
seen in the classical case of loops in GL n (C). In this case, the factorization 
problem is closely related to the classification of holomorphic bundles on 
P 1 (C). In fact, a loop 7 : C — ► GL n (C) has in general a factorization of the 
form 



(1.214) 



7 (z) = 7_(2) X(z)j + (z), 



N2 
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Figure 28. Birkhoff decomposition 



where j± are boundary values of holomorphic maps j± : C± — > GL n (C), 
7_(oo) = 1, while the middle term A is a homomorphism of S 1 to the 
subgroup of diagonal matrices in GL n (C), 



(1.215) 



X(z) 



( 



\ 



\ 



y k 2 



with integers ki as exponents. The holomorphic maps j± give the local 
frames for a trivialization of the restrictions to the open sets C± of a holo- 
morphic vector bundle E on P 1 (C). The bundle E is obtained by gluing 
these trivializations using the transition function A : C — > GL n (C). This 
recovers in terms of factorizations of loops (cf. [248]) the Grothendieck de- 
composition [153] of E as a sum of line bundles 



'1.216) 



E = U 



with Chern classes ci(Lj) = fcj. Up to a permutation of the indices this 
decomposition is unique and the integers ki give a complete invariant of the 
holomorphic vector bundle E. 



We are interested in the case when A is an infinitesimal disk around z = 
and C an infinitesimal loop. In this case, we can translate the formulation of 
the Birkhoff factorization (1.213) into the language of affine group schemes. 

We assume that the Lie group G(C) is the set of complex points of the 
affine group scheme G of a commutative Hopf algebra Ti over C. Namely, 
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we have G(C) = Hom_4 c (H,C). We denote by 

(1.217) K = C{{z}) = Ciz}^- 1 ] 

the field of convergent Laurent series, that is, germs of meromorphic func- 
tions at the origin. We regard K as a unital commutative C-algebra, and 
consider the -RT-points of G, 

(1.218) G{K) = Honu c (W, K). 

We can think of elements in G{K) as describing loops j(z) on an infinitesimal 
circle (or an infinitesimal punctured disk A*) around z = 0. Similarly, 
consider 

(1.219) = C{z}, 

the ring of convergent power series, or germs of holomorphic functions at 
z = 0. Again, we can consider the corresponding group 

(1.220) G((D) = Rom Ac (H,0), 

which describes loops 7(2;) that extend holomorphically to z = 0. Finally, 
we consider the ring 

(1.221) Q = z~ 1 C[z~ 1 ], and the unital ring Q = C[z~ 1 ], 
and the group 

(1.222) G(Q) = Hom_4 c (H, Q). 

We can impose a normalization condition corresponding to 7_(oo) = 1 for 
an element 4> G G(Q), by requiring that e_ o tp = e, where e_ is the aug- 
mentation in the ring Q and s is the counit of the Hopf algebra H. 

In terms of these data, we restate the Birkhoff factorization problem of 
Definition 1.37 in the following form. 

Definition 1.38. An element 4> G G(K) admits a Birkhoff factorization 
if it can be written as a product 

(1.223) (f) = (<t>- o S) * <j> + 

with 4> + G G(0) and 0_ G G(Q) satisfying E- o <j>_ = e, and with S the 
antipode ofH. 

The following result of [82] shows that, in the case of interest for renor- 
malization, i.e. when G is the pro-unipotent affine group scheme of a graded 
connected commutative Hopf algebra 7i, all loops admit a Birkhoff factoriza- 
tion. In fact, this is not only an existence result, but it provides an explicit 
recursive formula for the factorization. 

Theorem 1.39. ([82]) Let H be a positively graded connected commu- 
tative Hopf algebra, 7i = ® n >oH n with 7io = C. Then every element 
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(p £ G(K) = Hom_4 c ('H, K) admits a unique Birkhoff factorization, as in 

(1.223) . The factorization is given recursively by the identities 

(1.224) 4>-{X) = -t{4>{x) + ^-{x')4>{x")) , 

where T is the projection on the pole part of the Laurent series, and 

(1.225) MX) = Hx) + 4>-{x) + X>-(*'M*"). 

where, for X £ 7i n , the X' and X" are the lower degree terms that appear 
in the coproduct 

(1.226) A(I)=I®1 + 1®I + ^I'®I". 

Proof. We reproduce here the proof from [82]. The augmentation e 
vanishes on H n for n > 0, so that the augmentation ideal of H, namely 
7i > = Kere, is the direct sum of the 7i n for n > 0. For X £ TC n the 
coproduct A(X) can be written as a linear combination of tensor products 
X' <g) X" of homogeneous elements. The equalities 

(Id <g> e) o A = Id , (e <g> Id) o A = Id 

show that A(X) is of the form (1.226). 

One needs to show that the map 0_ : H — > K defined by (1.224) is 
indeed a homomorphism. The main point is to show, by induction, that it 
is multiplicative. For all X, Y of positive degrees degX > 0, deg Y > one 
has 

A(XY) =XY + XY + X®Y + Y®X + XY' ® Y" + 

(1.227) 

Y' ® XY" + X'Y ® X" + X' ® X"Y + X'Y' ® X"Y" . 
Thus, we obtain the following expression for cf)-(XY): 

0_ (XY) = -T(<P(XY)) - T{4>- (X) 4>(Y) + ^ (Y) 4>{X) + 

(1.228) 4>~(XY') 4>(Y") + <j>_(Y') <j){XY") + <f>-(X'Y) <j>(X") 

+ <f>-(X') 4>(X"Y) + <f>-(X'Y') 4>(X"Y")) . 

Now we use the fact that is a homomorphism and the induction hypothesis 
that 0_ is multipicative, <p-(AB) = (/>-(A) c/)-(B), for deg A + deg B < 
degX + degY. (Notice that this is automatic if degvl = or degi? = 
since the algebra is connected and </>-(l) = 1 so that there is no problem in 
starting the induction.) We then rewrite (1.228) as 

4>-(XY)= -T(<f>(X) <P(Y) + ^(X) <P(Y) 

+4>-(Y) <P(x) + MX) MY') 4>(Y") 

(1.229) +MY') 4>(X) <t>(Y") + MX') MY) <P(X") 

+MX')HX")<P(Y) 
+MX')MY')M")HY")). 
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We need to compare this with (f)-(X)(f)-(Y). We can compute the latter 
using the fact that the operator of projection onto the polar part satisfies 
the relation 

(1.230) T(f) T{h) = -T(fh) + T{T{f) h) + T(f T{h)) . 

By applying (1.230) to 

/ = 4>{X) + 0_ (X') <f>(X") and h = <f>{Y) + 4>- (Y r ) </>(¥") , 
we obtain 

4>-{x) 4>-(Y) = 



(1.231) 



-TU<f>(X) + <j>_(X') <j>(X»)) (</>(¥) + <t>-{Y>) cf>(Y")) 
+t(t{4>{X) + cf>_(X>) <f>(X»)) MY) + <(>_(¥') <t>{Y" 
+t({4>{X) + 4>-{X') <KX»)) T(cf>(Y) + 4>AY') <f>(Y")) 



Using the fact that T(f) = —cj)-(X), T(h) = —<fi_(Y), we can then rewrite 

(1.231) in the form 

<MX) <P-(Y) = 

-tUx) d>(Y) + 4>_(x>) 4>{x") 0(y) 

(1.232) +<KX) MY') ct>(Y») + cj>_(X>) ftX") cj>_(Y>) 0(y")) 
-t($-(X)(<I>(Y) + </>.(¥') MY")) 

-rfi^ + cp^x')^"))^) 



Finally, we compare (1.229) with (1.232). Both expressions contain eight 
terms of the form —T(a) and one can check that they match in pairs. This 
proves that (f>- defined by the recursive formula (1.224) is indeed an algebra 
homomorphism. It is then clear that the 4> + defined by (1.225) is also an 
algebra homomorphism, since both 4> and <j>- are. It is clear by construction 
that <f>_ G G(Q) since it is a polar part, and that 4> + £ G(0). It is also easy 
to check that one has 4> + = (f>- * 4>, since one can see the right-hand side of 
(1.225) as the pairing (0_ <p, A(X)) (X). □ 

One can then apply the result of Theorem 1.39 to the specific case of 
the Hopf algebra of Feynman graphs. One finds that the formulae (1.224) 
and (1.225) for the recursive Birkhoff factorization of loops in the group of 
diffeographisms are exactly the recursive formulae of the BPHZ renormal- 
ization procedure. 
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Theorem 1.40. ([82]) Let T be a renormalizable theory and H{T) the 
Hopf algebra of Feynman graphs, with the grading by loop number. Then 
the formulae (1.224) and (1.225) for the Birkhoff factorization of loops (f> € 
Difg(T)(K) = Hom_4 c ('H(T), K) are given, respectively, by the formulae 
(1.163) and (1.165) of the BPHZ perturbative renormalization. 

Proof. Consider the data U z (T(pi, . . . ,pn)) of the unrenormalized val- 
ues of Feynman graphs, regularized by applying DimReg. We can view U 
as a homomorphism U : H(T) — > K, which assigns to a generator (T,a) of 
H(T) the Laurent series 

(1.233) h(z) = (a,U z (T( Pl ,..., PN ))). 

Here we view U z (T(pi, . . . ,pn)) = fz(pi,---,PN) as a family of smooth 
functions f z £ C°°(E-p), with z £ A* varying in an infinitesimal punctured 
disk around z = 0. Thus, we can pair the distribution a with f z and obtain 
h(z) = {a,f z )eK = C({z}). 

It is then clear that, upon setting 0_ = C and <fi + = R one can identify 
the formulae (1.163) and (1.165) with (1.224) and (1.225). □ 

Notice that it is fine here to consider the grading by loop number because 
for the inductive procedure connectedness of the Hopf algebra suffices and 
one does not need it to be finite-dimensional in each degree. 

We can express the result of Theorem 1.40 in terms of loops 7. We say 
that the data U z (T(pi, . . . ,pn)) define a loop 7(2) in the pro-unipotent Lie 
group of complex points of Difg(T). This loop has a Birkhoff factorization 

7 (z) = 7_(z)~ 1 7+ (z), 

where the "negative piece" 7_ (z) gives the counterterms and the "positive 
part" 7+ (z) gives the renormalized value as the evaluation 7+(0). 

We now restrict attention to the discrete Hopf algebra H(T) for the 
simple reason that the non-trivial counterterms in the full Hopf algebra 
already come from the Birkhoff factorization of the restriction to TC(T). In 
fact, notice that terms of the form 

(7,cr x(7) ) <g> (177,(7) 

in the coproduct formula of the full Hopf algebra H.(T) are identified with 
elements in 7i(T) through the choice of the dual basis a b . Thus, if one knows 
the value of the restriction of 7- (z) to 7i.(T), the renormalized value of an 
arbitrary graph does not require the computation of any new counterterm. 
It is obtained, after preparation by the known counterterms (from H(T)), 
by a simple subtraction of the pole part (which is non-zero only if the degree 
of divergence is positive) . 

Theorem 1.41. Let T be a renormalizable theory and H(T) the dis- 
crete Hopf algebra of Feynman graphs, with its affine group scheme Difg(T). 
Then the formulae (1.224) and (1.225) for the Birkhoff factorization of loops 
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applied to the homomorphism U give respectively the counterterms and the 
renormalized value for the theory T with new interaction vertices associated 
to monomials of the non-interacting part of the Lagrangian of T . 

Proof. We let as above J be the set of all monomials in the Lagrangian 
of T and / the set of interaction monomials. For the graphs V £ Graph T 
such that i(r) C / the statement follows from Proposition 1.40. 

The formulae (1.224) and (1.225) depend upon the definition of sub- 
graphs of the theory, through the fact that they involve the coproduct in 
the Hopf algebra. We need to show that our definition of subgraphs has 
the right properties so that (1.224) and (1.225) give the renormalization 
of the extended Feynman graphs of the theory (as in Definition 1.11) with 
t(r") C J, viewing these graphs as Feynman graphs of the new theory T' . 



The main point is that the new theory is still renormalizable and does 
not require any new type of counterterms in order to be renormalized. This 
is proved using dimensional analysis. When all the physical dimensions of 
coupling constants are positive one gets a finite number of possible coun- 
terterms (cf. [62] §3.3.3). 

For instance, in the theory 3 in dimension D the field <j) has physical 
dimension D/2 — 1 and the coupling constant g has physical dimension 
3 — D/2 (cf. §2.2 above). As long as D < 6, the theory is renormalizable 

and it remains such with the new vertices — x^- and — * — . Moreover, 
when we renormalize a graph of that new theory, we do not introduce new 
counterterms. The three types of counterterms needed are already present 
from T. 

Now start from T £ Graph(T) and view it as a graph of the new the- 
ory T 1 . Then, in order to renormalize it, we first prepare it by adding the 
counterterms corresponding to the subdivergences. We know that the only 
subgraphs responsible for subdivergences of T have at most three external 
legs (in general they belong to the set J), hence they correspond to sub- 
graphs in the sense of Definition 1.14 for the theory T. According to this 
definition, we use already all the elements of J as labels for the connected 
components of the subgraphs. This means that, when we collect the terms, 
we get the prepared graph as if we were applying BPHZ for the new theory 
T . One then proceeds by induction to show that in (1.224) we get the 
counterterm for T as if we were applying BPHZ for the new theory T . The 
same holds for the renormalized value. It is crucial, in doing this, that we 
did not need to add new vertices since the propagator of the new theory 
remains the same. □ 
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6.5. Diffeographisms and diffeomorphisms. 

Another important result of the CK theory, which we discuss in this 
section, shows that the group of diffeographisms of a renormalizable theory 
T maps to the group of formal diffeomorphisms tangent to the identity of 
the space of coupling constants of the theory. 

More precisely, for a renormalizable theory T, consider the complex 
vector space V with a basis labeled by the coupling constants. We let Diff (V) 
be the group of formal diffeomorphisms of V tangent to the identity at G V 
and Ti.dm(V) be its Hopf algebra. We work over the ground field C. There 
is a Hopf algebra homomorphism : Ti.dis(V) — ► and a dual group 

homomorphism Difg(T) — ► Diff(V). This map to formal diffeomorphisms 
explains the terminology "diffeographisms" for the group scheme Difg(T). 

The map <!> is constructed by assigning to the coefficients of the expan- 
sion of formal diffeomorphisms the coefficients in TC(T) of the expansion of 
the effective coupling constants of the theory as formal power series in the 
bare coupling constants. It is not immediate to show that $ is indeed a 
Hopf algebra homomorphism ( [83] ) . 

We state this result more precisely in the simplest case where T is the 
massless </>g, where there is only one coupling constant, and one can write a 
completely explicit formula for the map $. 

Proposition 1.42. ([83]) Let T be the massless cfil theory and let 
"^diff(C) be the Hopf algebra of formal diffeomorphisms of C tangent to the 
identity. Then the following holds. 

(1) The effective coupling constant has a power series expansion of the 
form 



(1-234) g eS 



( 

E 

V <x 



a(T) 



( 

i- E 
V -o- 



3/2 



g 21 



a(T) 



where the coefficients are elements in the Hopf algebra 7i(T), with 
cr(T) the symmetry factor of the graph as in (1.98). 
(2) The expansion (1.234) induces a Hopf algebra homomorphism $ : 
W d i ff (C) -> H(4%) with $( 

The expansion (1.234) is obtained by considering the effect of adjusting 
the coupling constants in the Lagrangian 

m = \m 2 - 1^ 3 
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of the massless 4>q theory by 

\{d^)\l - SZ) - ^±% 3 . 

The correction \{d(j)) 2 {l - SZ) can be absorbed in a rescaling 4> >— > </>(l — 
5Z) 1 / 2 so that one obtains 

\{dcpf- l -{g + 5g){l-5Z)-^cp\ 
1 6 

The counterterms responsible for the term 5Z come from all the graphs with 
two external legs, while the counterterms involved in the term Sg come from 
graphs with three external legs (cf. the BPHZ formulae (1.162), (1.163), 
(1.165)), hence the explicit form of the expansion (1.234). 

The Hopf algebra Hdifr(C) of formal diffeomorphisms of C tangent to 
the identity has generators the coordinates a n of 

ip(x) = x + ^2a n (cp)x n , 

n>2 

for (p a formal diffeomorphism satisfying ip(0) = and <^'(0) = id. The 
coproduct A(a n ) is given by 

(A(a„), if! <g> ip 2 ) = a n {(p 2 ° ¥>i)- 

One obtains an algebra homomorphism : Wdifr(C) — ► W(</>q) by setting 
$(a n ) = a n , where the a n G W((/>g) are the coefficients of the series g c R = 
g + ^ n>2 a n , g n , which satisfy a2n = 0. We refer the reader to [83] §4 for 
the proof that the algebra homomorphism is also comultiplicative. 

The fact that there is a group representation Difg(T) — ► Diff (V) means 
that it is possible to lift at the level of diffeographisms various aspects of the 
theory of renormalization. We will see in §6.6 below that the beta function 
and the action of the renormalization group can be formulated naturally at 
the level of the group scheme of diffeographisms. 

This result was generalized from the case of massless 0g theory to other 
theories by Cartier and by Krajewski. 

6.6. The renormalization group. 

Recall how we remarked in §4 that, in fact, the regularized unrenormal- 
ized values 

U z (T( Pl ,..., PN )) 

depend on an additional mass parameter /j,, as in (1.135). This induces a 
corresponding dependence on the parameter /x of the loop 7^(^) that encodes 
the unrenormalized values as in Proposition 1.40. For a graph T with loop 
number L this dependence is simply given by a multiplicative factor of fi zL 
when working in dimension D — z. In the example of the theory T = </>q, 
this dependence on \x is described explicitly in terms of the Feynman rules 
in [87] §2.7. Our convention here agrees with that of [87] on the relevant 
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Hopf algebra of graphs with two or three external legs, which are the only 
ones with non-zero counterterms. We discuss here two general properties of 
jfi(z); see Propositions 1.43 and 1.44 below. 

Consider the 1-parameter group of automorphisms 

(1.235) t G Aut(Difg(T)), Vt G C 

implementing the grading by loop number, namely, with infinitesimal gen- 
erator 

(1.236) ^-e t \ t=0 = Y 
given by the grading operator 

(1.237) Y(X) = nX, VlG^(T), 
so that 

(1.238) 9 t (X) = e nt X, VX G H y n {T) , t G C. 

We let the grading t act by automorphisms of both Ti = T~t(T) and the 
dual algebra H y so that 

(1.239) (O t (u),x) = (u,0 t (x)}, VieW, VtiGW v . 

We obtain the following result about the dependence of j^(z) on the 
parameter fi. 

Proposition 1.43. ([83]) Let 7^(2) be the loop in the pro-unipotent Lie 
group of diffeographisms that encodes the regularized unrenormalized values 
U*(T). Let Qt be the 1-parameter family of automorphisms (1.235). Then, 
for allt G K and for all z G A*, the loop jp(z) satisfies the scaling property 

(1-240) 7eV (z) = M7^))- 

Proof. Since both sides of (1.240) are homomorphisms from 7i to K it 
is enough to check the equality on the generators V and one can use (1.239). 
It corresponds to the fact that the dependence on /i in the unrenormalized 
value of the graph T (1.135) is through a power fi zL , with L the loop number 
L = b\ (r), which comes from formally replacing the integration variables 
dPk by /i z d D ~ z k in the "integration in dimension D — z" of (1.132). □ 

The following result ([62], §5.8 and §7.1) will play a very important role 
in §7 below. 

Proposition 1.44. ([83]) Let 7^(2) be the loop in the pro-unipotent Lie 
group of diffeographisms that encodes the regularized unrenormalized values 
U*(T). Let 

7m( z ) =7 M -(^r 1 7^+(^) 
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be the Birkhoff factorization of Theorem 1.39. Then the negative part of the 
Birkhoff factorization is independent of the mass parameter fx, 

(1-241) |- 7/ ,_(z) = . 

Proof. Let us give the proof in some detail. First notice that we are 
dealing with general graphs with vertices in J, rather than the restricted 
graphs with vertices in /. By Theorem 1.41, when evaluated on a graph 
r £ Graph T, the negative part 7„- (z) of the Birkhoff factorization is the 
same as the counterterms of that graph in the BPHZ procedure of the new 
theory T with the new vertices labeled by monomials in J \ I. Notice that 
these new vertices have coupling constants of positive physical dimension (in 
the sense of §2.2 above), which are independent of [i. Thus, we are reduced 
to the analysis of the ^-dependence for counterterms in a renormalizable 
theory (with couplings of physical dimensions > 0). The proof that the 
counterterms are independent of \i is done in three steps, as follows. 

• The counterterms depend in a polynomial manner on the mass 
parameters of the theory (fx not included). 

• Only powers of log fi can appear in the counterterms. 

• By dimensional analysis the counterterms do not depend on /i. 

We refer to [62] §5.8.1 for the proof of the first statement. It is based on 
repeated differentiation with respect to these parameters and an inductive 
argument assuming that the counterterms for the subdivergences are already 
polynomial. This behavior is specific to DimReg and MS and would not 
apply, for instance, in the mass-shell renormalization scheme. 

That only powers of log fi can appear in the counterterms follows again 
by an inductive argument since the counterterms are obtained by extracting 
the pole part of an expression with new dependence in /i of the form fi zL 
which one expands in powers of z and log /U. 

The argument of a log is necessarily dimensionless since when we apply 
the minimal subtraction we are subtracting quantities which have the same 
dimension. Thus the massive parameter \x can only appear in the form of 
products of log(p 2 /// 2 ) or of log(M 2 //4 2 ), where M is a mass parameter of 
the theory. However, we know from the discussion above that momenta 
p or such mass parameters can only appear as polynomials, hence such 
expressions of logarithmic form are excluded and fi cannot appear in the 
counterterms. □ 

Definition 1.45. In the following, let G(C) be the pro-unipotent affine 
group scheme associated to a positively graded connected commutative Hopf 
algebra H. Let L(G(C),fi) denote the space of G(C)-valued loops "f^(z), 
defined on an infinitesimal punctured disk z £ A* around the origin, and 
satisfying the scaling condition (1.240) and the property (1.241) that the 
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negative part of the unique Birkhoff factorization 0/7^(2:) is independent of 
ix. 

The results discussed in the rest of this section apply to any 7^ G 
L(G(C), fi), hence in particular to the case when G(C) is the group of com- 
plex points of Difg(T) and 7 M (z) encodes the regularized unrenormalized 
values U*(T) of the theory. 

Definition 1.46. Suppose given 7^(2) e L(G(C),n). The residue is 
defined as 

TTie corresponding beta function is then given by 

(1.243) /3:=yRes7, 
where Y is the grading operator (1.237). 

Since (1.242) depends only on 7_, the residue is independent of fj, by 
Proposition 1.44. The beta function (5 of (1.243) is an element in the Lie 
algebra Lie G. 

The renormalization group is obtained as a 1-parameter subgroup F t of 
G(C) as follows. 

Proposition 1.47. ([83]) Suppose given 7 M (z) G L(G(C),/x). T/ien i/ie 
following properties hold. 

(1) 77ie foop 7-(z) Otz(l- ( z ) _1 ) *s regular at z = 0. 

(2) T/ie Km# 

(1.244) F t = lim 7 _(z)e te ( 7 _(z)- 1 ) 

defines a 1-parameter subgroup of G(C). Viewed as a homomor- 
phism 

F t G Honu c (W,C), 

it /ias i/ie property that Ft{X) is polynomial in t, for all X £ 7~C. 

(3) The infinitesimal generator of F t is the beta function (1.243). 

(4) Let 7^+(z) be the positive part of the Birkhoff factorization 0/7^(2). 
It satisfies 

(1.245) 7eV+(°) =*i7„+(0), Vi € M. 

Proof. (1) Since 7- (2) is the negative part in the Birkhoff factorization 
of 7m (z) and of 9- tz {^^{z)) = 7 e -t M (z), the elements j-(z) Jn(z) and 

y(z) := 7_(z)6»_i Z (7 M (z)) 

are regular at z = 0. It follows that 9t z (y(z)) = dt z {rt-{z)) 7^(2) is regular 
at z = 0, hence so is the ratio 

7-(z)M 7 -(z)- 1 ) = (7-(*)7,(*))(M7-(*))7m(*)) _1 - 
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(2) Thus, for any t G R, the limit 

(1.246) lim (7_(z)^( 7 _(z)- 1 ),X) 

2-+0 

exists, for any X G H. Here we view the element 7_ (z) Otz{l- ( z ) _1 ) of G(C) 
as a homomorphism H — > C. 

The 1-parameter family #j of automorphisms of G (cf. (1.235)) also acts 
as automorphisms of the Hopf algebra Ti, satisfying by definition 

(1.247) (6 t ( 1 ),X) = ( 1 ,e t (X)), VXeH, V7 G G(C) . 
Thus, for I G W, we obtain 

(1.248) < 7 _(s) Mt-C*) -1 ),*) = fr-^) -1 55 7-(*)~\ (-5 te ) A(X)> . 
Upon writing the coproduct as a sum of homogeneous elements 

Ap0 = £*(i)®*(2), 

we obtain (1.248) as a sum of terms of the form 

(1.249) { 1 -{z)-\SX {1) ){ 1 -(zT\e tz X {2) ) = P 1 (^J e ktz P 2 

for polynomials P\, P 2 . We know, by the existence of the limit (1.246), that 
the sum of these terms is holomorphic at z = 0. Thus, by expanding e ktz in 
a Taylor series, we obtain that 

(F t ,X) = lim (^(z)9 tz (^( Z )- 1 ),X) 

2— +0 

is a polynomial in t. 

To see that F t is a one-parameter subgroup of G(C), we endow G(C) 
with the topology of pointwise convergence 

(1.250) 7 „^7 iff <7n,*>-<7,*>. VX G W . 

The fact that G(C) is a topological group follows from the equality 

<77',*>= ^(7,^(1)) (7, ^(2)) 
and similarly for the inverse. Using (1.247) and the definition of F t we have 

(1.251) lim az ( 7 _(2) t2 ( 7 _(z)- 1 )) = F t , 
2— >o 

hence we obtain 

= lim 7 _(z) (7_(z) -1 ) 

= lim 7 _(z) M7-(*) _1 ) M7-(*) M7-(*) -1 )) = F s F t , 
2-+0 

so that = F s F t , for all s, t G R. 

(3) This will follow from Lemma 1.48, cf. Corollary 1.49 below. 
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(4) The value 7^(0) is the regular value of 7-(-z) 7^(2) at z = 0. Sim- 
ilarly, 7^(0) is the regular value of j-(z) Otzij^z)), or equivalently of 
9-tz(l-(z)) Jn(z), at z = 0. We know that the ratio satisfies 

when 2 — ► 0, hence we obtain the result. □ 

We conclude this section by the following result of [83] , which will be the 
starting point for the main topic of the next Section, the Riemann-Hilbert 
correspondence underlying perturbative renormalization. 

Lemma 1.48. Suppose given 7^(2) G L(G(C),/x) and let j-(z) be the 
negative piece of the Birkhoff factorization, which can be written as 

00 , 

(1-252) + 

n=l 

wit/i coefficients d n G H v . TTten i/ie coefficients d n satisfy the relations 

(1.253) r(d n+ i) = d n j t F t \ t=0 Vn>l, and F(^) = ^*|t=o ■ 
Proof. We first show that, for all I £ W, we have 

(1.254) <^*i|t=o,*> = lim z( 7 _(z)- 1 7 _(z)- 1 ,(,S0y)A(X)). 

We know from (1.248) and (1.244) that, for z — > 0, we have 

(1.255) (7_(z)- 1 ®7_(z)- 1 ,( < S0 t2 )A(X)) - (i^X). 

We denote by S the expression on the left-hand side of (1.255). We know 
by (1.249) that it is a finite sum E = Yl Pk(z~ r ) e htz , where the are 
polynomials. As before, we can replace the exponentials e ktz by their Taylor 
expansions up to some order N in z and obtain polynomials in t with coeffi- 
cients that are Laurent series in z. Since we know the expression is regular 
at z = for any value of t, these polynomials have, in fact, coefficients that 
are regular at z = 0, i.e. that are polynomials in z. Thus, the left-hand side 
of (1.255) is a uniform family of holomorphic functions of t, for t varying in 
a disk around t = 0. The derivative <9<E at t = converges to dt(Ft, X)\t=o 
when z — > 0, so that we have 

(1.256) z (7-^r 1 ® 7-(*r\ (S y) ApT)) - (jF t \t=o, X). 
Notice then that the function 

(1.257) z ^ z (-f-(z)- 1 ® j-(z)-\ (S Y) ApT)) 

is holomorphic for z £ C\{0} and extends holomorphically to z = 00 G 
Pi(C), since 7_(oo) = 1, so that F(7_(oo)) = (see (1.259)). Moreover, by 
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the previous argument, it is also holomorphic at z = 0, which implies that 
it is a constant. This gives, for all X G H, 

< 7 _ (z)- 1 7 _(z)- 1 , (5 F) A(X)> = 1 (|^k=o, X) , 

which is equivalent to 

(^(z)Y(^(z)- 1 ),X) = - z (^F t \ t=0 ,X). 

Thus, one obtains the identity 

(1.258) Y^(z)- 1 ) = \ 7 _(^)-i|F t | t=0 . 
Using (1.252), one obtains 

(1.259) n7-w- 1 ) = E^ 

n=l ^ 



and 

1 x-i ^ ^ | 1 d . t£ n d 

n=l 

These identities applied to the two sides of (1.258) yield the desired relations 
(1.253). □ 



Corollary 1.49. The beta function defined in (1.243) of Definition 
1.46 is the infinitesimal generator of the renormalization group F t of Propo- 
sition 1.47, namely 

(1.260) Jt Ft ^ t=0 = (5 - 

PROOF. It is sufficient to see that in the equation (1.253) we have 
Y(d\) = ^F t \t=o and that d\ is by construction the residue Res 2= o7- The 
minus sign in (1.242) accounts for the use of j-(z) instead of its inverse 
7_(z)~ 1 . Thus, by (1.243) we have Y{d 1 ) = (3, which gives (1.260). □ 



7. Renormalization and the Riemann Hilbert correspondence 

"La parente de plus en plus manifeste entre le groupe de Grothen- 
dieck-Teichmiiller d'une part, et le groupe de renormalisation 
de la Theorie Quantique des Champs n'est sans doute que la 
premiere manifestation d'un groupe de symetrie des constantes 
fondamentales de la physique, une espe.ce de groupe de Galois 
cosmique!" 

Pierre Cartier, [42] 
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In this passage, written in 2000, Cartier conjectured the existence of a 
hidden group of symmetries, closely related in structure to certain arithmetic 
Galois groups, and acting on the constants of physical theories in a way 
related to the action of the renormalization group. 

In this section, which is based on the result of our work [87], [89], we 
verify this conjecture, by identifying Cartier's "cosmic Galois group" as a 
universal group of symmetries that organizes the structure of the divergences 
in perturbative quantum field theory. We show that the group can also be 
realized as a motivic Galois group, and has therefore precisely the type of 
arithmetic nature expected by Cartier. 

This group acts on the constants of physical theories. In fact, it maps 
to the group of diffeographisms of any given renormalizable theory by a 
representation determined by the beta function of the theory. Therefore, it 
also maps to the group of formal diffeomorphisms of the coupling constants 
by the results of §6.5 above. 

We will also see that the renormalization group sits naturally as a 1-pa- 
rameter subgroup of this universal group and this provides an interpretation 
of the renormalization group as Galois symmetries. 

The main steps, which we are going to discuss in detail in the rest of 
this section, are summarized as follows. 

• The data of counterterms as iterated integrals (Gross-'t Hooft re- 
lations). 

• A geometric formulation: flat equisingular connections. 

• The local Riemann-Hilbert correspondence: differential Galois 
group through the Tannakian formalism. 

• The universal singular frame and universal symmetries. 

7.1. Counterterms and time-ordered exponentials. 

The first result we describe here (Theorem 1.58 below) is a refinement of 
Theorem 2 of [83] , which proved the analog in the context of the CK theory 
of a well known result of D. Gross ([151] §4.5) and 't Hooft (unpublished). 
The latter states that the counterterms in perturbative renormalization only 
depend on the beta function of the theory (Gross-'t Hooft relations). 

We first need to discuss the mathematical formulation of the time- 
ordered exponential. 

We assume that T~i — ©n>o^n is a positively graded connected com- 
mutative Hopf algebra over C, with G its affine group scheme. We have 
q = LieG as in Definition 1.21. When the 7i n are finite-dimensional vec- 
tor spaces, the Lie algebra g is related to the dual Hopf algebra H y as in 
Theorem 1.22. 

Let H be a Lie group and t *— > a{t) a smooth map from the interval [a, b] 
to the Lie algebra of H. 
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Dyson's time-ordered exponential Te^ a ^ dt is a notation for the parallel 
transport in the trivial .ff-principal bundle [a, b]xH with the left action of H, 
endowed with the connection associated to the 1-form a(t) dt with values in 
the Lie algebra of H . In other words h(u) = Te^> a ^ dt G H is the solution 
of the differential equation 

(1.261) dh(u) = h(u) a(u)du , h(a) = 1 . 

A mathematical definition can be given as an iterated integral. This type 
of formalism was developed in the topological context in [55], [56] (Chen's 
iterated integral) and in the operator algebra context in [3] (Araki's expan- 
sional). We give here a formulation adapted to the context of affine group 
schemes. 

Definition 1.50. Given a g(C)-valued smooth function a(t), with t G 
[a, b] C K, the time-ordered exponential (also called the expansional) is de- 
fined as 

00 „ 

(1.262) Te^ a ^ dt := a( Sl ) ■ ■ ■ a(s n ) ds ± ■ ■ ■ ds n , 

1 J a<si<---<s n <b 

with the product taken in Tt v , and with 1 G TL y the unit corresponding to 
the counit eofTL. 

One has the following result, which in particular shows that the expan- 
sional only depends on the 1-form ct{t)dt. 

Proposition 1.51. The time-ordered exponential (1.262) satisfies the 
following properties: 

(1) When paired with any X G 7i the sum (1.262) is finite. 

(2) The iterated integral (1.262) defines an element ofG(C). 

(3) The expansional (1.262) is the value g(b) of the unique solution 
g{t) G G(C) with initial condition g(a) = 1 of the differential equa- 
tion 

(1.263) dg(t) = g(t)a(t)dt. 

(4) The iterated integral is multiplicative over the sum of paths: 

(1.264) Te^ a ^ dt = Tef* a ^ dt Te^ a W dt . 

(5) Let p : G(C) — > H be a homomorphism to a Lie group H; then 

p(TeJ"« a(t)dt ) is the parallel transport in the principal bundle [a, b] x 
H endowed with the connection associated to the 1-form p(a(t)) dt. 

(6) The inverse in G(C) of the element (1.262) is of the form 



(1.265) 



(TeJ"« a ^) dt )- 1 = T'e~f« a(t)d \ 
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with 

oo „ 

(1.266) T'eti a ^ dt := 1 + ^ / a{s n ) ■ ■ ■ a( Sl ) ds x ■ ■ ■ ds n . 

I J a<si<--<s n <b 

Proof. (1) The elements a(t) G fl(C), viewed as linear forms on 7i, 
vanish on any element of degree 0. Thus, for X G 7i of degree n, one has 

(a(si) • • • a(s m ), X) = Vm > n , 

so that 

(1.267) (Te^ a{t)dt ,X) 

is a finite sum. 

(2) First notice that (1.267) satisfies 

(1.268) dt(Te£ a ^ ds ,X) = (Te& a(s)ds a(t), X). 

In fact, differentiating each term in the finite sum (1.267) in the variable t 
amounts to fixing the last integration variable s n = t in 

/ (a(si) ■ ■ ■ a(s n ), X) dsi ■ ■ ■ ds n . 

^/a<5i<-"<s n <t 

In order to show that (1.262) defines an element in G(C), we need to 
check that for all X, Y G H, 

(1.269) (Te£ a ^ d \XY) = (Te£ a( -^ ds ,X) (Te& a ^ ds ,Y). 

We show this for homogeneous X and Y, by induction on the sum of their 
degrees. Using (1.268), we write 

dt(Te£ a ( s ) ds ,XY) = (Te^ a ^ ds a(t),XY) 

= (TeJ>« ds ®a(t),A(X)A(y)). 

We then write the coproduct in the form 

A(X) = X (l) X {2) = X <g> 1 + 1 ® X + X' X" 

where only terms of lower degree appear in the last sum. Using the derivation 
property (1.173) of a(t) G 0(C), one gets that it pairs trivially with all the 
products X(2) Y(2) except when Yt 2 \ = 1 or Xi 2 \ = 1 • This gives 

d t (Tela «(s)ds : XY) = (Tela a ^ ds ,X {1) Y) (a(t),X {2) ) 

+ (Tef>^ ds ,XY {1) ) (a{t),Y (2) ). 
We can then apply the induction hypothesis and obtain 

d t (Te-fa a ^ ds ,XY) =d t ((Teti a W ds ,X)^ (Teti a ^ ds ,Y) 

+(Te/« a ( s ) ds ,X) d t ((Teia* atod^y)^ . 
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If we denote 

F(t) := {Tefi ft(s) *,iy) - (Te^ a ^ ds ,X) {Te& a ^ ds ,Y) 

we obtain dtF(t) = 0, for all t. Thus, since for t = a we clearly have 
F(a) = 0, we obtain (1.269). 

(3) This then follows immediately from (1.268). 

(4) The property (1.264) follows from (3), since both sides satisfy equa- 
tion (1.263) and agree for c = b, hence they are equal. 

(5) This follows from (3) and (1.261). 

(6) Notice that one can apply the notion of expansional to the opposite 
algebra. This amounts to reversing the order of the terms. Thus, (1.262) 
gets replaced by (1.266). As in (3) above, one gets that, for t > 0, the 
expression g {t) = Veto "M* 1 is the unique solution to the ODE 

(1.270) dg(t) = a(t) g(t) dt . 

This shows that the inverse of a time-ordered exponential with T is given 
by the time-ordered exponential with T', which gives (1.265). □ 

Consider now an open domain S!cK 2 and, for (s, t) G Q, let 

(1.271) w = a(s,t)ds + r)(s,t)dt 

be a flat g(C)-valued connection. The flatness condition means that we have 

(1.272) d s 7]- d t a+ [a,rj] = 0. 

The time-ordered exponential satisfies the following property 

Proposition 1.52. Let w be a flat g(C) -valued connection on O c M 2 
as above, and let 7 : [0, 1] — > f2 be a path in O. Then the time-ordered 
exponential Te^o t ro only depends on the homotopy class [7] of paths with 
endpoints a = 7(0) and b = 7(1). 

This follows from Proposition 1.51, using the fact that G(C) is a projec- 
tive limit of Lie groups. 

Recall that a differential field (K, S) is a field K endowed with a deriva- 
tion satisfying 6(f + h) = 5(f) + 6(h) and S(fh) = fd(h) + S(f)h, for all 
f,h€K. The field of constants is the subfield {/ G K\5(f) = 0}. 

Definition 1.53. Let (K,S) be a differential field with differentiation 
/•—>/':= 8(f) and with field of constants C. The logarithmic derivative on 
the group G(K) = Hom v 4 c ('H, K) is given by 

(1.273) D(g) := g' 1 g' G g(K), V 5 G G(K), 
where g' = 8(g) is the linear map g' : H — > K, 

g'(X) = 8(g(X)), \/X G TL. 
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It is not hard to check that (1.273) indeed defines an element in q(K). 
In fact, D{g) : TC — > K is the linear map 

(D(g),X) = g- 1 * g' (X) = (g' 1 ® g', AX) 

and this satisfies 

(D(g),XY)= (D(g),X)e(Y) + e(X)(D(g),Y), VX,Y €H. 

In the following, we assume that K = C({z}), the differential field of 
convergent Laurent series, as in (1.217), with <5(/) = £f. Later, we will 
also consider the case where K = C((z)) = C[[z]][z _1 ] is the field of formal 
Laurent series. 

Lemma 1.54. Let H = ® n >oH n be a positively graded connected commu- 
tative Hopf algebra over C, with G its affine group scheme. Let Ti(i) dTL be 
an increasing sequence of finitely generated commutative Hopf subalgebras, 
with H = UH(i). 

The affine group scheme G is the projective limit (1.171) of the linear 
algebraic groups Gi dual to the finitely generated commutative Hopf subalge- 
bras H(i) C n. 

Suppose given an element w G q(K), for K = C({z}). 

(1) There is a well defined monodromy representation 

Mi(w) : Z - Gi(C). 

(2) The condition of trivial monodromy M(w) = 1 is well defined in 
G(C). 

Proof. (1) For w £ q(K), and a fixed Gi, consider the corresponding 
element Wi £ Qi(K) obtained by restriction to H(i) C TL. Since H(i) is 
finitely generated, wi depends on only finitely many elements in K, hence 
there is a radius pi > such that all these finitely many Laurent series 
elements converge in a punctured disk A* of this radius around z = 0. 
Thus, we can choose a base point Zj G A*. Composing with the evaluation 
/ — > f(z) for z G A* we get a flat gj(C)-valued connection = Wi{z)dz on 
A*. For any smooth path 7 : [0, 1] — > A* the expression 

(1.274) Mi{m)(ri) := Te-fo ^ e Q(C) 

is well defined. By Proposition 1.52 and the flatness of the connection Ui, 
viewed as a connection in two real variables, (1.274) depends only on the 
homotopy class of the loop 7 in A* with 7(0) = 7(1) = Zj. Thus, it defines 
a monodromy representation 

(1.275) MiW-.TTiiAlzJ^GiiC). 

(2) By construction, the conjugacy class of Mi does not depend on the 
choice of the base point. When passing to the projective limit, one has to 
take care of the change of base points, but the condition of trivial monodromy 

(1.276) M{w) = 1 Mi(w) = 1 , Vi 
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is well defined at the level of the projective limit G of the groups Gi. 

□ 

The monodromy encodes the obstruction to the existence of solutions to 
the differential equation D(g) = zu, for g G q(K). 

Example 1.55. Let G a be the additive group. Let as above K = C({z}) 
with 6(f) = £f. One has G a (K) = K, D(f) = 6(f) = f, and the residue 
of vj G K is a non-trivial obstruction to the existence of solutions of the 
equation D(f) = zu. 

The following result shows that the monodromy is in fact the only ob- 
struction. 

Proposition 1.56. Let TL = © n >oW„ be a positively graded connected 
commutative Hopf algebra over C, with G its affine group scheme. Suppose 
given zu G $(K) with trivial monodromy, M(zu) = 1. Then there exists a 
solution g G G(K) of the equation 

(1.277) D(g)=w. 

Proof. We view, as above, G as the projective limit of the Gi and use 
the same notations as above. We treat the case of a fixed Gi first. We let 

(1.278) g t (z) = Te J H ^ , 

where by the right-hand side we mean the time-ordered exponential Te^o 
for any smooth path in A* from the base point Zi to z. The condition of 
trivial monodromy ensures that the result does not depend on the choice of 
the path 7. Let H(i) be as in Lemma 1.54. One needs to show that, for any 
X G H(i) C 7i, the evaluation 

fu(z) = (g t (z), X) 

is a convergent Laurent series in A*. By construction the same property 
holds for Wi(z). Moreover, by Proposition 1.51 (1) we know that, when 
pairing with X G T~i(i) only finitely many terms of the infinite sum (1.262) 
defining g%(z) contribute. Thus, it follows that z Ni hi(z) is bounded in A*, 
for sufficiently large TVj. Moreover, by (1.263) of Proposition 1.51, with 
2d = dt + id s and z = t + is, we obtain dhi = 0, which gives hi G K. Thus 
g l € Gi(K). 

Finally (1.263) of Proposition 1.51 shows that gi G Gi(K) is a solution 

of 

(1.279) D(g i )=w l . 

Given two solutions g and h of (1.279), one gets that gh^ 1 satisfies 
D(gh~ l ) = 0. Thus since the field of constants of K is C, it follows that 
there exists an element a G Gi(C) such that g = ah. Now since the TC(i) C H 
are Hopf subalgebras of H., the canonical projection 

Pl : G i+ i(C) - d(C) 
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is surjective. Thus, in order to pass to the projective limit, one constructs by 
induction a projective system of solutions gi G Gi(K), where one modifies 
the solution in Gi+\(K) by left multiplication by an element of Gj+i(C) so 
that it projects onto gi. □ 



EXAMPLE 1.57. It is crucial in Proposition 1.56 to assume that H is 
positively graded connected. Let G m be the multiplicative group. Let as above 
K = C({z}) with 5(f) = lj. One has G m (K) = K* , £>(/) = r l 5(f), 
and with w = -ij G K the equation D(f) = w has trivial monodromy with 
formal solution given by 

f(z) = e~ l ' z 
but no solution in G m (K) = K* . 

With these general results about time-ordered exponentials in place, 
we come to the Gross-'t Hooft relations. In our context, the fact that 
the counterterms in perturbative renormalization depend only on the beta 
function is a consequence of the following explicit form of the negative piece 
of the Birkhoff factorization as a time-ordered exponential. 

Theorem 1.58. Suppose given 7^(2) € L(G(C), fi). Then the negative 
piece 7_ (z) of the Birkhoff factorization has the explicit form 

(1.280) 7_(*) = Te~i SS° e -^) dt . 

Proof. We write -f-(z)- 1 = 1 + E^Li ^. as in (1-252) of Lemma 1.48. 
To obtain the result we first show that the coefficients d n are given by the 
formula (cf. [83]) 

(1.281) d n = ! 6- 81 (l3)0-M---0-sMds 1 ---d8 n . 

J si>S2>-->s„>0 

To check this, notice first that, for n = 1, the expression (1.281) reduces to 

poo 

(1.282) di= 6^ s ((3)ds. 

Jo 

This follows from the equality 

POO 

(1.283) Y~ 1 (X)= 9- s (X)ds, 

Jo 

for all X G TC with e(X) = 0, where e is the counit of H. In fact, given 
a and a 1 in 7i v satisfying a' = Y(a) and (a, 1) = (a' , 1) = 0, the identity 
(1.283) implies 

/•oo 

a = d- s (a') ds . 
Jo 

This gives (1.282) when applied to (3 = Y(d\) of Corollary 1.49. The general 
formula (1.281) then follows by induction, applying the relations between 
the coefficients d n proved in Lemma 1.48 and the fact that the 1-parameter 
family 6 t generated by the grading of 7i also acts as automorphisms of 7i v . 
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To get (1.280) from (1.281), we use (6) of Proposition 1.51. Using (1.281) 
we get 

7 _(s)-i =T > e U O °°0sW ds 
and the required equality (1.280) follows from (1.265). □ 

Remark 1.59. One does not have to worry about the convergence issue 
in dealing with the iterated integrals (1.281) in (1.280). 

In fact, when evaluating (1.281) on elements X G H, one obtains for 
(d n ,X) the expression 

/ (/J® • • • ® /3, 0_ Sl (X(i)) ® 0- S2 (X (2) ) ® ■ ■ ■ ® 6- Sn {X {n) ))d Sl ■ ■ ■ ds n , 

J Sl >->s„>0 

where we used the notation 

A^- 1 ) (X) = ® X{2) ® • ■ ■ ® X (n) . 

The convergence of the iterated integral is exponential. In fact, we have 
the estimate {fl,0- s (Xu\)) = 0(e~ s ) for s — > +oo. If X is homogeneous of 
degree deg(x) and if n > deg(x), then at least one of the Xu\ has degree 
0, and (/?, 9- s (X^)) = so that (d n ,X) vanishes. This implies that, when 
pairing 7_(z)~ 1 with X G Tt, only finitely many terms contribute to 

oo ^ 

( 1 ^ z )-\X)=e{X) + Y J - (d n ,X) . 

n=l 

This remark will be useful when we compare the non-formal case, where 
K = C({z}), with the formal case, where K = C((z)) (cf. §7.6 below). 

7.2. Flat equisingular connections. 

The main advantage of introducing the formalism of time-ordered expo- 
nentials as iterated integrals, as in Definition 1.50, is their property of being 
characterized as solutions of a differential equation (1.263), as in Propo- 
sition 1.51. In fact, this makes it possible to translate data described by 
time-ordered exponentials into a class of differential equations. 

Following this idea, we obtain in this section a geometric characterization 
of the divergences in renormalizable quantum field theory, in terms of a 
suitable class of differential systems. 

As a first step, we give a more precise characterization of the class 
L(G(C),[i) of loops Jn(z) satisfying the two conditions (1.240) and (1.241), 
as in Definition 1.45. 

For instance, given any loop 7reg(z) which is regular at z = 0, one can 
easily obtain an element 7 M G L(G(C), fi) by setting 7^(2) = #ziog^(7reg(z))- 
The following result shows that the only remaining piece of data that is 
necessary, in order to specify completely the loops that belong to the class 
L(G(C), fi), is the choice of an element j3 in the Lie algebra of the affine 
group scheme G. 
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Theorem 1.60. Suppose given a loop 7^(2) in the class L(G(C),/x). 
Then the following properties hold. 

(1) The loop 7^(2) has the form 

(1.284) 7 „(z) = Te"i ^ logM ( 7 rcg W), 

/or a unique (3 £ 0(C), iwi/t 7 re g(-2) a foop regular at z = 0. 

(2) T/ie Birkhoff factorization 0/7^(2:) /ias the form 

, , 7„ + (*)= Te-Ho— ^- t (^)^^ Iog/l(7reg( ,)), 

(1.285) 

7 _(z)= Te-i/o°°»-*W*. 

(3) Conversely, given an element (3 £ fl(C) and a regular loop 7 re g(z), 
i/ie expression (1.284) gives an element 7^ £ L(G(C), fi). 

Proof. (1) Let 7 M (z) be a loop in L(G(C),/x), with Birkhoff factoriza- 
tion 7^(2) = 7_ (z) _1 7^+ (z). Consider the loop 

(1.286) a M (z) :=0 2 i og ^(7_(z)- 1 ). 

This satisfies the scaling property (1.240) by construction, 

(1.287) aes^z) = MM*))- 

Consider the ratio ct M (z) _1 7 M (z). This still satisfies the scaling property 
(1.240). Moreover, the loop a^(z)" 1 7^(2) is regular at z = 0. In fact, this 
holds for jU = 1 and hence all values of by the scaling property (1.240). 
Thus, it can be written in the form 

(1-288) a^zy 1 7m (z) = ^i g^7reg(*)), 

with 7 rc g(^) a regular loop. 

Notice then that, using (1.286) and (1.280) of Theorem 1.58, we obtain 

(1.289) a^z)' 1 = Te~* Sr '^ 6 ~^ dt . 

Thus, using (1.264), we obtain (1.284). 

(2) Given 7^ G L(G(C), fx), we write it in the form (1.284) as above. 
Thus, we have 

Uz)- 1 = ^ 1 o gM (7rc g (^))- 1 Te-^- °-o g M '-'(A*. 

We write the second term, using (1.264), as the product 

Te-i-f-.ioB,. *Te-iJi>°° «-«(/») * 

Thus, we have obtained the expression 

l.iz)- 1 = ^io gM (7rc g (^))- 1 Te-^-- V(«), 

where 7_ (z) is a regular function of 1/z with 7_(oo) = 1. We then need to 
check the regularity at z = of the remaining part 
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It is enough to show that we have 

(1.290) limTe-i/o - " e s K 

To see this we take the straight path from to — sz in the form tt(u) = —szu 
for u G [0, 1] and write 

Te _ * fo SZ e -t(P) dt = Tefi a ( u ) du 

where the form a(u) du is the pullback by it of the form — \ 9-t(f3) dt. So 
far both s and z are fixed. One has 

a(u)du = ~9 szu (j3) (-sz) du = s9 szu (j3)du 

This gives 

which converges when z — > to e sl3 . We then obtain the Birkhoff factoriza- 
tion in the form (1.285). 

(3) Given a choice of an element G 0(C) and a regular loop ^y TC g(z), 
the expression (1.284) satisfies the scaling property (1.240) by construction. 
The formula (1.285) for the Birkhoff factorization also shows clearly that 
the negative piece is independent of fi so that (1.241) is also satisfied, hence 
7 „€L(G(C),p). ' ' □ 

In the rest of this section, we use the classification result of Theorem 
1.60, together with the properties of the time-ordered exponential, to give 
a geometric reformulation of the class L(G(C),/x) in terms of a class of 
differential systems associated to a family of singular flat connections. 

We introduce some notation. Let (K, 5) be a differential field with field 
of constants C. We will assume K = C({z}) with 5(f) = f. We have 
O = C{z}, the subring of convergent power series as in (1.219). 

We denote by ^ 1 (fl) the space of 1-forms on K with values in q. These 
are all of the form A(z) dz for some A G q(K). The differential 

d : K -> n 1 

is given by df = 5(f) dz = & dz. 

The logarithmic derivative D on G(K), as in (1.273) of Definition 1.53, 
induces an operator (which, with a slight abuse of notation, we still call D) 

(1.291) D : G(K) - n\ S ), Df = T 1 df. 
This satisfies the property 

(1.292) D(fh) = Dh + h~ l Dfh. 

One can then consider differential equations of the form 

(1.293) Df = w 
for w £ 1 (fl). 
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We can think of the element w 6 as a connection on the trivial 

principal G-bundle over an infinitesimal punctured disk A* around z = 0. 
In fact, a connection on the trivial principal G-bundle A* x G is specified 
by the restriction of the connection form to A* x 1, i.e. by a q- valued 1-form 
ro on A*, which is the same as an element in SI 1 (5). We use the principal 
bundle point of view in §7.3 below. For the moment, we simply define a 
connection as a g-valued 1-form w. 

We then have the following natural equivalence relation for connections 

Definition 1.61. Two connections w and w' are equivalent iff they are 
gauge conjugate by an element regular at z = 0, i.e. 

(1.294) w' = Dh + h- 1 wh, with heG{0). 

As in Lemma 1.54, the condition of trivial monodromy M{w) = 1 is well 
defined and it ensures the existence of solutions to (1.293). Suppose given a 
solution / G G{K) to (1.293). We know, by the same argument as used in 
Theorem 1.39, that loops / 6 G{K) have a unique Birkhoff factorization 

(1-295) / = /r7+, 

with /_)_ £ G(0) and /_ £ G(Q) satisfying e_ o/_ = e as in Definition 1.38. 

The following result then explains in more detail the meaning of the 
equivalence relation of Definition 1.61. 

Proposition 1.62. Suppose given two connections w and w' in ^(fl) 
with trivial monodromy. Then w and w' are equivalent, in the sense of 
(1.294), iff there exist solutions to the corresponding equations (1.293) that 
have the same negative pieces of the Birkhoff factorization, 

(1.296) w ~ w '^f™ = f™\ 

for some f™ and f™' in G(K) satisfying D(f m ) = w and D(f m ') = w' . 

Proof. By Lemma 1.54, we know that there exist solutions, since the 
monodromy is trivial. We first show that w is equivalent to the 1-form 
Diif^y 1 )- We have f m = (/ ro ) _1 f%, hence the product rule (1.292) gives 
the required equivalence, since /+ G G{0). This shows that, if = f™ 
for some choices of solutions, then w and w' are equivalent. 

Conversely, assume that w and w' are equivalent, i.e. w 1 = Dh+h^ 1 w h. 
We take a solution / ro and let f m be given by 

r' = rh, 

for the above h G G{0). It follows from (1.292) that D(/ ro ') = w' . The 
uniqueness of the Birkhoff factorization then gives f™ = f™. □ 

Definition 1.63. Two elements fj of G(K) have the same singularity 
(1-297) f^fceGiO) 
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Equivalently this means that the negative parts of their Birkhoff decom- 
positions are the same. 

From the point of view of renormalization, introducing the equivalence 
relation of Definitions 1.61 and 1.63 means that one is interested in retaining 
only the information on the behavior of the divergences, which is encoded 
in the counterterms given by the negative piece 7_ (z) of the Birkhoff fac- 
torization of Proposition 1.40. 

In order to make this geometric setting suitable to treat the data of 
perturbative renormalization, i.e. the class of loops L(G(C), fi), we need to 
account for the mass parameter \x in the geometry. 

This can be done by considering a principal G m (C) = C*-bundle B, 
(1.298) G m -► B A, 

over the infinitesimal disk A. We let P = B x G be the trivial principal 
G-bundle over the base space B. 

We denote by V the fiber over z = 0, 

V = tt- 1 ({0})cB, 

and by B° its complement 

B° = B \ V C B. 

We also fix a base point yo G V. We let P° = B° x G denote the restriction 
to B° of the bundle P. 

Remark 1.64. The physical meaning of these data is the following. In 
the case of a renormalizable theory T, the group scheme is G = Difg(T). The 
disk A corresponds to the complexified dimension z £ A of DimReg. The 
principal bundle B over A encodes all the possible choices of normalization 
for the "integral in dimension D — z" of (1.135), hence it accounts for the 
presence of the mass parameter [i. The choice of a base point yo £ V 
corresponds to fixing the value of the Planck constant h. One needs to be 
careful and refrain from considering the fiber 7r~ 1 ({z}) C B as the set of 
possible values of fi. It is rather the set of possible values of [i z H. In fact 
in all the above discussion we restricted to fi 6 and the fact that log fi 
makes sense did play a role. The role of the choice of a unit of mass n is the 
same as the choice of a section a : A — ► B (up to order one) . 

We have an action of G m on B, which we write as 

b^u{b), VueG m (C)=C*. 

Since the affine group scheme G is dual to a graded Hopf algebra H = 
®„>oW n , we also have an action of G m on G, as in Lemma 1.25, induced by 
the action vX of (1.176) on the Hopf algebra, where Y is the grading operator 
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on 7i. We denote the action of G m on G also by u , as the meaning is clear. 
Thus, we have a G m -action on P = B x G given by 

(1.299) u(b,g) = (u(b),u Y (g)), \/u £ G rn . 

We explain in §7.3 below how this action, which as such is not given by 
automorphisms of a G-bundle, in fact comes from a G m -equivariant principal 
bundle over B. 

We now introduce the class of connections that will be our main object 
of interest, as they encode geometrically the properties of the class of loops 
L{G{C),n). 

Definition 1.65. We say that a flat connection w on is equisingular 
iffw is G m -invariant and for any solution 7, D7 = w, the restrictions 0/7 
to sections a : A — > B with <r(0) = yo have the same singularity. 

We can fix a choice of a (non-canonical) regular section a : A — ► B of 
the fibration (1.298), with <r(0) = yo- Then the first condition of Definition 
1.65 can be written in the form 

(1.300) zu(z, u(v)) = u Y (w(z, v )), Vu G G m , 

with v = (o~(z),g), for z G A and g G G. 

The second condition states that, if a\ and 02 are two sections of B as 
above, with 01 (0) = yo = 0-2(0), then 

(1.301) ^(7)~^(7), 

that is, the pullbacks of 7 by these sections are equivalent on A* x G, through 
the equivalence (1.297) of Definition 1.63. This means that cr*(7) and 0-3(7) 
have the same singularity at the origin z = 0, hence the use of the term 
"equisingular" for w. (cf. Figure 29.) 

The meaning of this condition is that the pullbacks of a solution have the 
same negative pieces of the Birkhoff factorization, independent of the choice 
of the section and hence of the parameter /i, in our physical interpretation 
of the geometric data. In the proof of Theorem 1.67 below, we will see much 
more precisely this relation between equisingular connections and loops in 
L(G(C),/i). ' 

We introduce the following notion of equivalence for connections on P°. 

Definition 1.66. Two connections w and w' on P° are equivalent iff 

(1.302) w' = Dh + hT x wh, 
with h a G-valued G m -invariant map regular in B. 

We again fix a choice of a (non-canonical) regular section a : A — > B, 
with <r(0) = yo- F° r simplicity of notation, we write A x G m for the base 
space, identified with B through the trivialization given by the section a. 
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Figure 29. Equisingular connections have the property 
that, when approaching the singular fiber, the type of singu- 
larity of cj*7, for D7 = w, does not depend on the section 
a along which one restricts 7, but only on the value of the 
section at z = 0. 

The main result of this section is the following classification of flat eq- 
uisingular connections. 

Theorem 1.67. Consider the space P = B x G as above. There is a 
bijective correspondence between equivalence classes of flat equisingular G- 
connections w on P° and elements (3 £ 0(C), with the following properties: 

(1) Given a flat equisingular connection zu, there is a unique (3 £ s(C) 
such that w ~ D7 for 

(1.303) 1 (z,v) = Te- l *f» uY ^^, 

with the integral performed on the straight path u = tv, t G [0, 1]. 

(2) This correspondence is independent of the choice of a local regular 
section a : A — ► B with cr(0) = yo. 

Proof. (1) We show that, for a given flat equisingular G-connection w, 
there exists a unique element (3 £ fl(C) such that w is equivalent, in the 
sense of Definition 1.66, to the flat equisingular connection D7, with 7(2, v) 
as in (1.303). 

This will be achieved in three main steps. We first need to prove the 
vanishing of the monodromies Ma* (vj) and Mc* (zu) associated to the two 
generators of the fundamental group iri(B). This is necessary to ensure 
the existence of a solution to the equation D7 = w. The next step is 
to get around the problem of the choice of the base point. This will be 
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done by showing that an invariant connection automatically extends to the 
product A* x C while the restriction to A* x {0} vanishes. Thus one can 
take arbitrarily a base point in A* x {0} and get a canonical formula for 
solutions corresponding to such a specific choice of base point. We then use 
the equisingularity condition and apply the result of Theorem 1.60 to the 
restriction of 7 to a section of B over A. 

Using the trivialization given by a : A — > B, we can write the connection 
w on P° in terms of g(C)-valued 1-forms on B° as 

w = A(z, v) dz + B(z, v) —, 

v 

where A(z, v) and B(z, v) are g-valued functions and * is the fundamental 
1-form of the principal C*-bundle B. 

By the first condition (1.300) of equisingularity, we have 

w(z,uv) = u Y (w(z,v)), 

which shows that the coefficients A and B of w are determined by their 
restriction to v = 1. Thus, we can write w as 

(1.304) w(z, u) = u Y (a(z)) dz + u Y (b(z)) —, 

u 

for some a, b £ q(K). 

The flatness condition means that these coefficients satisfy 

(1.305) ^-Y(a)+ [a,b}=0. 



The positivity of the integral grading Y on Ti shows that the connection 
w extends to a flat connection on the product A* x C. Indeed for any 
element a G q(K) and X G H the function 

u 1 — ^ (u Y (a), X) 

is a polynomial P(u) with P(0) = 0. This shows that the term u Y (b) — in 
(1.304) is regular at u = 0. Moreover the restriction of the connection w to 
A* x {0} is equal to zero, since u Y (a) = for u = 0. 

Consider then the monodromy M{ zo y xC *(zu) for a fixed value zq G A*. 
This is trivial, because the connection w extends to the simply connected 
domain {zq} x C. 

Notice that here we are only working with an infinitesimal disk A, while 
the argument given above works for a disk of finite radius, but in fact we 
can proceed as in Lemma 1.54, writing the group scheme G as an inverse 
limit of Gi with finite-dimensional Ti{i). We can compute the monodromy 
M{ 20 } xC »(tz7) at this finite level Gi, with z$ <E A*, using the argument above. 
We can then use the fact that the vanishing of the monodromy is a well 
defined condition in the projective limit. 
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Consider the monodromy M^* x s u \{m). Notice that we can choose to 
compute this monodromy for the value u = 0, but the restriction of the 
connection to A* x {0} is identically equal to 0, so this monodromy also 
vanishes. 

We have shown that the connection w has trivial monodromy along 
the two generators of 7ti(B°) = 1? . Thus, we know that the equation 
D7 = w admits solutions, and in fact we can write explicitly a solution as 
in Proposition 1.56, taking as the base point (zo,0) £ A* x {0}. Namely, we 
consider a path in A* x {0} from (zq, 0) to (z, 0) and then the straight path 
(z,tv), t £ [0, 1]. By Proposition 1.52, this gives a solution of the form 

(1.306) -y(z,v) = Te% , 

with b(z) as in (1.304) and with the integral performed on the straight path 
u = tv, for t G [0, 1]. 

Notice that we have constructed an invariant solution of the equation 
Z?7 = w, i.e. one has 

(1.307) 7(2, wu) = w Y ~f(z, u). 

It is not true in general that an invariant connection on an equivariant 
bundle admits invariant solutions, precisely because of the problem of the 
choice of an invariant base point. This problem is dealt with above by the 
choice of a base point in A* x {0}. 

Let j(z) = j(z,v)\ v =i. By construction j(z) satisfies 

(1.308) 7(z,u) = u Y -f(z). 

Since j(z, v) is a solution of D7 = w, the loop 7(2) also satisfies 

(1.309) 7 (z)" 1 d 7 (z) = a{z)dz and 7(z)- 1 F 7 (z) = b(z) . 

Let us denote by a s the section a s (z) = (z, e sz ), for z G A. The restric- 
tion of (1.308) to the section a s can be written in the form 

(1.310) ls {z)=9 szl {z). 

The second condition (1.301) of equisingularity for w implies that the neg- 
ative parts of the Birkhoff factorization J s ( z ) = 7s- ( z ) _1 7s+( z ) satisfy 

(1.311) A 7s _ (z) = . 

It is immediate to compare (1.310) and (1.311) with the conditions (1.240) 
and (1.241) of Definition 1.45. Thus, in particular, we have obtained that 
a flat equisingular connection w on P° determines a loop j s (z) m the class 
L(G(C),n), for n = e s . 

We can then apply the classification result for loops in L(G(C),/x), 
proved in Theorem 1.60. We obtain that there exists a unique element 
(3 G fl(C) and a regular loop "f TCg (z) such that 

(1.312) 7 (z, 1) = Te-\ C e-*V»* 7rcg ( z ) . 
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We obtain from (1.312) the expression 

(1.313) 7 (z,«) = v Y (Te~^ £ dt ) v ¥ (j rcg (z)) . 
Since v Y is an automorphism, we also have 

(1.314) v Y (Te--> /« e -^ dt ) = Te-i £ 

with the second integral taken on the straight path u = tv, for t € [0, 1]. 
Thus, we can write (1.313) as 

(1.315) -y(z,v) = (Te-i J? ^( 7reg (*)). 

Thus, using /i = v Y (-y rcg (z)) as the regular loop realizing the equivalence 
(1.302), we obtain, as stated, the equivalence of flat equisingular connections 

We now need to understand how the class of the solution (1.313) depends 
upon () G g. Consider an equivalence w 1 = Dh + h~ 1 wh, with h a G-valued 
G m -invariant map regular in B, as in Definition 1.66. Since h is G m -invariant 
one has h(z, u) = vX (h(z, 1) and since we are dealing with group elements it 
extends regularly to h(z, 0) = 1. Thus both the solutions and the map h 
are normalized to be 1 on A* x {0} and the equivalence generates a relation 
between invariant solutions of the form 

(1.316) 72(z,u) = 7i(z,u)h(z,u), 
with h regular. Thus, for j = 1,2, the loops 

7j (z,l) = Te-i 

will have the same negative pieces of the Birkhoff factorization, 7l - = 72 -. 
This implies (3i = fa, by the equality of the residues at z = 0. 

Finally, suppose given an element (5 6 g(C) and consider the loop 

(1.317) 7 (^) = Te-i/> y (/^. 

We need to show that w = £> 7 is equisingular. The equivariance condition 
(1.300) is satisfied by construction since 7 is invariant. To see that the 
second condition (1.301) is also satisfied, we first note that it is enough to 
check it for one solution 7 of the equation D 7 = w. Indeed, any other 
solution is of the form 7 ' = g 7 with g G G(C). The relation between the 
negative parts of the Birkhoff decompositions is the conjugacy by g and 
this preserves the equisingularity condition. Thus we just need to check the 
latter on the solution 7 of the form (1.317). We let v(z) G C* be a regular 
function of z 6 A, with v (0) = 1 and consider the section v(z)a(z) instead 
of the chosen trivialization cr(z). The restriction of the solution 7 to this 
section is given by the G(C)-valued loop 

(1.318) lv (z) = Te- l ^o iz) - Y W)^ . 
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Then the Birkhoff factorization "f v (z) = *y v - (z) lr y v +(z) is given by 

(1.319) 7w -(z)- 1 = Te-iJ'o 1 « y (« If, and lv+ {z) = Te~^ w « r C0 If . 
In fact, we have 

(1.320) 7l> (*) = (t C ~; £ « r W *) (Te-i £ W ^^") , 

where the first term in the product is a regular function of z~ l and gives 
a polynomial in z~ l when paired with any element of TC, while the second 
term is a regular function of z, as one can see using the Taylor expansion of 
v(z) at z = 0, with u(O) = 1. 

(2) This last argument, which we used to prove the equisingularity of 
Dj, describes explicitly the effect of changing the choice of the trivialization 
a : A — ► B by a factor given by a regular function v(z) G C*. Thus, the 
same argument also gives us as a consequence the independence of the the 
choice of the trivialization of B. 

□ 

We have the following result, which follows from the previous argument. 

Corollary 1.68. Let w be aflat equisingular connection. Suppose given 
two such choices of trivialization o~j : A — > B, with 02 = aa±, for some 
a(z) G C* regular at z = mi/t a(0) = 1. TTien t/ie regular values j re g(yo)j 
of solutions of the differential systems associated to the connections cr*(w) 
are related by 

(1-321) 7rcg(y )2 = e" S/3 7reg(yo)l, 

with 

da(z) 

s = —j — \z=0 ■ 
dz 

Remark 1.69. In the physics context, the relation (1.321) expresses the 
ambiguity inherent in the renormalization group action as coming from the 
fact that there is no preferred choice of a local regular section a of B. 

We have obtained, by Theorem 1.67 and Theorem 1.60, an explicit corre- 
spondence between the data 7-(z) for loops 7^(2) in L(G(C), fi) and equiva- 
lence classes of flat equisingular connections. In particular, in the physically 
relevant case where G = Difg(T), this makes it possible to encode geomet- 
rically the data of the counterterms (the divergences) of the renormalizable 
theory T as a class of equisingular flat connections over the space P de- 
scribed above. 
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7.3. Equi variant principal bundles and the group G* = G x G m . 

The formalism of the above discussion was based on g(C)-valued dif- 
ferential forms on the base space B. We now relate more precisely this 
discussion with connections on G m -equivariant principal bundles over B. 
This will involve the affine group scheme G* = G x G m of Lemma 1.25. 

To fix the notation, we recall that, given a principal bundle 

(1.322) ir-.P^B, with PxH^P, (£, h) ^ R h (£) = £h, 

with structure group H acting on the right, a connection is specified by a 
1-form oonP with values in the Lie algebra f) of H and such that 

(1.323) a\ w -i (b) = h~ l dh, with R* a (a) = (Ada" 1 )(a), 

where the Maurer-Cartan form h~ 1 dh makes sense in the fibers 7r _1 (6) ~ H 
independently of the choice of a base point. Given a section £ : B — > P and 
a connection on P with connection form a, the pullback w = V(£) = £*(«) 
is a 1-form on B with values in the Lie algebra f). For any smooth map k 
from B to H, one has 

(1.324) V(£ k) = k- 1 dk + AT 1 V(£) fc. 

In particular, the knowledge of the 1-form w = V(£) = £*(«) uniquely 
determines the connection V. Moreover, if we fix the section £ and the 
connection V, then looking for a flat section rj = £k, with Vr/ = 0, is the 
same thing as trying to find a smooth map k from B to H such that 

(1.325) AT 1 dk + A;" 1 V(£) fc = 0. 

Equivalently, in terms of h = k^ 1 and w = V(£), it means solving the 
equation 

(1.326) h- 1 dh = w. 

Let now Hi C H be a closed subgroup that acts on the base B. We consider 
the trivial i^-principal bundle 

(1.327) P = BxH, with R a (b,h) = (6, ha), Vb £ B , h £ H , a £ H. 

Proposition 1.70. 1) The action 

(1.328) hi{b,h) = (hib,hih) 

of Hi on P turns this H-principal bundle into an Hi-equivariant H-principal 
bundle. 

2) Let V be a connection on P, and w = V(£), where £ is the section 
£(6) = (6, 1). Then, for any hi £ Hi, the pull-back V of the connection V 
by the action of hi on P is the connection given by 

(1.329) w 1 = V'(0 = h\(vo) hi . 
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Proof. 1) One needs to check that the projection ir is equivariant, 
which is clear, and that the left action of hi commutes with the right action 
of the group H, which is also clear. 

2) Let a be the connection 1-form of the connection V. Let hi £ H\. 
By construction the connection 1-form a' of the pullback V' is the pullback 
of a by the left multiplication L of (1.328). Thus, we obtain 

V'(0 = CV)= C(L*(a))= (Lo£)». 

One has 

L ° £(b) = (hi b, hi) = R hl £(hi b) , V6 £ B. 

By (1.323) R* hl (a) = (Ad/if 1 )(a), which gives the required equality (1.329). 

□ 

Proposition 1.71. 1) A connection V on P is Hi-invariant iff ' w = V£ 
satisfies the condition 

(1.330) h\(w) = hiwh^ 1 , V/iiGiJi. 
2) Let j be a smooth map from B to H such that 

(1.331) 7 (/ii b) = hi 7(6) h^ 1 , V/netfi. 
t/ien t/ie gauge equivalence 

(1.332) ^ in' = 7 _1 <i7 + 7 _1 tu7 
preserves the Hi-invariance of connections. 

Proof. 1) This follows from (1.329). 

2) Let us assume that w fulfills (1.330). We show that w' also does. 
One has 

^(7-^7) = h*^)- 1 hl(m) hl( 7 ) = hi^wiK 1 
and since dhi = one has 

^(7-^7) = hi 1 ~ 1 d 1 h^\ 
so that the required invariance follows. □ 

We now specialize Propositions 1.70 and 1.71 to the subgroup 
Hi = G m C H = G* = G x G m 
and to connections with values in the Lie subalgebra 

(1.333) = Lie(G) C 0* = Lie(G*) 

The adjoint action of the subgroup Hi = G rn gives the grading u Y on 
= Lie(G). 

A comment about notation: since we are interested in the relative sit- 
uation of the inclusion B° C B, we adopt the notation X° to denote the 
restriction to B° = B \ V C B of an object X (bundle, connection, section, 
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etc) defined on B. In particular we let P = B x G* be the trivial principal 
G*-bundle over the base space B, and P° its restriction to B° = B \ V C B, 

(1.334) P° = B° x G* 
We have the following result. 

Proposition 1.72. Let G m — »■ 5 A denote i/ie G m (C) = C* -bundle 
over the infinitesimal disk A of (1.298). We let P = B x G* be the trivial 
principal G*-bundle over the base space B. 

1) The action 

(1.335) u(b,k) = (ub,uk) 

of G m on P turns this G* -principal bundle into a G m -equivariant G*- 
principal bundle. 

2) Let £(&) = (b, 1). Then the map 

(1.336) V ' ^ V(0 

is an isomorphism between Q-valued G m -invariant connections on P° and 
Q-valued connections on B° fulfilling (1.300). 

3) Let 7 be a regular map from B to G such that 

(1.337) j(ub) = u~j{b) u^ 1 , \fu G G m . 

Then the transformation L 7 , given by Lj(b, k) = (b,j(b)k), is an automor- 
phism of the G m -equivariant G* -principal bundle P. 

4) The gauge equivalence of connections under the automorphisms L 7 
corresponds under the isomorphism (1.336) to the equivalence of Definition 
1.66. 

Proof. 1) The construction of the G m -equivariant G*-principal bundle 
follows from Proposition 1.70. 

2) The invariance condition on connections given by (1.300) is identical 
to (1.330). 

3) By construction L 7 is an automorphism of G*-principal bundle. Con- 
dition (1.337) means that it commutes with the action of G m . 

4) Let a be the connection form of the first connection. The connection 
form of the transformed connection is L*(a), so that the actions on sections 
are related by V = VoL 7 . Then w' = V'(£) = V(7) where 7(6) = (b, 7(6)). 
Thus, we write 

w' = 7 _1 c?7 + 7 _1 w^. 

The invariance condition on gauge equivalences given by (1.337) is identical 
to the one used for the equivalence of equisingular connections in Definition 
1.66. □ 



It is important to understand geometrically the meaning of the restric- 
tion to g- valued connections in part 2) of Proposition 1.71 and to maps to G 
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(instead of G*) in part 3) of the same proposition. In both cases one needs 
to express the triviality of the image under the canonical morphism 

(1.338) e : G* = G x G rn -> G m . 

We let e(P) be the G m -equivariant G m -principal bundle obtained from P 
and the homomorphism e. We denote by e the bundle map e : P — > e{P). 

Lemma 1.73. 1) A connection V on P° is Q-valued iff it is compatible 
through 1 with the trivial connection on e(P), i.e. iff e(V) = d. 

2) Suppose given an invariant flat connection V on P° with e(V) = d 
as above. For any section r/ with Vjj = 0, consider the unique bundle 
isomorphism between the restrictions of P° to sections a : A — > B with 
cr(0) = yo, determined by the trivialisation rj. For such an invariant flat 
connection V, consider the corresponding V(£), defined as in (1.336). This 
V(£) is equisingular iff the bundle isomorphism defined by 7] is regular on 
A. 

3) An invariant bundle automorphism of the G m -equivariant G*-prin- 
cipal bundle P comes from a map 7 as in (1.337) iff it induces the identity 
automorphism on e(P). 

Proof. 1) The compatibility with the trivial connection means that 
the image by e of horizontal vectors is horizontal. Let £(b) = (b, 1) and 
w = V(£). The compatibility holds iff e{w{X)) = for every tangent 
vector, i.e. iff w, which is a priori 0*-valued, is in fact g-valued. 

2) Let w = V(£). A solution 7(2, v) £ G of the equation D7 = w gives 
a flat section 77(6) = (6, 7~ 1 ( b )) of P°. Let Uj : A -> 5 with cr^O) = y - 
The bundle isomorphism between the o-*P°, associated to the trivialisation 
r/, is given by left multiplication by a map z 1— ► /c(z) G G*, such that 

fc(^) 7~ViW) = 7" 1 (^W) , G A*. 

Thus, one has = ^(t) 1 °"i (7) anc ^ ^ i s regular iff the o-*{^j) have the 
same singularity. 

This shows that, if a flat section r\ for V fulfills the condition of the 
second statement of the lemma, then w = V(£) is equisingular. Conversely, 
if w = V(£) is equisingular, then we get a fiat section 77 of P° which fulfills 
the condition of 2) of the lemma. 

In fact, any other flat section is of the form rj' = r/g for some g G G*(C), 
and this does not alter the regularity of the bundle isomorphism associated 
to the trivialization. 

3) A bundle automorphism is given by the left multiplication by a map 
7 from B to G*. It is invariant iff (1.337) holds, and it induces the identity 
automorphism iff £07 = 1. This means that 7 takes values in G = Ker e. □ 

Definition 1.74. We say that V is equisingular when it fulfills the hy- 
pothesis of 2) of Lemma 1.73. 
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Thus, we have translated into this more geometric language the notion 
of equisingular connection of Definition 1.65. 

We remarked in the proof of Theorem 1.67 that the flat invariant connec- 
tions extend automatically to the "compactification" of the base B obtained 
by passing from C* to C. We now state this result in more geometric terms. 
We define the "compactification" of the base B as 

(1.339) B = Bx Gm G a . 

This is still a G m -space, since one has a natural action of G m on the right, 
but it is no longer a principal G m -bundle, since this action admits a whole 
set of fixed points given by 

(1.340) B Rx = Bx Gm {0}cB = B x Gm G . 

As above, we use the notation X° to indicate the restriction of a bundle X 
to B°. 

Lemma 1.75. 1) The bundle P extends canonically to a G m -equivariant 
G* -principal bundle P on E[. 

2) Any invariant connection V on P° with e(V) = d extends canonically 
to an invariant connection V on P° . The restriction of V to Br x is the 
trivial connection d. 

3) An invariant bundle automorphism 7 of the G m -equivariant G* -prin- 
cipal bundle P with e(j) = 1 extends to an invariant bundle automorphism 
of P whose restriction to B^ x is the identity. 

Proof. 1) Let P be the trivial G*-principal bundle P = BxG*. Since 
the action of G rn on B extends canonically to an action on B we can ap- 
ply Proposition 1.70 1) and get the required G m -equivariant G*-principal 
bundle. 

2) Let us show that the differential form w = V£ on B°, where £ is 
the section £(6) = (b,l), extends to B° by continuity. This extension then 
uniquely determines the extension of V as a connection on P^_. We use 
a (non-canonical) trivialization of B as a G m -principal bundle, and write 
B = A x G m . The condition c(V) — d shows that the form zu takes values 
in the Lie subalgebra q C 0*, where 0* = Lie(G*). Thus, it is of the form 

/ \ , ii \ dv 
w = a(z, v) dz + b{z, v) — , 

where a(z, v) and b(z, v) are 0-valued functions and * is the fundamental 
1-form of the principal C*-bundle B. The invariance condition means that 

a(z, uv) = u Y a{z, v) , b(z, uv) = u Y b{z, v) , Vii G G m (C). 

Thus, the strict positivity of the grading Y on shows that a(z, v) dz extends 
by for v = and that u Y b(z, 1)^ extends by continuity to B° (with a not 
necessarily zero value at u = 0) so that b(z,v) * extends to B°. 
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3) The invariant bundle automorphism is given by left multiplication L 7 
by j(z,v) G G fulfilling 

j(z, uv) = u Y j(z, v) , Vu G G m (C). 

Since the grading is strictly positive on the kernel of the augmentation ideal 
of the Hopf algebra of the affine group scheme G, one gets that u Y j(z, 1) 
extends by continuity to 7(2,0) = 1. □ 

Remark 1.76. In the physics interpretation of Remark 1.64, the fiber 

*-\{z}) C B 

over z is the set of possible values of fi z h. Thus the compactification 13 
corresponds then to adding the classical limit h = 0. 

7.4. Tannakian categories and affine group schemes. 

In the previous sections we have translated the data of perturbative 
renormalization from loops to equisingular flat connections. This makes it 
possible to use the Riemann-Hilbert correspondence and classify the equi- 
singular flat connections in terms of representation theoretic data. 

We begin by recalling some general facts about the Tannakian formalism. 
This gives a very general setting in which a given set of data with suitable 
properties (a neutral Tannakian category) can be shown to be equivalent to 
the category of finite- dimensional linear representations of an affine group 
scheme. 

An abelian category is a category to which the usual tools of homological 
algebra apply. This is made precise by the following definition (cf. e.g. [139], 
§2.2). 

Definition 1.77. A category C is an abelian category if the following 
axioms are satisfied. 

• For any X, Y G Obj(C), the set Homc(X, Y) is an abelian group, 
with respect to which the composition of morphisms is bi-additive. 

• There is an object G Obj(C) such that Homc(0,0) is the trivial 
group. 

• There are finite products and coproducts, namely, for each X, X' G 
Obj(C) there exists aY£ Obj(C) and morphisms 

x h Y h x , and x^y^X', 

with hifi = l x , h 2 f 2 = 1 x', h 2 fi = = h 1 f 2 , f\h x + f 2 h 2 = ly. 

• For any X, Y G Obj(C), every morphism f : X — > Y has a canoni- 
cal decomposition 

K^X^I^Y^K', 

where j o i = f, with K = Ker(/), K' = Coker(/), and I = 
Coker(fc) = Ker(c). 
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We need to consider more structure, in order to arrive at something that 
has the right properties to compare with the category of representations of 
an affine group scheme. 

Definition 1.78. A category C is k -linear for a field k if, for any X, Y G 
Obj(C), the set Homc(X, Y) is a k-vector space. A tensor category over k 
is a k-linear category C, endowed with a bi-functor <X> : C x C — > C and a 
distinguished object 1 G Obj(C) satisfying the following property: 

• There are functorial isomorphisms 

a X ,Y,z ■ X <g> (Y <g> Z) -► (X <g>Y) <g> Z 
c x ,y :X®Y^Y®X 
l x : X (g> 1 -> X and r x : 1 <S> X -> X. 
One assumes coherence in the form of triangle, pentagon and hexagon 
relations ([260], [2]) and also the commutativity property thatcyx = 

c x,v 

A rigid tensor category is a tensor category C over k with a duality V : C — > 
C op , satisfying the following properties: 

• For any X G Obj(C) the functor — <g) X y is left adjoint to — X 
and the functor X y ® — is right adjoint to X ® — . 

• There is an evaluation morphism e : X ® X y — > 1 and a unit 
morphism 6:1—* X y (g) X satisfying (e (8) 1) o (1 (g) 5) = lx a^rf 
(1 (g) e) o (5 <g) 1) = l X v. 

One assumes that End(l) = k. 

Remark 1.79. There is a well-defined notion of dimension for objects 
in a rigid tensor category, with values in k = End(l), given by dim(X) := 
Tr(lx) = eo Cx ^,x 06. 

We follow here the terminology of [106] p. 165. Elsewhere in the litera- 
ture the same quantity Tr(lx) is referred to as the Euler characteristic. The 
reason for considering it a "dimension" lies in the result recalled in Remark 
1.82 below. For the relation in the motivic context of this notion to the 
usual Euler characteristic and its effect on the Tannakian property of the 
category of pure motives see [2] . 

Recall also the following properties of functors. 

Definition 1.80. A functor lo : C — > C is faithful if, for all X, Y G 
Obj(C), the mapping 

(1.341) uj :Hom c (X,y) -► Hom C /(o;(X), u(Y)) 

is injective. If C and C are k-linear categories, a functor uj is additive 
if (1.341) is a k-linear map. An additive functor uj is exact if, for any 
exact sequence 0->I-*y->Z->0fflC, the corresponding sequence 
— > uj(X) — > uj(Y) — > uj(Z) — > in C is also exact. A functor uj : C — > C 
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between k-linear tensor categories is a tensor functor if there are functorial 
isomorphisms n : w(l) — > 1 and 

We further enrich the structure of a rigid tensor category by mapping it 
to a category of vector spaces through a fiber functor. This is the extra piece 
of structure that will make it possible to recover the affine group scheme from 
the category 

Definition 1.81. Let C be a k-linear rigid abelian tensor category. Let 
Vectx denote the category of finite- dimensional vector spaces over a field K . 
A fiber functor is an exact faithful tensor functor oj : C — > Vect^. A k-linear 
rigid abelian tensor category C is a Tannakian category if it admits a fiber 
functor uj : C — ► Vect^ ; with K an extension of the field k. The category C 
is a neutral Tannakian category if K = k. 

REMARK 1.82. Deligne showed in [106] that a rigid abelian tensor cat- 
egory C over a field k of characteristic zero is a Tannakian category if and 
only if the dimensions dim(X) G End(l) = k are non-negative integers for 
all objects X G Obj(C) (cfi Remark 1.79). 

The main example of a neutral Tannakian category is the category Rep G 
of finite-dimensional linear representations of an affine group scheme G over 
k, with fiber functor the forgetful functor to vector spaces. The point of 
the Tannakian formalism is that all neutral Tannakian categories are of the 
form Rep G . 

Suppose given a neutral Tannakian category C, with fiber functor to : 
C — > Vectfc. To see that there is an associated affine group scheme, consider 
first the group G{k) of automorphisms of u, i.e. invertible natural transfor- 
mations that are compatible with all the structure on the category C. If K 
is an extension of k, then there is an induced functor ujk '■ C — > Vect^f by 
lok(X) = to(X) <S>k K and one can associate to it the group G(K). Sim- 
ilarly, one can make sense of G(A) for A a unital commutative /c-algebra 
and check that one obtains in this way a covariant representable functor to 
groups G : Ak G, i-e. an affine group scheme. 

We have the following result ([260], [114]). 

Theorem 1.83. LetC be a neutral Tannakian category, with fiber functor 
lo : C — > Vectfc. Let G = Aut ® (a;) be the affine group scheme of automor- 
phisms of the fiber functor. Then uj induces an equivalence of rigid tensor 
categories 

uj : C — > Rep G . 

The affine group scheme G is determined by the pair (C,lo), but when 
no confusion can arise as to the fiber functor uj, we simply refer to G as the 
Galois group of C. 
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Remark 1.84. IfC C C is a subcategory of a neutral Tannakian category 
C, which inherits from C the structure of neutral Tannakian category, then 
there is a corresponding homomorphism of group schemes G — > G' ' , where 
C = Rep G and C = Rep G , . 

The properties of the affine group scheme G reflect the properties of the 
neutral Tannakian category C. We mention one property that will play a 
role in §8 below. 

A A;-linear abelian category C is semi-simple if there exists A C Obj(C) 
such that all objects X in A are simple (namely Hom(X, X) ~ k), with 
Hom(X, Y) = for X ^ Y in A, and such that every object of C is isomor- 
phic to a direct sum of objects in A. A linear algebraic group over a field of 
characteristic zero is reductive if every finite-dimensional linear representa- 
tion is a direct sum of irreducibles. An affine group scheme is pro-reductive if 
it is a projective limit of reductive linear algebraic groups. These properties 
are related as follows. 

Remark 1.85. Let G be the affine group scheme G = Aut ®(u) of a 
neutral Tannakian category C with fiber functor uj. Then G is pro-reductive 
if and only if the category is semi-simple. 

We look at a concrete case, to illustrate the result of Theorem 1.83. Con- 
sider the category Rep^ of finite dimensional complex linear representations 
of a group H. This is a neutral Tannakian category with fiber functor the 
forgetful functor to Vectc- Theorem 1.83 then shows that there exists an 
affine group scheme G, dual to a commutative Hopf algebra TC over C, such 
that the fiber functor gives an equivalence of categories Rep^ = Rep G . This 
G is called the algebraic hull of H and can be quite non-trivial even in very 
simple cases. For instance, consider the following example (cf. [284]). 

Example 1.86. Consider the group H = Z. In this case Rep^ = Rep G , 
where G is the affine group scheme dual to the Hopf algebra H = C[e(q),t], 
for q G C/Z, with the relations e(qi + g^) = e(9i) e te) and the coproduct 
A(e(q)) = e(q) <g> e(q) and A(i) = t <g> 1 + 1 <g> t. 

The Tannakian formalism was initially proposed by Grothendieck as a 
"linear version" of the theory of fundamental groups. The main idea is 
that the group of symmetries (fundamental group in the case of covering 
spaces, Galois group in the case of algebraic equations) always arises as 
the group of automorphisms of a fiber functor. In the theory of (profinite) 
fundamental groups, one considers a functor u from a certain category of 
finite etale covers to the category of finite sets. The profinite group G = 
Aut(w) of automorphisms of this functor determines an equivalence between 
the category of covers and that of finite G-sets. (The reader interested in 
seeing more about the case of fundamental groups should look at SGA1 
[154].) The Tannakian formalism was then developed by Saavedra [260] 
and Deligne-Milne [114] (cf. also the more recent [106]). The fiber functor 
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u> with values in vector spaces can be thought of as a "linear version" of the 
case with values in finite sets, and the affine group scheme G = Aut ®(u;) 
plays the role of the Galois group (or the fundamental group) in this setting. 

In a very different context, a philosophy very similar to the Tannakian 
formalism can be found in results by Doplicher and Roberts [124], obtained 
with operator algebra techniques in the context of algebraic quantum field 
theory. There one recovers a global compact gauge group G from its category 
of finite-dimensional continuous unitary representations. This category is 
characterized as a monoidal C*-category whose objects are endomorphisms 
of certain unital C*-algebras and whose morphisms are intertwining opera- 
tors between these endomorphisms. A characterization in terms of integer 
dimensions similar to the one found by Deligne for Tannakian categories 
also holds in this context (cf. Remark 1.82). 

7.5. Differential Galois theory and the local Riemann Hilbert 
correspondence. 

For our purposes, we are interested in the Tannakian formalism applied 
to categories of differential systems, where it has a fundamental role in 
the context of differential Galois theory and the (local) Riemann-Hilbert 
correspondence (cf. [222], [285]). 

We recall briefly, in the rest of this section, some general facts about 
differential Galois theory and the Riemann-Hilbert correspondence, before 
analyzing the case of equisingular connections in the next section. 

Differential Galois theory was discovered by Picard and Vessiot at the 
beginning of the twentieth century, but it remained for a long time a quite 
intractable problem to compute the differential Galois group of a given dif- 
ferential equation. All results were confined to the regular singular case, in 
which it is the Zariski closure of the representation of monodromy, by an old 
result of Schlesinger. This situation has changed drastically since the work 
of Deligne, Malgrange, Ramis and Ecalle. In short, Martinet and Ramis 
discovered a natural generalization of the notion of monodromy that plays 
in the local analysis of irregular singularities the same role as monodromy 
does in the regular case. 

The fundamental result is that an irregular singular differential equation 
generates a representation of the wild fundamental group, 

vrf ld - GL n (C) 

and this representation classifies the equation up to gauge equivalence. 
Moreover the differential Galois group of the differential equation is the 
Zariski closure of the image of 7r] vlld in GL n (C). This holds both in the 
local and the global case and extends to the irregular case the classical (i.e. 
regular-singular) Riemann-Hilbert correspondence. 
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Regular linear differential equation 
D modulo gauge equivalence 


Representation of iri 
in GL n (C) 


Gal K (D) 


Zariski closure of Im tt\ 


Linear differential equation 
D modulo gauge equivalence 


Representation of 7r 1 /lld 
in GL n (C) 


Gal K (D) 


Zariski closure of Im 7r 1 /lld 



In the usual setting of differential Galois theory (see e.g. [285]), one 
considers a differential field (K, 5) with field of constants C. The two main 
cases for the local theory are the formal theory where K = C((z)) and the 
non-formal theory where K = C({z}). 

A system of ordinary differential equations of the form 

(1.342) 6(u) = Au, 

with A = (dij) an n x n matrix, determines a differential module with 
V = K n and the connection V given by V(e«) = —^2o,ji&j, with the ei a 
basis of V over K. The equation (1.342) is then equivalent to the condition 
^(Yli u i e i) = 0. A linear differential equation 

n 

(1.343) Df = 0, with D = a 3 6j 

j=0 

of order n determines a system, using the companion matrix of the polyno- 
mial expression of D. 

In general, an equation of the form (1.342) will have at most n solutions 
in K that are linearly independent over the field of constants, but in general 
it might not have a full set of solutions in K. In that case, one can consider 
the Picard-Vessiot extension of K determined by (1.342). This is the small- 
est differential field extension E of K (the derivation of E restricts to that 
of K), with the same field of constants, such that (1.342) has a set of n inde- 
pendent solutions in E. The fact that the field of constants is algebraically 
closed ensures the existence of Picard-Vessiot extensions. The differential 
Galois group of the equation (1.342) is the group G{E /K) of differential 
automorphisms of the Picard-Vessiot extension E of (1.342) that fix K. Its 
action on a system of n independent solutions in E determines a natural 
faithful representation of G(E/K) in GL„(C) and its image is an algebraic 
subgroup of GL n (C). 
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To understand the meaning of the differential Galois group let us mention 
two very simple examples and a general result on the solvability of equations. 

Example 1.87. Let a E K be an element which does not belong to the 
image of 5. Then adjoining the primitive of a, that is, a solution of the 
inhomogeneous equation 5(f) = a, can be described through the system given 
by the matrix 



The Picard-Vessiot extension E is given as the differential field E = K(f) 
obtained by adjoining a formal primitive f of a to K. Since a ^ Im5 one 
checks that f is transcendental over K . The differential Galois group is the 
group G(E/K) = G a (C) acting by f i— ► / + c. 

In general, it is quite useful, in order to determine the Picard-Vessiot 
extension E, to know that it is obtained as the field of quotients of the 
Picard-Vessiot ring R of the differential system (1.342). This is characterized 
as follows. 

• R is a differential algebra; 

• R has no non-trivial differential ideal; 

• There exists F G GL n (R), such that F' + AF = 0; 

• R is generated by the coefficients of F. 

Example 1.88. For given a G K , consider the equation 

S(u) = au. 

Let R = K[u, u _1 ] be obtained by adjoining to K a formal solution and 
its inverse. If a is such that R has no non-trivial differential ideal, then 
R is the Picard-Vessiot ring, and the Picard-Vessiot extension E is the 
field of quotients. In that case the differential Galois group is the group 
G(E/K) = G m (C) acting by u i— ► An. In general, the differential Galois 
group is a subgroup o/G m (C). 

The significance of the differential Galois group is that it makes it pos- 
sible to recognize whether a given equation is solvable by the elementary 
steps described in Examples 1.87 and 1.88. One has the following general 
result: 

Theorem 1.89. The following conditions are equivalent for a linear dif- 
ferential equation D. 

(i) The equation is solvable by repeated applications of the following 
steps: 

• Adjunction of primitives (example 1.87); 

• Adjunction of exponentials of primitives (example 1.88); 

• Finite algebraic extensions. 
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(ii) The connected component (for the Zariski topology) of the identity 
in the differential Galois group is solvable. 

It is quite difficult to compute a differential Galois group in general, but 
since it is the Zariski closure of the image of the wild fundamental group, 
the key tool is the Riemann-Hilbert correspondence. 

In order to understand the Riemann-Hilbert correspondence in the gen- 
eral local case, we now come to the Tannakian formalism. We first introduce 
the category of differential modules. 

Definition 1.90. Let (K,S) be a differential field with C as field of 
constants. The category T>k of differential modules over K has as objects 
pairs (V, V) of a vector space V G Obj(V^) and a connection, namely a C- 
linear map V : V — ► V satisfying V(fv) = S(f)v + fV(v), for all f G K and 
all v EV. A morphism between objects (Vi,Vi) and (V2,V2) is a K-linear 
map T : V\ — > V 2 satisfying V2 ° T = T o Vi . 

The category T>k of differential modules over K of Definition 1.90 is a 
C-linear rigid tensor category, with the tensor product 

(Vi, Vi) ® {V 2 , V 2 ) = (Vi ® V 2 , Vi <g> 1 + 1 <g> V 2 ) 

and with (V, V) v the iT-linear dual of V with the induced connection. One 
can check that the functor to vector spaces over C that assigns to a module 
(V, V) its solution space KerV is a fiber functor. Thus, Theorem 1.83 shows 
that there is an affine group scheme G and an equivalence of categories 
V K ^ Rep G . 

In the formal case K = C((z)), the affine group scheme G is a semidirect 
product G = T x Z of the Ramis exponential torus T by the algebraic hull 
of Z. The Ramis exponential torus corresponds to the symmetries which 
multiply by a non-zero scalar 

e P( z -^) „ Xp e P(*-i/") ; with Api+pa = M ^ 

the formal exponentials of a polynomial in z^ 1 ^, where v is a ramification 
index. 

This torus is then of the form T = Hom(£>, C*), where B = U ue ^B u , for 
B v = z~ 1 / u C[z~ 1 / u ]. In the non-formal case K = C({z}), the Galois group is 
given by the Ramis wild fundamental group. This has additional generators, 
which depend upon resummation of divergent series and are related to the 
Stokes phenomenon. We will not discuss this further here. We refer the 
interested reader to [222] and [285] for a more detailed treatment of both 
the formal and the non-formal case. 

It is useful to remark, however, that there are suitable classes of differ- 
ential systems for which the Stokes phenomena are not present, hence the 
differential Galois group is the same in the formal and in the non-formal 
setting (cf. e.g. Proposition 3.40 of [285]). 
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One recovers the differential Galois group of a single equation by con- 
sidering the affine group scheme associated to the Tannakian subcategory 
of T>k generated by the differential module associated to the equation. 

Similarly, one can restrict to particular Tannakian subcategories of T>k 
and identify them with categories of representations of affine group schemes. 
All these results can be seen as a particular case of the Riemann-Hilbert cor- 
respondence, which is broadly meant as an equivalence of categories between 
the analytic datum of certain equivalence classes of differential systems and 
a representation theoretic datum. 

An important case is related to Hilbert's 21st problem, or the Riemann- 
Hilbert problem for regular-singular equations. For simplicity, we discuss 
here only the local case of equations over an infinitesimal disk A C C around 
the origin. We refer the reader to [105] for a more general treatment. 

Example 1.91. Let (K,5) be the differential field K = C((z)) with 
5(f) = /'. A differential equation (1.342) is regular-singular if there exists 
an invertible matrix T with coefficients in K such that T _1 AT — T~ 1 S(T) = 
B/z, where B is a matrix with coefficients in C[[z]]. The Tannakian sub- 
category T> T ^ of T>k generated by the regular- singular equations is equivalent 
to Rep^, where Z is the algebraic hull of "L as in Example 1.86. This cor- 
responds to the fact that a regular singular equation is determined by its 
monodromy representation, where Z = 7Ti(A*). 

Deligne proved in [105] a much stronger form of the regular-singular 
Riemann-Hilbert correspondence, where instead of the simple local case of 
the infinitesimal disk one considers the general global case of a complement 
of divisors in an algebraic variety. In this case it is still true that the category 
of regular-singular differential systems is equivalent to the category of finite- 
dimensional linear representations of the fundamental group. This type 
of global regular-singular Riemann-Hilbert correspondence admits further 
generalizations, in the form of an equivalence of derived categories between 
regular holonomic P-modules and perverse sheaves. We refer the reader to 
a short survey of this more general viewpoint given in §8 of [139]. 

Here we are interested specifically in identifying the Riemann-Hilbert 
correspondence for the equivalence classes of flat equisingular connections 
of §7.2. This case differs from the usual setting recalled here in the following 
ways. 

• Our base space is not just the disk A but the C*-fibration B over 
A, so we leave the category T>k of differential systems of Definition 
1.90. 

• The equivalence relation on connections that we consider is through 
gauge transformations regular at z = 0. 

• The equisingular connections are not regular-singular, hence we 
need to work in the setting of the "irregular" Riemann-Hilbert 
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correspondence, where one allows for an arbitrary degree of irreg- 
ularity, as in the case of T>k above. 
• The Galois group will be the same in both the formal and the 
non-formal setting. 

Recall that we already know from the proof of Theorem 1.67 that flat 
equisingular connections have trivial monodromy, so that the representation 
theoretic datum that classifies them is certainly not a monodromy represen- 
tation. We see that the Galois group has a structure similar to the Ramis 
exponential torus. 

We discuss all this in detail in the next section. 

7.6. Universal Hopf algebra and the Riemann Hilbert corre- 
spondence. 

The main result of this section is the Riemann-Hilbert correspondence 
underlying the theory of perturbative renormalization. This will identify a 
universal affine group scheme U* that governs the structure of the diver- 
gences of all renormalizable theories and which has the type of properties 
that Cartier envisioned for his "cosmic Galois group" . 

We begin by constructing a category of flat equisingular vector bundles. 
We will then see how it relates to the flat equisingular connections for a 
particular choice of the pro-unipotent affine group scheme G. 

We first introduce the notion of a VF-connection on a filtered vector 
bundle. As above we let B° C B be the complement of the fiber over 
z = G A for the space B of (1.298). 

Definition 1.92. Let (E, W) be a filtered vector bundle over B, with an 
increasing filtration W~ n ~ 1 {E) C W~ n (E) and a given trivialization of the 
associated graded 

Gt^{E) = W- n (E)/W- n - 1 (E). 

A W -connection on E is a connection V on the vector bundle E° = E\ B o, 
with the following properties : 

(1) The connection V is compatible with the filtration, i.e. it restricts 
to all the W-' n (E°). 

(2) The connection V induces the trivial connection on the associated 
graded Gv w (E). 

Two W -connections Vj on E° are W -equivalent iff there exists an automor- 
phism T of E, preserving the filtration, that induces the identity on Gr w (E) 
and conjugates the connections, T o Vi = V2 ° T. 

We reformulate conditions (1.300) and (1.301) of equisingularity in this 
context. Let V be a finite-dimensional Z-graded vector space V = © n ezKu 
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and consider the trivial vector bundle E = B x V . We vi6W it as a &rn~ 
equivariant filtered vector bundle (E, W), with the weight filtration 

(1.344) w- n {v) = e m > n v m , 

and the G m -action induced by the grading of V. 

Definition 1.93. A flat W -connection V on E is equisingular if it is 
G m -invariant and for any fundamental system of solutions of Vry = the 
associated isomorphism between restrictions of E to sections a : A — > B 
with cr(0) = yo is regular. 

We construct a category £ of flat equisingular vector bundles as follows. 

Definition 1.94. The objects Obj(£) are given by data = [V, V]. Here 
V is a finite- dimensional "L-graded vector space andV is an equisingular W - 
connection on the filtered bundle E° = B° x V. The brackets [V, V] mean 
taking the W- equivalence class of the connection V. The data (E,V) are a 
flat equisingular vector bundle. 

The morphisms Horri£(0, 0') are linear maps T : V — ► V that are 
compatible with the grading and satisfy the following condition. Consider on 
the bundle (E' © E)* the W -connection 

and the W -connection V2, which is the conjugate of Vi by the unipotent 
matrix 

'I T^ 

Then the requirement for a morphism T G Honi£-(0,0') is that these two 
W -connections are W -equivalent on B, 

(1.346) V 2 =^ Q v j ~ V 1= ^ Q v 

It is worth explaining why it is necessary to use the direct sum E' © 
E and the matrices in condition (1.346) for the definition of morphisms. 
This is related to the fact that we are dealing with filtered spaces. The 
problem is that the category of filtered vector spaces, with morphisms that 
are linear maps respecting the filtration, is not an abelian category. In 
fact, suppose given a linear map / : V — > V of filtered vector spaces, such 
that f{W~ n {V)) C W~ n {V). In general, there is no relation between the 
restriction to the image of / of the filtration of V' and the filtration on the 
quotient of V by Ker(/), while in an abelian category one would expect 
an isomorphism between V/Ker(/) and Im(/). Thus, we have to refine our 
class of morphisms to one for which this property is satisfied. 

We first explain the relation of Definition 1.94 to the equivalence classes 
of flat equisingular G-connections considered in Sections 7.2 and 7.3. 



(1.345) 
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Lemma 1.95. Let G be the affine group scheme dual to a graded con- 
nected Hopf algebra 7i = ® n >oHn, with finite- dimensional 7i n , as in §7.2. 
Let w be a flat equisingular connection as in Definition 1.65. Let £ : G — > 
GL(V) be a finite-dimensional linear graded representation of G. Then the 
data determine an element O £ Obj(£). Equivalent w determine the 

same 0. 

Proof. Notice that a graded representation of the pro-unipotent G 
in V can be described equivalently as a graded representation of the Lie 
algebra q = LieG in V. Since the Lie algebra g is positively graded, 
both representations are compatible with the weight filtration W~ n (V) = 
®m>nVm- The induced representation on the associated graded Gr^(V) = 
W~ n (V)/W~ n ~ 1 (V) is the identity. We let f : G* -> GL(V) be the natural 
extension of £ to G* = G xi G rn which when restricted to G m is the grading 
of V . Consider the vector bundle E on B associated to the trivial principal 
G*-bundle P by the representation £*. The connection zu is a fiat equisingu- 
lar G-connection in the sense of Definition 1.65 and by Lemma 1.73 it gives 
a fiat equisingular connection on the G*-bundle P° of (1.334). It induces a 
connection V on E° = E\ B o, which using Lemma 1.73 is a fiat equisingular 
W^-connection in the sense of Definition 1.93. If w and zu' are fiat equisin- 
gular G-connection on P° that are equivalent as in Definition 1.66, then the 
corresponding VF-connections V and V' are VF-equivalent. □ 

Thus, the category £ of fiat equisingular vector bundles of Definition 1.94 
provides a universal setting where equivalence classes of fiat equisingular G- 
connections for varying G can be analyzed simultaneously. We will see later 
how we recover the classes of fiat equisingular connections for a particular 
G from the general case. 

We first analyze the main properties of the category 8. We begin by 
introducing the affine group scheme U* and the universal singular frame tu- 



Definition 1.96. Let C v = 2, 3, ■ • ■ ). denote the free graded Lie 
algebra generated by elements e_ n of degree n, for each n > 0. Consider the 
Hopf algebra 

(1.347) H u: =^(^(l,2,3,---).) V , 

which is the graded dual of the universal enveloping algebra of Cjj. We 
denote by U the affine group scheme associated to the commutative Hopf 
algebra 7iu, and by U* the semidirect product U* = U x G m , with the action 
given by the grading. 

As an algebra is isomorphic to the linear space of noncommutative 
polynomials in variables f n , n £ N, with the shuffle product. 
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The sum 

oo 

(1.348) e = e ~n, 

l 

defines an element of the Lie algebra Cu of U. Since U is by construction a 
pro-unipotent afhne group scheme we can lift e to a morphism 

(1.349) rg : G a U, 

of affine group schemes from the additive group G a to U. This morphism 
will play an important role from the point of view of renormalization. In 
fact, we will see in Theorem 1.106 that it gives a universal and canonical lift 
of the renormalization group. 

Definition 1.97. The universal singular frame is the loop in the pro- 
unipotent Lie group U(C) given by the formula 

(1.350) lu(z,v) =Te-*fi ^^"f. 

We can compute explicitly the coefficients of the universal singular frame 
as follows. 

Proposition 1.98. The universal singular frame is given by 

PROOF. Using (1.348) and (1.262), we obtain that the coefficient of 

6— ki &—k2 

■ • • e_fc„ is given by the expression 



JO 



1 • • • S^- 1 dSl • • • ds n . 



1 

0<si<-<s„<l 



This yields the desired result. □ 

Remark 1.99. Notice that the coefficients of 70(2, u) are all rational 
numbers. Moreover, the coefficients of (1.351) are the same coefficients 
that appear in the local index formula of [92]. 



The main result of this section, which gives the Riemann-Hilbert cor- 
respondence for the category of flat equisingular bundles, is the following 
theorem. 

Theorem 1.100. Let £ be the category of equisingular flat bundles of 
Definition 1.94. Let uj : £ — > Vectc be the functor defined by = V , 

for G = [V, V] . Then £ is a neutral Tannakian category with fiber functor 
uj and is equivalent to the category of representations Repu* of the affine 
group scheme U* of Definition 1.96. 
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Proof. We prove this result in several steps. Let V be a finite-dimen- 
sional graded vector space over a field k. (Here we work with k = C, but 
see Corollary 1.105 below.) Let Gy(fc) denote the group of linear transfor- 
mations S C End(V) compatible with the weight filtration, 

(1.352) SW- n (V) C W- n (V), 
and inducing the identity on the associated graded 

(1.353) S\ Gt w = 1. 

The unipotent algebraic group Gy is (non-canonically) isomorphic to the 
unipotent group of upper triangular matrices. Its Lie algebra is then iden- 
tified with strictly upper triangular matrices. We then have a direct trans- 
lation between T^-connections and G- valued connections. 

Proposition 1.101. Let{E,V) be aflat equisingular vector bundle, with 
E = B x V . Then the following holds. 

(1) The connection V defines a flat equisingular Gy-valued connection 
w, for Gy as above. 

(2) All flat equisingular Gy-valued connections are obtained in this 
way. 

(3) This bijection preserves equivalence, namely equivalent flat equi- 
singular Gy-valued connections correspond to the same object © = 
[V,V] of 8. 

Proof. Since iy-connections are compatible with the filtration and 
trivial on the associated graded, they are obtained by adding a Lie Gy- 
valued 1-form zv to the trivial connection. Similarly, VF-equivalence is given 
by the equivalence of Definition 1.66. □ 

Lemma 1.102. (1) Let © = [V, V] be an object of £. There exists a 
unique representation p = p® of U* in V such that the restriction 
to G m C U* is the grading and 

(1.354) Dp(7u) ~ V, 

where 7u is the universal singular frame. 
(2) Given a representation p : U* — > GL(V), there exists a connection 
V on E° = B° x V, unique up to equivalence, such that [V, V] is 
an object in £ and V satisfies (1.354). 

Proof. Let Gy be defined as above. By Proposition 1.101, we know 
that V defines a flat equisingular Gy-valued connection w. Then, using 
(1.303) of Theorem 1.67, we know that we have an equivalence 

for a unique element (3 G Lie Gy. We can decompose the element (5 into 
homogeneous components for the action of the grading, f3 = ^ n (3 n with 
Y(j3 n ) = n(3 n . Thus, the element (3 (and the grading) uniquely determine 
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a representation p of U* in Gy, where p(e_ n ) = (3 n . This representation 
satisfies (1.354) by construction. Conversely, given a representation p of U*, 
we consider the grading associated to the restriction to G m and let 

The flat equisingular connection D7 determines a VF-connection V on the 
vector bundle E° with the desired properties. □ 

We will see in Theorem 1.106 below that the construction of represen- 
tations of U in Gy used in the proof of Lemma 1.102 above holds in general 
and provides the way to recover classes of flat equisingular connections for 
a given pro-unipotent afnne group scheme G from the data of the category 
£. We now continue with the proof of Theorem 1.100. 

Lemma 1.103. Let = [V, V] be an object in £. Then the following 
holds. 

(1) For any S G Aut(V) compatible with the grading, SV S" 1 is an 
equisingular connection. 

(2) The representation pq of Lemma 1.102 satisfies 

P[v,ssi s- 1 ] = S P{v,v]S 1 - 

(3) The equisingular connections V and S VS" 1 are equivalent if and 
only if[p( E ,V),S] = 0. 

Proof. (1) The equisingularity condition is satisfied. In fact, the G m - 
invariance follows from the compatibility with the grading and the restriction 
to a section a : A — > B satisfies 

a^SVS' 1 ) = Sa*{V) S~\ 

so that the second condition for equisingularity is also satisfied. 

(2) The second statement follows from Lemma 1.102 and the compati- 
bility of S with the grading. In fact, we have, for an element (3 6 LieGV, 

STe-l IS uY W d it S- 1 = Te-l /o - Y (sps^) f 

(3) The third statement follows immediately from the second, since 
equivalence corresponds to having the same (3 G LieGV, by Theorem 1.67. 

□ 

Proposition 1.104. Let @ = [V,V] and &' = [V , V] be objects of £. 
Let T : V — > V' be a linear map compatible with the grading. Then the 
following two conditions are equivalent: 

(1) TGHom f (e,e'); 

(2) Tp e = pq, T. 
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Proof. Let S e Aut(E'(BE) be the unipotent automorphism of (1.345). 
By construction, S is an automorphism of E' © E, compatible with the 
grading. By (3) of the previous Lemma, we have 



This holds if and only if ft T = T(3. □ 

To complete the proof of Theorem 1.100, we check that the functor 
Repu* — > £ given by p i— > Dp(-fu) is compatible with the tensor structure. 
In £ this is given by 



This is compatible with the VF-equivalence and with the condition of eq- 
uisingularity of the connections. The compatibility of p i— ► Dp{^u) with 
tensor products then follows from the formula 



On morphisms, it is sufficient to check the compatibility on 1(g) T and T<8) 1. 

We have shown that the tensor category £ is equivalent to the cat- 
egory Repu* of finite-dimensional representations of U*. The fact that 
U* = Aut ® (a;) then follows, since the fiber functor uj becomes through 
this equivalence the forgetful functor that assigns to a representation the 
underlying vector space. □ 

Corollary 1.105. The category £ can also be defined over the field k = 
Q and the equivalence of rigid k-linear tensor categories proved in Theorem 
1.100 still holds fork = <Q>. 

PROOF. In the case where k = Q, we work in the formal setting with the 
differential field K = Q((z)). We still consider the same geometric setting 
as before, where the infinitesimal disk A = Spec(-fsT). All the arguments 
still go through. In fact, notice that (1.273) gives a rational expression for 
the operator D. This, together with the fact that the coefficients of the 
universal singular frame in (1.351) are rational, implies that we can work 
with a rational V. □ 

In particular, Corollary (1.105) also shows that for the category of flat 
equisingular bundles the formal and the nonformal theory give the same 
Galois group U*. This reflects the fact that, due to the pro-unipotent nature 
of the affine group scheme, our arguments usually depend upon only finitely 
many terms in an infinite sum, cf. Remark 1.59. 




if and only if 




(v, v) ® (v*, v') = (7®7',v®i + i8 V). 



Te -i /o ^(mi+mP') d it = Te -i lo - Y (P) d if Te- 1 * /o » Y W) If . 



7. RENORMALIZATION AND THE RIEMANN-HILBERT CORRESPONDENCE 135 

In the rational case, we can define, for each n £ Z, an object Q(n) 
of the category £ of equisingular flat vector bundles where V is given by 
a one-dimensional Q-vector space placed in degree n, and V is the trivial 
connection on the associated vector bundle E over B. Then the fiber functor 
takes the form lo = ©w„, with 

(1.355) u n (Q) = Hom(Q(n), Gi w n (@)) . 



We now return to discuss the physical significance of the result of The- 
orem 1.100 and the role of the affine group scheme U* in perturbative 
renormalization. The following result shows how U* is related to the pro- 
unipotent affine group scheme G. In particular, this holds in the case where 
G = Difg(T) is the group of diffeographisms of a renormalizable theory. 

Theorem 1.106. Let G be a pro-unipotent affine group dual to a graded 
connected commutative Hopf algebra 7i = © n >oW n , with finite- dimensional 
7i n . Then the following properties hold. 

(1) There exists a canonical bijection between equivalence classes of flat 
equisingular connections on P° and graded representations U — > G, 
or equivalently representations 

(1.356) p : U* ->■ G* = G x G m , 

which are the identity on G m . 

(2) The universal singular frame 7u provides universal counterterms. 
Namely, given a loop 7 M G L(G(C), p), the universal singular frame 
maps to 7- (2) under the representation p of (1.356). 

(3) The renormalization group F t in G(C) described in Proposition 1.47 
is obtained as the composite p o rg, with p as in (1.356) and rg : 
G a -► U as in (1.349). 

Proof. (1) Theorem 1.67 shows that the equivalence classes of flat eq- 
uisingular connections are parameterized by the elements (3 G LieG. We 
then proceed as we did in the proof of Lemma 1.102. The positivity and 
integrality of the grading make it possible to write (3 as an infinite formal 
sum 

00 

(1.357) p=J2Pn, 

1 

where, for each n, (5 n is homogeneous of degree n for the grading, i.e. Y{(3 n ) = 
n(3 n . Assigning (3 and the action of the grading on it is the same as giving 
a collection of homogeneous elements (3 n that fulfill no restriction besides 
Y(Pn) = n(3 n . In particular, there is no condition on their Lie brackets. 
Thus, assigning such data is the same as giving a graded homomorphism 
from the affine group scheme U to G, i.e. a p as in (1.356). 
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(2) This follows from Theorem 1.58, since we have 

(3) By Corollary 1.49 we know that (3 is the infinitesimal generator of 
F t □ 

Corollary 1.107. The affine group scheme U acts on the coupling con- 
stants of physical theories, through the representation (1.356) to the group 
of diffeographisms Difg(T) and then applying Proposition 1.42 to obtain 

(1.358) U Difg(T) -► Diff. 

Thus, the affine group scheme U has the right properties that Cartier 
expected for his "cosmic Galois group" . In §8 we will also discuss the arith- 
metic nature of U and its relation to motivic Galois groups. Note that, while 
the morphism Difg(T) — ► Diff is defined over Q the morphism U — > Difg(T) 
in (1.358) is only defined over C since it is associated to an equisingular 
connection with complex coefficients. In the dual map of Hopf algebras, the 
image of the generators T will have coefficients with respect to the genera- 
tors of Hu that are transcendental numbers obtained from the residues of 
the graphs. 

The map (1.356) can be seen as a map of Galois groups, from the Galois 
group of the Tannakian category £ to that of the Tannakian subcategory 
generated by the flat equisingular vector bundles that come from flat equi- 
singular G-connections on P°. In general, for a given quantum field theory 
T the subcategory £q- of £ given by flat equisingular vector bundles coming 
from T will differ from £. The corresponding affine group scheme plays 
the same role as the Galois group of a given differential equation does with 
respect to the universal group. Thus it is natural to define the Galois group 
of T as follows, with 

(1.359) Gal(T)* = Gal(T) x G m . 

Definition 1.108. LetT be a given renormalizable quantum field theory. 
We define the Galois group Gal (T)* as the affine group scheme associated 
to the subcategory £q- of flat equisingular vector bundles coming from T. 
We let Gal (T) be the graded affine group scheme kernel of the canonical 
morphism Gal(T)* — ► G m . 

Since we are dealing with a subcategory of £, one has a natural surjection 

(1.360) U^Gal(T) 

and the group homomorphism p : U —> G of (1.356) with G = Difg(T) 
factors through Gal(T) by (1.360). When there are no divergences in the 
theory one has Gal(T) = {1} and this can happen even though Difg(T) is 
quite large. It is of course desirable to find in our framework an analogue of 
Theorem 1.89 on the resolution of equations. 
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Proposition 1.109. Let T be a given renormalizable quantum field the- 
ory. 

1 ) The theory T is finite iff its Galois group is trivial, that is Gal (T) = 

{!}■ 

2) If the theory T is super-renormalizable, its Galois group Gal (T) is 
finite- dimensional. 

Proof. 1) If the theory is finite then there are no divergences and (3 = 
so that the image of U in G = Difg(T) is trivial. The converse also holds, 
since the divergences are determined by the residues and hence by (3. 

2) By definition (cf. [62] §5.7.3) a theory is super-renormalizable iff only 
a finite number of graphs need overall counterterms. The prototypical ex- 
ample is T = (f>\. It then follows that only a finite number of homogeneous 
components [3k are non-zero so that the Lie algebra of Gal (T) is finite- 
dimensional. □ 

In particular, LieGal(T) is the Lie subalgebra of LieDifg(T) generated 
by the (3 n . 



8. Motives in a nutshell 

In this section we give a brief overview of Grothendieck's theory of mo- 
tives. The theory is vast and one can easily get into very hard technical 
aspects, but we will only give an impressionistic sketch, and focus on those 
aspects that are of direct relevance to the interaction with noncommutative 
geometry and quantum physics. For the reader who might be interested in 
a more detailed treatment of the subject, we recommend the recent book by 
Yves Andre [2], and the two AMS volumes of the 1991 Seattle conference 
(cf. [173]). 

8.1. Algebraic varieties and motives. 

We describe in this section those aspects of the theory of algebraic vari- 
eties that contributed to the formulation of Grothendieck's original idea of 
a theory of motives. 

8.1.1. Cohomology theories. With the development of etale cohomology 
of algebraic varieties, one finds that there are several different viable coho- 
mology theories one can associate to an algebraic variety. Moreover, these 
theories are related by specific comparison isomorphisms. 

If X is a smooth projective algebraic variety over a field k, then for a 
given separable closure fc sep and for X the variety over k sep obtained by 
extension of scalars, one can define the £-adic etale cohomology 

(1.361) K t (X,Q e ) 

whenever t is prime to the characteristic of k. These are finite- dimensional 
Qe- vector spaces, which satisfy all the desirable properties of a cohomology 
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theory: Poincare duality, Kiinneth formula, Lefschetz formula. Moreover, 
the spaces H^ t (X,Qe) carry a representation of the absolute Galois group 
Gal(k/k). 

In the case where the field k is of characteristic zero, one can also define 
de Rham cohomology groups 

(1.362) Hi R (X,k) = W(n* x/k ), 

which are finite-dimensional filtered k- vector spaces. These are constructed 
by taking the hypercohomology of the algebraic de Rham complex £l* x i k - 

If the field k can be embedded in C, then the choice of such an embedding 
a : k C determines another cohomology theory, the Betti cohomology 

(1.363) H l B (X,Q):=H i (X(C),Q) 

is the singular cohomology of X(C). These are finite-dimensional Q- vector 
spaces. They have the property that the C- vector space H^(X,Q) ®q C is 
bigraded (it carries a Hodge structure) 

H^(X,Q) ® Q C = (B p+q=l H p ' q . 

There are interesting isomorphisms relating these cohomology theories. 
The period isomorphism relates Betti and de Rham cohomology 

(1.364) H$ i (X,Q)<8>QC~H t dR (X,k)<8> k C. 

The matrix realizing the period isomorphism is the period matrix. 

The comparison isomorphisms relate etale and Betti cohomology by 

(1.365) H^X, <Q>) Q Qt ~ Hl t (X, Q e ). 

In positive characteristic and for a (perfect) field k, one can also consider 
crystalline cohomology. This gives a functor from varieties over k to graded 
iy(fc)-algebras that are finitely generated as W(k)-modules. Here W(k) is 
the ring of Witt vectors of k. Again there is a comparison isomorphism, 
which states that if X/k lifts to a smooth X /W(k) then crystalline and de 
Rham cohomology agree 

(1.366) K rys (x/k) ~ w dK (x/w(k)) = m\n* x/w(k) ). 

One can see a very simple example of these different cohomologies by 
looking at i? 2 (P 1 ). This particular cohomology will play a role below, when 
we talk about Tate motives. One has the following ([2], p. 29) 

• iTg^P 1 , Q() = Homz £ (lim //^Q^) (etale): fi m is the group of m-th 
roots of unity. (See [227] example 16.3.) 

• Hj^F 1 ,^ = k (de Rham) with the filtration F* with = 
and F >0 = k. 

. #|(P\Q) = (Betti). 

• (F 1 ) = W(k)[l/p] (crystalline in characteristic p). 
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One can abstract from these cases (de Rham, etale, Betti, crystalline) 
the desirable properties of a "good" cohomology theory of algebraic varieties. 
This leads to the notion of Weil cohomology 

A Weil cohomology H* is a contravariant functor from the category V{k) 
of smooth projective varieties over a field k (or from the category of smooth 
projective schemes) to the category GrVect(K) of graded vector spaces over a 
field K of characteristic zero. The required properties for a Weil cohomology 
are summarized as follows. 

• The vector spaces H l {X) are finite-dimensional in each degree i, 
with W(X) = unless < i < 2 dim A. 

• Poincare duality holds, namely for each X G Obj(V(fc)) there is 
an isomorphism H 2dimX (X) ~ K and a nondegenerate bilinear 
pairing (x,y) ^ (x,y), 

(1.367) H\X) x H 2AimX -\X) 3. K. 

• The Kunneth formula holds: the projections 7Tj : X\ x X2 — > Xi, 
for i = 1,2, induce an isomorphism 

(1.368) H*(X x k Y) ~ H*{X)® K H*{Y). 

• If C*(X) denotes the abelian group of algebraic cycles (linear com- 
binations of irreducible closed subvarieties) in X of codimension i, 
there is a cycle map 

(1.369) f x : C\X) -► i7 2i (X) 

which satisfies functoriality properties under pullback (and push- 
forwards by Poincare duality), has the multiplicative property 

1 ^ Y (ZxW) = lx (Z)®4(W) 

and is normalized by the condition that 7 p t is the inclusion Z C K. 

• Weak and hard Lefschetz conditions are satisfied. Namely if W is 
a smooth hyperplane section of X and 1 : W — > X is the inclusion 
then the induced map t* : H l {X) — > /P(W) is an isomorphism 
for i < dimX — 2 and is injective for i = dimX — 1. This is the 
weak Lefschetz condition, while hard Lefschetz states that there 
are isomorphisms 

(1.370) £ (dimX-i) . gtpq 3, ^dimX-i^^ 

for all i < dimX, where C is the Lefschetz operator 

C : H\X) -»• H i+2 (X), £{x) = xU~f x {W). 

The classical cohomology theories mentioned above (Betti, de Rham, 
etale, crystalline) are Weil cohomologies. For example, consider the case of a 
field k of characteristic zero. Betti cohomology is a Weil cohomology because 
singular cohomology for varieties over C is a Weil cohomology. By results 
of Grothendieck, Artin, and finally Deligne's proof of the hard Lefschetz 
properties, it is known that etale cohomology is a Weil cohomology. 
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Notice that the existence of the cycle map (1.369) for a Weil cohomology 
implies that there is always a part of the cohomology (the image of the cycle 
map) that is realized by algebraic cycles. In particular, this shows that 
correspondences given by algebraic cycles in the product of two varieties 
determine morphisms of any Weil cohomology through the cycle map. This 
is the key to defining morphisms in the category of motives. In general, one 
has very little explicit knowledge of which part of a given cohomology theory 
lies in the image of the cycle map (the Hodge conjecture being an example 
of this type of question). 

The natural question prompted by the existence of so many different 
cohomology theories of algebraic varieties and of comparison isomorphisms 
between them is to understand what type of information can be transferred 
from one cohomology theory to another. The fundamental idea of motives is 
the existence of a universal cohomology theory for algebraic varieties, with 
values not in vector spaces but in a suitable Q-linear semi-simple monoidal 
category (see below), which maps to all the "reasonable" cohomology the- 
ories (i.e. to all Weil cohomologies). A cohomo logical invariant is motivic 
if it exists at this universal level and it manifests itself in the various coho- 
mologies through suitable realization functors. 

8.1.2. Algebraic cycles. The fundamental step in constructing such a 
universal cohomology theory is a "linearization" of the category of algebraic 
varieties. This is achieved by replacing the usual notion of morphisms of 
varieties by a larger class of morphisms given by correspondences realized 
by algebraic cycles in the product. 

Let V{k) be the category of smooth projective algebraic varieties over 
a field k. It is not an additive category, but it can be embedded in an 
additive category with the same objects and with morphisms given by formal 
linear combinations (with coefficients in Z or in Q) of algebraic cycles in the 
product X x Y of codimension equal to the dimension of X. 

Thus, a correspondence Z is of the form Z = J2i n i^i-, where the Zi are 
irreducible algebraic subvarieties of X x Y of the prescribed codimension. 
We denote the resulting abelian group (or Q- vector space) by C°(X, Y)% (or 
C°(X,Y) Q ). 

Notice that, as in the case of a cohomology theory, we are constructing 
a contravariant functor from varieties to motives, so that the abelian group 
C°(X, Y)z of algebraic cycles iiilxY" corresponds to maps from Y to X, 
hence the condition of the codimension being equal to dim X. A morphism 
of varieties / : Y — > X determines a morphism in this generalized sense by 
taking the (transpose of the) graph T(/)* C X x Y. 

In order to have both a well-defined composition and reasonably sized 
spaces of morphisms, one needs to consider morphisms as defined by al- 
gebraic cycles modulo a certain equivalence relation. For the purposes of 
enumerative algebraic geometry, it suffices to consider cycles up to the nu- 
merical equivalence relation. This states that two cycles Z\,Z2 £ C°(X,Y) 
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are equivalent, Z\ ~ num iff th.6 intersection numbers 

(1.371) Zi • Z = Z 2 • Z 

are the same, for any Z a subvariety of complementary dimension. The 
intersection number is defined by linearity: if Zj = nijZij then Z, • Z = 

The category of numerical effective motives M^ m (k) is the pseudo- 
abelian envelope (the minimal pseudo-abelian category spanned by an ad- 
ditive category, it also called the Karoubian envelope) of the category gen- 
erated by the algebraic varieties with morphisms 

C {X, ^)Q,num = C (X, Y)q/ ~ 

num • 

More precisely, this means that the objects of M^ m (k) are pairs (X,p) of 
X G Obj(V(fc)) and p a projector, that is, an endomorphism 

,num 

satisfying p 2 = p (in the numerical equivalence relation). Morphisms be- 
tween two such objects are of the form 

(1.372) Hom MgSm(fc) ((X,p), (Y, q)) = qo C°(X, F) Q , num o p. 

An important result of Jannsen [174] shows that the category A4^ an (k) 
is a semi-simple abelian category. It is endowed with a monoidal structure 
induced by the Cartesian product of varieties. 

Another notation for elements (X,p) in the category M^ m (k) is ph(X). 
In particular, one often writes h l (X) for an element (X,p l ) in Mll m (k) that 
maps to H l (X) in the realization in a Weil cohomology (cf. § 8.2.4 below 
on the standard conjectures). The decomposition H*{X) = (BiH l (X) as a 
graded vector space corresponds to the fact that an algebraic variety has 
an additive decomposition in the category of motives of the form h(X) = 
®ih l {X). In this sense, motives can be thought of as "direct summands of 
algebraic varieties". One says that the motive h l (X) is pure of weight i. 

One can consider other choices of the equivalence relation on alge- 
braic cycles. One choice is rational equivalence. In this case one says that 
Zi ~ rat Z2 if they can be transformed one into the other by a sequence of de- 
formations parameterized by the projective line P 1 . The group of algebraic 
cycles modulo rational equivalence is the Chow group A l (X). One denotes 
the resulting vector space of correspondences by C°(X, Y)q tia , t and one ob- 
tains in this way a category of effective Chow motives Ai^ t (k) as above, 
by replacing ~ num with ~ ra t- As we discuss below, these categories have 
different properties when one changes the choice of the equivalence relation. 

Another important equivalence relation on algebraic cycles is the ho- 
mological relation. This depends upon the choice of a Weil cohomology 
H*. As we have seen, such a cohomology comes endowed with a cycle map 
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7* : A*(X) H 2i {X){i). We say that an algebraic cycle Z G C°(X,Y) is 
homologically trivial if its image under the cycle map is trivial, ^(Z) = 0. 
One denotes the resulting equivalence relation by ~if-homj or ~hom when 
the choice of H* is understood. One can then define a category of effective 
motives up to homological equivalence (k) as above. 

The rational equivalence relation is the finest among those mentioned, 
while the numerical is the coarsest. It is part of the standard conjectures 
(which we discuss briefly later in this section) that the numerical and the 
homological equivalence relations are expected to coincide. In particular the 
homological relation is independent of the choice of the Weil cohomology. 

We denote by C r (X, Y)q the vector space of algebraic cycles of codimen- 
sion dimX + r. The composition law for correspondences given by algebraic 
cycles is defined using the intersection product. For Z G C (X±, X 2 ) and 
W G C°(X2, X3) one defines the composition as 

(1.373) WoZ = (Tr 13 ),(7r* 12 Z»Tr* 23 W), 

where 7r^ : X\ x X 2 x X% — > Xi x Xj are the projections. The law (1.373) 
induces an associative composition product 

o : C t {Xi,X2)q^ x C S (X2, X^)q : ^ — > C r+s (Xi, Xs)q^ 

for any of the equivalence relations mentioned above. 

8.1.3. Zeta functions. Another important input that contributed to the 
origin of motives is the question of counting points of varieties over finite 
fields, and generalizations in terms of L-functions of varieties. 

Given a variety X defined over a finite field ¥ q , with q = p e for a prime p, 
one wants to count points of X over the fields ¥ q n. It is natural to introduce 
a generating function for the numbers N n = #X(F q n) in the form 

(1.374) \ ogZx (t) = Y J ^t n . 

n 

The numbers N n have an interpretation as intersection numbers of the 
diagonal in X x X with the correspondence given by the graph of the n-th 
power Fr\ of the Frobenius endomorphism induced by the transformation 
x 1 — ^ on the algebra of functions on X. Thus, the question of computing 
such intersection numbers can be seen as a question naturally formulated in 
a category of motives up to numerical equivalence. 

In the topological context, the question of counting the number of iso- 
lated fixed points of a map (intersections of the graph with the diagonal) can 
be treated efficiently using the Lefschetz fixed point formula, which turns it 
onto a cohomological formulation 

(1.375) #Fix(/) = ^(-l)<Tr(/*|irpO). 

i 

where f*\H' l (X) is the action of the induced map on cohomology. 
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Andre Weil pioneered the use of this method in the case of the counting 
of points X(W q n). In fact, if one has a suitable cohomology theory H* 
for algebraic varieties over finite fields for which a version of the Lefschetz 
fixed point formula applies, then one can reformulate the counting of N n = 
#X(F q n) in terms of a Lefschetz formula for the Frobenius endomorphism 

(1.376) N n = ^(-irTr((Fr£)*|iT(X)), 

i 

so that the zeta function Zx(t) can be expressed in the form 

2 dim X 

(1.377) Z x (t)= [] det(l- tFr* x \H\X))^ i y +1 . 

i=0 

A first glimpse of why the decomposition as a product over the odd or 
even cohomology groups H l (X) of the zeta function can be thought of as a 
motivic phenomenon comes from the very simple formula 

#F n (¥ q ) = l + q + q 2 + ... + q r \ 

which can be seen as a manifestation of the fact that the variety P n has a 
decomposition in the category of motives of the form 

h(F n ) = l0L0L 2 ©---©L n , 

where 1, also denoted by Q(0), is the motive of a point, and L is the Lefschetz 
motive, which is also denoted by Q(— 1). It is the motive L = /i 2 (P 1 ). Thus, 
one thinks in general of the product decomposition of (1.377) as a motivic 
decomposition 

2 dim X 

z x (t)= n w(x),t)(-v i+i , 

i=0 

into L-factors L(h l (X),t) associated to the motives h l {X). 

This approach and this class of zeta functions was then extended to 
define L-functions for smooth projective varieties over number fields, which 
can be thought of as a far-reaching generalization of the simplest example, 
the Riemann zeta function 

(1.378) ((s) = H(l-p-T 1 - 

v 

This can be thought of as the L-function of the zero-dimensional variety 
Spec Z. More generally, suppose that X is an algebraic variety defined over 
a number field K. Then the associated Hasse-Weil L-function is given in 
the form 



(1.379) 



L(X,s) = l[L(H\X),s)(- 1 Y 

i 
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Each L-function L(H l (X),s) in turn can be written as an Euler product 
over the finite places of K, 

(1.380) L(H i (X),s)= H L p (H\X),s), 

peSpec(0 K ) 

where the Euler factor L p (H' l (X), s) is associated to the reduction of X 
modulo the prime p in the following way. 

In general, for K a global field and ¥L V the local field given by the com- 
pletion in the valuation associated to a non- Archimedean place v of K, the 
Galois group G v = Gal(K^ ep /lK), for K s v cp a separable closure, contains the 
inertia subgroup 

I v = Gal(K-P/KD, 

with IK^ n the maximal unramified extension of K„ in K^, cp . If the residue 
field k v is a finite field, then the quotient G v /I v has a canonical generator 
given by the Frobenius. Given a vector space V with a representation of 
G v , the Frobenius induces an automorphism of the inertia invariants V Iv . 
The inverse of this automorphism is called the geometric Frobenius acting 
on V Iy . In particular, for X v a smooth projective variety over K v , one has 
an induced geometric Frobenius on the inertia invariants of the £-adic etale 
cohomology of X v = X v x^ v Kl° p , with t prime to the characteristic of k v . 

The local Euler factor L p (H l (X),s) is of the form 

(1.381) L p (W(X), s) = det(l - Fr* p n(p)" s | W(X p , Q*) /p )~ 1 , 

where n(p) = #k p is the cardinality of the residue field at p and LY* is the 
induced geometric Frobenius. (See [265] for more details.) 

An important advantage of passing from the combined L-function (1.379) 
to a single factor L(H l (X), s) is that one avoids the problem of infinitely 
many poles arising from the zeros of the factors in the denominator. More- 
over, at least conjecturally, the L(H l (X), s) are expected to have a nice 
functional equation, when one completes the product (1.380) with a suit- 
able contribution from the Archimedean places of K, as described in [265] . 
We return at the end of Chapter 2 of this book to discuss the Archimedean 
local factors of the L-functions of motives from the point of view of non- 
commutative geometry. 

8.1.4. The Weil conjectures. An aspect of the theory of zeta functions 
of algebraic varieties that had a very important historical role in the devel- 
opment of the idea of motives was a set of conjectures on the properties of 
the zeta functions of (1.374) and (1.377), partly modeled on the Riemann 
zeta function. These are the Weil conjectures, which were initially proved by 
Weil in the case of curves over finite fields and later in complete generality, 
for any nonsingular projective variety over a finite field, by Deligne in [110], 
after important contributions of Grothendieck, Dwork, Artin, that obtained 
a proof of the first and second of the Weil conjectures. 
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The first conjecture predicts that the zeta function Zx(t) is a rational 
function of t, so that one can write 

2dimX 

z x (t)= n p ^)' 

with the Pe(t) polynomials of the form 

(1.382) P t (t) = H(l - Xejt), 

3 

with \gj the eigenvalues of the Frobenius on H £ (X) as in (1.377). The second 
conjecture predicts a functional equation for Zx(t), where for t = q~ s one 
has 

(1.383) Z x (q^ dimX+ ^) = ± q x(X)(-s+dimX/2) z x (q' s ), 

with x(-X") = A • A the self intersection of the diagonal, i.e. the Euler 
characteristic. Finally, the third conjecture, which is the most difficult, is 
the analog of the Riemann Hypothesis and gives a constraint on the position 
of the zeros of the factors Pe(t) . Namely, the conjecture predicts that, setting 
t = q~ s , the zeros of Pi lie on the line 9?(s) = 1/2. This can be equivalently 
stated as the condition that the eigenvalues Xej are of absolute value 

(1.384) \\ij\=q e/2 . 

8.1.5. Jacobians. Another fundamental ingredient that played a role in 
the development of the theory of motives is the geometry of algebraic curves 
and their Jacobians. It was again Andre Weil who proposed to use the 
Jacobian J(C) of a smooth projective curve C as a geometric replacement 
for the cohomology H l (C, Q). In fact, prior to the general development 
of etale cohomology, the fact that the Jacobian admits a purely algebraic 
construction provided one with a good cohomology theory for curves over 
any field of definition. This was especially useful in studying the properties 
of the zeta function of a curve over a finite field, which is the direct analog 
of the Riemann zeta function in the case of a function field (the latter being 
the field of functions of a smooth projective curve over a finite field) . 

In motivic terms this property of the Jacobian is expressed by the iden- 
tification 

(1.385) Hom^e« m(fe)Q (/ l 1 (C), h\C)) = Hom( J(C), J{C')) <Q>. 

This means that it makes sense to think of J(C) as the motive /i 1 (C), so 
that the additive decomposition of a smooth projective curve in terms of 
motives takes the form 

h(C) = 10 J(C)0L. 

In higher dimension, for a smooth projective variety X, a good gener- 
alization of the Jacobian is provided by the Albanese and Picard varieties 
Alb(X) and Pic(A). These also admit a purely algebraic construction, they 
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are dual abelian varieties and both are isomorphic to the Jacobian in the case 
of curves (see e.g. [249] for a survey of their role in the theory of motives). 

8.1.6. Galois theory. Classical Galois theory has also been absorbed into 
the theory of motives, as the particular case of Artin motives, which we dis- 
cuss in more detail below. In this case, the main idea is that the theory 
of motives gives a "linearization" of the theory of varieties. In particular, 
the case of Galois theory arises by considering the case of zero-dimensional 
smooth projective varieties (i.e. finite sets of points). The Grothendieck- 
Galois correspondence states that there is an equivalence of categories be- 
tween the category V°(k) of zero-dimensional smooth projective varieties 
over k and the category of finite sets with a continuous action of G&l(k sep /k), 
with k sep a separable closure of k. The functor that realizes the equivalence 
of categories is given by taking the set of algebraic points of a variety 

X^X(k scp ). 

The theory of Artin motives provides a linearization of the Grothendieck- 
Galois correspondence in the following way. One obtains an equivalence of 
categories between the category AMk (also denoted by M.Artin(k)) of Artin 
motives over k with Q-coefficients and the category of finite-dimensional Q- 
linear representations Rep G of G = Gal(/c scp //c). The category AAik is the 
subcategory of M^ m (k) generated by the zero-dimensional objects. 

In this way Galois theory becomes the first instance of an application 
of the Tannakian formalism to motives, with the Galois group Gal(fe sep //c) 
as the motivic Galois group of the Tannakian category of Artin motives. In 
this case the functor that realizes the equivalence of categories is the fiber 
functor 

8.1.7. Modular forms. The theory of motives has important connections 
with automorphic forms, most notably through some aspects of the Lang- 
lands program. We are not going to touch on this aspect at all, and in fact 
we will only encounter elliptic modular forms in Chapter 3. It is at least 
worth mentioning that one can associate motives to elliptic modular forms 
(i.e. modular forms for congruence subgroups of SL<2(Z)), using the geome- 
try of Kuga-Sato varieties or of the moduli space of stable curves of genus 
one with marked points (these constructions were obtained, respectively, in 
[261] and [101]). 

8.2. Pure motives. 

The history of motives began in the early sixties, when Grothendieck en- 
visioned the whole idea of the existence of a theory of motives underlying the 
different cohomology theories of algebraic varieties. Although Grothendieck 
himself did not write about it at the time, the first important paper de- 
scribing the fundamental steps in the construction of a category of pure 
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motives and its properties appeared shortly afterwards, written by Manin 
[213]. This seminal paper contained the first new result in algebraic geom- 
etry obtained as a direct consequence of the theory of motives, namely a 
proof of the Weil conjecture for the zeta function of a unirational projective 
3-fold over a finite field. Even though eventually Deligne's proof of the Weil 
conjectures in full generality did not use directly the theory of motives, this 
result provided convincing evidence for the original vision of Grothendieck 
that the motivic formalism was to provide the deep rationale underlying the 
Weil conjectures as well as a wider set of conjectural properties of algebraic 
cycles, still largely unexplored today, collectively known as the "standard 
conjectures" (see below). 

After this initial development, the progress of the theory of motives was 
somewhat slow. The crucial difficulty lies in the fact that not enough is 
known in general about algebraic cycles in smooth projective varieties. 

For the theory of pure motives, we refer the interested reader to the 
very nice survey by Serre [264], as well as to the references [2], [108], [155], 
[174], [186], [213], [236]. 

8.2.1. A Tannakian category. 

We have already mentioned the category A4^(k) for various possible 
equivalence relations on algebraic cycles. In particular, M^ m (k) is by [174] 
an abelian category. The monoidal structure induced by the product of 
varieties can be improved to the structure of a rigid tensor category, if 
one formally inverts the Lefschetz motive L. One introduces in this way 
additional objects, the Tate motives, with Q(l) = L^ 1 and Q(n + m) ~ 
Q(n) (g) Q(m). This makes it possible to define the duality which is part of 
the rigid tensor structure. 

More precisely, one enlarges the category M^ m (k) to a category 
■M. num (k) where the objects are of the form (X,p,n), with (X,p) as before 
and n 6 Z, and the morphisms are given by 

(1.386) Rom Mnuin(k) ((X, p,n), (Y,q,m)) = go C m ' n (X,Y) numtQ op, 

where C m ~ n (X, Y) numt Q denotes the Q-vector space of algebraic cycles in 
X x Y of codimension equal to dim X + m — n modulo numerical equivalence. 
One often writes an object M = (X,p, n) with the notation M = ph(X)(n), 
where (n) stands for the Tate twist (g>Q(n). One finds the old M^^k) 
embedded as a subcategory with objects (X, p, 0), and the new objects are 
obtained by adding the Tate motives. The tensor product is of the form 

(X, p,n) (g) (Y,q,m) = (X x Y, p q, n + m) 

and the duality is given by 

(X,p,n) v = (X,p\dimX -n), 

with p t the transpose. This satisfies the properties of a rigid tensor category. 
The subcategory -M^ m (/c) is not stable under duality. 
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■Mmim(k) is called the category of pure motives over k, with the numer- 
ical equivalence. 

One can define in a similar way categories M~(k), for other equivalence 
relations, obtained from the corresponding M. e ^(k) by adding the Tate mo- 
tives. However, the result of Jannsen [174] shows that only in the case of 
the numerical equivalence is M^{k) a semi-simple abelian category. 

Having a category of pure motives -M num (fc) that is a semi-simple abelian 
category with a rigid tensor structure, one can look for the existence of fiber 
functors that will make it into a Tannakian category. 

A result of Deligne [106] (cf. Remark 1.82) shows that if C is an abelian 
category over a field K of characteristic zero with a rigid tensor structure 
and such that End(l) = K, then C is Tannakian if and only if for all X € 
Obj(C) the trace takes values Tr(lx) G N. This immediately shows that the 
tensor structure described above has to be modified if one wants to obtain 
a Tannakian category. In fact, with the above structure one would obtain 
Tr(lx) = x(X) £ Z. This can be remedied by changing the tensor product 
structure, by replacing the commutativity axiom with a graded commutative 
version, by which the natural isomorphism of M (g> TV and TV (g> N is twisted 
by a sign (— l)' 13 , for M and TV respectively of weight i and j. 

The standard conjectures (of which more below) imply that M. num (k) = 
•Mhom(fc)- With the modification to the tensor product structure mentioned 
above, one obtains that this category is a Tannakian category. The realiza- 
tion to the Weil cohomology H* , say Betti cohomology, gives a fiber functor 



which on M = h\X) gives u(M) = H^(X,Q). Tensoring with a Tate 
motive Q(n) translates into the Tate twist by (27ri) ra . 

Thus, provided the standard conjectures hold, the category M imm (k) = 
■M-hom(k) is a neutral Tannakian category. We write just M(k), as we are 
going to restrict to just this equivalence relation. Since it is semi-simple, 
the identity component of its motivic Galois group G mo t(A4(k)) is a pro- 
reductive group. Let C C be a full subcategory which is stable under 
tensor product, duality, and such that subobjects or quotients of objects of 
C are objects of C. Then C inherits the structure of Tannakian category and 
there is a corresponding morphism 



For instance, one can consider the Tannakian subcategory TM.{k) of M.{k) 
generated by the Tate motives. This is the category of pure Tate motives. 
Its motivic Galois group is just the multiplicative group G m . This gives an 
induced morphism 



<*> : M hom (k) -> VectQ 



(1.387) 



G mot (M(k)) -GmotCC). 



(1.388) 



t : G mot (M(k)) - G, 
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The fact that the realization H* is compatible with the Z-grading also gives 
a morphism w : G m — ► G ulo t(M(k)) with the property that t o w = — 2 G 
End(G m ) = Z, since Q(l) is of weight —2, being the inverse of ^(P 1 ). 

A more general example of the morphism (1.387) is obtained by consider- 
ing the subcategory M.{M) of M. generated by a single object M. Then the 
identity component of the reductive group G mot (M(M)) is the Mumford- 
Tate group of M. For example, suppose that M = (E, 1,0) is an elliptic 
curve E. Then in the case without complex multiplication the Mumford- 
Tate group is GL2 while if E has complex multiplication by an imaginary 
quadratic field K then the Mumford-Tate group is the algebraic torus given 
by viewing K* as an algebraic torus over Q. The case of Tate motives corre- 
sponds to the fact that the Mumford-Tate group of Q(l) is G"/72* For more 
information on motivic Galois groups, we refer the reader to [265], [2]. 

8.2.2. Artin motives. Another important example of a Tannakian sub- 
category of the category M(k) is the category AM{k) of Artin motives. 
This is the subcategory generated by objects M = (X,p,0), where X is a 
zero-dimensional algebraic variety. 

Since one is only dealing with zero-dimensional varieties, all the equiva- 
lence relations on algebraic cycles in the product are trivial, so that it does 
not matter in which Ai^(k) one views Artin motives. Moreover, one does 
not need to add the Tate motives to have duality, nor does one need any 
modification in the commutativity axiom of the tensor product. 

Artin motives form an abelian category, and in fact a neutral Tannakian 
category, with the fiber functor 

c(X) = Q*( fcScp )=i^(X,Q). 

As we mentioned above the motivic Galois group is in this case 

(1.389) G mot (AM(k)) = Gal(fc scp /fc), 
with a morphism 

(1.390) a : G mot {M{k)) -► Gal(F cp /A;). 

As discussed above, Artin motives provide a linear version of the correspon- 
dence of Grothendieck-Galois and the identification (1.389) gives an inter- 
pretation of motivic Galois groups as a powerful generalization of ordinary 
Galois groups. 

8.2.3. Motives with coefficients. We have so far considered the category 
M~(k) of pure motives as a Q-linear category. One can also consider cat- 
egories of pure motives with coefficients in a field E of characteristic zero, 
which we denote by .M^(/c)e- This can be described as the (pseudo) abelian 
envelope of the additive category generated by Obj(M^(k)) with mor- 
phisms 



(1.391) Kom M ^ kh (M,N) = Rom M ^ k) (M,N)®E. 
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Notice that, having modified the morphisms, one in general will have to add 
new objects to still have a (pseudo)abelian category. 

Notice that the notion of motives with coefficients that we use here is 
compatible with another, apparently different, notion which is often adopted 
in the literature. In fact, in the case where the field of definition k of the 
motives is of characteristic zero and E is a finite extension of k, one can 
say (cf. [283] and [109] §2.1) that a motive M has coefficients in E if there 
is a homomorphism E — > End(M). This description is compatible with 
defining, as we did above, M.^(k)^ as the smallest (pseudo)abelian category 
containing the pure motives over k with morphisms (1.391). This is shown 
in [109] §2.1: first notice that, for k of characteristic zero and E a finite 
extension of k, one can associate to a motive M over k an element of M^{k)^ 
by taking M ®^ E, with the obvious E-module structure. If M is endowed 
with a map E — > End(M), then the corresponding object in M^(k)E is the 
range of the projector onto the largest direct summand on which the two 
structures of E-module agree. 

Notice that, whereas for a finite extension E one has in this way two no- 
tions of "motives with coefficients" that agree by the argument above, only 
the definition of A4^(/c)e as the smallest (pseudo)abelian category contain- 
ing the pure motives over k with morphisms (1.391) continues to make sense 
when E is an arbitrary field of characteristic zero. In particular, it can be 
used to define A4~(k)c- This observation will be useful in the last chap- 
ter of this book, when we discuss an interplay between Artin motives and 
noncommutative spaces described by C*-algebras. 

8.2.4. Grothendieck's standard conjectures. As a way to approach the 
Weil conjectures, Grothendieck formulated in [155] a set of conjectures on 
algebraic cycles, called the "standard conjectures", which are basic to the 
theory of motives and imply the Weil conjectures (see [155], [185]). While 
the latter were proved by Deligne using a different method, the standard 
conjectures remain unproven, except for special cases. In subsequent de- 
velopments of the theory of motives people adapted to work conditionally 
or to establish unconditional results that bypass the standard conjectures, 
but this set of conjectures remains a fundamental unsolved problem in the 
theory. 

• Lefschetz type: Given a Weil cohomology H* , the Lefschetz isomor- 
phisms (1.370) determine a Lefschetz involution on ®i^ r H l {X){r) 
given by C dimX ~ i for % < dimX and C l - AimX for i > dim A. The 
conjecture states that this involution is realized by an algebraic 
cycle with Q-coefficients. 

• Hodge type: The Hodge involution is obtained by modifying the 
Lefschetz involution by a factor on each primitive component of 
the cohomology (cf. e.g. [2] §5). The conjecture states that the 
Hodge involution determines a positive definite quadratic form on 
the space C(A)hom,Q of algebraic cycles, with values in Q. 
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• Kiinneth type: The projectors H*{X) — ► H l {X) are realized by 
algebraic cycles, i.e. by idempotents p % 6 C°(A, A)hom,Q>- 

• ~num=~hom-' Numerical and homological equivalences coincide (with 
rational coefficients). 

For varieties over a field k of characteristic zero, the first conjecture (of 
Lefschetz type) implies all the others. In general, Lefschetz implies Kiinneth 
and Lefschetz with Hodge imply all the others ([2] p. 59). A lot is known 
in specific cases, for example in the case of abelian varieties [185]. 

8.3. Mixed motives. 

When, along with smooth projective varieties, one wants to consider 
more general classes of varieties and schemes, one leaves the theory of pure 
motives for the much more mysterious world of mixed motives. At first, and 
especially thinking in terms of zeta functions, it would seem that one can 
treat more general varieties by still working with pure motives but consid- 
ering the associated Grothendieck group. As we discuss below, this is in 
fact not sufficient as it does not take into account a very important feature 
of mixed motives: the presence of nontrivial extensions of pure motives. 
This can be already appreciated by looking at the most concrete exam- 
ple of mixed motives, which is provided by the 1-motives. The problem of 
constructing categories of mixed motives, which continue to have the right 
properties of a "universal cohomology theory" for algebraic varieties, is an 
extremely challenging task. Recent results such as [288], [208], [162] pro- 
duced good categories of mixed motives, but these are still in general very 
difficult objects to deal with. We refer the reader to Bloch's lectures [21] 
for an overview of mixed motives. 

8.3.1. The Grothendieck group of varieties. Given an algebraic variety 
A over a field of characteristic zero (where Hironaka's resolution of singu- 
larities holds), one can always write such A as a disjoint union of X; L — Di, 
where the Xi are smooth projective and the Di are lower dimensional. Thus, 
inductively on the dimension, one can assign to A a virtual object [A] in a 
Grothendieck group of algebraic varieties [A] = ^J-^l ~~ J2ji^j] where the 
Yi and Zj are smooth projective varieties. 

More precisely, the Grothendieck group Ko(V(k)) of varieties over k is 
the quotient of the free abelian group generated by symbols [A] by the 
scissor- congruence relation 

(1.392) [X] = [Y] + [X\Y], 

for any closed subvariety Y C A, and the isomorphism relation 

(1.393) [A] = [Y], if A ~ Y are /c-isomorphic. 

It has a product given by [A][Y] = [A Y]. One writes L = [A 1 ] for the 
class of the affine line. This corresponds to the Lefschetz motive. 
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It is also possible to consider the Grothendieck group of the category of 
pure motives M~(k). The Grothendieck group Kq{C) of an abelian category 
C is defined by first considering the free abelian group generated by the 
isomorphism classes [M] of objects M G Obj(C) (assuming this is a set), 
and then imposing the following relations. For any exact sequence — > 
M -> M' -> M" -► one has a relation [M'\ = [M] + [M"\ . 

There is a homomorphism Ko(V(k)) — ► Ko(M~(k)), which extends to a 
homomorphism KQ(V(k))[L~ 1 ] — > Ko(.M~(fe)). The image of the class [X] 
of a smooth projective variety X is the class of the pure motive h(X) = 
(X, 1,0). The image of L = [A 1 ] is the class of the Lefschetz motive. 

The zeta functions can be lifted to the level of the Grothendieck group. 
For example, in the case of a finite field k = ¥ q one can write (1.374) 
equivalently as 

(1.394) Z x (t) = exp ( * X{ ^ qn) A =J2#s n (X)(¥ q )t n 

V n " ) n>0 

where s n {X) denotes the ra-th symmetric power of X. This leads to Kapra- 
nov's formulation of a zeta function 

(1.395) Z x {t) = Y J [s n {X)]t n 

n>0 

for an arbitrary field k, with values in the Grothendieck group from which 
the ordinary one is obtained in the case k = ¥ q by applying a "counting 
of points" homomorphism from Ko(V(k)). One has Zpi(i) = (1 — i) _1 (l — 
[A 1 ]^) -1 . Kontsevich's theory of motivic integration also lives naturally in 
(a completion of) Kv(V{k))[L- 1 }. 

While working with "virtual pure motives" in the Grothendieck group 
suffices for some purposes, if one wants a theory that satisfies the main 
requirements of a category of motives, including providing a universal coho- 
mology theory (via the Ext functors), working with the Grothendieck group 
is not sufficient. 

8.3.2. 1-motives. A first concrete example of mixed motives is given by 
the 1-motives. Deligne introduced 1-motives in [111] as geometries under- 
lying certain classes of mixed Hodge structures. They can be thought of 
as a special case of mixed motives, just as Jacobians and abelian varieties 
provide a good class of pure motives. They exhibit the main properties 
one expects for mixed motives, namely: they have a weight filtration whose 
graded pieces are pure motives and, when considered over C, they give rise 
to mixed Hodge structures. 

A semi-abelian variety is an extension (in the category of algebraic 
groups) of an abelian variety A by an algebraic torus T. While abelian 
varieties are projective-hence they live in the category of pure motives- 
algebraic tori are affine varieties. Moreover, the fact that we are considering 
non-trivial extensions reveals that one is leaving the world of pure motives 
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for mixed motives. A 1-motive M over k is a complex of the form [A — > G], 
where A is a finitely generated torsion free abelian group and G is a semi- 
abelian variety. The map it is a homomorphism u : A — > G{k). A morphism 
of 1-motives M, M' is a commutative diagram relating the two complexes 
defining M and M' . One needs to invert isogenies to have an abelian cat- 
egory. Duality on 1-motives combines Pontrjagin duality and duality of 
abelian varieties. The weight filtration on a 1-motive M has W-3M = 0, 
W- 2 M = [0 — > T], W^i = [0 — > G], W = M with respective quotients T, 
A, and A. The category of 1-motives contains the category of Artin motives: 
these are identified with objects M = [A — ► 0] . 

Deligne conjectured in [111] that there are purely algebraic construc- 
tions for certain 1-motives arising from the mixed Hodge structure on 
H n (X, Z(l)) of a complex algebraic variety X. This generalizes the fact 
that Jacobians, Albanese and Picard varieties admit algebraic constructions. 
The conjecture was recently proved by Ramachandran in [250]. 

8.3.3. Categories of mixed motives. More generally, instead of working 
over a field k, one can consider a category A4 m i x (S') of motives (or "motivic 
sheaves" ) over a scheme S. In this case, the functors above are natural in S 
and to a map of schemes / : S± — ► S 2 there correspond functors /*, /*, f l , 
f\, behaving like the corresponding functors of sheaves. 

At present there is not yet a general construction of such a category of 
mixed motives JA m ix(S) . There are, however, constructions of a triangulated 
tensor category VM(S), which has the right properties to be the bounded 
derived category of the category of mixed motives. The constructions of 
VAi(S) of [208] and [288] are known to be equivalent. Other constructions 
are given in [162] and in unpublished work by Nori. 

In general, given a construction of a triangulated tensor category, one 
can extract from it an abelian category by considering the heart of a t- 
structure. A caveat with this procedure is that it is not always the case 
that the given triangulated tensor category is in fact the bounded derived 
category of the heart of a t-structure. 

The available constructions, in any case, are obtained via this general 
procedure of t-structures which can be summarized as follows. A triangu- 
lated category T> is an additive category with an automorphism T and a 
family of distinguished triangles X — > Y — > Z — > T(X), satisfying suitable 
axioms (which we do not recall here) . Suppose given two full subcategories 
and V^°. We use the notation V^ n = V^°[-n] and V^ n = P-°[-n], 
with X[n] = T n (X) and f[n] = T n (f). The data V^°, is called a t- 
structure when the following properties hold: I?- -1 C D— and V- 1 C T>-°; 
for all X £ and all Y £ V^ 1 one has Romx,(X,Y) = 0; for all Y £ V 
there exists a distinguished triangle as above with X £ V-° and Z £ V- 1 . 
The heart of the t-structure is the full subcategory V° = V-° n T>-°. It is 
an abelian category. 
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We have seen that, in the theory of pure motives, one can associate 
to a smooth projective algebraic variety X over a field k a motivic de- 
composition ®ih l (X) (assuming the standard conjecture of Kiinneth type), 
where the h l (X) are objects of M~(k). In this way, one views pure motives 
as a universal cohomology theory for smooth projective algebraic varieties. 
Moreover, the motivic cohomology h(X) = (Bih l (X) has the property that, 
for any given Weil cohomology theory H* there is a realization functor Rh 
satisfying W(X) = Rnh^X). 

On the category M. m \ x {k) of mixed motives one expects to have absolute 
cohomology groups (cf. [108]) given by 

(1.396) K hs {M) = Ext^ (5) (l,M). 

for M a motive. Here the Ext* are taken in the triangulated category DM (S) 
whose heart is the category M m i x (S) of mixed motives. For a variety X the 
absolute cohomology would then be obtained from the motivic cohomology 
via a spectral sequence with 

(1.397) = H*»{h*{X)) H3?{X). 

8.3.4. Mixed Tate motives. The triangulated category of mixed Tate 
motives DTM(S) is then defined as the full triangulated subcategory of 
DM(S) generated by the Tate objects. It is possible to define on it a t- 
structure whose heart gives a category of mixed Tate motives TM m i x (S), 
provided the Beilinson-Soule vanishing conjecture holds, namely when 

(1.398) FhW(Q(0),Q(n)) = 0, forn>0,j<0. 

where Hom- ? (M, N) = Hom(M, N[j]). The conjecture (1.398) is known to 
hold in the case of k = K a number field (see [207]), where one has 

(1.399) Ext^ (K) (Q(0),Q(n)) = if 2 „-i(K)®Q 

and Ext|,^ I / K \(Q(0), Q(n)) = 0. Here K2 n -i(K) is Quillen's higher algebraic 
if-theory (cf. [208] Appendix B). Thus, in this case it is possible to extract 
from the triangulated tensor category a Tannakian category TM ni { x (K) 
of mixed Tate motives, with fiber functor uj to Z-graded Q- vector spaces, 
M i — ^ uj(M) = ® n uj n (M) with 

(1.400) u n (M) = Hom(Q(n), Gr^ 2n (M)), 

where Gr^ 2n (^) = W-2n(M) /W_ 2 ( n+ \){M) is the graded structure associ- 
ated to the finite increasing weight filtration W. 

As an example, the mixed Tate motives that correspond to extensions 

in 

Ext^ (K) (Q(0),Q(l)) 

are the Kummer motives. These are a particular case of 1-motives, of the 
form M = [Z A G m ], with u(l) = qeK*. 
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The motivic Galois group of the category TA4 m i x (K) is then an extension 
G = U x G m , where the reductive piece is G m as in the case of pure Tate 
motives, while U is prounipotent. By the results of Goncharov and Deligne- 
Goncharov (see [146], [113]), it is known that the pro-unipotent affine group 
scheme U corresponds to a graded Lie algebra Lie (£7) that is free with one 
generator in each odd degree n < —3. 

8.3.5. Mixed Tate motives and the "cosmic Galois group". A description 
of the category T M. Ui \ x {S) in terms of algebraic K-theory is also possible in 
the case where the scheme S is the set of F-integers Oy of a number field 
K, for V a set of finite places of K. In this case, objects of T M m \ x {Ov) are 
mixed Tate motives over K that are unramified at each finite place v £ V. 
For T M m i x (Ov) we have 



(1.401) Ext^ (cv) (Q(0),Q(n)) 



( K 2n -i(K)®Q n > 2 
Ol?<g>Q n = 1 

[0 n < 0. 



and Ext^^Q \(Q(0), Q(n)) = 0. In fact, the difference between the Ext in 
TM niix {O v ) of (1.401) and the Ext in TM mix (K) of (1.399) is 

Ext 1 (Q(0),Q(l)), 

which is finite-dimensional in (1.401) and infinite-dimensional in (1.399). 
The category 7" VW m i x (CV) is a l so a neutral Tannakian category, and the 
fiber functor determines an equivalence of categories between TM m \ x (Ov) 
and finite-dimensional linear representations of an affine group scheme of 
the form U x G m with U prounipotent. The Lie algebra Lie(i7) is freely 
generated by a set of homogeneous generators in degree n identified with 
a basis of the dual of Ext 1 (Q(0), Q(n)) (cf. Prop. 2.3 of [113]). There is 
however no canonical identification between Lie(U) and the free Lie algebra 
generated by the graded vector space ©Ext 1 (Q(0), Q(n)) v . 

We mention the following case, which will be the one most relevant in 
the context of perturbative renormalization. 

Proposition 1.110. ([113], [146]) Consider the scheme 

S N = SpecO[l/iV] 

for k = Q(Cn) the cyclotomic field of level N and O its ring of integers. For 
N = 3 or 4, the motivic Galois group of the category TAi m i x (S]y) is of the 
form U xi G rn , where the Lie algebra Lie(f7) is (noncanonically) isomorphic 
to the free graded Lie algebra with one generator e n in each degree n < — 1. 

The reason why this result is relevant to our discussion of renormaliza- 
tion is the following result, which immediately follows from the description 
of the "cosmic Galois group" U*. 
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Corollary 1.111. There is an equivalence of categories between the 
neutral Tannakian category of flat equisingular vector bundles and 
TMnix(Sjv) for N = 3 or 4. 

Remark 1.112. Notice that in the case of mixed Tate motives, the 
grading is induced by the weight filtration on the mixed Tate motives. The 
latter is indexed by even integers. Thus, for a mixed Tate motive M one has 
uj n (M) as in (1.400). The free graded Lie algebra generated by the elements 
of Ext 1 (Q(0), Q(l)) is obtained by considering the classes of the extensions 
of Gr- 2n by Gr- 2 

(n+i)> as m p. 5. Thus, we are in fact working with 

Lie algebras and commutative Hopf algebras (even grading) and not with 
corresponding graded-commutative objects. This should be compared with 
our choice of even grading for the Hopf algebra of Feynman graphs, Remark 
1.24. 



8.4. Mixed Hodge structures. 

Another important aspect of the theory of motives is its relation to 
Hodge theory. Motives are often constructed as geometries underlying cer- 
tain Hodge structures (see e.g. the case of 1-motives mentioned above). Pure 
and mixed Hodge structures naturally arise in many contexts: on the coho- 
mology of algebraic varieties, on rational homotopy groups, on the complexes 
of vanishing cycles. We recall here some general facts about mixed Hodge 
structure and we point out a structural analogy between the resulting Tan- 
nakian formalism and the one we encountered in the context of equisingular 
connections arising from perturbative renormalization. This analogy will 
be useful in Chapter 2, when we discuss the Archimedean local factors of 
the completed Hasse-Weil zeta function in the context of noncommutative 
geometry. 

We recall some facts about mixed Hodge structures, following [274]. A 
Q-mixed Hodge structure (Q-MHS) consists of the data M = (V, W., F*) 
of a finite-dimensional Q- vector space, with an increasing filtration W.V 
(weight filtration) and a decreasing filtration F'Vc for Vc = V <8>qi C (the 
Hodge filtration), satisfying 

(1.402) gr^ V C = F*gtf Vc © F^^gr^V c , 

where F is the complex conjugate of F' with respect to Vr C Vc- The 
condition (1.402) is equivalent to a Hodge decomposition 

(1-403) gr^Vc = ® p+q=n V™, 

with 

(1.404) V™ = FPgr^Vc n i^gr^LVc- 
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The Hodge structure (V,W 9 , F') is pure of weight n if W n = V and 
W n -i = 0. An example of pure Hodge structure of weight — 2n is the Tate 
Hodge structure with V = (27ri) n Q. 

A morphism M\ — ► M 2 of Q-MHS is a linear map (f> : V± V% such 
that 4>{W k Vi) C VF fc V2 and </>(-F p Vi,c) C i^V^c- Tensoring of Q-MHS 
is also defined, by considering V\ ®q V 2 with filtrations W m {V\ (£>q V2) = 
Zi+j^WiWQQWjW and*Vi® Q V 2 ) = Z r+9=p Fr(V 1 ,c)® C F'(V 2 ,c). 
The Tate Hodge structure defines, by tensoring, a Tate twist on the category 
of Q-MHS. 

A Q-mixed Hodge structure M = (V, W,, F') is mixed Tate if 
gr^M = 0Q(-p), and gr^_ x M = 0. 

If M is a mixed Hodge-Tate structure over Q, then one has an associated 
period matrix obtained as follows (cf. §2 of [147]). One has an isomorphism 
V c = ® p FPV c C\W 2v V c and canonical maps FPV c C\W 2p V c ^ grg(VQ)® Q C. 
This gives an isomorphism Sht '■ ®p& c %{Vq) ®Q C —>■ Vc- A splitting of the 
weight filtration also gives an isomorphism Sw '• ffipg r S}(^Q) ®Q C — > Vc- 
The composite Sjjlp o S"vk is the period map. A choice of basis of gr^Vq) 
determines the corresponding period matrix, whose entries are periods of 
rational algebraic differential forms over relative cycles on mixed Tate mo- 
tives. Thus, the period matrix defined in this way gives the comparison 
isomorphism between Betti and de Rham cohomology in the mixed case. 

For example, for the Kummer motive [Z —> G m ] with u(l) = q one has 
a period matrix of the form 



1 

2ni 





1 



One can in fact specify a mixed Hodge-Tate structure by assigning the 
period matrix. An example is given by the families M^{z) (variations of 
mixed Hodge structures) associated to the polylogarithms 



Lifc(z) = 

with matrices of the form (cf. [23]) 



00 

E 

n=l 



rr 



( 



(1.405) 



1 

-Lii(z) 
-U 2 (z) 

-Lia(z) 





2ni 
2iri log z 

2m (logz) 2 
2! 






(2vri) 2 
(2ni) 2 logz 







(2vri) 3 



One can similarly define real mixed Hodge structures M-MHS, by the 
same procedure, replacing Q with R. More generally, one can consider 
mixed Hodge structures of the form (A, W,,F') with A an object in an 
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abelian category, endowed with an increasing nitration W.A and decreasing 
nitrations F A and F'A with gr^, gr^, gr^ A = except when n = p + q. 

Thus, one can consider the category of vector spaces over the field k 
endowed with nitrations W,, F* and F* as above. We assume that k is of 
characteristic zero. Notice that, in this case, there are two natural choices of 
a fiber functor to vector spaces, one is the forgetful functor ui(V, W m , F') = V 
and the other is u w (V, W„ F*) = gi w (V) = ©ngr)f(V). These two fiber 
functors are isomorphic through the identification V = gr w (V) induced by 
the Hodge filtration F*. Namely, upon writing gi w (V) as in (1.403) with 
V p,q as in (1.404), one can show that there is an isomorphism ap between 
(V,W 9 ,F*) and (gr w (V), W,, F^), induced by isomorphisms of the V p,q 
with 

= (w p+q n fp) n I (w p+q n F q ) + J2(w p+q -i n f^ +1 ) 

This isomorphism clf induces the isomorphism of the fiber functors. There 
is a similar isomorphism obtained using the opposite filtration F* and we 
write e = a pap 1 . This automorphism defines a 1-parameter subgroup of the 
motivic Galois group of the Tannakian category of mixed Hodge structures 
and, as we see below, it plays exactly the same role as the generator of the 
renormalization group in the case of perturbative renormalization. 

Deligne shows in [107] that the category of /c-vector spaces with nitra- 
tions W», F* and F* as above is a neutral Tannakian category. The Galois 
group of the Tannakian category is of the form 

(1.406) Gmhs = Umhs x (G m x G m ), 

where Umhs is a pro-unipotent affine group scheme. This is dual to the 
commutative Hopf algebra Hu MHS = ^(>Cmhs) V ) where the Lie algebra £mhs 
has generators e_ n) _ m of bi-degree (n,m), for each pair of integers n,m G 
N = Z>o- The action of G m x G m is related to the bigrading in the form 

G m xG m 3 (u, v):£^ u~ n V - m l, 

for I G £mhs °f bidegree (n, m). The element d = apap 1 is obtained as 
d = exp(e) with e = ^ n &- n -m- This is clearly the analog of the generator 
of the renormalization group e = e_ n in the case of the "cosmic Galois 
group" . 

This applies in particular to the case of real mixed Hodge structures, 
though not to the case of rational mixed Hodge structures. In fact, for Q- 
MHS the decreasing Hodge filtration is only a filtration of the complexified 
Vc- In the case of IR-MHS the general result above specializes to give the 
Galois group Gr-mhs as the rea l P art of Gmhs with respect to the complex 
conjugation that maps (u, v) £ G m x G m to (v, u) and the generator e- n - m 
to — e — m,— n- 
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It is worth mentioning the fact that, for mixed Tate motives over a num- 
ber field the functor to mixed Hodge structures is faithful and exact. This 
follows from Proposition 2.14 of [113], upon realizing TM. m ix{^Q as a sub- 
category of Voevodsky's category [288]. The key point is the result, already 
mentioned in §§8.3.4 and 8.3.5 above, on the injectivity of the regulator map 
on the Beilinson-Soule vanishing conjecture for K-theory, which is known to 
hold for number fields by Borel's computation of their K-groups, cf. [207]. 

8.5. Tate motives, periods, and quantum fields. 

The fact that the identification of Lie(£7) of Proposition 1.110 with 
the free graded Lie algebra Lie(U) with generators {e n : n < — 1} is non- 
canonical means that the result of Corollary 1.111 only provides an abstract 
identification. One would like to have a much more concrete relation be- 
tween the data of perturbative renormalization and mixed Tate motives. 

In fact, there are strong reasons to believe that there should be such a 
relation between Feynman integrals and mixed Tate motives. We summa- 
rize a few facts, conjectures, and results that help in clarifying this general 
picture. 

• The extensive computations of Broadhurst and Kreimer [35] show 
that multiple zeta values appear as residues of Feynman graphs. 

• Multiple zeta values are periods of mixed Tate motives. There 
are different ways in which one can concretely realize multiple zeta 
values as periods. For example, Goncharov and Manin gave a 
realization by constructing explicit mixed Tate motives obtained 
from the moduli spaces Mo,n of genus zero curves with marked 
points [148]. Goncharov conjectured that the periods of mixed 
Tate motives over Z are exactly the elements of MZV[l/2ni], where 
MZV denotes the Q-vector space MZV C M generated by the 
multiple zeta values (which is in fact a Q-algebra). 

• The result of Belkale and Brosnan [14] seems to point to a prob- 
lem in the expectation that residues of Feynman graphs should be 
periods of mixed Tate motives. In fact, they show that certain va- 
rieties constructed from graphs, on which it is natural to interpret 
the residues of Feynman integrals as periods, are very general in the 
sense that they generate the Grothendieck ring of motives. How- 
ever, more recent results of Bloch, Esnault and Kreimer [25] show, 
for certain classes of graphs, that the Feynman integral, expressed 
as a period through the Schwinger parameterization, comes from a 
piece of the cohomology of the graph variety that is actually mixed 
Tate. This seems to suggest that, although these varieties can give 
rise to motives that are not mixed Tate, the motivic piece that cor- 
responds to the period relevant for Feynman integrals is still mixed 
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Tate. Recently [24], Bloch proposed a lifting at the motivic level 
of the Connes-Kreimer Hopf algebra. 

• Kreimer showed in [190] that the period matrix (1.405) of the 
mixed Hodge-Tate structures associated to the polylogarithms can 
be seen as solutions of a Dyson-Schwinger equation, which reveals 
many of the fundamental structures of renormalization in quantum 
field theory. 

• The technique of renormalization by Birkhoff factorization devel- 
oped in the Connes-Kreimer theory has been successfully applied 
to the theory of multiple zeta values in [158] and [212]. 

Understanding the precise relation between residues of Feynman inte- 
grals and mixed Tate motives remains a question of crucial importance. 
There are two main obstacles in using the result of Proposition 1.110 and 
Corollary 1.111 to obtain an explicit identification of the category of flat 
equisingular vector bundles and a category of mixed Tate motives. 

The first problem comes from the fact that, if the homomorphism dual to 
the homomorphism (1.356) of Theorem 1.106 and Corollary 1.107, mapping 
U — ► Difg(T), were coming from a Hopf algebra homomorphism H(T) — > 
Hmot) with H mo t the Hopf algebra dual to the motive Galois group of mixed 
Tate motives, then this homomorphism would have to map primitive graphs 
in TC(T) (i.e. Feynman graphs that are free of subdivergences) to primitive 
elements in Ti mo t- However, the results of [35] indicate the existence of 
primitive graphs whose residues are multiple zeta values that do not corre- 
spond to primitive elements in H. mo t- Also notice that the morphism (1.356) 
is defined over C but not over Q, precisely because of the presence of tran- 
scendental numbers coming from the residues of graphs. 

The second problem lies in the fact that the category of flat equisingular 
vector bundles is constructed out of irregular-singular connections, while 
mixed Hodge structures will only arise from regular-singular ones. 

This shows that, if Theorem 1.106 and Proposition 1.110 suggest the 
existence of a direct relation between flat equisingular vector bundles and 
mixed Tate motives, this relation is more subtle than one might at first imag- 
ine. A promising approach appears to be that of approximating irregular- 
singular connections by regular-singular ones through the phenomenon of 
"confluence", and then relate the regular-singular differential systems to 
mixed Hodge structures, hence to mixed Tate motives. 

9. The Standard Model of elementary particles 

The Standard Model of elementary particle physics is a comprehensive 
description, based on quantum field theory, of all known elementary parti- 
cles and their electroweak and strong interactions, in the energy range up 
to hundreds of GeV (equivalently, a scale of distances down to the order 
of 10 -16 centimeters). From the physical point of view, it is an extremely 
sophisticated theoretical model, which has been tested experimentally to 
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very high precision and accounts better than any other known theory for 
all known phenomena involving elementary particles. Several attempts have 
been made at cracking the Standard Model, in the hope of observing new 
physics beyond what the model accounts for, but at the time of writing 
(when the new Large Hadron Collider at CERN is still to become opera- 
tional) no new phenomena in the world of high energy physics beyond the 
Standard Model have yet been observed, with the important exception of 
neutrino mixing (cf. §9.6) to which we dedicate special attention in our treat- 
ment (cf. §13 below) which will include a model of neutrino mixing with the 
see-saw mechanism. 

Mathematicians may not have much familiarity with the theory of el- 
ementary particle physics and with the remarkable conceptual edifice that 
is the Standard Model. (There are notable exceptions, see for instance the 
very interesting book [188].)Thus, we attempt to summarize in this sec- 
tion some of the main aspects of the Standard Model. The section can be 
skipped by the reader who is impatient to jump directly to a more math- 
ematical formulation, but we believe that it is important to give at least a 
brief overview of some very basic aspects of the physical theory. Our presen- 
tation is necessarily brief and somewhat sketchy. For the reader who wishes 
to learn more about the physics of the Standard Model, there is a wealth 
of good references available on the subject. Some that we found very useful 
are [123], [177], [268], [234]. 

Our main purpose is to show that the full Lagrangian of the Standard 
Model minimally coupled to gravity, in a version that accounts for neutrino 
mixing, can be derived entirely from a very simple mathematical input, using 
the tools of noncommutative geometry. This will hopefully contribute to 
providing a clearer conceptual understanding of the wealth of information 
contained in the Standard Model, in a form which is both palatable to 
mathematicians and that at the same time can be used to derive specific 
physical predictions and computations. This was shown in recent work of 
the authors and Ali Chamseddine [52], using techniques of noncommutative 
geometry previously developed by Connes and Chamseddine-Connes (cf. 
[70], [45], [46], [47], [48]). This part of the book is based on [52]. 

The Standard Model comprises two classes of elementary particles: the 
fermions are the basic constituents of matter, while the bosons transmit the 
interactions. Fermions are further subdivided into two classes: leptons and 
quarks. The fermions experience electroweak and strong interactions though 
only the quarks interact through the strong force. 

An aspect of the Standard Model that appears somewhat mysterious is 
the presence of three generations of fermions. While the fact that there is 
an equal number of generations of leptons and quarks can be explained in 
terms of anomaly cancellation, there is no explanation within the Standard 
Model that would fix the number of generations. 
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The Standard Model, in its minimal form, which does not include grav- 
ity nor accounts for the phenomenon of neutrino mixing, depends upon 19 
parameters. These are not predicted by the model. They are the following: 

• 3 charged lepton masses 

• 6 quark masses 

• 3 gauge coupling constants 

• 3 quark mixing angles 

• 1 complex phase 

• 1 Higgs mass 

• 1 coupling constant for the quartic interaction of the Higgs 

• 1 QCD vacuum angle 

As we discuss in §9.6 below, the observed phenomenon of neutrino mixing 
is not acccounted for in the original "minimal" standard model and therefore 
represents the first observed "physics beyond the Standard Model". We 
discuss the necessary modification to the Standard Model Lagrangian that 
accounts for the experimental results on neutrino mixing. As we see in §9.6 
below, this requires introducing, in addition to the three charged lepton 
masses, 18 additional real parameters that correspond to the Dirac and 
Majorana mass parameters for neutrinos and the angles and phase of the 
mixing matrix for leptons. 

In the case of the Standard Model minimally coupled to gravity, one 
also has in the Lagrangian the gravitational parameters, which we discuss 
separately in §9.7 below. 

We are going to explain in more detail the role and meaning of all these 
parameters. In fact, in our model they will all acquire geometric significance 
and we will be able to derive some relations between them as part of the 
predictive power of the model. 

9.1. Particles and interactions. 

Besides electromagnetism, the forces accounted for by the Standard 
Model are the weak and the strong force. The weak force is responsible for 
the phenomenon known as neutron /3-decay, n — ► peu, whereby a neutron is 
transformed into a proton, while emitting an electron and an anti-neutrino. 
This type of phenomenon would not be accounted for by just the theory of 
electromagnetism. The strong (or nuclear) force is responsible for the fact 
that atomic nuclei hold together despite the mutual electric repulsion of the 
protons. It is the elementary constituents of protons and neutrons, namely 
the quarks, that interact through the strong force. The charge of quarks, 
with respect to the strong force, is called the color charge. Quarks combine 
to form composite particles called hadrons (of which the proton and neutron 
are the two best known examples). There are gauge bosons in the Standard 
Model associated to each of the interactions. The photon is the gauge boson 
of the electromagnetic force. It is massless and has spin 1. The massive 
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electroweak gauge bosons are the W and Z particles. They also have 
spin 1. For the strong interaction there are eight gauge bosons, the gluons. 
They are massless and of spin 1 . 

The fermions in the Standard Model consist of three generations of lep- 
tons and quarks. The first generation has as leptons the electron, which 
is massive and electrically charged, and the left-handed neutrino v e . The 
quarks in the first generation are the up and down quarks. The second gen- 
eration consists of the muon and the neutrino as leptons and the charmed 
and strange quarks, and the third generation consists of the leptons r and 
the corresponding neutrino v T and of the top and bottom quarks. For each 
particle there is a corresponding antiparticle. The properties are similar 
across families: the leptons e, fi, and r are massive and electrically charged, 
the neutrinos u e , and v T are neutral, and are assumed to be massless in 
the minimal Standard Model. The quarks are massive (with a very broad 
spectrum of masses) and electrically charged. The quarks also carry a color 
charge for the strong force. 

All electrically charged particles feel the electromagnetic force, all quarks 
and leptons are subject to the weak interaction, as are the massive gauge 
bosons of the electroweak force. As we see below, the presence of self- 
interactions for the gauge bosons depends on the fact that the weak force, 
unlike electromagnetism, is a nonabelian gauge theory. All quarks and glu- 
ons interact through the strong force. Again, the strong force is a nonabelian 
gauge theory. 

Remark 1.113. A comment about notation: in the rest of this chapter 
we follow standard conventions about notation that are in use in the physics 
literature, for instance with respect to summation over repeated indices and 
the raising and lowering of indices. A possible source of confusion is the use 
of the notation ip. In Minkowski space, if a fermion ip is represented by a 
column vector, one has ^ = V*7o where 70 is a Dirac matrix. Hence this 
use of the notation ?/> should not be confused with the ordinary use of the 
bar notation as complex conjugation, which also occurs frequently in what 
follows. We hope that the context will clarify the use of the notation. 

9.2. Symmetries. 

Symmetries play a fundamental role in the Standard Model of elemen- 
tary particles. There are discrete symmetries, and Lie group symmetries. 
The discrete symmetries are the CPT symmetries, C for charge, P for par- 
ity, and T for time. In terms of the 7 matrices, the parity, time reversal, 
and charge conjugation operators are given on fermions tp as 

P : ip(t, x) 1 ^ J°ip(t, —x), 

(1.407) T : ij){t, x) i7 1 7 3 7/>(— t, x), 

C : tp(t,x) i-> i7 2 7°V'(t, x). 
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In the case of electromagnetism, the action on the corresponding boson, 
the photon, is of the form 

P:Ai i (t,x)^A li (t,-x), 

(1.408) T : A»(t, x) ^ A^-t, x), 

C : A»(t,x) i — ^ -A»(t,x). 

The full Standard Model is invariant under the combined CPT transforma- 
tion. However, unlike electromagnetism and the strong interactions (away 
from certain special values of quark mixing angles), the electroweak interac- 
tions do not preserve the individual C, P and T symmetries. This is related 
to the fact that, on chiral fermions, parity exchanges right and left chirali- 
ties, hence processes which differentiate between different chiralities violate 
parity. 

Among Lie group symmetries there are abelian and nonabelian gauge 
symmetries. In QED the abelian gauge symmetries corresponding to the 
group U(l) on fermions and bosons are of the form 

(1.409) ip(t,x) h-> exp(i\(t, x))ip(t,x), A^(t, x) i-> A^(t, x) -e _1 9 M A(t, x), 

with e the charge, and 7 = exp(iA) a local gauge transformation. 

There are nonabelian gauge symmetries by the Lie group SU(3) in the 
theory of strong interactions. The quarks ipj, with color index j = 1,2,3, 
form a 3-dimensional irreducible representation of SU(3), and so do the 
antiquarks ipj. The gluons A a , with color index a = 1,...,8, form an 
8-dimensional irreducible representation of SU(3) which is the adjoint rep- 
resentation. Local gauge transformations U then act by 

(1.410) ip^Uip, A^^UA^U" 1 +ig- 1 Ud^U~ 1 , 

with g the coupling constant. 

The U(l) and SU(3) gauge symmetries are full symmetries of the La- 
grangian. In particular, this means that there are no mass terms for the 
U(l) gauge fields and the gluons. 

When weak interactions are considered then SU(2) gauge symmetry also 
plays a role. This is denoted SU(2)i and is called the weak isospin sym- 
metry. It is related to phenomena like nuclear /3-decay involving charged 
weak currents. Here the asymmetry between left and right chirality ap- 
pears. In fact, in the "minimal Standard Model" the left-handed fermions 
form weak isodoublets while the right-handed fermions form weak isosinglet. 
This means that the leptons and quarks are arranged as 

£l = ( UL J , e R , 

(i-4ii) y V 

qL = ( u d j , u R , d R . 

Here we are considering just the minimal case, where there are no right- 
handed neutrinos. We return later to a detailed discussion of the necessary 
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extensions of the Standard Model that include right-handed neutrinos vr, 
see §9.6, and how they fit in our model, in §13 and following. 

Associated to the fermions arranged as in (1.411) as eigenvectors under 
the representation of SU(2)^ x U(l) there are corresponding hypercharges 

(1.412) Y t = Y(£ L ), Y q = Y(q L ), Y u = Y(u R ), Y d = Y(d R ), Y e = Y(e R ). 

These are related to the electric charges Q em and the quantum numbers I^l 
of the SU(2)l representation (i.e. the third generator in the Lie algebra of 
the weak isospin group) by a linear relation 

(1.413) Q cm = \Y + I 3L . 

There are relations among the hypercharges, which are obtained by imposing 
anomaly cancellations. These are of the form 

(1.414) 2Y q = Y U + Y d , Y q = ~Y e , 6Y q 3 - 3Y 3 - 3Y 3 + TYf - Y e 3 = 0. 
The values of the hypercharges are given by 

(1.415) Y e = -1, Y e = -2, Y q = 1 -, Y u = *, Y d = - 2 -. 

We discuss, in §13.3 below, how we derive these values for the hypercharges 
as a consequence of the mathematical model we construct. 

A note of warning about conventions. There are other conventions in the 
physics literature that have the hypercharge equations set to 3Y q + = 0, 
2Y q + Y u + Y d = and 6Y q 3 + 3Y„ 3 + 3Y d 3 + 2Y £ 3 + Y e 3 = with hypercharges 
differing from (1.415) by Y e = 2, Y u = -4/3 and Y d = 2/3. We strictly 
follow the convention of (1.414) and (1.415). 

We return to the discussion of anomalies from a more mathematical 
perspective later in this chapter; see §19.4, 19.5. 

A very important aspect of the theory of the Standard Model is the phe- 
nomenon of spontaneous symmetry breaking involving the SU(2)^ x U(l)y 
symmetries, which leaves only a resulting U(l) em unbroken. The Higgs fields 
are responsible for the symmetry breaking. In fact, the Higgs potential is of 
the form 

(1.416) V(H) = -^ 2 |H| 2 + A|H| 4 . 

The equation for extrema H(— + 2A|H| 2 ) = yields the possible expec- 
tation values H = and |H| 2 = v 2 /2 with the nonzero order parameter 
v = y/ /U 2 /A. Imposing this second possibility as a constraint, the original 
SU(2)i x U(l) symmetry is reduced to a remaining U(l) symmetry. The con- 
straint preserves electric charge conservation. The energy scale v is obtained 
from experiments and governs all the values of the masses. 
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9.3. Quark mixing: the CKM matrix. 

When one accounts for the presence of N generations of matter (TV = 
3 experimentally), one sees that in the part Cjjf of the Standard Model 
Lagrangian (written in full in §9.4 below, cf. (1.442)) responsible for the 
coupling of Higgs and fermions, the coupling matrix is not diagonal. That 
is, the fields are not mass eigenstates. One can transform to mass eigenstates 
through unitary transformations and Sf. The expression for the quark 
charged weak currents then involves the quark mixing matrix (or Cabibbo- 
Kobayashi-Maskawa matrix), which is a product of these unitary matrices 
C = S^*Sf. In fact, the usual convention in writing the Lagrangian of the 
Standard Model (cf. §9.4 below) is, instead of using the matrices and 

for both up and down quarks, to have the up quarks in diagonal form 
while the mixing matrix C appears in the down quarks. We are assuming all 
neutrino masses are zero for the moment, so that we only have the mixing 
in the quark sector. 

For 2 generations, the matrix C depends on just the Cabibbo angle 

(1.417) C=( COS0 l S ' m0 A, 

V - sin 6 C cos U c I 

while for 3 generations it has the more complicated form 

(C u d C U s C u b \ 
c cd c cs c cb . 
C t d c ts C t b J 

Here the entries depend on 3 angles 9i,6 2 , 3 and a complex phase 5, through 
the expression 

(Cl -S1C3 -S1S3 \ 

sic 2 cic 2 c 3 - s 2 s 3 e s C1C2S3 + s 2 c 3 e s , 
sis 2 cis 2 c 3 + c 2 s 3 e s c 1 s 2 s 3 - c 2 c 3 e s J 

for Q = cosOi, Si = s'mOi, and e$ = exp(i5). These parameters can be 
determined experimentally from weak decays and deep inelastic neutrino 
scatterings. Recent measurements of the entries of the CKM matrix have 
been carried out in experiments at Fermilab, in agreement with the predic- 
tions of the Standard Model, see [44]. 

9.4. The Standard Model Lagrangian. 

In its most explicit form, the Lagrangian density of the minimal Standard 
Model is given by the somewhat uninspiring expression (cf. [286]): 

C SM - -\d v g a u d v g a u - g s f abc d^g b ^ - \g 2 J abc f ade g b a g c v 9 d u9t ~ d v W+d u W- - 
M 2 W+W- - \B v Zld v Zl - £rM*Z°Z° - \d u A v d u A v - igc w {d u Z»{W+W- - 

w+w-) - z° v {w+d v w- -w-d v w+) + z°{w+d v w- - w-d v w+)) - 

^gs w {^ v A a {W+W- - W+W-) - A v {W+d v W- - W~d v W+) + A u (W+d v W~ - 
W-d v W+)) - \g 2 W+W-W+W- + \g 2 W+W~W+W- +g 2 cl(Z°W+Z° v W- - 
Z°Z°W+W-) + g 2 sl{A ll W+A u W- - A a A a W+W~) + g 2 s w c w (A u Z°(W+W- - 
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W+W-) - 2ApZ°W+W-) - \d^Hd^H - \m 2 h H 2 - ^0+^0" - M 2 0+0~ - 
§ W - W - Ph + 2 -f H + \{H 2 + 0°0° + 20+0")) + 

^j£a h - ga h M (H 3 + ff0°0° + 2H0+0-) - 
\g 2 a h (ff 4 + (0 ) 4 + 4(0+0- ) 2 + 4(0°) 2 0+0- + 4ff 2 0+0- + 2(0°) 2 £f 2 ) - 
gMW+W-H - y%Z°Z°H - 
\ig (W+(0%0" - 0-^0°) - W7(0%0+ - 0+a M )) + 
\g (W+(Hd^- - <j>-dpH) + W-(H8^+ - + \g^{Hd^° - 

(ffid^H) - ig&MZ°{W+4>- - W~<t>+) + igs w MA^W+<j>- - W~cf>+) - 

^^^(0+^0- - 0-a M 0+) + ig Sw A^4>+d^- - 0"^0+) - 
Z9 2 W+W- (H 2 + (0 ) 2 + 20+0-) - 

y 2 ^Z»Z° (H 2 + (0°) 2 + 2(24 - l) 2 + r ) - \g 2 ^Z«4>\W+4>- + W"0+) - 

\ig 2S ^ Z°H(W+cf>- - W~4>+) + ig 2 ^A AJ 0°(^+0- + W~cj>+) + 
\ig 2 s w A^H{W+r - W-<t>+) - 9 2 ^(2c 2 w - l)Z^0+0- - g 2 s 2 w A^+^- + 
ligsKMil^tf)^ - gA (7<9 + m A )e A ~ v x ^dv x - u)(^d + m A )u A - d A ( 7 <9 + 
m x d )d x + igs w A^ (-(eVe A ) + K^V u j) ~ K^^i)) + &3>{(*V(1 + 
7> A ) + (eV(4s 2 - 1 - 7 5 )e A ) + (d* 7 "(|4 - 1 - T 5 )^) + (""M 1 ~ §4 + 
V s )",-)} + a^^M ((^V(l + 7'V) + + 7 5 )<?a k ^)) + 

^W" ((eS"(l + 7 > A ) + (d*c£ A 7"(l + T 6 )^)) + 
^4 (-0+(^(l - tV) + 0"(e A (l + 7 > A )) - 

f=i(if(e A e A ) + i o (eVe A )) + 
^0+ (-m3(O^C AK (l - 7 5 )rf?) + m x (ujC XK (l + 7 5 )d?)) + 

^0" (m A (J A CL(l + 7 5 )^) - <(^CL(1 - 7 5 )^)) - §^(«> A ) " 

| itH(d$d$) + f ^00(^7^}) - f ^0O( JA 7 5 rf A )+ G°& i G a +g a f ab °d ll G°G>>gl+ 

x+(a 2 - m 2 )x+ + ^-(a 2 - m 2 )x- + x°(d 2 - M^)x° + yo 2 y + 

igc w W+{d^X--d^X+X°)+igs w W+{d^YX--d^X+Y)+igc w W-{d^X-X - 
d^X°X+) + igs w W-(d^X-Y - 8 tl YX+) + t gc w Z^X+X+ - ^X"X") + 

igs w A^d ll X+X+ - dpX-X-) - \gM (x+X+H + X~X~H + ^-X°X a H^) + 

1 -^ L igM (X+X°4>+ - X-X°(j)-) + ^-igM (X°X-(f>+ - X°X+(j)-) + 
igMs w (X a X-(/)+ - X {) X+<t>-) + \igM (X+X+4>° - X"X-0 o ) . 



Here the notation is as follows. 

• Gauge bosons: A^W^, Z®, g° 

• Quarks: Uj,dj, collectively denoted q*. 

• Leptons: e K , v K 

• Higgs fields: H, 0°, 0+, <p~ 

• Masses: m/|, m^, m^, (Higgs mass) and M (mass of the W) 

• c^, and s w : cosine and sine of the weak mixing angle 9 W 

• C\ K : Cabibbo-Kobayashi-Maskawa mixing matrix 
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• Coupling constants: g (with a = s^ u g 2 /(4ir) the fine structure con- 

2 

stant) g s (coupling of the strong force), an = (Higgs scattering 
parameter) 

• Ph- tadpole constant 

• f abc : structure constants of the Lie algebra of SU(3) 

• A?-: Gell-Mann matrices (1.421) 

• Ghosts: G a , X°, X+, X~ , Y 

• The choice of gauge fixing is the Feynman gauge for all gauge fields 
except the SU(2) ones and the Feynman-'t Hooft gauge (cf. §9.5 
below) for the SU(2) gauge fields. 

For quarks q*, the index re is the generation (flavor) index. Thus, for 
example, when we write u K with re = 2, this stands for the charmed quark. 
The index j is the color index. 

In the case of leptons, again re is the generation index, so that, for 
example e K for re = 2 is the muon and v K the corresponding neutrino. In 
the minimal Standard Model one assumes that the neutrinos v K only appear 
in their left-handed chirality and are massless. This hypothesis will be 
modified in the actual model we work with. 

The coupling constants are expressed also in the form g± = gt&n(9 w ) 
(electromagnetic coupling), g2 = g (weak coupling) and g^ = g s (strong 
coupling). One correspondingly defines 



(1.420) at = -p-, where a em = s^a 2 

47T 

is the fine structure constant. 

The structure constants f abc , with the indices a,b,c = 1, . . . , 8, of the 
Lie algebra of SU(3) satisfy the relations 



where the g a are the generators of the Lie algebra. The f are completely 
antisymmetric in the three indices and are specified by the values 



[9a,g b ]=if abc g, 



'a 



f 



123 



2, / 



147 



/ 
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/ 



■246 



/ 



^257 



/ 376 = 1, / 




The Gell-Mann matrices give the fundamental representation of the Lie al- 
gebra of SU(3) in traceless 3x3 matrices. They are defined as follows. 
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Definition 1.114. The Gell-Mann matrices A?- are given by 



x h = 1 > 4 



A l = -1 , AJ 



(1.421) 
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A?- = , A?- 



\l = -i , A* 



The matrices (1.421) are self-adjoint and satisfy the relation 
(1.422) Tr(A a A 6 ) = 25 ab , 

with 5 ab the Kronecker delta. 

Here we have chosen to write the Standard Model Lagrangian exactly 
as given in Veltman's book [286], including the somewhat unusual choice 
of gauge fixing, with the Feynman gauge replaced by the Feynman-'t Hooft 
gauge for the SU(2) gauge fields (see the discussion in §9.5). The reason 
for maintaining the same notation and conventions of [286] is that this is 
a standard reference in the physics literature for the full Lagrangian of the 
Standard Model. In the course of developing our mathematical model in the 
coming sections, we will also translate the notations from the physical ones 
to those of noncommutative geometry. 



One of our goals in this chapter is to arrive at a conceptually clean math- 
ematical understanding of these data, which makes it possible to recover the 
full complexity of the expression above starting from very simple principles 
and as small as possible an input of data. This will be achieved through the 
spectral action principle for a noncommutative spectral geometry (A, Ti, T>) 
(cf. §11). In fact, we not only recover the original Standard Model, but we 
can directly deal with the refined form that incorporates neutrino masses 
and mixing as well as the see-saw phenomenon (cf. [234] §7.2.4). 

For the moment, we just introduce some notation, in order to write the 
expression above in a more concise way. The terms of Csm can be grouped 
together in six different types, so that we can write the Lagrangian more 
synthetically as 

(1.423) Csm = C g + £ g H + C-h + £ g f + C-Hf + £ g hosts- 
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The term C g denotes the pure gauge boson part, where we write g for the 
spin-1 bosons, that is, the eight gluons g^, the photon A^, and the interme- 
diate bosons and Z®. The term C 9 h gives the minimal coupling of the 
spin-1 bosons with the Higgs fields, namely the spin-0 bosons H, 0°, 4> + , 
(f>~ . The term Ch contains the quartic Higgs self-interaction. In addition 
to the coupling constants for the gauge fields, the fermion kinetic term C g f 
contains the coupling of fermions with the gauge bosons which involves the 
hypercharges Yl, Yr. The term Cuf contains the Yukawa coupling of the 
Higgs fields with the fermions. In these two terms / stands for the spin- 1/2 
fermions, namely all quarks Uj, d*, with the upper generation index and the 
lower color index, and leptons e K , v K with the upper generation index. We 
then have the remaning term Cghosts, which contains the kinetic terms of 
the Faddeev-Popov ghosts G a , X°, X + , X~ , and Y, as well as their inter- 
actions with the gauge and Higgs fields. All these ghost terms are gathered 
at the end of the long explicit formula for Csm- They have the important 
property that they can be obtained canonically from the other five terms 
C g + C g H + Ch + Cgf + Cfff , using the general technique of gauge fixing, 
which we explain briefly in §9.5 below. The difference between the Feynman 
and Feynman-'t Hooft gauge in the gauge fixing is also discussed in §9.5 
below. The gauge fixing term £g x is then combined with the kinetic terms 
for the gauge fields. 

9.5. Quantum level: anomalies, ghosts, gauge fixing. 

Up to now we have only introduced the Standard Model at the classical 
level. However, to make computations that can be experimentally tested one 
needs not only the tree level approximation but one needs to incorporate 
the quantum corrections coming from the higher order terms, namely from 
Feynman diagrams with loops. It is computationally very challenging to 
perform such calculations, even for a small number of loops. It is in this 
context that the general tools of perturbative quantum field theory and 
the theory of renormalization discussed earlier in this chapter become very 
significant. 

The Feynman rules for QED assign the fermion and photon propagators, 
and the contribution of one type of interaction vertex, which corresponds to 
the triangle vertex of the fermion photon interaction. The Feynman rules for 
QCD assign the quark, gluon, and ghost propagators and the contributions 
of various types of interaction vertices: the triangle vertices corresponding 
to a three-gluon vertex, a quark-gluon vertex, or a ghost-gluon vertex, and 
a valence four four-gluon vertex. In the electroweak case, the Feynman rules 
are still more complicated and they involve more propagators and interaction 
vertices: the propagators associated to the Z and W bosons, to the charged 
Higgs, vertices of fermion-boson interaction, etc (see e.g. [167]). In our 
discussion we will only encounter explicit quantum correction calculations 
when we use the renormalization group equation and the corresponding beta 
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functions at one or two loops to obtain predictions at ordinary energies from 
the relations that can be derived in our model at unification energies, see 
§17.2, §17.6, §17.10. 

An interesting phenomenon that appears when one considers higher or- 
der corrections is that certain apparent symmetries of the Lagrangian turn 
out not to be symmetries of the theory. This is due to the presence of anom- 
alies. The typical case, which we return to discuss from the point of view of 
noncommutative geometry later in this chapter, is the axial U(l) symmetry. 
The QCD Lagrangian (if quarks were massless) would have a symmetry 

(1.424) ip i — > exp(-i6>7 5 ) ip. 

However, this symmetry does not survive at the quantum level due to anom- 
alies. Anomalies can be thought of as a problem with change of variable in 
path integrals, by the effect of which what is classically a conserved current 
(by Noether's theorem) associated to the symmetry is no longer divergence- 
free due to quantum corrections. The divergence free condition for the clas- 
sical Noether current is reformulated in terms of Ward identities between 
Green's functions. 

In general the Ward identities determine relations between the Green's 
functions arising from symmetries of the Lagrangian. These influence the 
renormalizability of theories with nontrivial symmetries, by ensuring can- 
cellations of divergences between different sectors of the theory. There is a 
very interesting and subtle interplay between symmetries, Ward identities, 
and perturbative renormalization, see e.g. [60]. We discussed in the previous 
part of this chapter a mathematical formulation of perturbative renormaliza- 
tion based on Hopf algebras, Birkhoff factorization, equisingular connections 
and affine group schemes. The compatibility of the Connes-Kreimer theory 
and this general formalism with gauge transformations and Ward identities 
was recently proved by van Suijlekom for QED in [277] and in the more 
general case of nonabelian gauge theories in [278]. A subtle point is that 
the Ward identities can be affected by higher order corrections, which can 
generate anomalous terms. In gauge theories, the problem arises primarily 
from fermions coupling to gauge fields, as in the Adler-Bell-Jackiw (ABJ) 
anomaly which manifests itself in the renormalization of 1-loop diagrams 
(triangle fermion loops). 

In the DimReg regularization scheme, the ABJ anomaly is closely related 
to the problem of defining 75 for complex dimensions (cf. [176]). We discuss 
later how this can be formulated in the context of noncommutative geometry, 
in §19 below. 

In the case of electroweak interactions where the vector boson associ- 
ated to the weak interaction acquires mass through the Higgs mechanism, 
renormalizability is achieved by showing that the theory is obtained via a 
formal transformation of the fields from a renormalizable gauge theory (the 
latter can have non-physical particles that may spoil unitarity, cf. [168]). 
For such a formal transformation to be possible, one needs to be able to 
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renormalize the gauge theory in a gauge invariant way. This can be spoiled 
by the presence of the ABJ anomaly, as shown in [152]. Namely, in the case 
of interactions involving the Noether current of the classical axial symme- 
try (1.424), at the level of 1-loop quantum corrections, triangular diagrams 
do not preserve the current conservation that exists at the tree level. Un- 
less the anomalies cancel out the theory ceases to be renormalizable. The 
cancellation of anomalies gives an important constraint on the theory. The 
question of constructing gauge theories that are free of anomalies, both for 
electroweak and strong interactions, was considered in [141], where condi- 
tions are given on which gauge groups and representations will satisfy the 
vanishing of the ABJ anomaly for triangle diagrams. 

In the case of gauge theories, the Ward identities (or Slavnov- Taylor 
identities) are related to the symmetries by Becchi-Rouet-Stora (BRS) gauge 
transformations. For instance, in the SU(2) case, the Lagrangian 

(1.425) C = ~F^F a ^ + i>i^D^ - m^, 

with = (fy - igA^T^ and F^ = d^A® - d u A« + ge ahc A\A%, is 

invariant under local gauge transformations 

(1.426) <5V> = -iT a 6 a il) and 5A^ = e abc 6 b A c ^ - g^d^O". 

One considers the additional gauge fixing term and Faddeev-Popov 
ghost terms, which give the resulting Lagrangian 

(1.427) C = C + C Bx + C ghost , 
where 

(1.428) £fix= ^ {& ^ ? 

£ g host = ic* a di J '(8 ab d tl - ge abc A c ^c b , 

with c the ghost field. 

In the case described above of the Standard Model Lagrangian, the gauge 
is chosen to be the Feynman gauge, which is as in (1.428) with £ = 1, for 
all the gauge fields except for the SU(2) gauge fields. One advantage of the 
choice £ = 1 is that the kinetic terms for the gauge fields in (1.425) are 
simply given by 

(1.429) A dv Ald v Al 

The gauge chosen for the SU(2) gauge field Wa in the Standard Model 
is the Feynman- 't Hooft gauge, of the form 

(1.430) £ fix = - l - C 2 , with C a = -d^W* + M a <t> a . 

Here M a is the mass of the massive vector boson W a . The change of variables 
from the isospin indices W a , 4> a to the standard (Z, W^), {(fP , (fi^) notation 
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is given by 

z°= w , w + = , w- = 

(1 431) V V 



Thus, one can expand the gauge fixing term in the form 

Ax = ~\ (W 4 ) 2 - ^MW " M 2 ^r 
(1 432) ™ 

+ M(±<p%Z° + <p-d,W+ + ^d ll W-). 

We separate the terms of this expansion as 

(1.433) £fix = C-feyn + ^fix Across i 

where the cross terms form the last group. 

The ghost terms were gathered at the end of the formula for the full 
Lagrangian in the form 

Cghost = G a d 2 G a + g s f abc dvG a G% 

+X+(d 2 - M 2 )X+ + x~{d 2 - m 2 )x- 

+X °(d 2 -^)X° + Yd 2 Y 
+igc w W+(d li X°X- -d^X+X ) 
+igs w W+(d fl YX- - d^X+Y) 
+igc w W-(d^X~X° - d fl X°X+) 
+igs w W-(d ll X-Y - d^YX+) 
(1-434) +igc w Z°(d lt X+X+ - d^X'X') 

+igs w A fl (d^ l X+X+ - dpX-X-) 
-\gM (x + X + H + X~X~H + -^X X°H^j 

l 1 - 2 4„-„j//f+y0j,+ y- yO 



2c„ 



-igM (X + X°(f> + - X-X°4>-) 



+ 2^igM (X X~(P + - X°X + (f)-) 
+igMs w (X°X-<p+ -X°X+<p-) 
+\igM (X+X+cfP - X-X-<fP) . 

We ignore them in the analysis of the Lagrangian, since they are obtained in 
a systematic manner from the other terms. The appearance of the Feynman 
gauge fixing terms will hardly be noticeable, since in the Feynman gauge 
they are almost invisible, by just changing the summation on indices in the 
gauge kinetic terms. On the contrary, the appearance of the Feynman-'t 
Hooft gauge fixing terms will be quite noticeable. In fact, after an integration 
by parts, this gauge fixing amounts to replacing 
(1.435) 



w 



i.e. replacing a minimal coupling term by a mass term for the Goldstone 
boson components of the Higgs field. 
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The resulting action functional is no longer gauge invariant, but is in- 
variant under the BRS generalized gauge transformations. These are trans- 
formations of the form (1.426), where 6 a is a specific type of gauge function 
of the form 

(1.436) 9 a = -gua a , 

where a; is a spacetime-independent anticommuting Grafimann variable and 
o a is the imaginary component of the ghost field, written in the form c a = 
(p a + ia a ) I \[2. The BRS transformations also act on the ghost field as 

(1.437) 5p a = -iudPAyt and 5a a = -goje abc a b a c /2. 
9.6. Massive neutrinos. 

A first step beyond the physics of the Standard Model is needed in 
order to account for neutrino masses. Experimental evidence for neutrino 
masses comes from neutrino oscillations. The phenomenon is observed in 
atmospheric neutrinos produced by the interaction of cosmic ray protons 
with atomic nuclei in the upper atmosphere. These interactions produce 
electron and muon neutrinos. The experimental count of the ratio of these 
two types of neutrinos however is not in agreement with the expected ratio. 
This is understood as a sign of the presence of oscillations between the 
different flavors, i.e. the presence of mass eigenstates that are a superposition 
of muon and electron types. In fact, if neutrinos are no longer assumed to be 
massless, then, just as in the case of quark mixing, the mass eigenstates will 
be a mixture of the three generations v e , v T . This is neutrino mixing and, 
as in the case of the CKM matrix for quarks, it is governed by a neutrino 
mixing matrix, the PMNS (Pontecorvo-Maki-Nakagawa-Sakata) matrix. 
Neutrino oscillations are seen as the experimental signature of the presence 
of neutrino mixing. Another evidence for neutrino oscillations comes from 
the so-called "solar neutrino puzzle" , by which the amount of solar neutrinos 
detected on Earth appeared to be in defect of the theoretical models for solar 
emission, until it was found that a fraction of the electron neutrinos emitted 
by the Sun seems to convert into other flavors before reaching the Earth. 
For a detailed discussion of experimental evidence of neutrino masses and 
its theoretical implications, see [234]. 

In the "minimal Standard Model", as we have seen above, neutrinos 
are massless. The observations of neutrino oscillations therefore represent 
the first source of evidence of physics beyond the Standard Model. There 
are various models that extend the minimal Standard Model we discussed 
above and account for neutrino mixing. Most require expanding the field 
content of the minimal Standard Model. This is the case, for instance, in the 
so called Left-Right symmetric models, where the group SU(2)i x U(l)y of 
the electroweak theory is replaced by the larger SU(2) l x SU(2)^ x U(l) b-l 
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and the relation (1.413) is replaced by 

(1.438) Q = hi + hR+ B ~y L . 

The Higgs sector also changes in general in such models (cf. [234], §7 and 
§8). The model that we obtain from the mathematical input we describe in 
section §13 below is in fact the minimal extension of the Standard Model 
that incorporates neutrino mixing and has a see-saw mechanism (see §17.5 
below) that accounts for the fact that the observed bounds on neutrino 
masses makes them so much lighter than the charged fermions. 

In this type of model neutrino masses are incorporated by changing the 
fermionic content of the minimal Standard Model by adding right-handed 
neutrinos. This brings about a necessary discussion on the description of 
neutrinos as Dirac or Majorana fermions. 

9.6.1. Dirac and Majorana fermions. 

For the moment we assume that we work in Minkowski space. Suppose 
given a fermion tpL, of left-handed chirality, i.e. such that 5(1 + 75)^ = V'-to 
where \(\ + 75) and \(\ — 75) are the chirality projections. Let ipR denote 
the image of ip^ under the composite CPT symmetry of (1.407), that is, 
the right-handed state of the antiparticle. Similarly, one has states i/jr and 
ipL. If the fermion is charged, then i(jr and ipR have opposite charge and 
same helicity. In particular, if the fermion if) is a massive particle, hence it 
moves at speeds strictly smaller than the speed of light, a boosted observer 
that overtakes the velocity of a particle Vl will then see a right-handed 
object, but with the same charge. In the absence of charge, however, one 
has the possibility of identifying the states tpR and tpR and similarly the 
states 7pL and ipi. Spinors for which this identification holds are called 
Majorana spinors. If one does not have this identification, one talks about 
Dirac spinors. These have twice as many degrees of freedom as Majorana 
spinors. 

In the minimal Standard Model, the left-handed neutrinos vl are rela- 
tivistic particles, that is, being massless they move at light speed. In this 
case, it makes no sense to talk about the possibility of a different chirality 
seen by a boosted observer. One says that the vl of the minimal Standard 
Model are Weyl spinors. 

In extensions of the Standard Model where neutrinos have masses, one 
needs to consider also the right-handed state vr seen by a boosted observer 
and similarly one has the z>l and vr states. Since neutrinos do not have 
charge, it is possible to either consider these as different states, or identify 
vl = vl and vr = vr, so that neutrinos are their own antiparticles. It is 
this description of neutrinos as Majorana spinors that will appear naturally 
in our model. 

Our model will be derived after a Wick rotation to Euclidean signature. 
It is well known that, unlike Dirac spinors, Majorana spinors do not have 
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a Euclidean version. This seems to pose a serious problem with the picture 
we just described for massive neutrinos. However, as we discuss in detail in 
§16.2 below, we can use a formalism based on the Pfaffian and Grafimann 
variables to provide a substitute for the formalism of Majorana spinors in 
the Euclidean setup. This role of the Pfaffian is quite well known in the 
physics literature; see for instance [171], [184], [238]. 



For Majorana spinors, the mass terms in the Lagrangian can be written 
in the form (cf. [234], §4.5) 



Here S K \ is a symmetric matrix. In particular, in the special case where this 
matrix is of the form 



one can identify a pair of Majorana spinors with a Dirac spinor and obtain 
a Dirac mass term. In the general form, where S\ K also has a diagonal part, 
we will see that the relative size of the terms in the matrix S will be the 
source of the see-saw mechanism (see §17.5 below). 

One sometimes refers to the off-diagonal part of S\ K as the Dirac mass 
terms and to the diagonal part as the Majorana mass terms. For a pair ip and 
X of Majorana fermions, the Dirac mass terms correspond to cross terms of 
the form T^lxr and Txl^Pr and Hermitian conjugate, while the Majorana 
mass terms correspond to cross terms involving i/jl^Pr and XlXR- We see in 
the next subsection how such terms appear in the modified Standard Model 
Lagrangian. 

9.6.2. The modified Standard Model Lagrangian. 

We now describe more precisely the modification to the Standard Model 
Lagrangian of §9.4 that will be relevant to our setting and which incorporates 
massive neutrinos, the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing 
matrix, and the Majorana mass term for neutrinos. 

The terms of the original Lagrangian of §9.4 that need to be modified 
are those of the form 



(1.439) 




1 



1 




—v'ydv 



(1.440) 




))• 
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This part of the Lagrangian is replaced by the terms 
(1.441) 

-u x {^d + m x )v x 

+ ^ / t(^Ka7' 1 (1 + 7V) 
+ ^V2^ + {-<(v X C lep x K (l - 7 5 )e K ) + m x {u x C l ^\ K {l + 7 5 )e K )) 
(m x (e x C le p{ K (l + 7 5 K) - m-(e x C le p{ K (l - 7 5 K)) 

-I ^ M* (1 - 7 5 )^ - 1 M« (1 - f>)z> K 

while all the remaining terms of the Lagrangian of §9.4 are unchanged. 

In (1.441) the matrix C^f is the analog for leptons of the CKM mixing 
matrix for quarks, namely the PMNS matrix. The last term is the Majorana 
mass term with matrix . 

Notice that, for simplicity, we used in (1.441) the same convention for 
leptons as the one usually adopted for quarks. Namely, we wrote the "up 
particles" in diagonal form and the "down particles" with the mixing matrix. 
In the lepton sectors the role of the "up particles" is taken by the neutrinos 
and that of the "down particles" by the charged leptons. The convention we 
follow is different from the one usually adopted in the literature on neutrino 
physics, where it is more natural to have the mixing matrix C lep for the 
neutrinos, since this plays a crucial role in the theoretical description of 
neutrino oscillations (cf. e.g. [234] §11.3). It is convenient here to adopt 
the convention as in (1.441) for the reason that it allows us to write the 
Majorana mass matrix Mff in a simpler form. 

In the following, when we write Csm we mean the Standard Model 
Lagrangian with the terms (1.440) replaced by those of (1.441). 

Remark 1.115. To avoid confusing notation, we will reserve the notation 
Csm and £fjf, Cgf for the terms of the full Lagrangian that include the extra 
terms (1.441) for mixing and Majorana masses for neutrinos, while when we 
want to refer to the corresponding terms (1.423) for the minimal Standard 
Model Lagrangian of §9.4, with the terms (1.440) instead of (1.441), we 
denote them by Cf M and Cff, £™j n , etc. 

We write here in detail the various terms of (1.423) for the case with 
neutrino mixing. We return to discuss each of these terms in §17 below, 
where we show how to recover each part of the Lagrangian from our non- 
commutative geometry model. 

Yukawa coupling of Higgs and fermions: 



(1.442) 
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-v x m x v x - e x m x e x - u x m x u x - d x m x d d x + 
$S (-0 + (^ A (l - W) + 4>~ {e\l + 7 > A )) - 



2 M 



2^(i7(e A e A )+#°(e A 7 5 e A )) + 



2Ma/2 ' 



{-m K d {u x C XK (± ~ 7 5 H K ) + m x (u x C XK (l + 7 5 )d«)) + 
>r (m x (d x Cl(l + 7 5 )u?) - m«(d x C{ K (l - 7 5 )u?)) - 



2My/2 S 

- l^-H(d x d x ) + f ^(u^y 5 **) - f ^ /(d A 7 5 4) + 
(-m^C^l - 7 5 )e K ) + m A (P A C^ AK (l + 7 5 )e K )) + 



(e A C /ep AK (l + 7 5 )^ K ) - m K v (e x C lep \ K {l - 7 5 K)) - 



I ^H(^ X ) + f If <^V^ A ) " 3 M* (1 - 7 5 R - | »x M* (1 - 7 5 R. 

Notice that we have grouped the Majorana mass terms inside the Cnf 
part of the Lagrangian, as well as the Dirac mass terms — x x m x x x , for 
x £ {v, e, u, d}. The reason will be clear in §17 below where we derive the 
various terms of the Lagrangian. 

Gauge-fermion couplings: 

(1.443) C gf = 

\ig s \%(q?^q?)g° - e A ( 7 9)e A - u x ^du x - u x {jd)u x - d x ^d)d x + 
igs w A^ (-(eVe A ) + §(u A 7 ^ A ) - §(^7^)) + ^Z°{(v x ^(l + 
7 5 )^ A ) + (eV(44 - 1 - 7 5 )e A ) + (d A 7 M (|4 - 1 - 7 5 )d A ) + (^V(l - §s 2 + 
+ ^2 W Z ("M 1 + ^) C ^ d j) + ifi W » [dp K ^i\ + 7 5 )^ A ) + 



2V2 



Notice that we have split each term of the form — x A (7<9+m A )ir A in Csm, 
for x G {1/, e, u, d}, into a term — x x m x x x in £^7 and a term —x x ^dx x in 

Higgs self-coupling: 

(1.444) £^ = 

2M* 



g ,-a h 



ga h M (H 3 + F^V + 2#0+0~) - 
\g 2 a h (H 4 + (0 ) 4 + 4(0+ 0") 2 + 4(0°) 2 0+0- + 4# 2 0+0- + 2(0°) 2 tf 2 ) . 

Self-coupling of the gauge fields: 

(1.445) C g = 

-\dv9ldv9l - 9sf abc d,g a u g b ,g c v - \g 2 s f ahc f ade g b ,g c u gUt ~ d v W^d v W~ - 
M 2 W+W-- \d v Z%d v Z*- ^M 2 ZlZl-\d^A u d^A v -igc w {d u Z^{W+W-- 

w+w~) - z*{w+d v w- -w-d v w+) + z%w+d u w~ - w^d u w+)) - 
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igs^duA^W+W- - W+W^) - A u (W+d u W~ - W~d v W+) + 

A^w+dyW- - w~d v w+)) - y 2 w+w~w+w- + y 2 w+w-w+w- + 

^(Z^W+Z^W- - Z°Z°W+W-)+g 2 sl(A^W+A u W- - 
ApApW+W-) + g 2 s w c w (A^(W+W- - W+W~) - 2A fl Z°W+W~). 

Notice that here we are using the Feynman gauge fixing for all the gauge 
fields. For the transition between the Feynman-'t Hooft gauge of the La- 
grangian written as in §9.4 (as in [286]) and the Feynman gauge see the 
discussion in §9.5 above. 

Minimal coupling of the Higgs fields: 

(1.446) C Hg = 

-\dnHdpH - V - \d^d^° - gMW+W-H - \g™2%Z*H - 

\g {W+(Hd^~ - cp-d^H) + W-(Hd^+ - c^+d^H)) + y^Z^Hd^ - 
cfPd^H) - ig^MZ^W+r - W~<t>+) + %gs w MA^W+<t>- - W~<i> + ) - 
ig^Z^+d^- - <trdp<t> + ) + igs w A^+d^- - ^d^ + ) - 
tfW+W- {H* + (</> ) 2 + 2cf>+cj>- ) - 

\g 2 \zizi (h* + {4P) 2 + 2(24 - - h 2S izy(w+r + 

W-cf> + ) - lig 2s ^Z°H(W+cf>- - W-cf> + ) + y 2 s w A^°(W+<f>- + W'^) + 
\ig 2 s w A^H{W+cp- - W~<P + ) - g 2 ^(2c 2 w - 1)2^+0- 
g^lA^+r + M (£Z°^ + W+d^- + W~d^+). 



9.7. The Standard Model minimally coupled to gravity. 

The minimal Standard Model, as well as the extension by the terms 
(1.441) with neutrino masses, do not include gravity. The model we are 
going to discuss is a further generalization, which is usually referred to as 
the Standard Model minimally coupled to gravity. 

Let us first recall a few things about gravity. At the classical level, 
gravity is described by the theory of General Relativity. The dynamics is 
described by the Einstein field equation (cf. Weinberg [299] 7.1.13) 

(1.447) iV - X -R 9ilv - K c9lxv = SitGT^, 

where we set the speed of light to c = 1, g^ v is the metric tensor with 
Lorentzian signature (—,+,+,+), T^ u is the energy-momentum tensor and 
G is Newton's gravitational constant. 

The Riemann curvature tensor is given by 



(1.448) 
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with the Christoffel symbols 

(1.449) = l -g x * (d^g KU + d u g^ - d K g^) . 
The tensors and R are given by 

(1.450) iV = R^ Xk , 
and 

(1.451) R = R^gT- 

Notice that the above sign convention for the curvature tensor (1.448) is 
such that R is equal to —2K for the 2-sphere with Gaussian curvature K. 
We follow [203] and use the term Ricci and scalar curvature for the tensors 
—Rfn, and —R. 

Notice that Wald ([290] 4.3.21) has the opposite sign convention for the 
Riemann tensor with respect to the one we are following here, which is the 
one of [299]. 

The left-hand side of the Einstein equation (1.447) can be explained by 
considering the most general type of tensor 

S^v = aig^v + a2R ilv + a^Rg^, 

with di G R, and imposing that it satisfies the same condition d^S^ = as 
the energy-momentum tensor, for which one knows that d^T^ u = 0. 

The left-hand side of Einstein field equations (1.447) can be obtained 
from the Einstein-Hilbert action 

(1.452) s E H{g) = r^fyj^Rdv + 2K c f^dv^j, 

with dv = yfgd^x. This has Lagrangian density 

1 2A 

(1.453) c EH = -—R - 



16ttG 16ttG 

The term J m dv is the cosmological term in the Einstein-Hilbert action. 

It is important to keep track of all the sign conventions. Notice in 
particular that the sign in front of A c is the same as that of the Rg^v term. 

Definition 1.116. The Lagrangian density j or the Standard Model min- 
imally coupled to gravity is then simply of the form 

(1.454) C = C EH + C S M- 

To understand why this is a good choice of Lagrangian for the minimal 
coupling of matter and gravity, we review briefly the argument given in §12 
of [299]. 

In §9.4 and 9.6.2 we have considered the Standard Model Lagrangian (or 
its modification) in flat Minkowski space. One can, in fact, write the corre- 
sponding Lagrangian in any assigned Lorentzian metric g^ u . The expression 
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becomes correspondingly more complicated, as the explicit expression of the 
metric tensor appears in all the inner products and pairings involved (phys- 
ically, in all the raising and lowering of indices). In (1.454) one should think 
of the Standard Model Lagrangian as written with respect to a Lorentzian 
metric g^, for which the Einstein-Hilbert Lagrangian density is also com- 
puted. 

Let Ssm be the action corresponding to the Lagrangian density Csm- 
Then the corresponding energy-momentum tensor is obtained ([299] §12.2) 
by considering the "functional derivative", i.e. the first variation SSsm of 
the functional Ssm with respect to g^ v and writing it as a linear functional 
of the infinitesimal Sg^ in the form 

(1.455) SSsm = \J TflU S 9lu/ ^gd 4 x, 

The expression (1.455) defines the energy-momentum tensor T^ u . The van- 
ishing of SSsm is a generally covariant condition, since Ssm is a scalar. 
Thus, one has the condition SSsm = 0, which gives the energy-momentum 
conservation. 

Thus, this shows that the Lagrangian density (1.454) is the correct choice 
that accounts for the effects of gravitation on matter and of the mass con- 
tribution of matter to the gravitational field. In fact (cf. [299] §12.4), the 
variation SS for the total action with density (1.454) takes the form 

SS = ^ J (R^ - l -g^R - KgT + 8ttGT^)S 9 ^ ^d A x + SS SM , 

so that the stationarity condition corresponds to the Einstein field equations 
(1.447) with the energy- momentum tensor. 

It is convenient, in order to use the formalism of spectral triples in 
noncommutative geometry (which we introduce in §10.1 below), to work 
with Euclidean instead of Lorentzian signature. Here one has to be careful 
in spelling out precisely the conventions about signs. Passing to Euclidean 
signature amounts to performing a Wick rotation to imaginary time, i.e. 
replacing time by the change of coordinates t it. What really matters 
as far as signs are concerned for the Euclidean action functional for gravity 
is that the kinetic terms have the correct positive sign to ensure that the 
functional is bounded below. It is well known that such positivity is spoiled 
by the scalar Weyl mode ([165]). Thus, one has to ensure that all other 
terms get a positive sign. To get some familiarity with this action functional 
we perform the simple computation of the kinetic terms explicitly (cf. [131] 
equation 4.1.4). 

Let M = R 4 = V, with the metric g^ = S^+e^ u , where e£ C°°(M, S 2 V) 
is a smooth map to symmetric real 4-matrices. Let dv = ^/gd A x, with 
g = detg^. 
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Proposition 1.117. The second variation around flat space of the func- 
tional 

(1.456) ^lib/,**' 

is given by the quadratic form associated with the translation invariant sec- 
ond order operator with symbol given, up to the factor 16ttG, by 

(1.457) (a(0(e),e) = ^(Tr(e 2 ) - (Tr e ) 2 K 2 + ^(Tr( e )<^0 - 

The operator a (£^=0) has a four-dimensional kernel, one negative eigen- 
value and its restriction to the subspace {e| Tr(e) = (e£,£)} is positive. 

Proof. For the fully covariant components of the Riemann tensor (cf. 
[299] Equation 6.6.2), one has the expression 

RXfJ.UK = ^idXUjK/l ~\~ 9k/1,Xv ~ 9^V,kX 9kX,/11/) 

(1.458) 

where we use the standard abbreviation g\ v , KIX = d K d^ g\ u . 

As above let e <E C°°(M,S 2 V) be a smooth map to symmetric real 4- 
matrices, for M = M 4 = V. We just need to compute the terms of order two 
in e in the expression 

RVa= g Xu g^Rx^un^tg^) 1 ' 2 

The term g w (r^ A r^ K — T^V 7 ^) is of order two in e, hence it just contributes 
by 

iXv i(isr (-pV -per _r1 ru \_ -prj jmj _ -pr) -pr t 

This gives 

4 (( €vv,r) ~\~ 2£r)v,i/)(, ^^fi,ri 26r)/i,//) 

To get the contribution of these terms to cr(£) one just replaces each e Ufl ^ 
by e Ufl £ v . This gives 

(1.459) -\ Tr(e 2 ) f + \ (Tr ef f ~ Tr(e)(e£, fl + | <e£, cf). 

The term | {g\ v , KIX + g R ^\ v - g^ K x - g K x,^) is of order one in e and it 
combines with the terms of order one in e in the product g Xu g^ K (det g^ v ) 1 / 2 . 
These give — 5\ v e^ K — e\ v 5^ K + \ Tr(e) 8\ v b^ K . The contributions of these 
terms to the symbol give 

(1.460) Tr(e 2 ) f - \ (Tr ef f + \ Tr(e) <e£, - 2 <e£, e0. 

Adding the contributions (1.459) and (1.460) one gets (1.457). 

The kernel of <r(£) is the four-dimensional space of symmetric matrices 
of the form 

t=\v)(Z\ + \S)(ri\, 
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with 77 G V. □ 

This shows that, after adding the gauge fixing term (cf. [131] equation 
3.7.9) 

(i-46i) |n( e - l Tre )eii 2 , 

which corresponds to the harmonic gauge Ax^ = 0, the restriction of the 
kinetic terms to the subspace of "unimodular gravity" given by the condition 
Tr(e) = is positive definite. Indeed, the gauge fixing term restricted to the 
unimodular subspace is simply ^(e£,e£). It adds to the symbol <r(£) to give 
7jTr(e 2 ) on that subspace. 

Notice that positivity fails unless one adds the gauge fixing term. This 
suggests that one should perform the Euclidean functional integral by in- 
tegrating first over the space of metrics with a fixed volume element 
lo = ^fg d 4 x. The next step is then to perform the functional integration not 
only over all volume forms on a fixed background manifold M, but also over 
all manifolds. As we see below in §18, the two pieces of data given by the 
manifold M and the volume form to merge together in a single datum in the 
framework of noncommutative geometry, where a refined incarnation of the 
volume form as a Hochschild cycle also contains the required information 
for the reconstruction of the manifold. 

Remark 1.118. Under a rescaling of the metric by a positive scalar func- 
tion fi, i.e. for the new metric = il 2 g^ v , the scalar curvature transforms 
as 

(1.462) R(G) = n~ 2 R(g) + 6efi -3 Afi, 

where the sign e = ±1 depends on the convention in the definition of the 
scalar curvature (one has e = 1 with the above convention). To obtain the 
physical sign of the Euclidean action of gravity ([165] §15.4) what matters 
is that the kinetic terms for £1 appear with a negative sign in the action, 
i.e. that one gets the term flAtt (coming from (0 _3 AO)v / G) with a positive 
sign. One then takes for g the flat metric and f2 = (1 + ^p 2 )~ l which (for 
K > 0) gives the round sphere. At the origin p = one gets AO = — 2K and 
thus the physical sign of the Euclidean action gives a negative contribution 
for the sphere. This agrees with Proposition 1.117 since with our convention 
R is negative for the sphere. 

9.8. Higher derivative terms in gravity. 

It is well known that gravity as a field theory is a nonrenormalizable 
theory. However, at sufficiently low energies (which include the unifica- 
tion energy at which our model is considered) it can be treated using an 
"effective field theory" approach that separates out the low energy quan- 
tum corrections from the troublesome high energy terms. In the effective 
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field theory approach (see e.g. [122]), one considers a Lagrangian that, in 
addition to the usual Einstein-Hilbert part (1.453), also involves higher de- 
rivative terms. These higher derivative terms have no effect at low energies, 
but become dominant at higher energies and in fact are sufficient to correct 
for the non-renormaliz ability problem, as shown in [275]. 

The first type of Euclidean higher derivative terms that are usually con- 
sidered are those that come from invariant expresssions that are quadratic 
in the curvature, cf. [275]. The general form of these terms is ([122], [58]) 



Here C^ upa C^ UfXT is the square of the Weyl curvature tensor and E is a 
topological term (cf. (1.599) (1.600) below) that integrates to the Euler 
characteristic 



In §11.4 and §16.1 below we show that higher derivative terms appear 
naturally in the Lagrangian obtained from the expansion of the spectral ac- 
tion functional described in §11 below. We return in §17.11 below to discuss 
the running of the parameters 77, u and 9 in (1.463) under the renormaliza- 
tion group equation and their role in our model of matter coupled to gravity. 
The theory is only an effective theory whose validity, in particular for the 
gravitational sector, is limited to energies up to the unification scale. Its 
breakdown as a fundamental theory is witnessed by the various poles of the 
running couplings when extended beyond the Planck mass as well as the 
presence of a tachyon pole in the propagator for gravitons. 

9.9. Symmetries as diffeomorphisms. 

We now describe a very basic reason that justifies the transition from 
commutative to noncommutative geometry. 

An aspect of gravity that one would like to carry over to the theory 
of elementary particles is its geometrization, achieved by General Relativ- 
ity. This manifests itself through the fact that the group of symmetries of 
gravity is given by diffeomorphisms of the underlying differentiable manifold 
structure of spacetime. 

The scenario one can envision is a complete geometrization of the Stan- 
dard Model coupled to gravity. This means turning the whole coupled 
theory into pure gravity on a suitable space. Now, this does not seem 
possible at first. The group of gauge invariance for the Einstein action 
Seh = f ^-EHxfgd^x is the group Diff(M) of diffeomorphisms of the man- 
ifold M and the gauge invariance of the action is simply the manifestation 
of its geometric nature. However, the full group U of invariance of the ac- 
tion given by the Lagrangian (1.454) is richer than the group Diff(M) of 
diffeomorphisms of the manifold M, since one needs to include the group 
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Qsm of gauge transformations of the matter sector Ssm = J £sM\fgd x. 
By construction, the group Gsm is a group of maps from M to the small 
gauge group G = U(l) x SU(2) x SU(3). The group Diff(M) acts on Q SM by 
transformations of the base. This gives the whole group of gauge symme- 
tries U of (1.454) (prior to symmetry breaking) the structure of a semidirect 
product 

(1.465) U = Qsm x Diff(M). 

The traditional approach to account for the structure (1.465) of the 
gauge symmetries, is to postulate the existence of a bundle structure over 
space-time M, with an action of (1.465) by bundle automorphisms. This 
requires an a priori distinction of certain directions in the total space as the 
fiber direction, with the distinction between base and fiber preserved by the 
symmetries. This is a natural development of the Kaluza-Klein approach 
to electromagnetism. Rather than following along these lines, it would seem 
more natural to identify a space X whose group of diffeomorphisms is di- 
rectly of the form (1.465). 

This search is bound to fail if one expects to find the space X among 
ordinary manifolds. In fact, a well known mathematical result due to 
W. Thurston, D. Epstein and J. Mather (cf. [223]) shows that the con- 
nected component of the identity in Diff(X) is always a simple group (see 
[223] for the precise statement). This rules out the possibility of a semidirect 
product structure as that of (1.465). 

However, noncommutative spaces of the simplest kind readily give the 
answer, modulo a few subtle points. To understand what happens, notice 
that, for ordinary manifolds, the algebraic object corresponding to a diffeo- 
morphism is just an automorphism a € Aut(^4) of the algebra of coordinates. 
When an algebra is noncommutative, it admits "trivial" automorphisms, 
called inner and given by the formula 

a(x) = uxuT x , Vx € A, 

with u an invertible element of A. When A is an involutive algebra the 
element u is taken to be unitary (i.e. satisfying u u* = u* u = 1) so that a 
preserves the involution. Moreover, inner automorphisms form a subgroup 

Inn (A) C Aut(,4) 

which is always a normal subgroup of Aut(*4). 

Let us consider the simplest example, where the algebra 

A = C°°(M, M„(C)) = C°°(M) M n (C) 

consists of smooth maps from a manifold M to the algebra M n (C) of n x n 
matrices. One then shows that the group Inn(^4) in that case is locally 
isomorphic to the group Q of smooth maps from M to the small gauge 
group G = PSU (n) (quotient of SU(n) by its center) and that the general 
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exact sequence 

1 -► Inn(^) -► Aut(^) -► Out(^) -► 1 

becomes identical to the exact sequence governing the structure of the group 
U, namely 

1 -► ^ -► W -► Diff(M) -► 1. 

It is quite striking that the terminology "internal symmetries" used in 
physics agrees so well with the mathematical one of "inner automorphisms" . 
In the general case, only automorphisms that are unitarily implemented in 
Hilbert space will be relevant but, modulo this subtlety, one can see at once 
from the example above the advantage of treating noncommutative spaces 
on the same footing as the ordinary ones. 

In the specific case of the Standard Model, we prove in §13.3, §15.1 and 
(1) of Theorem 1.217 below that indeed the noncommutative space that we 
introduce as the input data of the model will yield the correct symmetry 
group U of the form (1.465). 

The next step now is to give a brief introduction to the notion of met- 
ric on a noncommutative space and the so called "spectral paradigm" of 
noncommutative geometry. 

10. The framework of (metric) noncommutative geometry 

We explained in §9.9 above why it is natural to extend the framework of 
geometry to "spaces" whose algebra of coordinates is no longer commutative. 
Such spaces appeared naturally very early in the development of quantum 
physics, with Heisenberg's formulation of matrix mechanics. 

The extension of our basic geometric notions from ordinary manifolds to 
the new class of noncommutative spaces is a fundamental aspect of noncom- 
mutative geometry. An essential step is to adapt the notion of metric, i.e. 
the Riemannian paradigm of geometry, to the noncommutative situation. 
From the standpoint of physics, adopting a pragmatic point of view, we are 
looking for a notion of metric geometry which has the following properties. 

• It contains the Riemannian paradigm (M, g^j,) as a special case. 

• It does not require the commutativity of coordinates. 

• It contains spaces X z of complex dimension z suitable for the Dim- 
Reg procedure. 

• It provides a way of expressing the full Standard Model coupled to 
Einstein gravity as pure gravity on a modified space-time geometry. 

• It allows for quantum corrections to the geometry. 

We describe below a new paradigm which fulfills all of the above re- 
quirements. (Checking that the requirement about the Standard Model is 
satisfied will be our main task in the rest of this chapter.) 

Since this paradigm is spectral, it is worthwhile to mention briefly that 
such spectral notions already play a key role in physics, in particular thanks 
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to the development of the laser, in the concrete measurements of distances. 
In fact, the actual definition of the unit of length m in the metric system is as 
a specific fraction ^wmlls ~ 30.6633... of the wave length of the radiation 
coming from the transition between two hyperfine levels of the Cesium 133 
atom. Indeed the speed of light is fixed once and for all at the value of 

c = 299792458 m/s 

and the second s, which is the unit of time, is defined as the time taken by 
9192631770 periods of the above radiation. In adopting this prescription, one 
is assuming implicitly that, as a consequence of relativity, c does not depend 
upon the frequency of the light, a property that is the object of crucial 
experimental probing. The choice of Cesium is of course rather arbitrary 
and might eventually [28] be replaced by Hydrogen, which is more canonical 
and more abundant in the universe. 

It is natural to adapt the basic paradigm of geometry to the new stan- 
dard of length. We explain briefly below that this is indeed achieved by non- 
commutative geometry, which shows moreover how geometric spaces emerge 
naturally from purely spectral data. 

10.1. Spectral geometry. 

The Riemannian paradigm is based on the Taylor expansion in local 
coordinates of the square of the line element, in the form 

(1.466) ds 2 = g^dx^dx" 

and the measurement of the distance d(x, y) between two points is given by 
the geodesic formula 

(1.467) d(x,y) =inf f ds 

J 1 

where the infimum is taken over all paths from x to y. 

In noncommutative geometry the first basic change of paradigm has to 
do with the classical notion of a "real variable" , which one would normally 
describe as a real-valued function / on a set X, i.e. as a map / : X — > R. In 
fact, quantum mechanics provides a very convenient substitute. It is given 
by a self-adjoint operator H on Hilbert space. Notice that the choice of 
Hilbert space H is irrelevant here, since all separable infinite-dimensional 
Hilbert spaces are isomorphic. All the usual attributes of real variables such 
as their range, the number of times a real number is attained as a value of 
the variable, etc, have a perfect analogue in the quantum mechanical setting. 
The range is the spectrum of the operator H, and the spectral multiplicity 
n(A) gives the number of times a real value A 6 M is achieved. 

As in the classical framework, a space X is described by the corre- 
sponding algebra A of coordinates, which is now concretely represented as 
operators on a fixed Hilbert space H. Real coordinates are represented by 
self-adjoint operators and it is important to understand from the start how 
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an ordinary "space" emerges from their joint spectrum when they happen 
to commute. Thus, there is no need to start from a set X as all the needed 
information is contained in the algebra of operators. 

What is surprising in the new set-up is that it gives a natural home 
for "infinitesimals". Indeed, it is perfectly possible for an operator to be 
"smaller than e for any e" without being zero. This happens when the 
norm of the restriction of the operator to subspaces of finite codimension 
tends to zero when these subspaces decrease (under the natural filtration by 
inclusion). 





A 1 CTf^T^T* O A 


Real variable 

x» 


Self-adjoint 
operator H 


Infinitesimal 

dx 


Compact 
operator e 


Integral of 
infinitesimal 


-Je = Coefficient of 
log (A) in Tr A (e) 


Line element 
yjg^v dx^dx v 


ds = Fermion 
propagator 



The corresponding operators are called "compact" and they share with 
naive infinitesimals all the expected algebraic properties (cf. [68], Chapter 
IV). Indeed, they form a two-sided ideal K, of the algebra of bounded op- 
erators on 7i and the only property of the naive infinitesimal calculus that 
needs to be dropped is commutativity. 

It is important to explain what is gained by dropping such a useful rule 
as commutativity. We explain this point for a specific infinitesimal, namely 
the "line element" ds which defines the geometry through the measurement 
of distances. If an infinitesimal commutes with a variable with connected 
range it follows that the corresponding variable x takes on a specific value. 
In particular with x^ the coordinates and assuming that they commute with 
each other and with the line element, the latter is forced to be "localized" 
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somewhere, which is very inconvenient. When the hypothesis of commuta- 
tivity is dropped it is no longer the case that the line element ds needs to 
be localized and in fact it is precisely the lack of commutation of ds with 
the coordinates that makes it possible to measure distances. 

Thus, in noncommutative geometry the basic classical formula (1.467) 
is replaced by the following 

(1.468) d(x,y) = S up{\f(x)-f(y)\ : feA, \\[D , f}\\ < 1} , 

where D is the inverse of the line element ds. We explain how one can 
replace (1.467) with (1.468) in Proposition 1.119 below. 

Notice that one should not confuse the "line element" ds with the unit of 
length. In the classical framework, the latter allows one to give a numerical 
value to the distance between nearby points in the form (1.466). Multiplying 
the unit of length by a scalar A, one divides the line element ds by A, since 
ds is measured by its ratio to the unit of length. 

To pass from the classical Riemannian framework to the above operator 
theoretic one, the key ingredient is the Dirac operator (or Atiyah-Singer 
operator cf. [203]) associated to a spin structure on a compact Riemann- 
ian manifold M. One lets TL = L 2 (M,S) be the Hilbert space of square 
integrable sections of the spinor bundle and one represents the algebra A of 
functions on M by simple multiplication operators 

(/£)(*) = f(x) e(z) , V/ G C°°(M) and V£ G L 2 (M, S). 

One then checks directly that the computation of distances using (1.468) 
gives the same answer as the classical formula (1.467), in the following way. 

Proposition 1.119. Let D = $ M be the Dirac operator on a Riemann- 
ian spin manifold M and let H = L 2 (M, S) be the Hilbert space of square 
integrable spinors, with the algebra C°°(M) acting on 7i as multiplication 
operators. 

(1) The following conditions for f G C°°(M, R) are equivalent: 

a) IPm,/]II<1 

b) ||V(/)||<l 

c) \f(x) — f(y)\ <d(x,y), where d(x,y) is the geodesic distance 
(1.467). 

(2) For complex valued functions f G C°°(M), one has a) =>■ b c). 

(3) The geodesic distance is given by (1.468). 

Proof. (1) The operator [@ M ,f] is Clifford multiplication by the gra- 
dient V(/) of /, and the equivalence of the first two conditions follows since 
the operator norm is the supremum of ||V(/)||. Integrating the Schwartz 
inequality \df\ < || V(/) || \\dx\\ along a geodesic gives the implication b) =>■ 
c). The implication c) =>■ b) follows choosing y M = x M + ed^f. 

(2) In normal coordinates, for a M G C, the norm of the Clifford multi- 
plication a = ^ a M7^ ^ s t ne square root of the norm of a* a = ^d^a^ + b 
where b = Yl^u d^a^^^ has vanishing trace, thus the norm of a is larger 
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than a n<ifj,- Applying this to = d^f gives the first implication. In- 
tegrating the Schwartz inequality \df\ < ||V(/) || \\dx\\ along a geodesic gives 
the implication b) =>■ c). 

(3) One uses the function p d(p, x) to show the remaining inequality 
not directly implied by (2). □ 

More generally, a refined notion of geometry (suitable in particular to 
deal with spaces whose coordinates do not commute) is obtained, as in the 
case of the distance described above, by focusing not on the traditional 
g^ v but on the Dirac operator D. This way of defining a geometry by 
specifying the Dirac operator is meaningful both in mathematical terms 
(where the Dirac operator specifies the fundamental class in i^O-homology) 
and in physics terms (where, modulo a chiral gauge transformation, the 
Dirac operator is the inverse of the Euclidean propagator of fermions). 

The traditional notions of geometry all have natural analogs in the spec- 
tral framework. Some of these analogs are summarized in the table below 
and we refer to [68] for more details. 



Geodesic equation 




Geodesic Flow 


e it\D\ 


Geodesic distance 


d(x,y)= sup \f(x)-f(y)\ 

feA:\\[D,f]\\<l 


Volume form 


jf\ds\ m 


Einstein action 


if\dsr~* 



10.2. Spectral triples. 

A (metric) noncommutative geometry is given by a spectral triple 
(A,H,D) in the following sense. 

Definition 1.120. A spectral triple (A,Tt,D) is given by an involutive 
unital algebra A represented as operators on a Hilbert space 7i and a self- 
adjoint operator D with compact resolvent such that all commutators [D, a] 
are bounded for a £ A. 

In addition to the definition above, one introduces the following notions. 



10. THE FRAMEWORK OF (METRIC) NONCOMMUTATIVE GEOMETRY 191 

Definition 1.121. A spectral triple is even if the Hilbert space TC is 
endowed with a Z/2- grading 7 which commutes with any a £ A and anti- 
commutes with D. 

Definition 1.122. A spectral triple is finitely summable when the re- 
solvent of D has characteristic values fi n = 0{n~ a ), for some a > 0. 

In general, the compact operators T whose characteristic values fulfill 
the condition [i n = 0{n~ a ) play the same role as the infinitesimals of order 
a in the traditional calculus. 

One can introduce a first notion of dimension for spectral triples, which 
is the metric dimension and is determined by the rate of growth of the 
eigenvalues of the Dirac operator. 

Definition 1.123. A finitely summable spectral triple is of metric di- 
mension m if the line element ds = D^ 1 is of order 1/m. 

In this sense spectral triples that are not finitely summable represent 
infinite-dimensional geometries. There are other, more refined notions of 
dimension for spectral triples. 

In fact, a more refined notion of dimension for a noncommutative ge- 
ometry is not given by a single number, but by a spectrum (a subset of 
the complex plane), the dimension spectrum (cf. [92]). This is the subset 
II of the complex plane C where the spectral functions (the zeta functions 
associated to the elements of the algebra and the Dirac operator) acquire 
singularities. This notion is made precise in Definition 1.133 below. We are 
also going to make use of another notion of dimension for noncommutative 
geometries, which is defined modulo 8 and is related to the ifO-homology 
class (cf. Definition 1.124 below). 

Under the hypothesis that the dimension spectrum is simple, i.e. that 
the spectral functions have at most simple poles, the residue at the pole 
defines a far reaching extension (cf. [92]) of the fundamental integral in 
noncommutative geometry given by the Dixmier trace (cf. [68]). This ex- 
tends the Wodzicki residue from pseudodifferential operators on a manifold 
to the general framework of spectral triples, and gives meaning to -fT in 
that context. It is simply given by 



We recall these notions in more detail in §10.5 Theorem 1.134. 

For our purposes, we need to discuss a further refinement of the notion of 
spectral triple, which is given by an additional real structure. This will play 
a fundamental role in the case of the Standard Model minimally coupled to 
gravity. The notion of real structure (cf. [69]) on a spectral triple (A, T~C,D) 
is intimately related to real K-homology (cf . [8] ) and the properties of the 
charge conjugation operator. 
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Definition 1.124. A real structure of KO -dimension n G Z/8 on a 
spectral triple (A,Tt,D) is an antilinear isometry J : 7i — > 7i, with the 
property that 

(1.470) J 2 = e, JD = e'DJ, and J7 = e"jj (even case). 

The numbers e,e',e" G {—1, 1} are a function of n mod 8 given by 



n 





1 


2 


3 


4 


5 


6 


7 


£ 


1 


1 


-1 


-1 


-1 


-1 


1 


1 


£' 


1 


-1 


1 


1 


1 


-1 


1 


1 


e" 


1 




-1 




1 




-1 





Moreover, the action of A satisfies the commutation rule 

(1.471) [a,b°}=0 Va,beA, 
where 

(1.472) b° = Jb*J- L Vb G A 
and i/ie operator D satisfies the order one condition 

(1.473) [[£>,a],6°] = Va,6e„4. 

^4 spectral triple (A, 7i, D) endowed with a real structure J is called a 
real spectral triple. 

10.3. The real part of a real spectral triple. 

We now show that a noncommutative geometry described by a real spec- 
tral triple (A,H,D, J), in the sense of Definition 1.124 above, gives rise to 
an associated commutative real geometry (Aj,TC, D), which we refer to as 
the real part of the spectral triple. 

Proposition 1.125. Let (A,H,D) be a real spectral triple in the sense 
of Definition 1.124. Then the following holds. 

(1) The equality 

(1.474) Aj = {a £ A \ aJ = Jo} 

defines an involutive commutative real subalgebra of the center of 
A. 

(2) (Aj,Tt,D) is a real spectral triple as in Definition 1.124. 

(3) Any a G Aj commutes with the algebra generated by the sums 

ai[D, bi] for a,i, h in A. 

Proof. (1) By construction Aj is a real subalgebra of A. Since J is 
isometric one has (JaJ -1 )* = Ja* J -1 for all a. Thus if a G Aj, one has 
JaJ^ 1 = a and Ja*J~ 1 = a*, so that a* G Aj. Let us show that Aj is 
contained in the center of A. For a G Aj and b G A one has [b, a ] = from 
(1.471). But a = Ja*J- Y = a*, so that we get [6, a*} = 0. 
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(2) The statement follows from the fact that Aj is a subalgebra of A. 
Notice that the result continues to hold for the complex algebra Aj <8>r C 
generated by Aj. 

(3) The order one condition (1.473) shows that [D, b] commutes with 
(a*) , hence with a since (a*) = a as we saw above. □ 

Notice that, while the real part Aj is contained in the center Z{A) of 
A, it can in general be smaller. 

10.4. Hochschild and cyclic cohomology. 

Given any (in general noncommutative) associative algebra A over C, 
its cyclic cohomology HC*(A) is the cohomology of the complex (C™,b), 
where C" is the space of (n + l)-linear functional ip on A such that 

(1.475) ip(a\...,a n ,a°) = (-l) n (p(a° , . . . , a n ) VV £ A 
and where b is the Hochschild coboundary map given by 

n 

{hp) (a°,...,a n+1 ) = 2(-l)^(a°,...,^V +1 ,...,o n+1 ) 

3=0 

(1.476) + (-l) n+1 <p{a n+1 a°, ...,a n ). 

For A = C one gets HC 2n {A) = C and HC 2n+1 {A) = 0. 

We refer the reader to [68] Chapter Ill.l.a for the main properties of 
this cohomology theory for algebras. Here we just recall briefly some basic 
notation which will be needed later. 

The Hochschild cohomology HH* {A) is the cohomology of the complex 
(C n , b), where one lets C n be the linear space of (n + l)-multilinear forms on 

A. By construction any cyclic cocycle is in particular a Hochschild cocycle 
and one gets a forgetful map I : HC* — > HH* . 

The notions recalled in the following definition are quite useful in order 
to clarify the geometric significance of the basic operations, such as the map 

B, the cup product (p # ip in cyclic cohomology, and the periodicity operator 
S obtained from the cup product by the generator of HC 2 (C). 

Definition 1.126. a) A cycle of dimension n is a triple (Cl,d,J), 

where 0, = ©™ = o^"' is a graded algebra over C, d is a graded deriva- 
tion of degree 1 such that d? = 0, and f : Q n — > C is a closed graded 
trace on £1. 

b) Let A be an algebra overC Then a cycle over A is given by a cycle 
(fl,d, J) and a homomorphism p : A — > 
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A cycle of dimension n over A is essentially determined by its character, 
i.e. by the (n + l)-linear functional r of the form 

(1.477) r(a°, . . . , a n ) = j p(a°) d{p{a 1 )) d(p(a 2 )) ■ ■ ■ d(p(a n )) Va j G A. 

Functionals obtained in this way are exactly the elements of Ker&n C". 

Given two cycles O and tt' of dimension n, their sum Q © Q' is defined 
as the direct sum of the two differential graded algebras, with J(lu,lo') = 
J uj + J uj' . Given cycles O and Q! of dimensions n and n', their tensor 
product 0," = 0(8)0' is the cycle of dimension n + n' , which, as a differential 
graded algebra, is the tensor product of (fi,d) and (0',^'), with 

(1.478) J (lo <g> uj') = {-l) nn> J uj j uj' Vkj G Q , J G ft'. 

One defines in the corresponding ways the notions of direct sum and tensor 
product of cycles over A and the tensor product induces a corresponding cup 
product ip # tp on cyclic cocycles. To express cyclic cocycles as characters of 
cycles one needs to use the universal differential algebra Vl*(A) constructed 
as follows. 

Proposition 1.127. Let A be a unital algebra over C. 

1) Let Q}(A) be the linear space A (8>c A, where A = A/C is the 
quotient of A by CI. Then the equalities 

x (a <8> b)y = xa ® by — xab <g) y 

<ia = 1 <g> a G Q}{A) Va G „4, 

for any a, b,x,y G A, define the structure of an A-bimodule on 
^(A) and a derivation d : A — > ft 1 (A). 

2) Let £ be an A-bimodule and 5 : A — > £ a derivation with 5(1) = 0. 
TTten i/iere exists a bimodule morphism p : ft 1 (A) — > £ suc/i i/iai 
5 = po d. 

We refer the reader to [68] Chapter III for a proof. Proposition 1.127 
shows that we can think of (Q 1 (^4.) , d) as the universal derivation of A in an 
.A-bimodule. Any element of 1 (A) is a linear combination of elements adb 
for a, b G A and one has dl = 0. 

The universal differential graded algebra Q*(A) is obtained by letting 

n n (A) = n\A) ® A n\A) ® A ---® A n\A) 

be the n-fold tensor product of the bimodule 1 (A), while the differential 
d : A — > 1 (A) extends uniquely to a square-zero graded derivation of that 
tensor algebra. Any element of tt n (A) is a linear combination of elements 
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a°da 1 ■ ■ ■ da n with a? G A. The product in Q*(A) is given by 

(1.479) (a da 1 • • • da n ){a n+1 da n+2 ■ ■ ■ da m ) 

n 

= ^(-ly'ePda 1 ■ ■ ■ d(a j a j+1 ) ■ ■ ■ da n da n+1 ■ ■ ■ da m 

+ (-l)"aVda 2 ■■■da m . 

This rule follows from the requirements that CI* (A) is a right A-module and 
the derivation property d{ab) = dab + adb. 

The cyclic cocycles are exactly the characters of cycles over the algebra 
A. Namely, we have the following result (cf. [68] Chapter III). 

Proposition 1.128. Let r be an (n + l)-linear functional on A. Then 
the following conditions are equivalent. 

1) There is an n- dimensional cycle (Cl,d,J) and a homomorphism 
p : A —> Cl° such that 

r(a°, . . . , a n ) = J p{a°) d{p{a})) ■ ■ ■ d{p{a n )) Va°, . . . , a n G A. 

2) There exists a closed graded trace r of dimension n on fl*(A + ) such 
that 

r(a°, . . . , a n ) = 9{a®da l ■ ■ ■ da n ) Va°, . . . , a n G A. 

3) One hasT(a\...,a n ,a°) = (-1)" r(a°,...,a n ) and 

n 

Y^i-lf r(a°, . . . , aV +1 , . . . , a n+1 ) + (-1)" +1 r(a n+1 a°, . . . , a n ) = 

i=0 

for any a , . . . , a n+l G A. 

In the second statement we denote by A + the algebra of pairs (a, A) with 
a G A, A G C and product 

(a, A) • (a', A') = (aa' + Aa' + A'a, AA'). 

By construction A + is unital. One needs A + to handle cyclic cocycles which 
are not normalized, in the sense of the following definition. 

Definition 1.129. A Hochschild cochain ip on a unital algebra, is nor- 
malized if 

(1.480) ip(a°,...,a n ) = 0, if 3 j + , a j = 1 

It is especially useful to consider the following example. 

Example 1.130. The simplest example is the generator of HC 2 (C). 
The corresponding cycle (in the sense of Definition 1.126) is given by the 
differential algebra V generated by a projection e with e 2 = e. The two- 
dimensional graded trace is given by 

(1.481) / edede = 27ri. 
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m i \ 




Figure 30. The (b, B) bicomplex 



The map p from C to T> defining the cycle is given by p(l) = e. The cup 
product of cycles induces a cup product in cyclic cohomology (cf . [68] ) and 
the cup product by the generator of HC 2 (C) defines the periodicity map S. 

Let A be a unital algebra. One lets C_ n be the linear space of normalized 
(n+l)-multilinear forms on A. The Hochschild coboundary operator (1.476) 
preserves the normalization, namely one has 

b:C n ^C n+l . 

A normalized Hochschild cochain (p of dimension n on an algebra A defines 
(cf. [68]) a functional on the universal n- forms Q n (A) by the equality 



(1.482) 



I a dai--- da n = ip(a , a 1 ,...,a n ). 
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When ip is a Hochschild cocycle one has, using (1.479) and (1.476), 



(1.483) au= ua, Va £ A. 

J ip J ip 

The boundary operator Bq defined by 

(1.484) B <p(a°, a™" 1 ) = ^(1, a ,..., a™" 1 ) - (-l) n <p(a°, a n ~\ 1) 
restricts on normalized cochains as 

(1.485) (B ip)(a , oi, ■ ■ ■ , a n _i) = tp(l, a , ai, ■ ■ ■ , a n _i) . 
It is defined in such a way that one has 

(1.486) f du= f cj. 

J if J Bop 

The operators b, B are given by (1.476) and B = ABq, where 



71—1 

(1.487) (A^)(o^...,a n - 1 ) = ^(-l)( n - 1 ) J >(o J ',o J ' +1 ,...,a J '- 1 ) 

o 

satisfy 6 2 = -B 2 = and bB = —Bb. Periodic cyclic cohomology, which is 
the inductive limit of the HC n (A) under the periodicity map S, admits an 
equivalent description as the cohomology of the (b, B) bicomplex. 

We have reported here only the basic definitions and statements about 
cyclic cohomology without proof. We refer the reader to [68] and [67] for 
detailed proofs of the basic properties of cyclic cohomology, including an 
explanation of the meaning of the operator 

B : HH n+ \A) -»• HC n (A) 

in terms of the cobordism of cycles (Theorem 3.21 of [68]), as well as a proof 
of the fundamental exact sequence recalled in the following result of [67]. 

Theorem 1.131. The triangle 

HH*(A) 




HC*{A) > HC*{A) 

relating Hochschild and cyclic cohomologies is exact. 
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10.5. The local index cocycle. 

We now recall briefly the local index formula in the context of noncom- 
mutative geometry [92]. We discuss it in the even case. 

Let (A, 7i, D) be a finitely summable even spectral triple. The analogue 
of the geodesic flow is given by the one-parameter group of automorphisms 
of£(W), 

(1.488) t^F ( (T) = e !t|fl| Te- lt|fl| . 

Definition 1.132. We say that an operator T on TL is smooth if the 
above map is smooth, i.e. if it belongs to C°°(R, C(Hj). We also define 

(1.489) OP := {T € C(H) | T is smooth} . 

We say that the spectral triple (A, TL, D) is regular if it satisfies the condition 

(1.490) a and [D,a]eOP°, VaeA. 

Notice that the algebra A is not assumed to be a C*-algebra in general 
i.e. it is not norm closed. At the C*-algebra level what really matters is that 
the subalgebra of elements that fulfill (1.490) be norm dense. 

As we already mentioned, in the context of spectral triples the usual 
notion of dimension of a space is replaced by the dimension spectrum. To 
define it one lets B denote the algebra generated by S k (a) and S k ([D, a]), for 
a £ A, with 

(1.491) S(T) = [\D\,T] 

the derivation that generates the geodesic flow. By construction the func- 
tions, 

(1.492) (b(z) =Tr(b\D\- z ), St(z) > m , b£B, 

are analytic. Here m denotes the crude notion of dimension given by the 
degree of summability of the spectral triple as in Definition 1.123. 

Definition 1.133. Let (A,H,D) be a finitely summable regular spectral 
triple. 

• The dimension spectrum is the subset U of {z £ C, 3?(z) > 0} of 
singularities of the analytic functions (b(z) for b £ B. 

• We say that the dimension spectrum is simple when the functions 
(1.492) have at most simple poles. 

In order to state the local index theorem it is important to note that 
one can, by a finite rank perturbation, assume the invertibility of D without 
changing the index pairing ([68] IV-l-7). One simply replaces (A,TC,D) by 
(A, H, D) where 



(1.493) 



H = HekerD, D = D + eR, e/0 
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where the action of A is extended to TC by on ker D and the finite rank 
operator R is on the orthogonal complement of ker D C TC and is ^ ^ J 

on the remaining subspace ker D © ker D C TC. The grading 7 is extended 
to ker D by —7 so that it anticommutes with D. 

The local index theorem is the following result (cf. [92]). 

Theorem 1.134. Let (A,TC,D) be a regular finitely summable, even 
spectral triple with simple dimension spectrum. The following holds. 

• The equality 

(1.494) £p :=Res z= oTi(P\D\- z ) 

defines a trace on the algebra generated by A, [D ,A] and \D\ Z , with 
zeC. 

• Assuming ^7 a = for all a £ A, the formula 

(1.495) <p (a) = limTr(7ae-' D2 ), Va £ A, 

defines a linear form ipo on A. 

• For n > an even integer, there is only a finite number of non-zero 
terms in 

(1.496) v?n(a°, ...,a n ):=J2 jl a°[D, a 1 ]^ ...[£>, a n }^ \D\~ n ~ 2 \ k \ 

k 

for all a 3 G A. Here we are using the notation T^ = V fcl (T) 
with V(T) = D 2 T — TD 2 . The summation index k is a multi-index 
with \k\ = k\ + . . . + k n , and the coefficients c n ^ are given by the 
formulae 

(1497) c k = tll\. r d fc l + "/ 2 ) 

{ } n ' k 2 h\ . . . k n \ (h + 1) . . . (k ± + k 2 + • • • + k n + n) ' 

• The expression (1.496) defines the even components (</?n)n=o,2,... of 
a cocycle in the (b, B)-bicomplex of A. 

• The pairing of the cyclic cohomology class (ip n ) £ HC*(A) with 
Kq(A) gives the Fredholm index of D with coefficients in Kq(A). 

We refer the reader to [92] for the proof of this main theorem and the 
detailed regularity assumptions. In comparing the notation above and that 
of [92], notice that the trace To of Proposition II. 1 of [92] is 

One of the ingredients in the proof of Theorem 1.134 will be quite useful 
below and we recall it here (cf. [92]). For any rel, one lets 

(1.498) OP r = {T; \D\- r T £OP }. 

In general we work with operators that all make sense as acting in 7i°° = 
flDomD". Also we work modulo operators of large negative order, i.e. 
mod OP~ N for large N. We let T>{A) be the algebra generated by A and D 
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considered as acting in TC°°. The main point is to show that one obtains an 
algebra by considering operators of the following form, 

Definition 1.135. Let (A,"H,D) be a finitely summable regular spectral 
triple. An operator P acting in 7i°° is pseudodifferential iff for any N it 
can be written in the form 

(1.499) p=TD- 2n modOP- N , T€V(A) 

The following key lemma [92] shows that such operators form an algebra. 
Lemma 1.136. Let T e OP and n G N. 

(1) V n (T) € OP n 

(2) D- 2 T = ^(-l) fc V fc (T)Z)- 2fc - 2 + R n , with 

(1.500) R n = (-l) n+1 D- 2 V n+1 (T) D- 2n ~ 2 e OP~ n - 3 . 
PROOF. 1) The equality 

(1.501) \D\T\D\- 1 =T + /3(T), (3(T) = S(T) \D\-\ 
shows that for T £ OP one has 

(1.502) D 2 T D~ 2 = T + 2 (3 (T) + f3 2 (T) £ OP . 
Similarly one has, 

(1.503) D- 2 TD 2 £OP°. 

This shows that in the definition of OP a one can put |-D| _Q on either side. 

To prove 1) we just need to check that V(T) G OP 1 and then proceed 
by induction. We have V(T) = D 2 T - T D 2 = (D 2 T D~ 2 - T) D 2 = 
(2/3 (T) + I3 2 {T)) D 2 = 25 (T) \D\ + 5 2 (T), 

(1.504) V(T) = 25 (T) \D\ +5 2 (T), 
which belongs to OP 1 . 

2) For n = the statement follows from 

(1.505) D~ 2 T = T IT 2 - D- 2 V{T)D- 2 . 

Next assume we have proved the result for (n — 1). To get it for n we must 
show that 

v n (T) l>- 2 ™- 2 + (-i)™ +1 zr 2 v n+1 (T) zr 2n - 2 

(1.506) = (-1)" D- 2 V n (T) D- 2n . 

Multiplying by D 2n on the right, with T' = (— l) n V n (T), we need to show 
that 

T D~ 2 - D~ 2 V(T') D~ 2 = D~ 2 T', 
which is (1.505). □ 

Corollary 1.137. Let (A,Tt,D) be a finitely summable regular spectral 
triple. The pseudodifferential operators form an algebra of operators acting 
in n°° = nDomD". 
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10.6. Positivity in Hochschild cohomology and Yang-Mills ac- 
tion. 

Let r be a Hochschild 4-cocycle on an algebra A. Let CI 1 (A) be given 
by Proposition 1.127. The Yang-Mills action is given by 

(1.507) YM T (A) = J {dA + A 2 ) 2 , \/A G ^(A), 

where the integration f r is defined as in (1.482). 

The action (1.507) is automatically gauge invariant under the gauge 
transformations 

(1.508) A -> j u (A) = udu* + uAu* , VueA, uu* = u*u = \. 

In fact, F(A) = dA + A 2 transforms covariantly, that is, according to 
F{ lu {A))= uF{A)u*. 

This action functional and its precise relation with the usual Yang-Mills 
functional is discussed at length in [68] Chapter VI. 

Positivity in Hochschild cohomology was defined in [76] for even-dimen- 
sional Hochschild cocycles r G Z 2n (A) as the condition 

(1.509) J ujuj* > 0, Vw G £l n , 
where the adjoint uj* is defined by 

(1.510) (a dai ■ ■ ■ da n )* = (-l) n da„ ■ ■ ■ da{ al , V aj G A. 

It then follows easily (cf. [68] Chapter VI) that the Yang-Mills action func- 
tional satisfies the following. 

Proposition 1.138. Let r be a positive Hochschild 4-cocycle on an al- 
gebra A. Then 

YM T (A)>0, V^Gft 1 . 

One can find in [68] Chapter VI examples of positive Hochschild cocycles 
associated to spectral triples. We now describe a variant of these examples 
which plays a basic role in the computation of the variation of the spectral 
action under inner fluctuations as we see in §11.5 below. We let ir be the 
representation of ST given by 

n^da 1 ■ ■ ■ da n ) = a [D, a 1 }-- - [D, a 11 } 

We assume that the regular spectral triple (A, H, D) is of dimension 4 and 
has simple dimension spectrum (the result extends without the last hypoth- 
esis using the Dixmier trace [68] instead of the residue) . 

Lemma 1.139. The equality 

(1.511) t+(o°,o 1 ,o 2 ,o 3 ,o 4 ) = 

-ja°{[D 2 ,o}] [D, a 2 ] — [D, a 1 ] [D 2 ,a 2 ]) ([D 2 ,a 3 ] [D, a 4 ]-[D, a 3 } [D 2 ,a A ])D- 6 
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defines a positive Hochschild cocycle on A. Let F be the sign of D and let 
ujj G Then one has 

(1.512) J ^^2= ^(Fniuj^F -niuj^iFTr^F -tt(uj2))D- a . 

PROOF. By construction r + is a Hochschild cocycle. The right hand 
side of (1.512) fulfills (1.509), since for 2-forms one has tt(uj*) = (it(uj))*. 
Thus, it is enough to prove (1.512). By bilinearity we can assume that 
oj\ = a°da 1 da 2 and 0J2 = do?da A b. Moreover, since [F, b] is of the same 
order as D" 1 , we can absorb b in a , i.e. we assume 6=1. Let us show that, 
modulo bounded operators, we have 

[DM"i)] = a\[D\a l ] [D,a 2 ] - [D, a 1 ] [D 2 ,a 2 ]). 

Indeed, the left-hand side is 

[D, a°][D, a}][D, a 2 ] +a°(D[D,a 1 } + [D , a}]D)[D , a 2 ] 

-^[A^K^Aa 2 ] + [Aa 2 ]£>) 
= [D.olp.o^Aa 2 ] +a°([D 2 ,a 1 } [D,a 2 ] - [D, a 1 ] [D 2 , a 2 ]). 
Moreover, modulo bounded operators, one has 

[D, vt(oji)] = [F,7r(wi)]|D| + J F[|D|,7r(wi)]~ [F, \D\. 
This gives 



J ^2 = -J-iF^i^WDWF^i^mD-* 

= -f[F,,r(ui)][FMu2)]D- A . 
Using F 2 = 1 one then obtains (1.512). □ 



10.7. Cyclic cohomology and Chern-Simons action. 

We now discuss briefly the invariance of the Chern-Simons action asso- 
ciated to a cyclic 3-cocycle on an algebra. An early instance of this action 
in terms of cyclic cohomology can be found in [300]. It is not in general 
invariant under gauge transformations but one has the following more subtle 
invariance. 

Proposition 1.140. Let ip be a cyclic 3-cocycle on A. The functional 

(1.513) CS^(A) = [ AdA+^A 3 , A en 1 

transforms under the gauge action J U (A) = udu* +uAu* as 

(1.514) CS^ U (A)) = CS^A) + i <V>,u), 
where (tp,u) is the pairing between HC 3 (A) and K±(A). 
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Proof. Let A' = j u (A) = udu* +uAu*. One has 

dA = dudu* + duAu* + udAu* — uAdu*, 
A' dA' = u du* du du* + u du* duAu*+ u du* u dA u* — u du* u A du* 
+uAu* dudu* +uAu* duAu* +uAdAu* -uA 2 du* . 
Thus, using the graded trace property of J*^, one gets 

(A'dA' - AdA) = 



/( 



Using 



/ (u du* du du* + du* duA- du* u du* u A 
Jip 

+ u* du du* uA + du* udA+ u* du A 2 - du* uA 2 ). 

/ du*udA= — / du*duA, 
Jip Jip 



this gives 

(A' dA' - AdA) = / (udu* dudu* +2u* dudu* uA + 2u* duA 2 ). 

Jib Jib 



liP 

Next one has 



f (A' 3 -A 3 ) = [ ((udu*) 3 + 3(udu*) 2 uAu* + 3udu*uA 2 u*). 
Jip Jip 

Since du* u = —u*du, the terms in A 2 cancel in the variation of CS^p. 
Similarly, one has du* u du* u = —u*du du* u so that the terms in A also 
cancel. Thus, one obtains 

CStp( 1u (A)) - CS^(A) = [ (udu* dudu* + hudu*f). 

Jip 3 

One has (udu*) 3 = —udu* dudu* which gives the required result. □ 



10.8. Inner fluctuations of the metric. 

Exactly as the inner automorphisms of a noncommutative space cor- 
respond to the internal symmetries of physics (see §9.9), the metric of a 
noncommutative space admits natural inner fluctuations. These give rise 
to a natural foliation of the space of metrics. In the case of the Standard 
Model minimally coupled to gravity, we show in §15.2 and §15.4 below that 
the inner fluctuations of noncommutative geometry correspond to the gauge 
bosons other than the graviton. 

The inner fluctuations in noncommutative geometry are generated by the 
existence of Morita equivalences (cf. [254]). Given an algebra A, a Morita 
equivalent algebra B is the algebra of endomorphisms of a finite projective 
(right) module £ over A, 

(1.515) B = End^(f ) 
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If A acts on the Hilbert space Ti, then B acts in a natural manner on the 
tensor product 

(1.516) n'=£® A n, 

which is a Hilbert space, provided that £ is endowed with a Hermitian 
structure given by an „4-valued positive sesquilinear form on £ satisfying 
the same rules as an inner product. 

Defining the analogue D' of the operator D for (B,7i') requires the 
choice of a Hermitian connection V on £. In fact, one would at first think 
of replacing D by the operator 

but this is not compatible with the tensor product over A, since in gen- 
eral the operator D does not commute with elements of A. One needs to 
introduce a connection to correct for this problem. 

A connection is a linear map V : £ — > £ <8>.4 satisfying the Leibniz 

rule 

V(£a) = (V£)a + £ ® da , V f € £ , a e A, 
with da = [D, a] and with 

(1.517) n 1 D = Q2a j [D,b j ]\a j ,b j eA}. 

3 

Notice that O]-, is by construction a bimodule over A. One then defines the 
new Dirac operator D' as 

(1.518) £>'(£ ® rj) = £® Dr) + (V£) rj. 

This combination is well defined as an operator on H' = £ <8U K. 

Any algebra „4 is in particular Morita equivalent to itself (with £ = A). 
When one applies the construction of the new Dirac operator D' of (1.518) 
in this special case, one gets the inner deformations of the spectral geometry. 
These replace the operator D by 

(1.519) D^D + A 

where A = A* is an arbitrary selfadjoint element of VL^ . 

This discussion on the inner fluctuations of the metric adapts to the 
presence of the additional structure given by the charge conjugation operator 
(real structure) as in Definition 1.124. A key role of the real structure J is 
in defining the adjoint action of the unitary group U of the algebra A on 
the Hilbert space H. In fact, one defines a right ^.-module structure on H 
by 

(1.520) £b=b°i, V(GW, beA 

The unitary group of the algebra A then acts by the "adjoint represen- 
tation" in TC in the form 

(1.521) £ € W Ad(u) f = u£u* , V^GH, ugA, uu* = u*u = 1, 
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and the perturbation (1.519) gets replaced by 

(1.522) D + A + e' JAJ- 1 , 

where e' is specified by the table of Definition 1.124. 

The following result describes the relation between the adjoint action of 
the unitary group of the algebra A and the gauge potentials A G with 
A = A*. 

Proposition 1.141. Let (A,Ti,D) be a real spectral triple with antilin- 
ear isometry J fulfilling (1.472) and (1.473). Then for any gauge potential 
A G with A = A* and any unitary u £ A, one has 

Ad(u)(D + A + e' JAJ-^Adiu*) = D + 7tt (A) + e' J^ U {A) J" 1 , 

where 

j u (A) = u[D,u*} + uAu*. 

PROOF. Let U = Ad(u). One has U = uv = vu, where v = JuJ~ x . 
Thus, 

UDU* = u(vDv*)u* = u(D + v[D, v*])u* 

= uDu* + v[D, v*]=D + u[D, u*] + v[D, v*] , 
where we used (1.472) and (1.473). We have 

v[D,v*} = JuJ- l [D,Ju*J- 1 ] =e'Ju[D,u*]J- 1 . 
Similarly, we have UAU* = uAu* and UJ AJ~ l U* = J uAu* J -1 . □ 

The next proposition shows that inner fluctuations of inner fluctuations 
are inner fluctuations. 

Proposition 1.142. 1) Let (A,H,D) be a spectral triple and let D' = 
D + A, for some A G £l l D with A = A* . Then, for any B G Q} D , with B = B* , 
one has 

(1.523) D' + B=D + A', A' = A + BeQ} D 

2) Let (A,TC,D) be a real spectral triple with antilinear isometry J fulfilling 
(1.472) and (1.473). Let A £ VL l D with A = A* and let D' = D + A + 
e' JAJ^ 1 . Then, for any B G Sl^, with B = B* , one has 

(1.524) D' + B + e' JBJ- 1 = D + A' + e' JA'J- 1 , A l = A + B^^l l D 

Proof. To check 1) it is enough to show that O^, C £l l D . By construc- 
tion, elements of VL 1 ^ are linear combinations of a[D',b], for a, b G A. In 
fact, we have a[D', b] = a[D, b] + a[A, b] G O^, since 0)^ is a bimodule over 
A. 

Similarly, to check 2) one has to show that VL 1 ^ C 17^. For a, b G 
A one has a[D',b] = a[D, b] + a[A, b] + e' a[JAJ~ 1 , b], but then we have 
[JAJ- 1 ,^ = 0, using (1.472) and (1.473). Thus, the inclusion O^, C fi^ 
follows as above. □ 
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It is important to consider the inner fluctuations D ^ D + A + e 1 JAJ 1 
as being obtained in two stages 

(1) D^D + A 

(2) D + A^ D + A + e' JAJ- 1 

In fact, the resulting operator D + A + e 1 JAJ^ 1 is the most general operator 
D 1 obtained from inner fluctuations relative to A and then relative to A = 
JAJ~ l , with the property that D' fulfills the same commutation relation 



with J as the original D. In this way one can extend many results valid for 
inner fluctuations of the form D h-> D + A to the more sophisticated ones of 
the form (1.522). 

Remark 1.143. Notice that, although transitive, the relation ll D' is an 
inner fluctuation of D v is not symmetric. In fact, one can construct simple 
examples where the operator is obtained as inner fluctuation of a non-zero 
D. This relation is similar to the relation obtained from a singular foliation, 
such as the foliation associated to a flow with singularities given by the fixed 
points. We see in §15.2 below a concrete example of such a singularity, in 
the case of the Higgs mechanism in the Standard Model, cf. Remark 1.203. 



We give in this section an account of the joint work of the first author 
with A. Chamseddine on the spectral action principle [45], [46], [47], [48]. 
This will be the main tool we use in the following sections to recover the 
Lagrangian of the Standard Model minimally coupled to gravity from a 
simple noncommutative geometry. 

The starting point to motivate the spectral action is a discussion of 
observables in gravity. By the principle of gauge invariance, the only quan- 
tities which have a chance to be observables in gravity are those which are 
invariant under the gauge group i.e. the group of diffeomorphisms of the 
space-time M. Assuming first that we deal with a classical manifold, one 
can form a number of such invariants (under suitable convergence condi- 
tions) as integrals of the form 



where F{K) is a scalar invariant function of the Riemann curvature K. 

The scalar curvature is one example of such a function but there are 
many others. We refer to [143] for other more complicated examples of 
such invariants, where those of the form (1.525) appear as the single integral 
observables, i.e. those which add up when evaluated on the direct sum of 
geometric spaces. 



JD'J- 1 = e'D' 



11. The spectral action principle 



(1.525) 
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While in principle a quantity like (1.525) is observable, it is in practice 
almost impossible to evaluate, since it involves the knowledge of the entire 
space-time and is in that way highly non-localized. On the other hand, spec- 
tral data are available in localized form anywhere and are (asymptotically) 
of the form (1.525) when they are of the additive form 

(1.526) Tr(/(.D/A)), 

where D is the Dirac operator and / is a positive even function of the real 
variable while the parameter A fixes the mass scale. The data of spectral 
lines are intimately related to the Dirac Hamiltonian, hence to the geometry 
of "space". 

The spectral action principle asserts that (1.526) is the fundamental 
action functional S that can be used both at the classical level to compare 
different geometric spaces and at the quantum level in the functional integral 
formulation, after Wick rotation to Euclidean signature. 

In the following, we work under the assumption that we have an asymp- 
totic expansion 

(1.527) Trace (e^ 2 ) ~ a a t a (t 0) 

The absence of a log(t) in the expansion corresponds to the dimension spec- 
trum being simple. Notice that this assumption is not always satisfied. For 
instance, it is known to fail in the case of manifolds with conical singularities 
(cf. [206]). 

Under the above assumption, the detailed form of the even function / 
in (1.526) is largely irrelevant because of the known simple relation between 
the heat expansion and residues which we now recall ( [304] ) . The C-function 
is defined by 

(1.528) Cd(s) = Tt(\D\- s ) = Tr(A- s / 2 ), A = D 2 . 

This only makes sense if D is invertible but this hypothesis is harmless 
since one can replace D by D + eP where P is the orthogonal projection on 
kerD to make it invertible and then eliminate e by taking the limit when 
e — > 0. Equivalently one restricts to the orthogonal complement of the finite 
dimensional subspace kerD C TC so that (1.528) makes sense. The relation 
between the asymptotic expansion (1.527) and the (^-function is given by: 

Lemma 1.144. • A non-zero term a a with a < gives a pole of 

Cd at —2a with 

(1.529) Res s= _2« C-d( s ) = t^7~~~~T 

• The absence of log t terms gives regularity at for £d with 



(1.530) 



(d (0) + dim ker D = ao • 
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Proof. For the positive operator A = D 2 one has 
(1.531) \D\- S = A' 3 / 2 = ^jj^ I e- tA f 8 / 2 - 1 dt. 

-tA\ 



T {2) JO 



Replacing Trace (e ) by a a t a and using 

t a+s/2-l dt= ( a + s / 2 )-l 

10 

one gets the first statement. The second follows from the equivalence 

1 s 



f 

Jo 







r(f) 2' - 

so that only the pole part at s = of 

Tr(e-* A ) t s ' 2 - 1 dt 



f 

Jo 



contributes to the value Cd(O)- This pole part is given by 

2 



Jo 



a I t s/ ^ l dt = a ~ s 

so that one gets (1.530). This holds when D is invertible and in the general 
case the addition of eP amounts to the replacement 

Cd (0) ^ (d (0) + dim ker D . 

□ 

Theorem 1.145. Let (A,H,D) be a spectral triple fulfilling (1.527). 
Then the spectral action (1.526) can be expanded in powers of the scale A in 
the form 

(1.532) Tr(/(D/A)) ~ ^ f/3 ^ l\D\~ P + f(0) ( D (0) + ■ ■ ■ , 

/3en J 

with the summation over the dimension spectrum II. Here the function f 
only appears through the scalars 

POO 

(1-533) f p = / f{v)v^ 

Jo 

The terms involving negative powers of A involve the full Taylor expansion 
off at 0. 

Proof. Consider a test function k(u) which is given as a simple super- 
position of exponentials as a Laplace transform 



dv. 



COO 



(1.534) k(u) = [ e- su h(s)ds. 

Jo 

We can write formally 

poo 

(1.535) fc(tA) = / e- stA h(s)ds 

Jo 
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and 



/>oo 

(1.536) Trace (k(tA)) ~ V a a t a / s a /i(s) . 

JO 



For a < one has 

« Q = 

T(-a 



and 



so that 



/ s a /i(a) = — r / k(v) v~ a ~ l dv 

Jo r (-«) Jo 



1 f°° 
Trace (fc(tA)) ~ V - Res s= _ 2a Cd(s) / fc(«) «" Q-1 <fo 

a<o 2 70 
(1.537) + Cd(0) fc(0) + . . . 

Thus, with / even as in (1.532), we write f(u) = k(v?) and obtain 
(1.532) using 

- / k(v) v^ 2 - 1 dv = / fi^u^du, 
2 Jo Jo 

for /3 = -2a ell. □ 

The above gives a formal proof of the asymptotic expansion of the spec- 
tral action functional. For a more detailed analysis of the actual expansion, 
we refer the reader to the book [132] . 

The term in A 4 in the spectral action (1.532) is proportional to -f ds A 
which, in the 4-dimensional case, gives a cosmological term. As we see later, 
the natural constraint in the set-up of the functional integral will provide a 
homological meaning to this term cf. equation (1.874) below. 

The term in A 2 in the spectral action (1.532) is proportional to -f ds 2 
which, in the usual 4-dimensional Riemannian case (cf. [179]), gives the 
Einstein-Hilbert action functional with the physical sign for the Euclidean 
functional integral, provided the moment fi > (which is the case if / is a 
positive function). This term will be analysed in the general case in §11.1 
below. 

The term in A in the spectral action (1.532) yields the Yang-Mills 
action for the gauge fields corresponding to the internal degrees of freedom 
of the metric. This result will be obtained first by a direct computation in 
§11.4 using the Seeley-DeWitt coefficients 11.2. We then explain (§11.5) 
in the general framework that under a simple hypothesis of vanishing of 
the tadpole (which holds in the usual Riemannian case) the variation under 
inner fluctuations of the scale-independent part of the spectral action can 
be expressed as the sum of a Yang-Mills action and a Chern-Simons action. 



In particular, it is convenient to introduce the following notation. 
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Definition 1.146. The tadpole term of order A a is the term linear in 
A G in the A a part of the expansion (1.532) of the spectral action. 

The vanishing of all these tadpole terms indicates that a given geometry 
(A, H, D) is a critical point for the spectral action. In general, one can 
impose weaker conditions of vanishing of tadpole terms, as we will see in the 
case of the Higgs mechanism in the Standard Model. 

11.1. Terms in A 2 in the spectral action and scalar curvature. 

Throughout this section we let (A, TC, D) be a regular spectral triple 
with simple dimension spectrum and with metric dimension 4. 

Definition 1.147. The scalar curvature of (A,Ti, D) is the functional 
given by 

(1.538) K(a) = j aD ~ 2 i Va£A. 

The terminology is motivated by the following result of [179]. 

Theorem 1.148. In the case of four- dimensional Riemannian spin man- 
ifolds M, the functional 1Z is given by 

(1.539) 11(f) = "2^2 / /(*) s ( x ) V9^x 
where s = —R is the scalar curvature. 

PROOF. By definition the scalar curvature s at a point x G M is, up 
to sign, twice the trace of the Riemann curvature tensor viewed as an en- 
domorphism of A T X (M) and is positive for the sphere. (With the sign 
convention for the curvature tensor used by Milnor [230] p. 51, one gets 
a plus sign.) When acting on 1 -forms the formula for the curvature is 
VxVyw-VyVxw - v [x,Y] cf. Wald [290] p. 36-40. 

Our chosen normalization for the Riemann curvature tensor (1.448) is 
the same as Gilkey ([144] §2.3) and Lawson-Michelsohn ([203], Proposition 
4.6). It reads 

(1.540) R{X, Y)Z = V x Vy Z - Vy V x Z - V [x ,y] Z. 

Following Lawson-Michelsohn [203], both the Ricci curvature and the 
scalar curvature have the usual sign (positive for spheres), thanks to the mi- 
nus signs in equations 8.10 and 8.17 of [203]. We follow the same convention 
and we define the scalar curvature by setting 

(1.541) s = -R. 

As already mentioned, Gilkey [144] uses the same convention (1.540) for 
R as Lawson-Michelsohn, but defines the scalar curvature as \ of the above 
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s. With our convention, s is the term which appears in the Lichnerowicz 
formula (cf. [203] Theorem 8.8) 

(1.542) D 2 = V*V + 

The formula (1.542) decomposes the operator P = D 2 in the canonical 
form of [144] Lemma 4.8.1. The operators of [144] are Py = V*V and 
E = — | s, where s is as in (1.541) above. 

By Theorem 4.8.16 of [144] the coefficient a 2 in the heat expansion of 
P is given by 

(1.543) a 2 (x, D 2 ) = (4vr)- 2 Tr [—Rijij + e\ , 

where the trace is taken in the spinor space, hence it multiplies the scalar 
value by 4. With the notations of [144], one has Rijij = —s, so that (1.543) 
gives in front of s the coefficient 

(te )-»x4x(i-i)— -Lj. 

By (1.529) there is an additional factor of 2 in the relation with the residue, 
and we get (1.539). □ 

In particular, we see that, when written with the notation (1.451), equa- 
tion (1.539) becomes of the form 

(1.544) K(f) = ^ / f(x) R(x) Vdd^x, 

which has the correct sign for the Euclidean functional integral as explained 
in Proposition 1.117. 

Notice that, if one had chosen the scalar Laplacian instead of the square 
of the Dirac operator, one would have obtained the wrong sign in front of 
the scalar curvature. 

We now investigate, in the general case, the stability of the scalar curva- 
ture as defined by (1.538) under inner fluctuations of the metric of the form 
D 1 — ^ D + A with A = A* G fi^. The coefficient of A 2 , given hy-${D + A)~ 2 , 
has a priori an A dependence. If we write (D + A) 2 = D 2 + X, we obtain 

(1.545) J (D + A)- 2 - jo' 2 = -jo- 2 XD- 2 + j D~ 2 X D~ 2 X D~ 2 , 

where X = DA + AD + A 2 has order one, so that the other terms vanish. 
We can rewrite this as 

(1.546) - J-(DA + AD)D~ A + J- (DA + AD) 2 D~ 6 - j A 2 D~ A . 

We now analyse these various terms. 

The first term we meet in (1.546) with a coefficient —2 is 



(1.547) j- 



AD 



-3 
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This is the A 2 dependent linear piece in the spectral action, i.e. the tadpole 
term of order A 2 in the sense of Definition 1.146. 

Lemma 1.149. The term (1.547) vanishes in the case of a Riemannian 
spin manifold M. 

Proof. In terms of local coordinates the Dirac operator is of the 
form 

where V s is the spin connection. The elements of are the sections of 
the bundle End(S') coming from Clifford multiplication 7(0;) by 1-forms 
lo £ C°°(M,T*M). Thus A is of the form A = 7(0;). The total symbol of 
the operator D~ 3 is of the form 

o-(D~ 3 ) (x, = <t_ 3 (x, £) + <r_ 4 (x, £) + ■■■ 

where cr_ n (x, £) € End(S x ) is an endomorphism of the fiber S x of the spinor 
bundle. The total symbol of a product of pseudodifferential operators is 
given by (cf. [144] §1.2) 

(1.548) a p Q(x, = J2 ^T 9 ?^*' 9 > Q ( X > ■ 

This shows that the symbol of order —4 of AD~ 3 is ^{oS)a-i{x, £) and the 
residue is of the form 



I AD' 3 = [ tr(7(w)6(x)) dv 
J Jm 



where b(x) £ End(S x ) is obtained by integrating a-^{x,^) over the unit 
sphere of the cotangent space T*(M) and dv is the Riemannian volume 
form on M. By construction one has b G C°°(M, End (S)) and to compute 
b{x) one can use normal coordinates at x. In these coordinates the total 
symbol of D at x is y/—l 7^ £u and the symbol of order —5 of D~ 4 vanishes 
(cf. [179]). Thus using (1.548) one gets fT_ 4 (x,£) = and b(x) = 0. □ 

Since (1.547) is the A 2 dependent linear piece in the spectral action, if 
we expand at an extremum of the spectral action which is independent of 
A, it is natural to assume that (1.547) vanishes, namely that we have 

(1.549) ^AD~ 3 = VAgM^. 

There are however very interesting situations, such as the Higgs case, where 
the extremum depends upon A. 

Under the hypothesis of vanishing of the order A 2 tadpole term, we have 
the following result. 

Lemma 1.150. // (1.549) holds, then one has 

j- [D,a][D,b]ds 4 = - J- a[D 2 ,b]ds 4 Va,5ei. 
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Proof. By (1.549) and using the identity 

D a [D, b] + a [D, b] D = [D, a] [D, b] + a [D 2 , b] 

one obtains 

j- {Da[D,b]+a[D,b]D)D- 4 = 0. □ 

Let us now assume also the condition that the functional playing the 
role of the scalar curvature is a trace, namely 

(1.550) *(„)_ fais- is a ta «on.A. 

We then have the following result. 

Lemma 1.151. Assuming (1.549) (1.550), one has 

j [D 2 ,a][D 2 ,b]ds 6 = j [D,a][D,b]ds 4 \fa,b£A. 

PROOF. One has TZ(ab) = lZ(ba) by hypothesis. Moreover, using the 
trace property of -f, one has 

(1.551) K(ba)= j-baD- 2 = j aD- 2 bD 2 D~ 2 . 
Thus, we get 

(1.552) j aD- 2 [D 2 ,b]D- 2 = Va,beA. 
By Lemma 1.150 one has 

j- D- 2 a [D 2 , b] D- 2 = j a[D 2 , b] ds A = - j [D, a][D, b] ds 4 . 
Substracting this from (1.552) we get 

(1.553) j [D,a][D,b]ds A = j- [a, D- 2 ][D 2 ,b] D~ 2 . 
On the other hand we have 

(1.554) [a,D- 2 }= D- 2 [D 2 ,a]D- 2 . 

Now D~ 2 [D 2 , a] D~ 2 [D 2 , b] D~ 2 is of order —4 and we can permute the D~ 2 
freely so that we get the statement. □ 

Corollary 1.152. Assuming (1.549) and (1.550), for a , a 1 , a 2 G A, 
one has 

j cP[D,a}][D,a 2 ]ds A = j a [D 2 , a l ][D 2 , a 2 } ds 6 . 
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Proof. Let 

93(0,0, ai) = j-[D, ao] [D, ai] (is 4 

^(a ,ai) = j-[D 2 ,a }[D 2 , ai } ds 6 . 

We compute the Hochschild coboundary of <p and ^ as 
<p(a ai, a 2 ) - <^(a , aia 2 ) + ^(«2ao, «i) 

= ^"{(a [A ai][D, o 2 ] + [D, a ] ai [D, 02]) - ([A a ] ai [D, a 2 ] 

+ [D, a ] [D, 01] a 2 ) + (a 2 [£>, a ] [A ai] + [-D, a 2 ] a [A 01])} ds 4 . 
Since we can permute freely with ds 4 we get 

(1.555) (&¥>)(a , ai,a 2 ) = 2 £ a [D, ai][D, a 2 ] (is 4 . 
The same argument gives 

(1.556) (6^)(ao, 01,02) =2 j a [D 2 , ai ][D 2 ,a 2 ]ds & . 

By Lemma 1.151 one has ip = ip and the conclusion follows. □ 
We can now show the following result on the dependence of the term 

j{D + A)- 2 

on the inner fluctuations. 



Proposition 1.153. Assuming (1.549) and (1.550), one has the follow- 
ing properties. 

• The term^f (D + A)~ 2 is independent of A. 

• The functional 7Z is unchanged by the inner fluctuation D D+A. 
Proof. By (1.545) and (1.546) one has 

(1.557) J-(D + A)~ 2 - J- D 2 

= — j- (DA + AD) D~ A + J- (DA + AD) 2 D~ 6 — J- A 2 D~ 4 . 

The first term in the right-hand side vanishes by (1.549). 
Now, for A = J2i en [A 6j], one has 

(1.558) DA + AD = Y,^ [D 2 , k] + Oi][D, k], 

i i 

where the second term is of lower order. It follows then from Corollary 1.152 
that 

(1.559) J- (DA 1 + A 1 D)(DA 2 + A 2 D) ds 6 = j^A 1 A 2 ds A , 
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for any A\,A<i £ Indeed, it is enough to check this on A\ = a\ [-D,6i] 
and A2 = a>2 [D, 62]. By (1.558), the left-hand side gives 



a 1 [D 2 ,b 1 }a 2 [D 2 ,b2]ds (i = * hj){ai, 6ia 2 , 62) - * bip(aib 1} a 2 , 62) 

= - 693(01, 61 a 2 , 6 2 ) - - 699(0161, a 2 , 6 2 ) 



ai [D,6i] a 2 [DM] ds 4 



which is indeed equal to the right-hand side. 

Taking A\ = A2 = A we see that the last two terms of (1.557) add up 
to zero and we get the first statement. 

For the second statement, using the invariance of -f one gets 

j-x(D + A)- 2 - J~ xD ~ 2 = ~ j xD- 2 (DA + AD)D~ 2 

+ J x(DA + AD) 2 D~ & 

(1.560) - j-xA 2 D~ A VxeA. 
Now in (1.559) we can replace A\ by xA\ to get 

(1.561) J- x(DA 1 + A l D)(DA 2 + A 2 D) ds 6 = £xA 1 A 2 ds A . 

This shows that the last two terms of (1.560) cancel. To prove the vanishing 
of the first term of the right-hand side in (1.560), we can assume that A = 
a [D, 6] . One has DA + AD = a [D 2 , 6] + [D, a] [D, 6] and 

J- x D~ 2 (DA+AD) D- 2 = j-x D~ 2 a [D 2 , b] D~ 2 + J- x D~ 2 [D, a] [D, b] D~ 2 . 

Now, by Corollary 1.152, the last term is 

J- x [D, a] [D, 6] D- 4 = j x [D 2 , a] [D 2 , 6] D~ 6 . 



One has 



J- xD- 2 a[D 2 ,b]D~ 2 = j xaD- 2 [D 2 ,b]D- 2 

- j xD- 2 [D 2 ,a]D- 2 [D 2 ,b]D- 2 . 

The first term in the right-hand side vanishes by (1.550), while the second 
is 

- j- x[D 2 ,a][D 2 ,b] ds 6 
and cancels the above. □ 



216 



1. QUANTUM FIELDS, NC SPACES, MOTIVES 



We have thus shown that the scalar curvature is insensitive to inner fluc- 
tuation of the metric. Notice, however, that this property depends crucially 
on the assumption of the tadpole vanishing (1.549). 

11.2. Seeley DeWitt coefficients and Gilkey's theorem. 

Let (A,TC,D) be a noncommutative geometry described by a spectral 
triple. We apply to the square D 2 of the Dirac operator the standard local 
formulae for the heat expansion (see [144] §4.8). We begin by recalling 
briefly the statement of Gilkey's Theorem ([144] Theorem 4.8.16). 

One starts with a compact Riemannian manifold M of dimension m, 
with metric g and one lets V be a vector bundle on M and P a differential 
operator acting on sections of V and with leading symbol given by the metric 
tensor. Thus, locally one has 

(1.562) P = -(g^Id^d u + A^ + B), 

where g^ v plays the role of the inverse metric, / is the identity matrix, and 
A 1 and B are endomorphisms of the bundle V. 

The Seeley-DeWitt coefficients are the terms a n (x,P) in the heat ex- 
pansion, which is of the form 

(1.563) Tre^ p ~^t^/ a n (x, P) dv(x), 

n>0 

where m is the dimension of the manifold and dv(x) = y/det g^ v {x) d m x, 
with g^ v the metric on M. 

By Lemma 4.8.1 of [144], the operator P is uniquely written in the form 

(1.564) P = V* V - E 

where V is a connection on V, with V* V the connection Laplacian, and E 
is an endomorphism of V. 

Let T^ u be the Christoffel symbols of the Levi-Civita connection of the 
metric g. We set 

(1.565) r':=<ri*,. 

The explicit formulae for the connection V and the endomorphism E 
are then of the form 

(1.566) = a M + dp 

(1.567) d li =^g lu ,(A v + T v -id), 

with id the identity endomorphism of V, and 

(1.568) E = B — <T (fy d v + d IM d„- r£„ d p ). 
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One lets 17 be the curvature of the connection V so that (cf. [144] Lemma 
4.8.1) 

(1.569) Q lll/ = d li uj' v -d v u' fl +[u' li ,(j' 1/ ]. 

We denote multiple covariant differentiation as in [144] Lemma 2.4.3, 

by 

(1.570) E.» := V M V£. 

The Seeley-DeWitt coefficients a n (P) vanish for odd values of n. The first 
three a„'s for n even have the following explicit form in terms of the Rie- 
mann curvature tensor R, the curvature 0, of the connection V and the 
endomorphism E. 

Theorem 1.154. [144] One has : 

(1.571) a (x,P) = (4vr)- m / 2 Tr(id) 

(1.572) a 2 (x,P) = (4vr)- m / 2 Tr (-|id + ^ 

(1.573) a 4 (x,P) = (4Tr)- m / 2 ^Tr(-12R,/ + 5R 2 -2R^R^ 

+ 2R^ pa R' lupCT -60 RE + 180 E 2 + 60 E.J 1 
+ 30^^")- 

Remark 1.155. Notice that in Theorem 1.154 the endomorphism E only 
appears through the expressions 

(1.574) Tr^-^id + £^ and Tr id + E) 2 
and the boundary term Tv(E-^). 



11.3. The generalized Lichnerowicz formula. 

Let M be a compact Riemannian spin manifold of dimension m, S the 
spinor bundle with the canonical Riemannian connection Vg. Let V be a 
Hermitian vector bundle over M with a compatible connection Vy- One 
lets $y be the Dirac operator on S (8> V endowed with the tensor product 
connection ([203] Proposition 5.10) 

(1.575) V(£®v) = (V s ® v + (Vv«). 

Let then Ry be the bundle endomorphism of the bundle S (8> V defined by 

(1.576) i?y(^^)= - ^ (7i7*O®WOjfc*0 

j, fc=i 

where i?(V) is the curvature tensor of the bundle V. 

One then has the following result ([203] Theorem 8.17). 
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Theorem 1.156. let s be the scalar curvature of M as in (1.541). Then 
the Dirac operator $ v satisfies 

(1.577) f v = V*V+^s+ R v , 

where V* V is the connection Laplacian of S ®V. 

Notice that all three terms on the right-hand side of (1.577) are self- 
adjoint operators by construction. In particular Ry is self-adjoint. One can 
write Ry in the form 

(1.578) R v =J2wk®R(V) jk , 

j<k 

where the terms in the sum are pairwise orthogonal for the natural inner 
product on the Clifford algebra induced by the Hilbert-Schmidt inner prod- 
uct (A,B) = Tt(A*B) in the spin representation. Notice that here R(V) 
is antisymmetric and the jj, 7& anticommute. Note also that the different 
sign convention for the square of 7-matrices used in [203] introduces an 
overall sign which will not matter since the heat expansion only involves the 
Hilbert-Schmidt norm square of the terms (1.578). 

11.4. The Einstein Yang Mills system. 

In this section we describe a result of [46], §2, which illustrates the 
properties and the role of the spectral action functional in the simplest pos- 
sible noncommutative modification of an ordinary 4-dimensional manifold, 
namely the noncommutative geometry obtained by replacing the algebra 
C°°(M) of smooth functions on M by the tensor product 

(1.579) A = C°°(M) <g>M/v(C), 

with M/v(C) the algebra of complex N x N matrices. The spectral triple 
is obtained by tensoring the Dirac spectral triple (C°° (M) , L 2 (M , S), (j) M ) 
with the spectral triple for M/\r(C) given by the left action of Mjy(C) on the 
Hilbert space of N x N matrices endowed with the Hilbert-Schmidt norm, 
and with the trivial Dirac operator D = 0. The real structure is given by the 
adjoint operation T h> T* on matrices, while Jm denotes the real structure 
on (C°°(M), L 2 (M, S),$ M ) given by the charge conjugation operator. 
Thus, the product geometry is of the form 

• A= C°°(M,Mjv(C)) 

• U = L 2 (M,S)<g> Mjv(C) 

• J(£ T) = J M i % T* 

• D = $ M <£> 1 

• 7 = 75 ® 1- 

We compare the spectral action functional with the action for an SU(iV) 
Yang-Mills theory coupled to fermions in the adjoint representation and to 
Einstein gravity. 
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We begin by computing the inner fluctuations of the metric for the prod- 
uct geometry (A, Tt, D) described above. 
The Dirac operator $ M is of the form 

(1.580) ^ M = yZi 7 M V ^. 

Here V s is the spin connection which we express in a vierbein e. Namely, 
the vierbein e° is defined by the relation 

(1.581) = e a ^e% b , 

so that 7 a = ea7 M satisfy the anticommutation {-y a , 75} = 26^. One sets 

(1-582) lab-=\ha,lb}. 

They satisfy 

[lab, led] = Scblad ~ §calbd ~ $dblac + ^dalbc 

and define the spinor representation of the Lie algebra o(4). The spin con- 
nection is then of the form 

(1-583) V * =3 M +^ 6 7ab . 

The expressions of the form 

a j [D, bj] with aj,bj£A 

3 

give all operators of the form 

A= ^ 7 M , 

where the G C°°(M, Mtv(C)) are arbitrary. The self-adjoint condi- 
tion A = A* for gauge potentials is equivalent to A^ = A*^, i.e. to A^ G 
C°°(M, MAr(C)) sa , the self-adjoint elements of the algebra A. Here the A^ 
are acting by left multiplication on H = L 2 (M, S) <g> M N (C). 

It is convenient for the following to introduce the related notation 

(1.584) := -\/-l ad 

We also denote by oj^ the spin-connection on M as in (1.583), with 

(1-585) u>^.= l -uf lab . 

Notice that the inner product in Ti. is given fiberwise using the Hilbert- 
Schmidt norm on matrices, i.e. by 

JM 

ignoring the spinor index for simplicity. One checks directly that, for X € 
C°°(M, Mjv(C)), the adjoint of left multiplication by X is left multiplication 
hyX*. 
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We can then prove the following result on the product geometry 
(C°°(M, Mjv(C)), L 2 (M, S) M N (C),$ M 1) . 

Proposition 1.157. Let (A,H,D) be the product geometry described 
above. 

(1) The inner fluctuations of the metric are parameterized by an SU(iV) 
Yang-Mills field A. 

(2) The operator D A = D + A + JAJ* is given by 

(1.586) D A = y/=le£>f((d IM + <J li )®l N 2 + l®A li ) , 

with A M as in (1.584). 

(3) The coupling of the Yang-Mills field A with the fermions is: 

(1.587) (4>,D A iP) il>,$€H. 

Proof. (1) We already saw that the gauge potentials are given by A = 
A^ with A^ £ C°°(M, MAr(C)) sa (the self-adjoint elements in the algebra), 
acting by left multiplication. In dimension 4 one has ([132] 5.24) 

(1.588) j M yj M i = _y\ 

Moreover, the action of J on matrices being given by T —> T*, it transforms 
the operator of left multiplication by X G C°°(M, Mjv(C)) into the right 
multiplication by X* . Thus, this shows that 

A + JAJ* = 7 M ad^ M . 

Notice that the formula Da = D + A + JAJ* eliminates the U(l) part of A, 
even though one starts with a U (N) gauge potential. Thus, it is natural to 
impose the "unimodularity" condition 

(1.589) Tr(A) = 0. 

(2) This follows from the same computation above. 

(3) We obtained indeed the correct adjoint action on fermions. Notice 
also that in order to formulate the Euclidean functional integral one consid- 
ers the tp , 'tp £ H as independent variables [61]. □ 

Recall that the Yang-Mills action is of the form 

(1.590) S YM (A) = ] [ jC Y m(A), with £ ym (A) = Tt(F^F> i A- 

The following result of [45] gives the explicit form of the spectral action 
for the product geometry (C°°(M, M N (C)), L 2 (M, S) M N (C),@ M ® 1), 
which recovers the Einstein- Yang-Mills system. 

Theorem 1.158. For the product geometry (A,Tt,D) described above, 
the spectral action is given by 

(1.591) Tr(/(D/A)) ~ / C(g^A)^gd\ 
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where C(g flu ,A) is the Lagrangian of the Einstein-Yang-Mills system given 
by 

£(g^, A) = 2N 2 A 4 / 4 + f A 2 fr R + £ YM (A) 

(1.592) 

N 2 /(0) r ™z,p CT 
80 u /^P<r ° 

modulo topological and boundary terms. 

Proof. Using (1.577) and (1.578), we get 

(1.593) —E = - s ® 1^2 + 'f'f ® ^ 

(1.594) = 1 i?J 7ab ® ljv* + id 4 ® ^ , 

where the first term in the formula for S7^„ is coming from the curvature of 
the spin connection, which is expressed in terms of the Riemann tensor R 
and the 7 matrices. Also F^ v is the curvature of the connection A M obtained 
from A^ after passing to the adjoint representation as in (1.584). 

We can now use Theorem 1.154 to get the first Seeley-DeWitt coeffi- 
cients. Neglecting boundary terms, we obtain 

ao(P) = ^J M V9dx 

N 2 f N 2 f 

1 N 2 f 

04(F) = ■ 3^ J (5fl 2 - S/?„„ fl"" - lR m „ W") cfx 

Here N 2 = dimMjv(C). Notice that here the a n (P) are as in (1.563). These 
correspond to the coefficients a a of (1.527) with a = (n — m)/2. 

To obtain the coefficient of the Yang-Mills action with Lagrangian 

(1.595) £ym(A) = Tr(F M1 ,F^) > 0, 

notice that there are two different contributions coming from Theorem 1.154. 
The contribution of the term 180 E 2 is obtained from the trace of E 2 which is 
positive since E is Hermitian by construction. The various terms of (1.593) 
are pairwise orthogonal in the Hilbert-Schmidt inner product, hence the 
trace of E 2 is the sum 

AT 2 AT 2 _ 

(1.596) Tr(£ 2 ) = — R 2 + 4 ^ T^(F^F^) = — R 2 + 2Tr(F^O, 

il<V 

where the 4 comes from the dimension of spinors, and the last sum is over 
all indices jjlv. The contribution of the term 2>Q^l fjLV ^ 1 ' is obtained from 
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the trace of n^W. Using again the orthogonality in the Hilbert-Schmidt 
inner product, one sees that the latter is given by 

(1.597) Tr(fV^V) = ~RfvKv -4TV(F^F Miy ), 

where the minus sign comes from our notation F^F^ = —F^ U F^ U and the 
4 comes, as above, from the dimension of the spinor bundle. This shows 
that the overall coefficient for Tt^F^F^) in is 

! ' (180 x 2 - 30 x 4) = — —= > 0. 



16 vr 2 360 v ' 24 7T 2 

In (1.596) and (1.597) notice that we have 

~^Rpvlab = ~ R pvJab, 



2 

a<b 



and Tr(7 a k) = 4 so that we have 



4 -^ 2 nab nab = ST^ nab nab 

^ / j 11 /IU 11 pi/ 2 / > liv ixv 

a<b a,b 

where in (1.597), as usual, we do not write explicitly the sum over repeated 
indices. 

The contributions of the Riemann tensor are collected in the form 
(1.598) -mR\R + 180^i? 2 - 30(§1$ R*)) 

Notice the factor | in (\R a * v R%) in (1.598). This comes from the compu- 
tation of the trace Ti{Q,^ v VL^ U ). In fact, one rewrites (1.594) as 

\ Y1 R t» 7a6 ® 1jv2 + id 4 ® F^, 

a<b 

so that the contribution of the Riemann tensor to Tr(17 M j, fi^) is of the form 

-n 2 -A-\Y R t R t = -n 2 • 4 • 1 Ki Ki- 

A / j pV pV Q pV pf 

a<b 

Since we are working in dimension four, we have a relation between the 
Pontrjagin class and the three possible curvature squared terms, of the form 

r>* p* n npvpa a n npv i n2 

K K .— tipper -K r — 'iripu tir + It . 



Here the term 

(1.599) R*R* = l - e^o° e af}j5 B$ Rf a 
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is the form that integrates to the Euler characteristic 

(1.600) X (M) = / R*R*Vgd 4 x. 

Moreover, we can change the expression for a±(P) in terms of Cp Vpa instead 
of R^upa, where 

(1.601) Cp Upa = Rp U pa ~ (gp[pRu\a] ~ 9u[pRp\a}) + g(fiW> 9va ~ 9pa 9vp)R 

is the Weyl tensor. Using the identity 

r> Tjpupa ft ftpupa _i_ o p npu _ _ p2 

f^pvptr J — ^pupa ^ ' ^^pv Lx - 3 

we can recast the contribution of the Riemann tensor to 04 (P) into the 
alternative form 

iV 2 
16vr 2 

This ends the proof of (1.592). □ 



J{~ Cp Vpu c^p* + ^R*R*) V~gd'x. 



Notice that (1.592) has the correct factor of 2 in the cosmological term 
because of the definition of f±, cf. (1.533). 

We see in particular that the Yang-Mills terms appear additively in the 
action (1.592). We explain in §11.5 below that this is in fact a general 
phenomenon that occurs in the framework of noncommutative geometry. 

11.5. Scale independent terms in the spectral action. 

In this section we consider the term in A , i.e. the A-independent term in 
the spectral action and its behavior under inner fluctuations of the metric. 

As explained above the gauge potentials make good sense in the frame- 
work of noncommutative geometry and come from the inner fluctuations of 
the metric. This gives meaning to the Feynman graphs all of whose internal 
lines are fermionic lines, such as the triangle graph of Figure 32. 

In the work [48] of Chamseddine-Connes, it is shown how the spectral 
action behaves under the inner fluctuations. We recall here the main results 
of [48] in the following form. 

• In the case of a spectral triple (A,7i,D) with simple dimension 
spectrum consisting of the positive integers < 4, the variation under 
inner fluctuations of the A°-term in the spectral action gives the 
local counterterms for the fermionic graphs 

Cd+a(o) - Cd(o) = -Iad- 1 + \1{ad- 1 ) 2 

(1.602) J 2J 

-\f{AD^f + \j{AD-r. 
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Figure 31. The tadpole graph. 



• Under the hypothesis of vanishing of the A°-tadpole term, i.e. of 
the tadpole graph of Figure 31, the variation (1.602) is the sum of a 
Yang-Mills action and a Chern-Simons action relative to a cyclic 
3-cocycle on the algebra A. 
More precisely, one has the following result (cf. [48]). 

Theorem 1.159. Let A be a gauge potential for a noncommutative ge- 
ometry (A,Tt,D) with simple dimension spectrum consisting of positive in- 



(1) The function (d+a(s) extends to a meromorphic function with at 
most simple poles, which is regular at s = 0. 

(2) One has 



We refer the reader to [48] for the detailed computations that give the 
proof of Theorem 1.159. 

Remark 1.160. In the paper [47] the only hypothesis used is that both 
D and D + A are invertible operators and one can always reduce to this 
case by adding e to D. Notice that, even in the interpolation D 2 + tX of 
Lemma 2.3 of [47] one does not use anything else, since writing D 2 + tX = 
(1 - t)D 2 + t(D + A) 2 shows that one has a uniform lower bound. To define 
the (-function in the presence of zero modes, one can take the limit of the 
(-functions for D + e for e — > 0. This gives the right limit that counts the 
zero modes as in Lemma 1.144 above. The main formula of Theorem 1.159 
for the variation of zeta in terms of residues remains unaltered. 

We now restrict to the case of metric dimension < 4 and we make the 
tadpole vanishing hypothesis (cf. Figure 31) 



By Theorem 1.159 this condition is equivalent to the vanishing of the first 
order variation of the A-independent part of the spectral action under inner 
fluctuations, and is therefore a natural hypothesis. 

Recall that, by Definition (1.123), the hypothesis of metric dimension 
< 4 means that 



tegers. 




n 



(1.604) 




(1.605) 



D -l € £ (4,oo) ) 
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i.e. that the operator D 1 is an infinitesimal of order ^ (cf. [68]). 

The functional 
(1.606) 

r (a°, a 1 , a 2 , a 3 , a 4 ) = J- a Q [D, a 1 } D'^D, a 2 } D'^D, a 3 ] D'^D, a 4 ] D' 1 

is then a Hochschild cocycle and is given as a Dixmier trace of infinitesimals 
of order one. 

We introduce the notation 

(1.607) a(a) = DaD^ 1 Va £ A. 
Notice that in general a(a) ^ A. One has 

a(ab) = a(a) a(b) a,b £ A. 
We then have the following result of [48] . 

Theorem 1.161. Let (A,H,D) be a spectral triple as in Theorem 1.159. 
Under the tadpole vanishing hypothesis (1.604) the following holds. 

(1) -0 = f + ^BqTq is a cyclic 3-cocycle given by 

(1.608) ifj(a ,a 1 ,a 2 ,a 3 ) = ^ -j- (a(a ) ai a(a 2 ) a 3 - a a(ai) a 2 a(a 3 )) , 

with a(x) = D x D^ 1 . 

(2) For any A G O]^ one has 

(1.609) -^log(l + AD" 1 ) = i jT (dA + .4 2 ) 2 - ^ + j^ 3 )- 

Combining this result with Theorem 1.159 one obtains the following 
result. 

Corollary 1.162. In dimension 4, the variation under inner fluctua- 
tions of the A-independent terms of the spectral action is given by 

Cd+a(0) - Cd(0) = \J r (dA + A 2 f - \ J {A dA + 2 -A 3 ). 

This is the sum of the Yang-Mills action described in §10.6 relative to the 
Hochschild 4-cocycle to with the Chern-Simons action of §10.7, relative to 
the cyclic 3-cocycle tp. 

Notice that there is still some freedom in the choice of the cocycles tq 
and ip involved in Theorem 1.161. Indeed, let B = AB$ be the fundamental 
boundary operator in cyclic cohomology, as discussed in §10.4 above. One 
has then the following result (cf. [48]). 

Proposition 1.163. Let (A,Ti,D) be a geometry as above. 

(1) Theorem (1.161) still holds after replacing to i-> to + p and <— > 
ip + \Bqp, for any Hochschild A-cocycle p such that Bqp is already 
cyclic, i.e. such that AB$p = 4Bop. 



226 



1. QUANTUM FIELDS, NC SPACES, MOTIVES 




Figure 32. The triangle graph. 



(2) If the cocycle ip is in the image of B, i.e. if ip € B(Z 4 (A,A*)), 
then one can eliminate ip by a redefinition of To . 

The following lemma shows that "generically" one expects that indeed 
the cocycle ip is in the image of B. 

Lemma 1.164. Let ip be the cyclic 3-cocycle of Theorem 1.161. Then its 
pairing with the K\-group vanishes identically, namely 



In particular, the cocycle ip is in the image of B in the case when 
(A, TC, D) is the spectral triple associated to a compact spin Riemannian 
4-manifold. 

To be more explicit, one defines in general a Hochschild cocycle p by 



-6p(a°,a\a 2 ,a 3 ,a 4 ) = +■ a°[D 2 , a 1 ] [D 2 , a 2 ] [D, a 3 ] [D, a 4 ] D~ 6 



and one checks that Bop is already cyclic. 
One then has the following result of [48] . 

Proposition 1.165. Let (A,H,D) be the spectral triple associated to 
a compact spin Riemannian 4-manifold M . Then ip + \B§p = and the 



(iP,u} = 0, VuGKi(^) 



Proof. The lemma follows directly from Proposition 1.140. 



□ 
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Hochschild cocycle r = tq + p is positive and given explicitly by 

(1.610) T(a°,a l ,a 2 ,a 3 ,a 4 ) = - t (a 'da 1 A da 2 , da 3 A da 4 ) . 

3?r z J m 

Here we use the inner product on 2-forms associated to the conformal 
structure of M. One has, equivalently, 

/ (uj, Lo'} = LO A *u/. 

Jm Jm 

Notice that the minus sign in (1.610) is crucial to ensure the positivity of 
r. Indeed, with the notations of §10.6 the adjoint of a 2-form is given by 
(1.510), so that the skew-symmetry of forms introduces an additional minus 
sign. In fact, the proof of Proposition 1.165 given in [48] gives a direct 
relation between r and the positive cocycle of (1.511). 

One can then check that Theorem 1.161 provides another computation 
of the inner fluctuation of the spectral action in the Riemannian case and 
gives the additive contribution 



l — [ TrCF^OV^ 4 * >0 
: 71 Jm 



24 7T 

of Theorem 1.158. 

11.6. Spectral action with dilaton. 

Another striking property of the scale independent terms in the spectral 
action is their conformal invariance. Indeed, it is known for instance that 
the Weyl action is conformally invariant 

(1.611) J C^ pa (G) (G) VGd'x = J C^ pa (g) (g) ^d A x , 

where G is the rescaled metric (often called the Einstein metric) 

(1.612) G^ = e- 2 V", G^ = e 2 V 
and (f> a dilaton field. 

In [47] Chamseddine and Connes showed that the arbitrary mass scale 
A in the spectral action can be made dynamical by introducing a scaling 
dilaton field. We report here briefly on the formulation and properties of 
the spectral action with dilaton field, following [47]. 

In its simplest form, as we have seen, the spectral action is a counting of 
the number of eigenvalues A of D such that |A| < A. This is the case when 
one takes / in (1.526) to be a cutoff function. 

The basic idea of [47] is to "localize" this counting by replacing 

(1.613) N(A) = dim{D 2 < A 2 } ^ N(p) = dim{D 2 < p 2 }, 

where p = e^, with <j) the dilaton field, and dim{D 2 < p 2 } is the number of 
negative modes of the operator D 2 — p 2 id. 
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One can see the immediate advantage of this localization in the non- 
compact case, i.e. when the geometric space one is dealing with is non- 
compact. Dealing with such spaces requires a minor extension of the for- 
malism of spectral triples given in Definition 1.120 above. 

Definition 1.166. A noncompact spectral geometry (A, H, D) consists 
of a non-unital algebra A acting as bounded operators on a Hilbert space TL, 
with a self-adjoint operator D, such that [D,a] is bounded for all a £ A. 
The operator D has the property that a(D — A)" 1 is compact for all a G A 
and A ^ Spec(-D) . The sign, real structure, and other properties are defined 
as in the compact case, after adjoining a unit to the algebra. 

In such non-compact cases, the compact resolvent property of the Dirac 
operator D now only holds after multiplication by elements of A, thus the 
spectrum of D can be continuous and one can have iV(A) = oo. It is 
then natural to modify the definition of the spectral action by choosing the 
function p to be compactly supported so that one has N(p) < oo. 

The main result of [47] is that the spectral action with dilaton is given by 
the spectral action (without dilaton) applied to the Einstein metric (1.612), 
with the addition of a kinetic term for the dilaton. 

When one applies the same technique to the case of the Standard Model 
(as analyzed in [47]), one finds that in that case one needs to rescale not 
only the metric (1.612) but also the Higgs field by 

(1.614) H = e-th. 

At the level of the Dirac operator, the transition to the new metric corre- 
sponds to the transformation 

(1.615) D ' — ^ e^De-^ 2 . 

The appearance of the kinetic term for the dilaton can be understood in 
the general framework of Definition 1.147 of the scalar curvature in non- 
commutative geometry, from the difference between (e^/ 2 De^ 2 ) 2 and 
D 2 e'* . 

Indeed, as in [47] Appendix C, the next proposition shows that the shift 
to the Einstein metric and the appearance of the kinetic term for the dilaton 
hold quite generally. 

Proposition 1.167. Let (A,H,D) be a spectral triple, regular with sim- 
ple dimension spectrum, of metric dimension 4. Let p = with (/) = (/)* in 
the center of A. 

(1) (A, TC, = e"^/ 2 D e^^l 2 ) is a spectral triple and its residue func- 
tional is the same as for [A, 7i, D). 

(2) Assuming conditions (1.549) and (1.550) of §11.1, the scalar cur- 
vature functionals 1Z and IZ^ of the two spectral triples are related 
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by 

(1.616) Tl^a) = U{ae 2 *) + X - j- [D, ae*] [D, e^] 7J~ 4 . 

(3) With the hypothesis of (2) and with p = , the coefficient of \h? 
in the expansion of N(Ap) is the sum of the scalar curvature 7^(1) 
with the (positive) kinetic term 



\j \[D,p]\ 



2 D-\ 



Proof. 1) The first assertion is straightforward, since <p = 4>* \s in the 
center of A. To prove that the residues agree is quite technical and we 
restrict to the case of ordinary pseudodifferential operators on a manifold 
where it follows from [304]. 

2) For a £ A, one has 

(1.617) j- a (e~^ 2 D e"*/ 2 )" 2 = j ae<t> D ~ l ^ D ~ l 
and 

(1.618) D~ x e* = e^D- 1 - D' 1 [D, e^D' 1 . 
This makes it possible to write (1.617) in the form 

(1.619) j a(e-^ 2 De-^ 2 )- 2 = j ae 2 * D~ 2 - j a e^> D' 1 [D, e+] D~ 2 . 
Then, using (1.618) again, one obtains 

- lae^D-^D, e^D' 2 = - lae^D, e^]7Jr 3 

(1.620) J J 

- +D _1 [D, ae*]D _1 [D, e*]7J~ 2 . 

The first of the two terms vanishes by the tadpole condition (1.549). Using 
D[D,x] + [D,x]D = [D 2 ,x] and [D lX \D- 1 = -D'^D, x] + D" 1 ^ 2 , xjD' 1 
for x = a e^, we can write the term 

T=-/«e*[Ae*] D --/i 5 -MAae1 D -MAe*] D - 

on the right-hand side of (1.620) in the form 

(1.621) T = j- [73, ae^} [D, e+] D~ 4 - j D~ 2 [D 2 , ae*] D' 1 [D, e*] D~ 2 . 
Consider now the expression 

S = j D- 2 [7J 2 , ae*] D~ l [D, e+] D~ 2 . 

We show that 

(1.622) S = \ j ^ D ~ 6 ' 
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To see this, notice that the commutator of D with [D 2 , ae^] is equal to 
[D 2 , [D, ae^]] and has order 1 so that, moving D to the left and using the 
trace property of the residue, one gets 

S = X - j [D 2 , ae^] D- 2 (D [D, e*} + [D, e*} D) D~ 4 

and one obtains (1.622). Summarizing, we have obtained the equality 

K^a) = lae 2 *D~ 2 + l[D, a e*] [D, e*\ D~ A 
(1.623) J J 

-^J-[D 2 , ae*} [D 2 , e^} IT 6 . 

Thus, by Lemma 1.151 one gets (1.616). 

3) The condition D 2 < A 2 p 2 means that e^D 2 e^ < A 2 . Notice that 
one cannot use a strict cutoff function such as the characteristic function 
of an interval and it should be replaced by an approximation by a smooth 
cutoff. We ignore this subtlety. We are interested in comparing the coeffi- 
cients of A 2 in the heat expansions with t = A~ 2 of e^^D 2 e~^ and D^. This 
amounts to comparing the residues of their inverses. By 2) we have 

j {e-fD^e-fy 1 = 7^(1) -\f[D, P ] 2 B~\ 

Since the operator [D,p] is anti-Hermitian we then get 3). □ 
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It is well known that it is possible to infer the Minkowski space geom- 
etry underlying special relativity from experimental evidence associated to 
Maxwell's theory of electromagnetism. In fact, the Maxwell equations are 
intrinsically relativistic. This geometry is then extended to the Lorentzian 
manifolds of general relativity. From the particle physics viewpoint, the La- 
grangian of electromagnetism is just a very small part of the full Standard 
Model Lagrangian, as one can see easily from the explicit expression given 
in §9.4 and §9.6.2 above. Thus, it is natural to wonder whether the transi- 
tion from the Lagrangian of electrodynamics to the Standard Model can be 
understood as a further refinement of the geometry of spacetime. 

We approach this question using the tools we introduced above, namely 

• Noncommutative geometry 

• The spectral action principle 

As we have seen, noncommutative geometry makes it possible to consider 
spaces which are more general than ordinary manifolds. This gives us more 
freedom to obtain a suitable geometric setting that accounts for the addi- 
tional terms in the Lagrangian. 
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It is worth pointing out again, as we mentioned in §9.9, the difference 
between the approach we intend to follow and the usual geometric formu- 
lation in terms of bundles. The usual formulation maintains an a priori 
distinction between gravity and the other forces, while we seek a geometric 
formulation for the full theory of the Standard Model minimally coupled to 
gravity and with neutrino mixing which reduces it to pure gravity on a "re- 
fined spacetime" . This in particular means that the symmetries will be the 
(analog of the) diffeomorphism group on the resulting space and not bundle 
homomorphisms that are a priori required to preserve the fibered structure. 

We work in Euclidean rather than Lorentz signature, leaving as an im- 
portant problem the Wick rotation back to the Minkowski signature. For a 
formulation in Minkowski signature see [13]. 

The idea of interpreting the Lagrangian of the Standard Model in terms 
of noncommutative geometry goes back a good twenty years (Connes [68], 
[70], see also [85], [181], [180]). The origin of this interpretation of the 
Standard Model in terms of noncommutative geometry lies in the extension 
of the Yang- Mills functional to the algebraic framework of noncommutative 
geometry (cf. [68], [96]). The color degrees of freedom were still added 
somewhat artificially in the early models (cf. [68]) and the action functional 
was obtained by analogy with the classical gauge theories. In particular it 
did not incorporate gravity. The work [70] already shows most of the main 
points we are going to discuss below, such as the fact that the fermions of 
the Standard Model provide the Hilbert space H of a spectral triple for a 
suitable algebra A, while the bosons arise naturally as inner fluctuations of 
the corresponding Dirac operator D. As we are going to see in the following 
sections, the spectral geometry (A, H, D) is, in these models, a product of 
an ordinary geometry by a "finite" noncommutative space (Af,T~Cf, Dp). 
Besides a Z/2 grading 7 this spectral triple has a crucial piece of structure: 
a real structure as in Definition 1.124. 

The work of Chamseddine-Connes in [45], [46] and the results of [70] 
show how to incorporate the color naturally and, more importantly, how to 
obtain the bosonic part of the Standard Model action coupled to Einstein 
gravity from the very general spectral action principle discussed in §11. In 
fact, the main result of [45], [46] is that, when applied to the inner fluctu- 
ations of a product geometry of the form M x F the spectral action gives 
the Standard Model coupled to gravity in the Euclidean form. 

As explained above the spectral action principle gives a simple prescrip- 
tion to define an action functional and applies in full generality, so that the 
action can be evaluated on all noncommutative geometries. It is in essence 
a purely gravitational action. Since it only depends upon the spectrum of 
the line element i.e. the inverse of the Dirac operator. In physics terms, 
modulo a chiral gauge transformation, the Dirac operator is the inverse of 
the Euclidean propagator of fermions. The spectral action principle then 
asserts that D is all that is needed to define the bosonic part of the action. 
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Moreover, since disjoint unions of spaces correspond to direct sums of the 
Dirac operators, a simple additivity requirement for the action functional 
shows that it has to be of the form 

(1.624) S= Tr(/(D/A)), 

where / is an even function of the real variable and A a parameter fixing 
the mass scale. In fact, as we saw in §11, the choice of the test function / 
plays only a small role. In fact, when the action S is expanded in inverse 
powers of A, it depends on the first momenta f f(u) u k_1 du and on the 
Taylor expansion of / at 0. 

The spectral action functional admits a huge invariance group, namely 
the group U of unitary operators on the Hilbert space Ti which preserve the 
additional structures given by the Z/2-grading 7 and the real structure J 
i.e. such that 

(1.625) UU* = U*U = 1, UJ=JU, Uj=jU 

That the gravitational Einstein action appears naturally in the expan- 
sion of S is reminiscent of the idea of induced gravity, but the spectral action 
in fact recovers the full bosonic sector. 

We have already seen in §11.4 that the product geometry of a Riemann- 
ian spin 4-manifold by the simplest noncommutative geometry 

(M N (C),M N (C),0) 

gives the SU(iV) Yang-Mills gauge theory minimally coupled to gravity, with 
fermions in the adjoint representation. The inner fluctuations (taking the 
real structure J into account) give the gauge bosons and the spectral ac- 
tion gives the required Lagrangian, with the correct signs required for the 
Euclidean functional integral. 

The theory obtained in this way is, however, massless and the key miss- 
ing step is the Brout-Englert-Higgs mechanism of spontaneous symmetry 
breaking, which generates masses without spoiling the renormalizability of 
the theory. We refer to [60] for the detailed description of the Higgs 
mechanism and the specific role of the Goldstone bosons. The lack of a 
simple geometric interpretation of the new terms added to the Lagrangian 
to generate the masses leads to many theoretical speculations denying any 
fundamental significance to the Higgs particle. As we see below, noncom- 
mutative geometry indeed provides a simple geometric interpretation of the 
new terms. The geometry is again a product geometry of a Riemannian spin 
four-manifold by a finite geometry F but the latter will be more subtle than 
the case of (M N (C), M N (C), 0). 

For the noncommutative geometry F used in [46] to obtain the Standard 
Model coupled to gravity, all the ingredients are finite- dimensional. The 
algebra Af = C © M M 3 (C) (i.e. the direct sum of the algebras C of 
complex numbers, H of quaternions, and M 3 (C) of 3 x 3 matrices) encodes 
the gauge group. The Hilbert space TLf is of dimension 90 and encodes 
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the elementary quarks and leptons. The operator Dp encodes those free 
parameters of the Standard Model related to the Yukawa couplings. 

For M the spectral triple is given by the representation of the algebra of 
smooth functions acting by multiplication in the Hilbert space L 2 (M, S) of 
square integrable spinors, the grading is given by 75 and the real structure 
Jm is given by charge conjugation. 

While it did achieve the purpose of deriving the Standard Model action 
from simple geometric principles, the work [46] , [70] was incomplete in the 
following ways. 

(1) The finite geometry F was put in "by hand", with no conceptual 
understanding of the representation of Af in Tip nor of the possible 
choices of the operator Dp. 

(2) There is a fermion doubling problem (cf. [210]) in the fermionic 
part of the action. 

(3) This formulation does not incorporate the neutrino mixing and see- 
saw mechanism for neutrino masses. 

We present here a new formulation, based on the recent work [73], [52], 
which provides a solution for these three problems (the first only partly, but 
the full solution ([49], [50]) will be explained briefly in §18.3). In terms 
of noncommutative geometry, the main new point is that, when dealing 
with noncommutative spaces one should keep the distinction between the 
following two notions of dimension. 

• The metric dimension 

• The ifO-dimension. 

The metric dimension manifests itself through the dimension spectrum 
and its upper bound as discussed in §10. In the model we consider below, 
the metric dimension of the product geometry is 4, the same as the ordinary 
space-time manifold, i.e. the metric dimension of the finite noncommutative 
geometry F is zero, as is guaranteed by the finite dimensionality of both Af 
and Tip- 

The i^O-dimension is only well defined modulo 8 and it takes into ac- 
count both the Z/2-grading 7 of 7i as well as the real structure J (cf. §10.8). 
The real surprise is that in order for things to work we have to set up the 
real structure of the finite geometry F so that its if O-dimension is equal 
to 6. It is only thanks to this that the fermion doubling problem pointed 
out in [210] can be successfully handled. Moreover this will give rise to a 
geometry that automatically generates through the spectral action the full 
Standard Model minimally coupled to gravity, including neutrino mixing 
and the see-saw mechanism. 

As a result, we see that the ifO-dimension of the product space MxFis 
in fact equal to 10 ~ 2 modulo 8. In particular, looking back at the table of 
Definition 1.124, we get that the antilinear isometry J fulfills J 2 = —1. Thus, 
the above unitary group U of (1.625) is now related to the symplectic group 
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preserving the quaternionic structure associated to J, where the quaternion 
j in the traditional basis of EI over M, given by (i,j,k), acts in TL by the 
operator J. 

The fact of having a space of dimension 10 is reminiscent of the models of 
string theory, with the finite noncommutative geometry F as a replacement 
for the Calabi-Yau fibers that are at the core of string theory This 6- 
dimensional noncommutative geometry can perhaps be realized as a low 
energy truncation of the type of compact fibers of string theory models, as 
considered for instance in [135]. On the other hand, the .fTO-dimension 10 
is also 2 modulo 8, which may be related to the observations of [202] about 
gravity. 

13. The finite noncommutative geometry 

Our approach to the Standard Model is based on the idea of providing 
only a very simple mathematical input, a fairly natural choice of a finite- 
dimensional algebra, and then deriving from that input alone the full com- 
plexity of the Standard Model Lagrangian coupled to gravity by applying 
the formalism of noncommutative geometry and the spectral action. 



Input 


Machinery 


Output 


algebra Alr 


noncommutative geometry 
spectral triples 
spectral action principle 


Standard Model 
with neutrino mixing 
coupled to gravity 



Our initial input is what we refer to as the "left-right symmetric alge- 
bra" . Notice that the model we are going to derive to account for massive 
neutrinos and neutrino oscillations is not a left-right symmetric model, as 
pointed out already in §9.6 above. In fact, as we see below in §13.1, a 
mathematical mechanism will select a subalgebra of the left -right symmet- 
ric algebra, which breaks the left-right symmetry and provides the actual 
algebra Af that will appear in the spectral triple. 

We shall explain later in §18.3 how the classification of the finite non- 
commutative geometries of i^O-dimension 6 leads more conceptually to the 
same result. 

Definition 1.168. The left-right symmetric algebra Alr is the involu- 
tive finite- dimensional algebra 

(1.626) A LR :=CeM L ©M i? ©M 3 (C). 

Here Ml and are two copies of the real algebra H of quaternions, with 
the indices L, R for bookkeeping. The involution is given by 



(1.627) 



(\QL,qR,m)* := (X,q L ,q R ,m*), 
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where q i— > q denotes the involution on the algebra of quaternions. The 
complex subalgebra C©Ms(C) is referred to as the integer spin part and the 
real subalgebra Ml © Mr as the half-integer spin part of Alr- 

We recall for later use that the algebra H of quaternions has a basis 
{1, ia a }, where a a are the Pauli matrices 



It is important to stress here that the main advantage of working with 
associative algebras as opposed to the more common use of Lie algebras in 
physics is that the representation theory is much more restrictive. In par- 
ticular, a finite-dimensional algebra has only a finite number of irreducible 
representations, hence a canonical representation in their sum. Thus, having 
only specified the datum of the algebra, in our case the left-right symmetric 
algebra of Definition 1.168, one obtains canonically an associated bimodule, 
which we now describe in the case of interest to us. 

We begin by introducing the adjoint action of an algebra A on a A- 
bimodule M.. 

Definition 1.169. Let M. be a bimodule over an involutive algebra A. 
For u G A unitary, i.e. such that uu* = u*u = 1, one defines Ad(u) by 
Ad(u)£ = u£u*, for all £ £ M. 

In the specific case of the left- right symmetric algebra Alr, we also 
introduce the notion of odd bimodule. This corresponds to "half-integer 
spin" representations. 

Definition 1.170. Let M be an ALR-bimodule. Then M is odd iff 
the adjoint action (as in Definition 1.169,) of the element s = (1, —1, —1, 1) 
fulfills Ad(s) = -1. 

We give a description of odd bimodules in terms of a complex algebra 
obtained from Alr and its opposite algebra. 

Lemma 1.171. Let A LR denote the opposite algebra of Alr and let B = 
(Alr ©m A LR )p denote the reduction of Alr ©r A lr by the projection 



Then B is an algebra over C isomorphic to the direct sum of four copies of 
the algebra M 2 (C) © M 6 (C). 

Proof. By construction, the algebra B is of the form 

(1.629) B = (Ml © M R ) © R (C © M 3 (C))° © (C © M 3 (C)) ©jj (M L © Mr) . 
Thus, the result follows from the isomorphisms 

(1.630) H© R C = M 2 (C) and H <g> M M 3 (C) = M 6 (C). 



(1.628) 





□ 
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The algebras Mat(C) and EI are isomorphic to their opposite algebras, 
respectively by m i— > m t for matrices and q i— > q for quaternions. We use this 
anti-isomorphism to obtain a representation ir° of the opposite algebra A° LR 
from a representation 7r of Alr- We then have the following description of 
odd bimodules. 

Lemma 1.172. Let B = {Alr ®rA lr ) p be as in Lemma 1.171. Then, 
any odd bimodule M for Alr is a representation of B. 

Proof. The statement follows directly from the action of 

s = (l, -1,-1,1) 

in Definition 1.170. □ 

We adopt here the physicists's convention and we denote an irreducible 
representation by its dimension in boldface. 

Definition 1.173. Let 3 denote the 3-dimensional irreducible represen- 
tation of the algebra M^(C) and 3° that of the opposite algebra. Let 1 and 1° 
denote respectively the 1-dimensional irreducible representation ofC and its 
opposite, and 2 and 2° the 2- dimensional irreducible representation of the 
algebra M and of its opposite. One writes 2l and 2r to distinguish between 
Ml andM R . 

Since B = (Alr ©r A lr ) p is an algebra over C, we restrict ourselves to 
considering those odd bimodules M. that are complex representations of B. 
We then introduce the notion of contragredient bimodule. 

Definition 1.174. The contragredient bimodule M° of an ALR-bimodule 
M. is the complex conjugate space 

(1.631) M° = {£; £ G M}, a£b=V£a7, V a , b e A LR - 

As explained above, it is now natural to consider the representation 
of the algebra Alr on the bimodule Mf, obtained as the direct sum of 
all inequivalent irreducible odd .Ai,i?-bimodules. Notice that the reason for 
working with bimodules instead of just left or right modules is that we are 
going to construct a spectral triple endowed with a real structure and the 
condition (1.471) related to the involution J of the real structure by (1.472) 
signals the presence of a bimodule structure. We describe more explicitly 
the bimodule Mf- 

Proposition 1.175. Let Mf be the direct sum of all inequivalent irre- 
ducible odd ALR-bimodules. 

• The dimension of the complex vector space Mf is2>2. 

• The ALR-bimodule M-f = £ © £° is the direct sum of the bimodule 

(1.632) £ := 2 L 1° © 2 R <g> 1° 2 L © 3° © 2 R 3° 
with its contragredient £° . 
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• The ALR-bimodule M. F is isomorphic to the contragredient bimod- 
ule Ai F by the antilinear isometry J F given by 

(1.633) MZ,fi) = (v,®, V£,7/e£ 

• One has 

(1.634) J F = 1, £b = J F b*J F £, V££M F ,beA L R 

Proof. The first two statements follow from the structure of the algebra 
B described in Lemma 1.171. In fact, the complex algebra Mn(C) admits 
only one irreducible representation and the latter has dimension N. Thus, 
the sum of the irreducible representations of B is given by 

(1.635) 2 L ©l ffi2 R ©l ffi2 L ©3 ffi2 J? ©3 ffil©2£ffil©2^ffi3©2£ffi3©2?j, 

of dimension 4x2+4x6 = 32. Notice then that, by construction, M F \s the 
direct sum £ © £° of the bimodule (1.632) with its contragredient, and that 
the map (1.633) gives the required antilinear isometry. Notice, moreover, 
that (1.634) follows from (1.631). □ 

In addition to the anti-involution Jp of (1.633) we have a natural grading 
given as follows. 

Corollary 1.176. Let j F be the Z/2-grading on Ai F defined by 

(1.636) , y F =c — J F cJ F , with c = (0, 1, —1, 0) € Alr, 
where J F is as in (1.633). The pair (Jf,7f) satisfies 

(1.637) Jp = 1 and J F ^ F = — r y F J F - 

In particular, the relations (1.637) imply that the KO-dimension of the finite 
geometry is equal to 6 mod 8. 

Proof. This follows directly from the definition of J F in (1.633). The 
table of Definition 1.124 shows that the signs in the relations (1.637) can 
only happen in the case of KO-dimension 6 modulo 8. □ 

The fact that the algebra Alr is a natural choice of input for our model 
can be justified as follows. The algebras M F © Mr and M2(C) are closely 
related since they have the same complexification. Thus the algebra Alr of 
(1.626) is strikingly close to the truncation ©^ =1 M n (C) of the group ring of 
SU(2). In particular, the element of the group ring corresponding to the ker- 
nel of the covering SU(2) — ► SO(3) is the element s = (1, —1, —1, 1) £ Alr 
that we considered in Definition 1.170, where the action of s in an irre- 
ducible representation is ±1 according to the parity of the spin, consistently 
with our notion of odd bimodule in Definition 1.170. The relation to the 
group ring of SU(2) suggests possible connections with the theory of quan- 
tum groups at roots of unity (cf. e.g. [54] §11 and §9.3.C). We shall give in 
§18.3 a completely different conceptual explanation for taking as an input, 
instead of Alr, the algebra M2(H) © M^C) which leads, by the order one 
condition of §13.1, to exactly the same finite noncommutative geometry F. 
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In the following section we construct a finite spectral triple, starting 
from the representation of Alr on a bimodule which is a direct sum 

(1.638) H F = Mf N 

of N copies of Mf- The number N will be identified with the number of 
particle generations in the Standard Model, and we take in fact N = 3, so 
that Hp has dimension 96. At this point the choice of N = 3 is an extra 
input, which is not deduced from our initial input Alr- 

13.1. The subalgebra and the order one condition. 

As we explain in §13.2 below, the two terms in the decomposition 

(1.639) M F = £®£° 

of Proposition 1.175 correspond in the physical interpretation to particles 
and antiparticles for the fermions of the Standard Model. One can see 
from the explicit form of the representation that the action of the algebra 
Alr preserves the splitting (1.639) and J simply interchanges £ with its 
contragredient £°. Thus, the construction so far never mixes the sectors £ 
and £°. The important part of the geometry that contains some nontrivial 
intertwining of these spaces will be encoded in the Dirac operator of the 
finite spectral triple. The very natural requirement that the Dirac operator 
indeed has nontrivial "off-diagonal pieces" that intertwine the £ and £° will 
select a maximal subalgebra of Alr- 

To see this, we consider as in (1.638) the module H F = Mf 3 . This 
inherits induced Jp and operators from those on Mf defined by (1.633) 
and (1.636). 

Definition 1.177. We set 

(1.640) H f :=£®£®£, Hj := £ £ £ °, 
so that we have 

(1.641) H F = H S ®H- S . 

The following simple observation shows that, indeed, the action of Alr 
preserves the matter/antimatter splitting of Hf induced by (1.639). 

Lemma 1.178. The left action of Alr splits as the sum of a representa- 
tion tt on 7if and a representation it' on TLj. 

These representations of Alr are disjoint, i.e. they have no equivalent 
subrepresentations. 

PROOF. This follows directly from the explicit description of the bimod- 
ule Mf as in Proposition 1.175. □ 

It is important, in the context of noncommutative geometry and spectral 
triples, to think of the data A and D of the algebra and the Dirac operator 
as a coupled system, which one solves for pairs of A and D satisfying certain 
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natural properties. In our setting, as we mentioned above, we want the 
Dirac operator to intertwine the spaces Hf and TLj while satisfying the 
compatibility with the algebra, i.e. the order one condition (1.473), which is 
the only compatibility condition in the finite-dimensional case, the bounded 
commutators condition being automatically satisfied. The next Lemma gives 
a description of the conditions on the pair of A C Alr and D that fulfill 
these requirements. For any operator T : Hf — > Hj we let 

(1.642) A(T) = {be A LR | ir'(b)T = Ttt(o) , vr'(6*)T = Tir(b*)}. 

It is by construction an involutive unital subalgebra of Alr- 

Lemma 1.179. Let A C Alr be an involutive unital subalgebra of Alr- 
Then the following properties hold. 

(1) // the restrictions of tt and tt' to A are disjoint, then there is no 
off-diagonal Dirac operator for A. 

(2) If there exists an off- diagonal Dirac operator for A, then there exists 
a pair e, e' of minimal projections in the commutants of tt(Alr) 
and it' (Alr) and an operator T such that e'Te = T / and A C 
A(T). 

PROOF. 1) First the order one condition shows that [D, a ] cannot have 
an off-diagonal part since it is in the commutant of A. Conjugating by J 
shows that [D,a] cannot have an off-diagonal part. Thus the off-diagonal 
part D g of D commutes with A i.e. [D Q g, a] = 0, and D Q g = since there 
are no intertwining operators. 

2) By 1) the restrictions of tt and tt' to A are not disjoint and there 
exists a non-zero operator T such that A C A(T). For any elements x, x' of 
the commutants of tt and tt', one has 

A(T) c A(x'Tx) 

since 7r'(6)T = Tir^b) implies Tr'(b)x'Tx = x'TxTr(b). Taking a partition of 
unity by minimal projections there exists a pair e, e' of minimal projections 
in the commutants of tt and tt' such that e'Te / so that one can assume 
e'Te = T + 0. □ 

In particular, Lemma 1.179 shows that fixing A = Alr precludes the 
existence of operators D in Hp that fulfill the order one condition (1.473) 
and intertwine the subspaces Hf and Hf. 

The existence of such operators D intertwining Hf and Hf is restored 
by passing to a unique subalgebra of maximal dimension in Alr, as the 
following result shows. 

Proposition 1.180. Up to an automorphism of Alr, there exists a 
unique involutive subalgebra Af C Alr of maximal dimension admitting 
off- diagonal Dirac operators, namely operators that intertwine the subspaces 
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Tif and Tij ofli.F- The subalgebra is given by 
(1.643) 

A F = {(X,q L ,X,m) | AGC, q L eM, me M 3 (C)} ~CffiHffiM 3 (C). 

Proof. Let A C Alr be an involutive unital subalgebra. If it admits an 
off-diagonal Dirac, then by Lemma 1.179 it is contained in a subalgebra A(T) 
with the support of T contained in a minimal projection of the commutant 
of tt(Alr) and the range of T contained in the range of a minimal projection 
of the commutant of it' (Alr)- 

This reduces the argument to two cases, where the representation tt is 
the irreducible representation of H on C 2 and ir' is either the representation 
of C on C or the irreducible representation of M 3 (C) on C 3 . 

In the first case the support E of T is one-dimensional. The commutation 
relation (1.642) defines the subalgebra A(T) from the condition AT£ = Tq£, 
for all £ G E, which implies \£, — q£, = 0. Thus, in this case the algebra A(T) 
is the pullback of 

(1.644) {(A,g)eCeH|ge = A£, v£e£} 

under the projection on C © EI from Alr- The algebra (1.644) is the graph 
of an embedding of C in H. Such an embedding is unique up to inner 
automorphisms of H. In fact, the embedding is determined by the image of 
j£C and all elements in EI satisfying x 2 = — 1 are conjugate. 

The corresponding subalgebra Af C Alr is of real codimension 4. Up 
to the exchange of the two copies of EI it is given by (1.643). 

In the second case the operator T has at most two-dimensional range 
1Z(T). This range is invariant under the action ir' of the subalgebra A and 
so is its orthogonal complement since A is involutive. Thus, in all cases 
the M3(C)-part of the subalgebra is contained in the algebra of 2 © 1 block 
diagonal 3x3 matrices, which is of real codimension 8 in M 3 (C). Hence A 
is of codimension at least 8 > 4 in Alr- 

The actual existence of Dirac operators for the subalgebra (1.643) with 
off-diagonal terms follows from Theorem 1.187 below, which gives the com- 
plete classification of all Dirac operators compatible with the data 

{Af, 7~Cf, Jf,7f)- 

□ 

13.2. The bimodule Hp and fermions. 

We introduce a more explicit notation for the elements of the bimodule 
TLf-, which we can then relate explicitly to the fermions of the Standard 
Model through the assignment of hypercharges in §13.3 below. 

As before, we denote by 2 the 2-dimensional irreducible representation 
of the algebra EI of quaternions of the form 

(1-645) (-/»«)■ 
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with a, (3 G C. 

Definition 1.181. Let ||) and ||) be the basis of the irreducible repre- 
sentation 2 ofM of (1.645) for which the action of A G C C EI is diagonal 
with eigenvalues A on ||) and A on ||). Let u = (uj), and u = (v,j), with 
j = 1,2,3 the color index, denote the elements 

(1.646) nG |T)0 3°C2 03° and u G 3 <g> ||) C 3 2° 

One writes |TI)l |TI)fl ^° distinguish the Ml and Mr cases and corre- 
spondingly writes ul and ur for the elements in \\)l 3° and |T)r. 3° in 
£ and d^ and dR for the elements in |1)l 3° and \[)r 3° in £. Simi- 
larly for ul, ur, d~L, and dR in £°. For A = 1, . . . , N the generation index, 
one lets u\, u R , d L , d R , u\, u R , d\, d R be the corresponding elements in 
(£®£°)®C N . 

Let then v and e denote the elements 

(1.647) v G |T) 1° C 2 1° and v G 1 ||) C 1 2°, 

(1.648) e G ||) 1° C 2® 1° and e G 1 ||) C 1 2°. 

^4s a&ove one writes vl, vr, vl, vr, and ei, cr, El, cr, to distinguish 
between Ml and Mr, with an additional generation index A = 1, . . . , N, so 
that one has e\, v\, e R , v R , e\, v\, e R , u R in {£ © £°) C^. 

Upon writing the bimodule M as Ai = £ © £ °, with £ as in (1.632), 
and setting TV = 3, we obtain in this way a description of elements of Hi? 
as combinations of elements of the form 



(1.649) 



<1 




Ur, 


d X 
a Ri 




dh 




d X 
a Ri 


v x 
L' 


e Li 


"Hi 


e x 
e Ri 


D X 
Li 


e x 
e Li 


VRi 


e x 
e R- 



Physically, the u\, d\, u R , d R , u L , d\, u R , d R describe particles and 
antiparticles in the quark sector 

(1.650) (2 L 3° 2 R 3° 3 2° L © 3 2&) C 3 

with both possible chiralities. The e£, e^, i/^, e^, e^, describe 
particles and antiparticles in the lepton sector 

(1.651) (2 L 1° © 2 R 1° © 1 2£ © 1 2^) C 3 , 

where we allow for right-handed neutrinos v R as well as their antiparticles, 
unlike the minimal Standard Model, which only allows for one chirality. 
Notice that, in the lepton sector, the neutrinos u R , v\, v R play the role 
of the "up particles" and the charged leptons e\, e R , e\, e R of the "down 
particles" in the quark sector. 
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This gives a description of the elements of the bimodule Tip in terms 
of the fermions of the Standard Model (with right-handed neutrinos) in the 
following form. 





A = 1 


A = 2 


A = 3 j 




up quark 


charm quark 


top quark 


u x L , u R 


up anti-quark 


charm anti-quark 


top anti-quark 


4, 4 


down quark 


strange quark 


bottom quark 


di a R 


down anti-quark 


strange anti-quark 


bottom anti-quark 




electron neutrino 


muon neutrino 


r neutrino 


*L> »R 


electron anti-neutrino 


muon anti-neutrino 


r anti-neutrino 


4 4 


electron 


muon 


r 


4 4 


positron 


anti-muon 


anti-r 



Notice that, in choosing the basis of fermions there is an ambiguity on 
whether one multiplies by the mixing matrix for the down particles. This 
point will be discussed more explicitly in §17 below, see (1.795). 

We can then describe more explicitly the action of A f on Hp in terms 
of the fermions. We use the notation /l, fi, Jr, Jr for any of the elements 
of the form (1.649) and we say that / or / is a quark if it is as in the first 
two lines of (1.649) and that it is a lepton if it is as in the last two lines of 
(1.649). 

Let a = (X,q,m) £ Af, with X £ C, q = a + f3 j £ U and m £ M 3 (C). 
We let q l denote the transpose of the matrix (1.645) of the representation 
2 of H. We also denote by q(X) the embedding C C H given by a = A and 
f3 = and we denote by q(X) 1 = q(X) the corresponding (diagonal) matrix 
as in (1.645). Then we have the following description of the action of Af 
on Tip- 



(1.652) 



ul 
d L 

UR 

dR 



UL 

d L 



Lemma 1.182. The action of a £ Af onTCf is given by 

= Q ( 
= 9(A)* 
= 5*( 

- q (xy 



UR 

dR 



eL 

VR 

eR 



vr 

eR 



auL — f3dL 
(5ul + adL 
Xu R 
Xd R 

av L - (5e L 
l3v L + a e L 

XVR 

Xe R . 



The action of a £ Af on TLj is given by 

a f = A / when f is a lepton, 
a f = m f when f is a quark. 
Here the 3x3 matrix m is acting on the color index of quarks. 



(1.653) 
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Proof. The result follows directly from the explicit description of the 
bimodule Mf as in (1.635), after adopting the notation of Definition 1.181. 
Note that, since we describe the action on basis vectors rather than on 
coordinates we used the transposed matrices in (1.652). □ 

Notice how, unlike in the case of the miminal Standard Model, the pres- 
ence of right-handed neutrinos makes the action on symmetric in the 
quark and lepton sectors. 

The involution (1.633) of the real structure takes the form 

(1.654) j f C£ hfi + Y. »i fs) = E h fi + E ^ a> 

and the grading (1.636) is given by 

(1.655) 7f/l = /l, IfIr = -Jr, IfJl = -Jl, IfJr = Jr- 

This sign convention for the grading agrees with that of [286], while for 
instance [234] follows the opposite sign convention. 

13.3. Unimodularity and hypercharges. 

We need to justify the identification made in the previous section be- 
tween the elements of Hf and the fermions. We do this by showing in this 
section that this identification gives the correct symmetries of the Standard 
Model and assigns the correct values of the hypercharges to fermions. 

In general one has the following notion. 

Definition 1.183. The unitary group of an involutive algebra A is given 

by 

(1.656) U(A) = {u £ A | uu* = u*u = 1}. 

In our context, we can define the special unitary group SU(«4) C U(A) 
as follows. 

Definition 1.184. Let SV(Af) be the subgroup ofU(Ap) defined by 

(1.657) SU(^ F ) = {«£ U(A F ) I det(u) = 1}, 
where det(it) is the determinant of the action of u on Hf- 

The following result describes the group SU(„4f) and its adjoint action. 

Proposition 1.185. (1) The group SU(Af) is of the form 

(1.658) SU(^4 F ) ~ U(l) x SU(2) x SU(3), 
modulo a finite abelian group. 
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(2) The adjoint action of the U(l) factor is given by multiplication of 
the basis vectors in Hf by powers of X £ U(l), where the powers 
are given by the following list. 

IT) 1° |T) 3° ||)®3° 

(1.659) 2 L -1 -1 



l l 

3 3 



2 R -2 | -| 

(3) The adjoint action of the SU(2) factor is trivial on the right handed 
particle sector and is the representation 2 on the left-handed particle 
sector. 

(4) The adjoint action of the SU(3) factor is trivial on the lepton par- 
ticle sector and is the color action on the quark particle sector. 

PROOF. (1) Let u = (\,q,m) G U(Af)- The determinant of the action 
of u on the subspace Ttf is equal to 1 by construction, since a unitary 
quaternion has determinant 1. Thus, det(u) is the determinant of the action 
tt'(u) on Hj. This representation is given by 4 x 3 = 12 copies of the 
irreducible representations 1 of C and 3 of M^(C), where the 4 is from 
2° © 2jj and the 3 is the additional overall multiplicity of the representation 
given by the number N = 3 of generations. 

Thus, we have 

det(u) = A 12 det(m) 12 . 
Thus, SU(„4f) is the product of the group SU(2), which is the unitary group 
ofM, by the flbered product G = U(l)xi 2 U(3) of pairs (A,m) G U(l)xU(3), 
such that A 12 det(m) 12 = 1. 
One has an exact sequence 

(1.660) 1 /x 3 U(l) x SU(3) ->G^/ii2-»l, 

where /in is the group of roots of unity of order N and the maps are as 
follows. The last map fx is given by fi(X,m) = A det(m). By definition of 
G, the image of the map n is the group jj,\2 of 12th roots of unity. The 
kernel of fi is the subgroup Go C G of pairs (A, m) G U(l) x U(3) such that 
A det(m) = 1. 

The map U(l) x SU(3) — > G is given by (A, m) ^ (A 3 , A -1 m). Its image 
is Go- Its kernel is the subgroup of U(l) x SU(3) of pairs (A, A I3) where 
A G ^3 is a cube root of 1 and I3 is the identity 3x3 matrix. 

Thus we obtain an exact sequence of the form 

(1.661) 1 -> fi 3 -> U(l) x SU(2) x SU(3) SU(^4 F ) fi 12 1. 

(2) Up to a finite abelian group, the U(l) factor of SU(„4f) is the sub- 
group of elements of SU(„4f) of the form n(A) = (A, 1, A _1 / 3 l3), where A G C, 
with |A| = 1. We ignore the ambiguity in the cube root. 

Let us compute the action of Ad(«(A)). One has Ad(u) = u(u*)° = ub° 
with b = (A, 1, A 1 / 3 1 3 ). 
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This gives the required table as in (1.659) for the restriction to the 
multiples of the left action 2l- In fact, the left action of u is trivial there. 

The right action of b = (A, 1, A 1 / 3 ]^) is by A on the multiples of 1° and 
by A 1 / 3 !-! on multiples of 3°. 

For the restriction to the multiples of the left action 2r one needs to 
take into account the left action of u. This acts by A on ||) and A on ||). 
This adds a ±1 according to whether the arrow points up or down. 

(3) We identify the SU(2) factor with elements of the form u = (l,q, 1) 
where q is a unitary quaternion. On the particle sector the left action of u is 
by q on the left-handed part and trivial on the right-handed part. The right 
action i.e. the action of JuJ^ 1 is trivial. Thus the adjoint action uJu.J v is 
2 on left-handed and 1 on right handed (for the particle sector). 

(4) We identify the SU(3) factor with elements of the form u = (1, l,v) 
where v 6 SU(3) and v is the complex conjugate. On the particle sector the 
left action of u is trivial and the right action JuJ^ 1 is trivial on leptons and 
is the representation 3 on the quark sector. □ 

Notice how the finite groups ^ and /ii2 in the exact sequence (1.661) 
are of different nature from the physical viewpoint, the first arising from the 
center of the color U(3), while the second (/U12) depends upon the presence 
of three generations. 

The result of Proposition 1.185 gives the correct physical assignment of 
the hypercharges as in (1.415) for all the fermions of the Standard Model, 
since we have proved that, for u(X) = (A, 1, A~ 1//3 l3), we have 

Ad(u(\))(e R ) = \ 2 e R , Ad(u(X))(e L ) = \e L , Ad(u(X))(v L ) = A v L 

which gives the hypercharges Yi and Y e of (1.415) and for the quarks one 
gets the correct values for Y u and Yd and Y q of (1.415) from the action of 
Ad{u) = ub°, with b = (A, 1, A 1 / 3 ^), where the b° multiplies all the terms by 
A 1 / 3 so that one obtains Y u = 1+1/3 = 4/3, Y d = -1+1/3 = -2/3, and Y q = 
+ 1/3 = 1 /3. The fact that we obtain the correct physical hypercharges 
justifies our identification of the elements of Hi? with the fermions discussed 
in §13.2 above. 

Thus, the conclusion up to this point is that, through the initial input of 
the algebra Alr we have derived from simple principles the bimodule M.f 
(hence Hf under the assumption of N = 3 generations) and the algebra 
Af- We have further derived from this setting the symmetries of the Stan- 
dard Model and obtained the correct fermionic content, with the respective 
hypercharges. Thus, fermions and hypercharges are a first output we obtain 
from our initial choice of the algebra. We continue now with the remaining 
part of the structure, which is the Dirac operator of the finite geometry Hf- 
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13.4. The classification of Dirac operators. 

We give a classification of Dirac operators Dp for the pair {Af,T~Lf)- 
Instead of giving a complete classification, we restrict to those self-adjoint 
operators Dp on Hp which, in addition to satisfying the compatibility with 
Ap given by the order one condition (1.473), also have the additional prop- 
erty that they commute with the subalgebra Cf C Af defined by 

(1.662) C F = {(A,A,0),AGC}. 

The physical reason for imposing this condition is that the commutation 
relation of the Dirac operator Dp with the algebra Cf ensures that the 
photon remains massless. This will be seen more clearly when we discuss 
how to recover the bosons of the Standard Model from the inner fluctuations 
of the product geometry in §15.2 and §15.4 below. 

We introduce some preliminary notation that will be useful for the clas- 
sification result in Theorem 1.187 below. 

Consider operators on Jip of the form 

.T S 

where the linear map S is written in the form 
(1.664) S = S e ®(S q ®l 3 ), 

with 



(1.663) 



D(T) 



(1.665) S e : 2 R ® l°e2 L ®l c 

represented by a matrix of the form 



2R 








1 V 





\ 











1 e 




T„ 













v° 










/ 



(1.666) S e 
while 

(1.667) S q ®l 3 : 2 i? ®3°0 2 L ®3° - 
with S q represented by a matrix of the form 



Si? 



(1.668) 



So 



(0 





1 u 





\ 











L d 




T 















?d 








/ 



Here the T u , T e , T u , and their adjoints are N x N matrices, with N = 3 
the number of generations, while I3 in (1.664) is the identity 3x3 matrix 
on the color indices. Similarly, the component T is a linear map defined by 
setting 



(1.669) 



T: |T) 



R 



1 ® W)r, T(v r ) = T R v R , 



13. THE FINITE NONCOMMUTATIVE GEOMETRY 247 

with an N x N matrix (with N = 3 generations) and such that 

T\h f qe r = 

on the complement of 

(1.670) E R = \\) R © 1° C H F . 

In (1.663), T* denotes the adjoint of T and S = © (I3 © S q ) the corre- 
sponding action on Hf by the complex conjugate matrices. 

We now see that this apparently very special class of operators in fact 
gives us the general form of Dirac operators for the finite geometry. 

In order to proceed to the classification, we first prove the following 
preliminary result, which determines the commutant A' F of Af in Hf. 

Lemma 1.186. Consider an operator P on Tip = Hf @Hj, which can 
always be written in the form 



(1.671) 



-Pll P\2 

P21 P22 



Then P belongs to the commutant, P G A' F , iff the following conditions are 
satisfied. 

• P\i : Ttf — > 7if is block diagonal, with three blocks in M±2(C), 
Mi2(C), and I2 © M\2{C), corresponding to the subspaces where 
the action of (A, q, m) is by A G C, A G C and q G M, respectively. 

• P12 : Hj — > Hf has support in 1 © 2° L © 1 © 2^ and range in 
|T)r©1°©|T)r©3°. 

• P21 '• T~tf —> 7~Lj has support in \])r © 1° © \])r © 3° and range in 
1 © 2° © 1 © 2° R . 

• P22 '■ 7~tj — > Hf is of the form 

(1.672) P 22 = P e ®(l 3 ®P q ), 



with 



P e : 1 © (2° © 2°j) -» 1 © (2° © 2°j) 



1 3 © P« : 3 © (2° © 2°.) 3 © (2° L © 2^). 
Proof. The action of Af on Hf = Hf © Hf is of the form 
(1-673) MAg,m) 

On the subspace and in the decomposition on the basis ||)_r, |T)l, 
and of 2l and 2r, one has 

/AO 0\ 
A 
a 
\0 a/ 



(1.674) ir(\,q,m) 



1 



12; 
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where 12 = dim(l° © 3°) x N with N = 3. Since (1.673) is diagonal the 
condition P £ A' F is expressed independently on the matrix elements Pij. 

Let us consider first the case of the element P\\. This must commute 
with operators of the form 7r(A, q, m) © 1\ 2 with ir as in (1.674), and I12 the 
unit matrix in a twelve-dimensional space. This means that the matrix of 
P u is block diagonal with three blocks in M 12 (C), M 12 (C), and 1 2 ®M 12 (C), 
corresponding to the subspaces where (A, q, m) acts by A, A and q. 

We consider next the case of P 22 . The action of (A, q,m) £ Af in 
the subspace TLj is given by multiplication by A or by m. Thus, the only 
condition on P 22 is that it is an operator of the form (1.672). 

The off-diagonal terms P\ 2 and P 2 \ must intertwine the actions of (X,q,m) 
£ Af in TCf and Tij. However, the actions of q or m are disjoint in these 
two spaces, while only the action by A occurs in both. The subspace oiTLf 
on which (A, q, m) acts by A is \\)r © 1° © © 3°. The subspace of Hj on 
which (A, q, m) acts by A is 1 © 2° L © 1 © 2^. Thus, the conclusion follows 
from the intertwining condition. □ 

We then obtain the classification of Dirac operators. 

Theorem 1.187. (1) Let D be a Dirac operator for (Af,Hf,Jf, 
7f)- Then there exist 3x3 matrices T e , T u , T^, T u , and a sym- 
metric 3x3 matrix Tr, such that D is of the form D = D(T) as 
in (1.663). 

(2) All operators D(T) as in (1.663) with the matrix Tr of (1.669) 
symmetric are Dirac operators for the data (Af, H-f, Jf, If)- 

(3) Two operators D(T) and D(T') are conjugate by a unitary operator 
commuting with Af, 7f and Jf iff there exists unitary matrices Vj 
and Wj such that 



PROOF. We first check (2), i.e. we show that operators of the form D(T) 
are Dirac operators provided is symmetric. Let us first consider the off- 
diagonal part of D(T) in (1.663). This is of the form 



Anticommutation with holds, since the operator 7^ restricted to the 
space Er © JfEr, with Ef> as in (1.670), is of the form 



(1.675) 




FiT e y 3 *, r v = 
w 1 r d w^ r u = 

V 2 T R V 2 *. 



V 2 ? U V£, 





Moreover, the off-diagonal part of D(T) commutes with Jp iff 



(1.676) 



(T R = T*J, ve, 
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i.e. iff Tr is a symmetric matrix. The order one condition is automatically 
satisfied, since the commutator with elements of Af vanishes identically. 
We can now consider the diagonal part 

'S o N 

of D(T). It commutes with Jp and anticommutes with -jp by construction. 
It is then sufficient to check the commutation with Cf C Af and the order 
one condition on the subspace TCf. Since S exactly commutes with the action 
of A F , the order one condition follows. In fact, for any b £ Af, the action 
of 6° commutes with any operator of the form (1.672). This yields the order 
one condition, since P = [S,ir(a)] is of this form. The action of Af on the 
subspace Tip is given by (1.674) and one checks that 7r(A, A, 0) commutes 
with S, since the matrix of S has no non-zero element intertwining the |f) 
and the ||) subspaces. 

We now show (1), i.e. that all Dirac operators are indeed of the form 
D(T). Let D be a Dirac operator. Since D is self-adjoint and commutes 
with Jp it is of the form 

(S T* 
\T S 

with T = T* symmetric. 

Consider the element v = (— 1,1,1) £ Af- One has 

(1.677) 7f£=<, y^Hf. 

Notice that this equality fails on Tij. 

The anticommutation of D with jp implies that D = — | 7f [D, jf\- 
Notice that ^f is given by a diagonal matrix of the form 

9 
-g, 



IF 

Thus, using (1.677), we get 



s = -\g[s,g] = ~v[S,v]. 

The action of v in Tip is given by a diagonal matrix (1.673), hence v [S, v] 
coincides with the An block of the matrix of A = v[D, v]. 

Thus, the order one condition implies that S commutes with all operators 
6°, hence that it is of the form (1.664). 

The anticommutation with jp and the commutation with Cf then imply 
that the self-adjoint matrix S can be written in the form of (1.666) and 
(1.668). 

It remains to determine the form of the matrix T. The conditions on 
the off-diagonal elements of a matrix 

p = (Pll P 12 

V P21 P22 , 



250 



1. QUANTUM FIELDS, NC SPACES, MOTIVES 



ensuring that P belongs to the commutant of A F = JfAf Jf, are the 
following. 

• P 12 has support in 1© |t)^03(g) \\} R and range in 2 L ® 1°©2r® 1°. 

• P 2 i has support in 2 l ®1°©2r©1° and range in 1® |T)^©3(8)|t)^. 
This follows from Lemma 1.186, using Jp. 

Consider then the element e = (0, 1,0) in Af- One has vr'(e) = and 
7r(e) is the projection onto the eigenspace ^f = 1 in Hp. Thus, since [D, e] 
belongs to the commutant of A° F = JfAf Jf by the order one condition, 
one gets that 7r'(e)T - Tvr(e) = -Tvr(e) has support in 2 L © 1° © 2 R © 1° 
and range in 1 © ||)^ © 3 © |T)?j- I n particular 7? = 1 on the range. 

Thus, the anticommutation with 7^ shows that the support of Tir(e) is 
in the eigenspace ~/f = — 1, so that Tir{e) = 0. 

Consider then the element e% = (0, 0, 1) G -4,f- Let us show that Te[| = 0. 
By Definitions 1.120 and 1.124, a Dirac operator is a self-adjoint operator 
.D in TLf commuting with Jp, Cf, anticommuting with jp and fulfilling the 
order one condition [[D, a],b°] = for any a, b G »4f- Thus, T commutes 
with the actions of t>(A) = (A, A, 0) G Af and of Jfv(\)J f ~ 1 = v(X)°. Thus, 
it commutes with 63. The action of e§ on TLf is the projection onto the 
subspace • © 3°. The action of e§ on Hj is zero. Thus, [T, ejj] = Teg is the 
restriction of T to the subspace • ® 3°. Since [T, e§] = we get Te|| = 0. 
We have shown that the support of T is contained in 2r © 1°. Since T is 
symmetric, i.e. T = T*, the range of T is contained in 1 © 2°^. 

The left and right actions of (A, q, m) on these two subspaces coincide 
with the left and right actions of v{\). Thus, we get that T commutes with 
Af and A° F . Thus, by Lemma 1.186, it has support in |T)fl <8> 1° and range 



This means that T is given by a symmetric 3x3 matrix Tr, and the 
operator D is of the form D = D(T). 

3) By Lemma 1.186, the commutant of the algebra generated by Af and 
A F is the algebra of matrices 



in 1 © |t) 




such that 



• P12 has support in 1 © \\) Q R and range in \\)r © 1°. 

• P21 has support in \\)r © 1° and range in 1 © ||)^- 

• P-jj is of the form 



where 
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for j = 1,2 and for a = £ or a = q. 

A unitary operator U acting on Tip commuting with Af and J is in the 
commutant of the algebra generated by Af and A F . If it commutes with 
jf, then the off-diagonal elements Uij vanish, since jf = —1 on |f).R <8> 1° 
and 7i? = 1 on 1 ® |T)?j- Thus, U is determined by the six 3x3 matrices 
Uf{k). In fact, since it commutes with Jp, one has U^ik) = Ufik). One 
checks that conjugating by U gives part (3) of the theorem. □ 

Notice that it is crucial in order to have the term T# in the Dirac 
operator Dp that 7_f gives opposite signs to the corresponding chiralities for 
particles and antiparticles, i.e. that it anticommutes rather than commutes 
with the real structure Jf- This anticommutation is, as we observed before, 
the sign that the i^O-dimension is different from the metric dimension and 
is 6 instead of modulo 8. Physically, the term is the one that gives the 
Majorana mass term for neutrinos and accounts for the see-saw mechanism 
for neutrino masses, as we discuss in §17.5. 

A first consequence of physical significance that one can derive from 
the classification result of Theorem 1.187 is that, in our model, color is 
unbroken, which is in agreement with the physics of the Standard Model. 
This is a direct consequence of the fact that all Dirac operators Dp for the 
finite geometry (Af,TCf, Jf,7f) are of the form (1.663), with the S term of 
the form (1.664), with the part of S acting on the quark sector of the form 
S q ® I3, with the identity matrix on the color indices. 

In terms of the general form of Dirac operators described in Theorem 
1.187 above, we can also characterize the subalgebra Af of the left-right 
symmetric algebra Alr that was our initial input through the following 
result. 

Corollary 1.188. Let D F S denote the off-diagonal part of a Dirac op- 
erator Dp = D(T) as in (1.663), with the term Yr / 0. Then the algebra 
Af C Alr is characterized by the property 

(1.678) Af -{«€ A LR | [Df, a] = 0}. 

Proof. Let a = (X,qL,qR,m) G Alr- Let Dp be an operator of the 
form Dp = D(T) as in (1.663). By construction Dp has support in Ep^ © 
JfEr. The action of a on JfEr is given by multiplication by A. The 
commutation [Dp^, a] = shows that this action must agree with the action 
of a on Er. The latter is given by multiplication by a quaternion qji = a+j3j 

au R = au R - (3e R , 

where we identify the basis with the fermions as in §13.2. Thus, [Df,a] = 
implies that (3 = and a = A, hence that qn = A and a G Af- Since we 
already saw that [Df, a] = for all a £ A F we have obtained the required 
equality. □ 
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Physically, the result of Corollary 1.188 means that the presence of a 
non-zero Majorana mass term Tr for the neutrinos does not generate new 
boson fields. This will be clearer in §15.2 where we show how the Higgs 
bosons arise from the inner fluctuations of the metric. 

We now describe geometrically the moduli space of Dirac operators Dp, 
using the classification of Theorem 1.187. 

13.5. Moduli space of Dirac operators and Yukawa parameters. 

We introduce the following notation. 

Definition 1.189. Let C q denote the moduli space of pairs of invertible 
3x3 matrices (T d , T„) modulo the equivalence relation 

( 1 .679) T' d = W X T d , T' U = W 2 T u W£ , 

where the Wj are unitary matrices. Let Ci denote the moduli space of triplets 
of 3 x 3 matrices (T e , T u , Tr), with Tr symmetric, modulo the equivalence 
relation 

(1.680) T' e = Vi T e y 3 * T'„ = V 2 T v V£ 
and 

(1.681) T' R = V 2 T R V 2 *. 

We also need the following preliminary results that will be used in Propo- 
sition 1.192 to give an explicit description of the moduli space of Dirac 
operators Dp. 

Lemma 1.190. Consider a fixed basis for the space Tip as in §13.2. Each 
equivalence class of pairs of 3x3 matrices under the relation (1.679) contains 
a pair (T^, Y u ) where T u is diagonal in the given basis and has positive 
entries, while T d is positive and of the form CS^C* , with 5± diagonal and 
CeSU(3). 

Proof. We can use the freedom to choose W 2 and W3 to make T u 
positive and diagonal and the freedom to choose W\ to make positive. 

The eigenvalues are the characteristic values (i.e. the eigenvalues of the 
absolute value in the polar decomposition) of T u and Td and are invariants 
of the pair. 

Thus, we can find diagonal matrices 5-\ and 8± and a unitary matrix C 
such that 

(1.682) T M = (5 T and T d = C5 l C*. 

Since multiplying C by a scalar does not affect the result, we can assume 
that det(C) = 1. □ 

Thus, C G SU(3) depends a priori upon 8 real parameters. However, only 
the double coset of C modulo the diagonal subgroup N C SU(3) matters, 
by the following result. 
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Lemma 1.191. Suppose given a fixed pair of diagonal matrices S-\ and 8± 
with positive and distinct eigenvalues. Let J\f C SU(3) denote the subgroup 
of diagonal matrices. Suppose given two matrices C and C in SU(3) and 
consider the corresponding pairs as in Lemma 1.191 of the form 

(1.683) (S^CS^*), (S^C'S^'*). 

The pairs in (1.683) are equivalent iff there exists diagonal unitary matrices 
A,B £ N such that 

(1.684) AC = C'B. 
Proof. For AC = C'B one has 

(1.685) (AS^A^ACS^A*) = (<5 T , C'BS^C'*) = (<5 T , C'^C'*), 

since A and B are unitary and diagonal, hence the two pairs are equivalent. 
Conversely, with Wj as in (1.679) one gets W\ = W3 from the uniqueness of 
the polar decomposition 

5i = (W 1 W£)(W 3 5 l WZ). 
Similarly, one obtains W2 = W3. Thus, W3 = W is diagonal and we get 

WCS i C*W*= c'^c"*, 

so that WC = C'B for some diagonal matrix B. Since W and B have the 
same determinant one can assume that they both belong to M. □ 

We then have the following explicit description of the moduli space of 
Dirac operators Dp. 

Proposition 1.192. In the case of N = 3 generations, the moduli space 
of Dirac operators Dp for the geometry (Af,H.p, Jf,^f) is the real 31- 
dimensional space 

(1.686) C e xC q . 

The space C q is of real dimension 10 and given by the double coset space 

(1.687) C q * (U(3) x U(3))\(GL 3 (C) x GL 3 (C))/U(3), 

where U(3) acts diagonally on the right. The space Ci is of real dimension 
21 and fibers over C q , with generic fiber the quotient of symmetric complex 
3x3 matrices by U(l). In fact, Ci is given by the quotient 

(1.688) C e (U(3) x U(3))\(GL 3 (C) x GL 3 (C) x 5)/U(3), 

with S the space of symmetric complex 3x3 matrices. The action o/U(3) x 
U(3) on the left in (1.688) is given by left multiplication on GL 3 (C) xGL 3 (C) 
and by (1.681) on S. The action o/U(3) on the right in (1.688) is trivial 
on S and by diagonal right multiplication on GL 3 (C) x GL 3 (C). 
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Proof. By Lemma 1.190 we see that the real dimension of the moduli 
space C q is 3 + 3 + 4 = 10, where the 3 + 3 comes from the eigenvalues and 
the 4 = 8 — 4 from the double coset space of C's in SU(3) modulo N as in 
Lemma 1.191. One way to parameterize the representatives of the double 
cosets of the matrix C is by means of three angles 6>j and a phase 5, in the 
form (1.419) where q = cos6>j, Sj = sin6>j, and e$ = exp(i5). One has by 
construction the factorization 

(1.689) C = ^23(^2) d(S) fli 2 (0i) i?2 3 (-#3) 

where Rij(0) is the rotation of angle in the ij- plane and d(S) the diagonal 
matrix 

/ 1 

d(S) =01 
\ -e iS 

The identification of C q with the double coset (1.687) follows from the explicit 
form of the equivalence relation (1.679). 

Consider then the moduli space Cg. By construction one has a natural 
surjective map 

(1.690) ir:Cg^C q 

given by forgetting the Tr term. The generic fiber of tt is the space of 
symmetric complex 3x3 matrices modulo the action of a complex scalar A 
of absolute value one given by 

(1.691) T R ^X 2 T R . 

The (real) dimension of the fiber is 12 — 1 = 11. The total real dimension 
of the moduli space Cg is then 21. The identification with the space (1.688) 
again follows from the explicit form of the equivalence relation (1.679) to- 
gether with (1.680). 

It then follows from Theorem 1.187 and the results above on Cg and C q 
that the total moduli space of Dirac operators Dp is the product Cg x C q , 
which is of real dimension 31. □ 

The 31 real parameters of (1.686) account for all the Yukawa parameters 
in the Standard Model with neutrino mixing and Majorana mass terms. In 
fact, the parameters in C q correspond to the masses of the quarks and the 
quark mixing angles of the CKM matrix, while the additional parameters of 
Cg give the lepton masses, the angles of the PMNS mixing matrix and the 
Majorana mass terms for neutrinos. This gives a clear geometric meaning 
to the Yukawa parameters as the choice of a point in Cg xC q , i.e. of a Dirac 
operator Dp for the finite geometry (Afj'Hf, Jf-,1f)- It is interesting to 
notice that the space Cg x C q admits interesting compactifications, possibly 
including something akin to the noncommutative compactifications of the 
modular curves considered in [77] and [219]. We return to this observation 
at the very end of the book when spectral correspondences between different 
geometries are introduced in the attempt to illustrate a parallel between 
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the problem of quantum gravity and the noncommutative compactifications 
that we present in Chapter 3 in the number theoretic context related to the 
Riemann zeta function. 

13.6. The intersection pairing of the finite geometry. 

The fact that, from the point of view of i^TO-homology, the dimension 
of the finite geometry (Af, T~Lf, Dp) is equal to 6 modulo 8 implies that the 
intersection pairing is skew-symmetric. It is given explicitly as follows. 

Proposition 1.193. The expression 

(1.692) (e, /) =Tr( 7F e J F fJ F l ) 

defines an antisymmetric bilinear pairing on Kq(Af) x Kq(Af). The group 
Kq(Af) is the free abelian group generated by the classes of e± = (1,0,0), 
e2 = (0,1,0) and f% = (0,0,/), where f £ M^(C) is a minimal idempotent. 

Proof. The pairing (1.692) is obtained from the composition of the 
natural map 

K {A F ) x K (A F ) K {A F © A° F ) 
with the graded trace Tt(jf ■)■ Since Jf anticommutes with jp, one checks 
that 

(/,e) = Ti^FfJpeJp 1 ) = -Tr( lF J^fJpe) 

= -Tr( lF eJFfJp 1 ) = -(e,f), 

i.e. that the pairing is antisymmetric. 

By construction, Af is the direct sum of the field C, the division algebra 
H and the algebra M%(C). The latter is Morita equivalent to C. The pro- 
jections ei = (1, 0, 0), e2 = (0, 1, 0) and fs = (0, 0, /) are the three minimal 
idempotents in Af- D 

Definition 1.194. LetTi.F,e andHF,q be given by 

(1.693) 7i F ,e ■= 2 L © 1° © 2 R © 1° © 1 <g> 2° L © 1 © 2° R 
and 

(1.694) H F , q ■■= 2 L © 3° © 2 R © 3° © 3 © 2° L © 3 © 2^. 

By construction, the KO-homology class (T~Cf,^f, Jf) given by the rep- 
resentation of Af on Tip with the Z/2-grading ^p and the real structure Jf 
splits as a direct sum of two pieces, corresponding respectively to leptons 
and quarks. 

Proposition 1.195. (1) The representation of the algebra gener- 
ated by (Af, Dp, Jf,^f) on Tip splits as a direct sum of two sub- 
representations 

(1.695) n F = n F/ ®n F ,q, 

with Ti.F,e an d Ti-F,q as in Definition 1.194. 
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(2) In the generic case where the matrices T u , T e , T u , T d and Tr in 
Dp have distinct eigenvalues, each of these subrepresentations is 
irreducible. 

(3) In the basis (ei,e2,/3) the pairing (1.692) is given by 

/ 2 \ / 2 \ 

(1.696) (;-)e=\ -2 and <•,■),= -2 , 

\ / \ -2 2 / 

up to an overall multiplicity given by a factor of N = 3 that corre- 
sponds to the number of generations. 

Proof. (1) By construction, the action of Af in Hf is block diagonal in 
the decomposition Hf = Hf/ ®Hf^. Both the actions of Jf and of jf are 
also block diagonal. Theorem 1.187 shows that Dp is also block diagonal, 
since it is of the form D = D(T). 

(2) It is enough to show that a unitary operator that commutes with Af, 
jf, Jf and Dp is a scalar. Let us start with Hf a . By (3) of Theorem 1.187, 
such a unitary operator is given by three unitary matrices Wj G M 3 (C) such 
that 

T d = W 1 T d Wl T u = W 2 T u Wl 

We can assume that both T u and are positive and that T u is diagonal, 
by Lemma 1.190. 

The uniqueness of the polar decomposition then shows that 

?d = (WiW 3 *) (W 3 r d W£) W ± Wi = l and W 3 T d W 3 * = T d . 

Thus, we get W\ = W2 = W3. Since generically all the eigenvalues of T u 
or T d are distinct, we get that the matrices Wj are diagonal in the basis of 
eigenvectors of the matrices T u and T d . However, generically these bases 
are distinct, hence we conclude that Wj = 1 for all j. The same result holds 
"a fortiori" for Hf/ where the conditions imposed by (3) of Theorem 1.187 
are in fact stronger. 

(3) One computes the pairing directly using the definition of 77?. On 
Hf/ the subalgebra M 3 (C) acts by zero which explains why the last line 
and columns of the pairing matrix vanish. By antisymmetry one just needs 
to evaluate 

(ei, e 2 ) = ~{e 2 , ei) = -Ti(-f F e 2 J^ei J^ 1 ) = -Tt(^ f e 2 ) = 2 x 3, 

where 3 is the number of generations. In fact, by the explicit form (1.652) 
of the action of the algebra on leptons and quarks one sees that e 2 acts by 
zero except on the piece 2p (g) 1° of Hf/ where it acts as the identity. On 
HF,q the same pair gives (ei, e 2 ) = 0, since now the right action of e\ is zero 
on Hf. In the same way one gets (/ 3 , e 2 ) = 2 x 3. Finally one has, by the 
same argument, 

(ei, / 3 ) = Tr( 7Fei J F h Jp l ) = 2x3. □ 
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An antisymmetric 3x3 matrix is automatically degenerate since its 
determinant vanishes. The following result shows that one can still obtain a 
non degenerate bilinear map with values not in R but in R 2 . This corresponds 
to the fact that the ifO-homology is not singly generated as a module over 
Kq, but it is generated by two elements. 

Corollary 1.196. The pairing K (Af) © K (Af) -»■ R © K 0wen 6y 
(1-697) <-,-)f :=<■,•>< ©<•,■), 

is non- degenerate. 

Proof. We need to check that, for any e in Kq(Af) there exists an 
/ G Ko(Af) such that (e, / (0,0). This can be seen by the explicit 
form of (-, -)t and (•, -) q in (1.696). □ 

14. The product geometry 

In the previous section we described the finite geometry 

F = (A F ,H F ,D F ,J F ,~/ F ). 

We recovered the fermions of the Standard Model with the correct hyper- 
charge assignment and gave a geometric interpretation for the Yukawa pa- 
rameters (including the Majorana mass terms for neutrinos) using the clas- 
sification of Dirac operators Dp. Now we consider the product of the finite 
noncommutative geometry F with the spectral triple associated to the com- 
mutative geometry of a compact 4-dimensional Riemannian spin manifold 
of space-time (in Euclidean signature) . 

Recall that, for M a compact spin 4-manifold, the associated spectral 
triple is given by (C°°(M), L 2 (M, S), $ M ), where L 2 (M,S) is the space of 
square integrable spinors, with smooth functions in C°°(M) acting as mul- 
tiplication operators, and with (j) M the Dirac operator. The grading 7m 
is given by the chirality operator, which is usually denoted by 75 in the 
4-dimensional case. The operator Jm that gives the real structure is the 
charge conjugation operator (cf. (1.407)). We refer to [132] for a detailed 
treatment of spectral triples associated to Riemannian manifolds. 

Suppose given two real spectral triples 

{Ai,Hi,Di, Ji,7i) and (A2, H 2 , D 2 , J 2 , 72), 

where the first is of il"0-dimension 4 modulo 8 and the second is of KO- 
dimension 6 modulo 8. Then the product geometry is a real spectral triple 

(1.698) (A, H, D, J, 7) = {Ai,Hi,D lt Ji, 71) © (^2, W 2 , D 2 , J 2 , 72) 
with 

A = Ax®A 2l H = H 1 ®H 2 , D = D ± <g> 1 + 71 ®D 2 , 

(1.699) 

7 = 71 © 72, J = J\ © h- 
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The resulting geometry (A, 7i, D, J, 7) is of i^O-dimension 10 = 2 modulo 8. 
Notice that it matters here that J\ commutes with 71 , in order to check that 
J commutes with D. One checks that the order one condition is fulfilled by 
D if it is fulfilled by both D\ and Z?2- We refer to §9.5 of [132] for a thorough 
discussion of the notions of iTO-dimension and products of spectral triples. 

Definition 1.197. The product M x F of a compact spin 4-manifold 
with the finite noncommutative geometry F is the real spectral triple 

(A,n,D,j, 7 ) = 

(1.700) 

(C°°(M), L 2 (M, S),? M , J M , 75) ® (Af, n F ,D F ,J F , 1F ) 
defined as in (1.699). 



14.1. The real part of the product geometry. 

As in Proposition 1.125 of §10.2, we can associate to a real spectral triple 
the commutative geometry given by its real part. In the case of the product 
geometry MxFof Definition 1.197 we obtain the following results. 

Lemma 1.198. Let F be the finite noncommutative geometry 

F = (A F ,H F ,D F ,J F , 7F ) 

and let M x F be the product with a spin 4-manifold as in Definition 1.197. 
Then the following holds. 

• The real part of F is given by 
(A F )j F = R = {(A, A, A) I A G R} c A F . 

• The real part A,j = C°°(M, A F ) j m ®j f of the product geometry 
M x F is 

(1.702) Aj = C°°(M,R). 

Proof. Let a = (X,q,m) G A F . Then, if a commutes with J F , its 
action in C Hp coincides with the right action of a* . When considering 
the action on Tt Fj e, this implies that A = A and that the action of the 
quaternion q G H coincides with that of A. Thus, one has q = A G R. When 
looking at the action on TC Ft q, one obtains similarly that m = A. The same 
proof applies to C°°(M, Af)- □ 

The above result shows that the real part of the product geometry only 
sees the ordinary 4-dimensional commutative space-time M as a real mani- 
fold. 



(1.701) 
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15. Bosons as inner fluctuations 

In this section we show how to obtain the bosons of the Standard Model, 
with the correct quantum numbers, as inner fluctuations of the metric for 
the product geometry M x F. 

We begin by showing that, as remarked in §9.9, the symmetries of the 
geometry M x F recover the group of local gauge transformations of the 
Standard Model prior to symmetry breaking, that is, the semidirect product 
Gsm x Diff(M) of (1.465), with Qsm = U(l) x SU(2) x SU(3). 

We then compute the inner fluctuations of the metric for M x F. We 
separate the computation into two parts. In fact, consider elements of the 
form A = a,i[D, a'^j, with ai,a\ £ A. Since the Dirac operator for the 
product geometry is of the form D = (j) M % 1 + 75 % Dp, the elements A as 
above correspondingly decompose as a sum of two terms A = A^ ' 1 ^ + A^ 1 ' ^ 
(notation not to be confused with a Hodge decomposition). We first consider 
the "discrete part" A*- 0,1 ) coming from commutators with Dp and then 
the "continuous part" A^ 1 ' ^ coming from $ M (g> 1. We show that the first 
part generates the Higgs field, while the second part produces all the other 
bosons for the Standard Model. 

15.1. The local gauge transformations. 

The following result shows how to recover the local gauge symmetries of 
the Standard Model minimally coupled to gravity from the group 

C7°°(M, SU^f)) 

of symmetries of the product geometry M x F. 

Proposition 1.199. Let (A,H,D) be the real spectral triple associated 
to M x F. 

• Let U be a unitary operator on TL, which commutes with 7 and J, 
and such that U AU* = A. Then there exists a unique diffeomor- 
phism ip £ Diff (M) such that 

(1.703) UfU* = fop VfeAj. 

• Let U be a unitary operator as above, such that the associated diffeo- 
morphism is trivial, ip = id. Then, possibly after passing to a finite 
abelian cover of M, there exists a unitary u 6 C°° (M , SXJ (Ap)) 
such that U Ad(u)* 6 C, where C is the commutant of the algebra 
of operators on TL generated by A and JAJ^ 1 . 

Proof. We refer to [204] for finer points concerning the lifting of dif- 
feomorphisms preserving the given spin structure. 

The first statement follows from the functoriality of the construction of 
the subalgebra Aj and the classical result that automorphisms of the algebra 
C°°(M, R) are given by composition with a diffeomorphism of M. 
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Let us prove the second statement. One has Ti = L 2 (M,S) (8> TLf = 
L 2 (M, S^TLf)- Since (p = id, we know by (1.703) that U commutes with the 
algebra Aj = C°°(M,R). This shows that U is given by an endomorphism 
x U(x) of the vector bundle S ® Tip on M. Since U commutes with J, 
the unitary U (x) commutes with J x ® Jp, where J x is the restriction of Jm 
to the fiber. 

The equality U AU* = A shows that, for all x G M, one has 



Here we identify Af with a subalgebra of operators on S®TCf, through the 
algebra homomorphism T h-> id (g> T. 

Let a be an arbitrary automorphism of Af- The center of Af contains 
three minimal idempotents and the corresponding reduced algebras C, H, 
Mz(C) are pairwise non-isomorphic. Thus a preserves these three idem- 
potents and is determined by its restriction to the corresponding reduced 
algebras C, H, M^(C). In particular, such an automorphism will act on the 
subalgebra C either as the identity or as complex conjugation. 

Now consider the automorphism a x of Af determined by (1.704). It is 
unitarily implemented by (1.704). The action of C C Af on S <8> H.f is not 
unitarily equivalent to its composition with complex conjugation. This can 
be seen from the fact that, in this representation, the dimension of the space 
on which C acts by A is larger than that of the space on which it acts by A. 
It then follows that the restriction of a x to C C Af has to be the identity 
automorphism. 

Similarly, the restriction of a x to M$(C) C Af is given by an inner 
automorphism of the form / ^ v x f v*, where v x G SU(3) is only determined 
modulo the center Z3 ~ ^3 of SU(3). The restriction of a x to M C Af is 
given by an inner automorphism of the form f ^ q x f q x , where q x E SU(2) 
is only determined modulo the center Z2 ~ H2 of SU(2). 

Thus, upon passing to the finite abelian cover M of M correspond- 
ing to the morphism iri(M) — > Z2 x Z3 ~ one gets a unitary element 
u = (l,q,v) £ C ,00 (M,SV(A F )) such that a(f) = Ad(u)fAd(u)* for all 
/ G C°°(M,Af)- Replacing U by U Ad(u)* one can then assume that U 
commutes with all / G C°°(M, Af)- The commutation with J still holds, 
so that we obtain U Ad(u)* G C, with C the commutant of the algebra of 
operators on 7i generated by A and JAJ^ 1 . □ 



15.2. Discrete part of the inner fluctuations and the Higgs field. 

At a point x G M consider elements a^(x) = (Xi,qi,rrii) and a'^x) = 
(A^, (/•, m'j) in Af- We introduce the notation 



(1.704) 



U(x) (id <g> A F ) U*(x) = id ® A F ■ 



(1.705) 
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(1.706) d = £ «i(A$ - oj) + A$ , y/ 2 = + - 

where we used the notation (1.645) for quaternions. 

PROPOSITION 1.200. At a point x £ M one obtains on the subspace 
corresponding to Hf C Hf the expression 

(1.707) ^a i [n®D F ,a!Mx)\H f =l5®(4 ' 1) + A e' 1) )- 

i 

The term A^' 1 ^ is defined on the Ti.F,q part and is of the form 

X \ , 

X' 0l3 ' 



(1-708) A^ = ( ° * Ul 



with 



(1 709) X-( TliPl Tllf2 \ and X> - ( Wl T ^' 2 
T/ie term Af 1 ' 1 ^ is defined on the Hf/ part and is of the form 

(1.710) 4°'" = ( £ o ) - 

(1 711) Y ~ ( T>1 T > 2 \ and Y> - ( T ^ T ^ 

luii/t i/ie <p as in (1.705) and (1.706). 

PROOF. The result follows by a direct computation. □ 

Notice that, according to Corollary 1.188 above, the off-diagonal part of 
Dp, which involves Y#, does not contribute to the inner fluctuations, since 
it exactly commutes with the algebra Af- Since the action of A F on Tij 
exactly commutes with Dp, it does not contribute to A^^. This means, 
as remarked after Corollary 1.188 that the presence of the Majorana mass 
term T# does not generate new boson fields. 

We now give the following parameterization of the discrete part A^ ' 1 ^ 
of the inner fluctuations, which will be useful in the physical interpretation 
as Higgs bosons. 

Proposition 1.201. Let A^^ be the discrete part of the inner fluctua- 
tions of the product geometry M x F, as in Proposition 1.200 above. 

(1) The inner fluctuations A^ ' 1 ) are parameterized by an arbitrary 
quaternion-valued function 

(1.712) 

HeC°°(M,M), with H = i Pl + i P2 j, for <p u <p 2 € C°°(M, C). 
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(2) The second line of the 2x2 matrix X in (1.709) is obtained from 
the first line upon replacing T u with and changing 

(1.713) H^jH=:H. 

Proof. (1) First one checks that there are no linear relations between 
the four terms (1.705) and (1.706). We consider a single term a[Dp,a']. 
Taking a = (A, 0, 0) and a' = (A', 0, 0) gives 

ifi = —XX' and ip 2 = <p'i = ip 2 = 0. 

Taking a = (A, 0, 0) and a' = (0, j /?', 0) gives 

ip'i = A/3' and ipi = ip\ = (p 2 = 0. 
Similarly, taking a = (0, a, 0) and a' = (A', 0, 0) gives 

ip'i = aX' and ipi = ip 2 = f r 2 = 0- 
Taking a = (0, j (3, 0) and a' = (A', 0, 0) gives 

(p f 2 = j3X! and ip\ = <p 2 = (p\ = 0. 

This shows that the vector space Q^' 1 ^ of linear combinations J2i a i[DF, a'i] 
is the space of pairs of quaternion- valued functions q{x) and q'(x). 

The self-adjoint condition A = A* is equivalent to q' = q* and we see 
that the discrete part J 4(°' 1 ) is exactly given by a single quaternion-valued 
function H(x) € H for x £ M. 

(2) The transition is given by (<pi,(p 2 ) *— > (— <p 2 ,(pi), which corresponds 
to the multiplication of H = (fi + <p 2 j by j on the left. □ 

Remark 1.202. The property in (2) of Proposition 1.201 shows that the 
role of H in the coupling of the up-part is related to its role in the coupling 
of the down-part by the replacement H i— >• jH. From the physics viewpoint 
this shows that one needs to change the hypercharge of the Higgs doublet 
to its opposite in order to couple it to the up quark, as is known in the 
extension of the Glashow-Weinberg-Salam model from leptons to quarks. 

Remark 1.203. In particular, the result of Proposition 1.200 shows that, 
in the case of a Dirac operator D = D(T) where the term Y# = 0, the 
operator D is equivalent to D = up to inner fluctuations. This shows an 
example of the general fact mentioned in Remark 1.143. 

Notice that the notation we use here differs from that of [45] . The Higgs 
doublet denoted by H in [45] is in our notation the doublet H of (1.713) 
above. This is especially relevant in the calculations of §16.1 below. 

15.3. Powers of 

For later purposes, we compute here the trace of powers of the perturbed 
Dirac operator 

(1.714) :=D + A^ + JA^J. 
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Proposition 1.204. The traces of the second and fourth powers of 
are given by the formulae 

(1.715) Tr((D^ '^) 2 ) =4a\l + H\ 2 + 2c 
and 

(1.716) Tr^ ' 1 )) 4 ) =4b\l + H\ 4 + 2 d + 8 e |1 + H\ 2 , 

where H is as in Proposition 1.201 and the coefficients a, b, c, d, e are of 
the form 

a = Tr(T*T„ + T*T e + 3(T;T„ + T*T d )) 

b = Tr((T*T,) 2 + (T*Y e ) 2 + 3(T*T U ) 2 + 3(T^T d ) 2 ) 

(1.717) c= Tr(T* R T R ) 
d= Tt((T* r T r ) 2 ) 
e= Tr^T^T*^). 

Proof. We first show that for the restriction Dq ' 1 ^ to the subspace 
Hf, ? C Hi? we have 

(1.718) Ti({D q ^) 2 ) = 12 |1 + H\ 2 TV(T;T U + T* d T d ) 
and 

(1.719) Tr((D$>V) 4 ) = 12|l + ^| 4 Tr((T;T u ) 2 + (T^T,) 2 ). 

Notice that the left-hand side of (1.718) is obtained from 2 Tr((^ 0,1) ) 2 ), 
after replacing H by 1 + H to take into account the presence of the operator 
D q = D\ HFq . 

The product XX*, for X as in (1.709), is given by the diagonal matrix 

XX* = ( T * uTu + ^ 2 ) ° 

■ V ?* d Td(<Pl<Pl + <P2<P2) 

lHl 2 ( t;t u o 
1 1 V T *d T d 

One has Tr((^ 0,1) ) 2 ) = 3Tr(XX* + X*X) = QTt(XX*). This gives 

the equality (1.718). Similarly, one has Tr((^ 0,1) ) 4 ) = 3Tr((JOT*) 2 + 
{X*X) 2 ) = 6Tr((JO:*) 2 ), which gives the identity (1.719). 

We then show that, for the restriction D^ ' 1 ^ of Z?( 0,1 ) to the subspace 
H.F,t C Hf we have 

(1.721) Tr((Df ' 1) ) 2 ) = 4|l + i7| 2 Tr(T*T ! , + T*T e )+2Tr(TJjT R ), 
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and 
(1.722) 

Tr((Df ' 1} ) 4 ) = 4 |1 + H\ A Tr((Y* Yj,) 2 + (Y*Y e ) 2 ) + 2 Ti{{T* R T R ) 2 ) 

+8 |1 + H\ 2 Tr^T^T*^). 
Consider the decomposition of TC p,t into the eight subspaces of the form 

(IT)i?^i° © II)*®! e |T)l®i° © 
e i®W) R © © i©|T)l © i©||)l)©c 3 . 

In this decomposition, we can write the operator Df' 1 ^ as the matrix 
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y U U T u (f 2 T e <Pi u u / 

where T denotes the complex conjugate matrix. 

The only matrix elements of the square of D^ ' 1 ^ involving T R or are 
collected in the matrix 

/ Sn T* R tt^ T R f* u ^ 2 \ 

000 000 

ooo o r^r^i o o o 

T v T* R <f 2 

T fl T£>i T fl T£> 2 S 55 
000 000 

t„t R (pi oo o ooo o 
\ r u r R cp 2 oo o ooo o 

where 

S<v-* 'Y* i 'Y** 'V I ZLT|2 o ^Y**'Y< I TJ\2 i "u" -V* 

11 = ifliil + i^ii/l-nl i *55 = i^ii/l-nl + 1 R 1 R • 

This shows that, for Tr(( J D^ 0,1) ) 2 ), one only gets two additional terms 

involving T R and each of them gives Tr(TRT^,). The trace Tr((D^°' 1 ' ) ) 4 ) is 

the Hilbert-Schmidt norm squared of (D^ ' 1 ^) 2 . We just need to add to the 
terms coming from the same computation in (1.718) the contribution of the 
terms involving Tr. The term Su contributes (after replacing H <— > 1 + H) 
by2|l+ J H"| 2 Tr(T^T R T*T iy ) and Tr((TJjT R ) 2 ). The term S 55 gives a similar 
contribution. All the other terms give simple additive contributions. One 
gets the result using 

Tr^r^r:) = Tr^r^r,), 
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which follows, using complex conjugation, from the fact that T^j is a sym- 
metric matrix, so that Tr = T* R . □ 

15.4. Continuous part of the inner fluctuations and gauge 
bosons. 

Let us now consider the A^ 1 ' ^ part of the inner fluctuations of the prod- 
uct geometry MxF. We show that it gives the gauge bosons of the Standard 
Model coupled to the correct values of the hypercharges. 

Proposition 1.205. Consider inner fluctuations of the form 

(1.723) ^°) = J>$ M ®l,c4], 

i 

with ai = (Xi,qi,mi), a\ = (A^g^m'J elements of A = C°°(M, Af)- The 
expression (1.723) determines the following data. 

(1) A U(l) gauge field 

(1.724) A = ^X l dX' t 

i 

(2) An SU(2) gauge field 

(1.725) Q = J>dgj 

i 

(3) A U(3) gauge field 

(1.726) V' = J2m i dm' i . 

i 

Proof. For (1) notice that we have two expressions to compute, since 
there are two different actions of A(x) on L 2 (M, S), given respectively by 

(1.727) £(x) h+ X(x) £(x) and £(x) ^ X(x) f(s). 

For the first action in (1.727), one finds using (1.580), that the expression 

is of the form 

A = v^lJ>cW = A M y i . 

i 

It is self-adjoint when the scalar functions 

i 

are real- valued. 

It follows then that the second action in (1.727) is given by 

i i 
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Thus, we see that, even though we have two representations of the A(x), 
these generate only one U(l) gauge potential. 

For (2) notice that the action of quaternions M can be represented in 
the form 

(1.728) q=fo + Y l ifaO a , with /„,/„€ C°°(M,R), 

a 

where a a are the Pauli matrices (1.628) and i = 

The Pauli matrices are self- adjoint, hence the terms of the form 

M9 M ®i,if' a <T a ] 

are also self-adjoint. 

The elements {l,ia a } form a basis for the algebra H of quaternions. 
Thus, since the elements of this basis commute with $ M , one can rewrite 

X>0Af ® i. = w M ® i, r ] + E f°&M ® . 

where all the / and /' are real-valued functions. Thus, the self-adjoint part 
of this expression is given by 

a 

which is an SU(2) gauge field. 

For (3), the result follows as a special case of the computation of expres- 
sions of the form 

A = J2 a i$M® Mi], with aua'i € C°°(M,M N (C)). 

i 

One obtains Clifford multiplication by all matrix-valued 1-forms on M in 
this manner. The self-adjointness condition A = A* then reduces them to 
taking values in the Lie algebra of U(N), by setting A = iT and using the 
identification 

Lie U(N) = {Te M N (C) | T* = —T} . 

□ 

We introduce the notation 
(1-729) A M = |^ 

for the U(l) gauge potential of Proposition 1.205. Physically it gives the 
generator of hypercharge, not to be confused with the electromagnetic vector 
potential. Similarly, we denote the SU(2) gauge field of Proposition 1.205 
by the notation 

(1.730) Q = <3 M 7 M , where Q M = 
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Using (1.580), we see that this corresponds to the covariant derivative 

(1.731) - l -g 2 W«a a . 

We now explain how to reduce the gauge field V of (1.726) to the Lie 
subalgebra LieSU(3) of LieU(3). We consider the following analogue of 
Definition 1.184 of the unimodular subgroup SU(.Af). 

Definition 1.206. A gauge potential A is "unimodular" ifTr(A) = 0. 

We can now parameterize the unimodular gauge potentials and their 
adjoint action, i.e. the combinations of the form A + JAJ~ L . 

Proposition 1.207. (1) The unimodular gauge potentials are pa- 
rameterized by a U(l) gauge field B, an SU(2) gauge field W and 
an SU(3) gauge field V. 
(2) The adjoint action A + JAJ~ l onTLf is obtained by replacing 
by + A M where 

(1.732) A„ = (A«0Ai)®l3, 

where the I3 is for the N = 3 generations, and A^ and A^ are given 
respectively by 



(1.733) 



g 1 B fl 1 3 



K= I ^giB^h 

(-^W^-^B^U) 



(1.734) Ai = I igiBp 




(-i 52 W>" + ®1 2 ) 

where in (1.733) and (1.734) the a a are the Pauli matrices (1.628) 
and the X 1 are the Gell-Mann matrices (1.421). 

Proof. 1) The action of A on the subspace 7if is of the form 

/AO \ 
-A * 

{L76b) Q U Q 12 

V Q21 Q22 ) 

on leptons and quarks, with A and Q as in Proposition 1.205, cf. (1.729) 
and (1.730) above. 

Thus, (1.735) is traceless, since Q is traceless as a linear combination of 
the Pauli matrices. The action of A on the subspace Hj is given by A on 
the subspace of leptons and by V on the space of quarks. One has 4 leptons 
and 4 quarks per generation because of the two possible chiralities, while 



268 



1. QUANTUM FIELDS, NC SPACES, MOTIVES 



the color index is taken care of by V . Thus, the unimodularity condition 
means that we have 

3 ■ 4 ■ (A + Tr(V')) = 0. 
Thus, we can write V' as a sum of the form 



(1.736) 



V 



-V 




-V 



-Ah 



where V is traceless, i.e. it is an SU(3) gauge potential. 

2) Since the charge conjugation antilinear operator Jm commutes with 
<jt M , it anticommutes with the 7 M and the conjugation by J introduces an 
additional minus sign in the gauge potentials. The computation of A + 
JAJ^ 1 gives, on quarks and leptons respectively, the matrices 



( A-V 











-A — V' 

Qn - V Q12 

Q21 Q22 - V j 



I \ 

-2A 

Qn-A Q12 

\ Q21 Q22-A J 

Thus, using (1.736), we obtain for the (l,0)-part of the inner fluctuation 
A + JAJ^ 1 of the metric the matrices 

\ 


Q12 

Q22 + ^A + V J 



(1.737) 



IA + V 








-|A + y 

Qn + ^A + V 
Q21 



(1.738) 



/ 











\ 





-2A 
















Q11-A 


Q12 









Q21 


Q22-A 


J 



This completes the proof. 



□ 



Notice that one can see from the entries of the matrices (1.737) and 
(1.738) that the gauge bosons are coupled to the correct hypercharges. In 
fact, we recover the correct values as in (1.659) (cf. also (1.415)). 
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15.5. Independence of the boson fields. 

It remains to show that the fields H = <pi + ip2j of Proposition 1.201 
and B, W, V of Proposition 1.207 are independent. 

Proposition 1.208. The unimodular inner fluctuations of the metric 
are parameterized by independent fields (pi, tp2, B, W , V, as in Propositions 
1.201 and 1.207. 

Proof. Let Z be the real vector bundle over M, with fiber at x 



By construction the inner fluctuations are sections of the bundle Z. 

The space of sections S obtained from inner fluctuations is in fact not 
just a linear space over M, but also a module over the algebra C°°(M, R) 
which is the real part of C°°(M, Af) as in Lemma 1.198. Indeed, the inner 
fluctuations are obtained as expressions of the form A = J2i &i [D, a^]. One 
has to check that left multiplication by / G C°°(M, M.) does not alter the 
self-adjointness condition A = A*. This follows from Proposition 1.125, 
since we are replacing aj by faj, where / commutes with A and is real so 
that / ./-• 

To show that S = C°° (M, Z) it is enough to know that one can find 
sections in S that span the full vector space Z x at any given point x £ M. 
Then C°°(M, M)-linearity shows that the same sections continue to span the 
nearby fibers. Using a partition of unity one can then express any global 
section of Z as an element of S. 

Choose first the elements a,i(y) = (Xi,qi,mi), a'^y) = (A^g^m'J inde- 
pendent of y £ N(x) in a neighborhood of x. Using Proposition 1.201, one 
knows that H{x) can be an arbitrary element of H, while B(x), W(x), V{x) 
all vanish because they are differential expressions in the a\. 

The independence of A, q and m in the formulae (1.724), (1.725), (1.726) 
implies that one can construct arbitrary B(x), W(x), V(x) in the form 
J2i Q-i[D, a'j]. These, however, will not suffice to give an arbitary value for 991 
and (f2, but this can be corrected by adding an element of the form described 
above, with vanishing B, W, and V. □ 

15.6. The Dirac operator and its square. 

We now consider the full (perturbed) Dirac operator Da, where the 
original Dirac operator D = (J) M (g> 1 + 75 (g) Dp of the product geometry is 
twisted by an inner fluctuation. The operator Da is of the form 



C © C T*M © T*M © Lie SU(2) © T*M © Lie SU(3). 
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where V s is the spin connection (cf. (1.580)). The gauge potential A M splits 
as a direct sum in the decomposition associated to TLf = ~Hf ®~Hf and its 
restriction to Hf is given by the expression as in Proposition 1.207. 

We also consider the operator D\. To write the components in a conve- 
nient notation, we introduce the following. 

Definition 1.209. For tp = (pi,<f2) as in §15.2 above and Mi, M 2 a 
pair of 3 x 3 matrices, we set 

( Mi<pi M{p 2 \ 

-M%(p2 M 2 *<^i 

M\(p\ -M 2 (f2 
\ Mi (p 2 M 2 (fi 



(1.741) T(M u M 2 ,<p) 



) 



We also define 
(1.742) 



T(T u ,T d ,v9)0l 3 eT(T„T e ,^) 



©T(T U , T d , <p) ® 1 3 © T(? v , T e , <p). 
By construction, M(ip) is self-adjoint and one has 



(1.743) 



Tr(M(( / 9) 5 



4aM > 



where the coefficient a is as in (1.717). 

We then have the following result that gives the explicit form of the 
operator D\. 

Lemma 1.210. The square of Da is given by 

(1.744) D 2 A = V*V - E, 

where V*V is the connection Laplacian for the connection 

(1.745) V = V S +A 
and the endomorphism E is given by 



(1.746) -E=-si 



' V - i 75 7" ® M(D m¥ j) + 14 0(1? 



0,1\2 



p.<v 



where s = —R is the scalar curvature and H = ip± + P23 as above, with p = 
(<Pi, <P2)- Here ¥ IXV is the curvature of the connection A and ip = (pi,<p2) 
is a row vector. The term D^p in (1.746) is of the form 



(1.747) 



D^ip = d^p+ -g 2 W^pa a - -giB^p. 



Proof. By construction D 1, anticommutes with 75. Thus, one has 



The last term is of the form 



£>' 



o,n 



[D , 1 4 © D^] = V-l 7 M [(V» + A M ), 1 4 © D ' ]. 



16. THE SPECTRAL ACTION AND THE STANDARD MODEL LAGRANGIAN 271 



Using (1.583), one can replace V* by d p without changing the result. In or- 
der to compute the commutator [A^, D 0,1 ], notice first that the off-diagonal 
term of D 0,1 does not contribute, since the corresponding matrix elements of 
A^ are zero. Thus, it is enough to compute the commutator of the following 
matrix W: 



(1.748) 



V 



o 
o 
o 



o 

fffi-B/. 













-±g 2 (Wl + iWl) \g 2 Wl 
with a matrix of the form T(Mi, M 2 , if) as in (1.741). One gets 
(1.749) [W,T(M 1 ,M 2 ,i P )} =T(M 1 ,M 2 , X ), 

where 



(1.750) 



(X1.X2) 



-g 1 B^(ip 1 ,ip 2 ) + -02 W° (if!, <p 2 ) a a . 



\ 



□ 



16. The spectral action and the Standard Model Lagrangian 

In this section we compute explicitly the expansion of Theorem 1 . 145 for 
the spectral action for the product geometry M x F. We then show how to 
modify the spectral action functional to include the fermionic action and how 
this can be done in such a way as to solve the fermion doubling problem and 
obtain the correct counting of the fermionic degrees of freedom through the 
use of Pfaffians as a replacement for the formulation of Majorana fermions 
in the Euclidean setting. As in the previous sections, we follow closely [52]. 



16.1. The asymptotic expansion of the spectral action on MxF. 

The main result of this section is Theorem 1.212 below which computes 
the explicit form of Theorem 1.145 in the case of the spectral action associ- 
ated to the product geometry MxF. 

We first recall the notation we have been using in the previous sections. 
We let fk with k = 0, . . . , 4 be the momenta (1.533) of the test function / in 
the spectral action functional (1.526). As in §9.8, we let C^ upa C^ l ' p(T be the 
square of the Weyl curvature tensor and we let R*R* be the form (1.599) 
that integrates to the Euler characteristic as in (1.600). We let G^„, F^ v , 
B^y denote, respectively, the curvatures associated to the SU(3), SU(2) and 
U(l) gauge fields of §15.4. Let {a,b,c,d,e} be the coefficients as in (1.717) 
and let D^(p be the expression defined in (1.747). 

We prove a preliminary lemma, which will be useful in applying Gilkey's 
theorem (cf. Theorem 1.154 above) to the proof of Theorem 1.212 below. 
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Lemma 1.211. Consider the expression 



(1.751) 



E' = -fid + £ = 
(iid-l^GD^VE^z, 1^® W^ + i-K-f® M{D^) 



and let 



(1.752) 



E = 




A 2r Tt(E') + 



32 vr 2 



/o 



Tr((£') 2 )- 



One obtains 



E = i^A 2 i?-^A 2 Tr((Z?°' 1 ) 2 )+ _^Tr(M(L>^) 2 ) 
(1.753) + ^ Tr((-| - (D^f) 2 ) + ^ Tr(F M ^). 



PROOF. The contribution of Tr(E') is only coming from the first term of 
(1.751), since the trace of the two others vanishes due to the Clifford algebra 
terms. The coefficient of R is equal to | x ^ x 4 x 96 = 4. To get the 
contribution of Tr((E') 2 ), notice that the three terms of the sum (1.751) are 
pairwise orthogonal in the Clifford algebra, so that the trace of the square 
is just the sum of the three contributions from each of these terms. Again 
the factor of 4 comes from the dimension of spinors and the summation on 
all indices \iv gives a factor of two in the denominator for . □ 

We then obtain the following result. 

Theorem 1.212. The expansion of Theorem 1.145 applied to the spectral 
action for the product geometry M x F gives a functional S of the form 



(1.754) 



S 




16. THE SPECTRAL ACTION AND THE STANDARD MODEL LAGRANGIAN 273 



PROOF. We prove the result using (1.744) and Gilkey's theorem 1.154 to 
compute the spectral action. By remark 1.155 the relevant term is — gi? + £ 
which is the sum (1.751) and we need to compute the sum (1.752). By 
Lemma 1.211 above, we know that this is of the form (1.753). Notice also 
that the curvature Q,^ of the connection V is independent of the additional 
term D^ 0,1 ). 

We subdivide the proof into checking the different terms that arise from 
the asymptotic formula of Theorem 1.145 applied to the spectral action of 
the product geometry: 

• Cosmological terms 

• Riemannian curvature terms 

• Higgs minimal coupling 

• Higgs mass terms 

• Higgs quartic potential 

• Yang-Mills terms 

Cosmological terms. The presence of the additional off-diagonal term 
in the Dirac operator of the finite geometry adds two contributions to the 
cosmological term of §11.4. Thus, while the dimension N = 96 contributes 
by the term 

-| /4 A 4 f ^/gd 4 x, 

we get the additional coefficients 

-^A 2 Tr(T^T R ) = -^A 2 , 

which are obtained from the second term of (1.753) using (1.715). Finally, 
we also get 

^Tr((T M 2 ) = 0, 

which comes from the fifth term in (1.753). Thus, the cosmological term 
gives 

(1.755) ^(48/4A 4 -/ 2 A 2 Tr(T^T R ) + ^Tr((T| ? T R ) 2 )) I ^d 4 x. 

Riemann curvature terms, we obtain the terms involving the Rie- 
mann curvature tensor from the spectral action as in §11.4. Thus, one has 
in this way a contribution of the form 

(1.756) \ f (4f 2 A 2 R-^-f C^ pa C^nV9d 4 x. 

One also has a topological term, which, ignoring boundary terms, is of the 
form 

(1.757) ^4 / R*R*Vgd 4 x. 

60 tt 2 J M 
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(1.759) ^ Tr(M(D M ^f) = £2 a \ D » vf, 



(1.761) ^8eM 2 =^M 2 . 



There is then an additional contribution from the fourth term of (1.753). 
Using (1.715), this gives 

(1.758) -J^RTrUDW)*) = - ^ aR M 2 - ^ cR . 

For a physical explanation of the term R \(p\ 2 see [131] equation 10.3.3. 
Higgs minimal coupling. These terms are given by 

A T r(M(Z^) 2 )= A 

where we used (1.743) and (1.753). 

Higgs mass terms. There are two contributions with opposite signs. 
Using (1.715), one sees that the second term in (1.753) gives a term 

(1.760) -^A 2 a|v9| 2 . 

On the other hand, using (1.716), we obtain from the fourth term in (1.753) 
the additional term 

fo q I 1 2 e fo 1 ,2 
8 TT Z TT Z 

Thus, combining (1.760) and (1.761), one obtains a Higgs mass term of the 
form 

(1.762) i_(_2a/ 2 A 2 + ef )\<p\ 2 . 

Higgs quartic potential. The only contribution, in this case, comes 
from the fourth term in (1.753), i.e. from the term 

^Tr((^Y). 
Using (1.716), this gives the term 

(1.763) Yt^- 

Yang— Mills terms. For the Yang-Mills terms the computation is the 
same as in §11.4. In particular, by the same argument given in §11.4 we 
obtain the coefficient in front of the trace of the square of the curvature. 

The term G^G^ 1 , which corresponds to the gluons, has an additional 
coefficient 3 x 4 x 2 = 24; since there are three generations, 4 quarks per 
generation (ur, c(r, ul, c?l), and a factor of two coming from the matter 
and anti-matter sectors Hf and Hj. Thus, because of the presence of the 
coefficient ^, we get 

£ 1 £ 2 £ 2 

JO 93 T (r _ 9 JO 93 r i 7=7^ _ JO 93 r i 7=T^ 

4^2 ■ J -H< J M" tT > - Z 47r 2 U ^u u i - 27r 2 ^fiv^i ' 

where we use the property (1.422) for the Gell-Mann matrices. 
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For the weak interaction bosons W a the argument is similar and one gets 
an additional coefficient 3x4x2 = 24, here 3 is the number of generations, 
4 = 3 + 1 accounts for the three colors of quarks and one of leptons per 
isodoublet and per generation (ul = (uj)L,d>L = (dj)^, i>l, e^), and the 
factor of 2 corresponds to the matter and anti-matter sectors 7if and Tij. 
Thus, using the property Tr(o" a o"b) = 25 a b of the Pauli matrices, we obtain 
the similar term 

jjPffg rrw p p/^N _ 9 /offl pa pM" _ /off! pa p/^ 

Finally, for the hypercharge generator we obtain the additional co- 
efficient 

(1.764) 2 x (Y(i)2 + (^ + 2 (M x 3+(2 2 +2)) x 3 = 80, 



which comes from the hypercharges as in Proposition 1.207, see (1.737) and 

3 



(1.738). This gives an additional coefficient of ^ in the corresponding term 



1Q /offi P dp _ 5 fo 9l D T5^ 
3 4tt 2 a ^ a ~ 3 2tt 2 ^""^ " 
This completes the proof of Theorem 1.212. □ 



16.2. Fermionic action and Pfaffian. 

The spectral action functional (1.526) applied to the operator Da with 
inner fluctuations, as considered above, accounts for the bosonic part of the 
action. We now explain how one obtains the fermionic part. 

The XO-dimension of the finite space F is 6 6 Z/8, hence the KO- 
dimension of the product geometry M x F (for M a spin 4-manifold) is now 
2 € Z/8. This means that, according to Definition 1.124, the commutation 
rules between D, J and 7 are of the form 

(1.765) J 2 = ~l, JD = DJ, and J7 = -7 J . 

We let W + denote the even part of the Hilbert space H, namely 

(1.766) H + = {eew| 7 e = £}. 

The commutation relations (1.765) yield a natural construction of an 
antisymmetric bilinear form on TC + , in the following way. 

Proposition 1.213. Let (A,H,D,J,j) be a real even spectral triple of 
KO -dimension 2 £ Z/8. Let 7i + dH be the even part as in (1.766). Then 
the following hold. 

(1) The expression 

(1.767) *d{?,0 = (J?,DZ), V^'eW + 

defines an antisymmetric bilinear form onTt + = {£eW,7£ = £}. 
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(2) The trilinear pairing (1.767) between D, £ and £' is gauge invariant 
under the adjoint action of the unitary group of A, namely 

(1.768) 

2M£',6 = 2l Dtt (Ad(u)£',Ad( u )£) , with D u = Ad(«) £> Ad(u*). 

Proof. (1) We use an inner product which is antilinear in the first 
variable. Thus, since J is antilinear, 21 is a bilinear form. Let us check that 
21 is antisymmetric. One has 

= -{JD?,Q =-{DJ?,0 

= ~{je,Do, 

where we used the unitarity of J, i.e. the equality 
(1.769) {J£,JV) = {V,0, V^eW. 

Finally, one can restrict the antisymmetric form 21d to 7i + without auto- 
matically getting zero, since one has 

7 JD = JD-y. 

(2) Let us check that Ad(it) commutes with J. By definition Ad(u) = 
u (u*)° = u JuJ -1 . Thus, we have 

JAd(n) = J uJuJ^ 1 = uJuJJ" 1 = uJu = Ad(u) J, 

where we used the commutation of u with JuJ. Since Ad(u) is unitary, one 
gets (1.768). □ 



Definition 1.214. The Pfaffian of an antisymmetric bilinear form 21 is 
expressed in terms of the functional integral involving anticommuting "clas- 
sical fermions" (cf. [251], §5.1). At the formal level, this means that we 
write 

(1.770) Pf(2l) = J e-**®V[i]. 
We define 

(1.771) n$ = {i\£€H + } 

to be the space of classical fermions (Grafimann variables) corresponding to 
H + of (1.766). 

Notice that 2l(£, £) = when applied to vectors £, while 2l(£, £) 7^ 
when applied to anticommuting Grafimann variables £. 

Example 1.215. As the simplest example let us consider a two-dimen- 
sional vector space E with basis ej and the antisymmetric bilinear form 
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For £1 anticommuting with £2, using the basic rule 

j 1^ = 1 

(cf. [251], §5.1), one obtains 

J e~^V[i] = J e~ a ^ 2 d|id| 2 = a. 

In order to incorporate the fermionic part in the action, we consider, 
instead of the spectral action functional (1.526), the following modification. 

Definition 1.216. Suppose given a real even spectral triple (A, Ti,D, J, 7) 
of KO-dimension 2 mod 8. For such a spectral triple the spectral action 
functional with fermions is the functional 

(1.772) Tr(f(D A /A)) + ±(ji,D A i). 

where £ € and Da is the Dirac operator with the unimodular inner 
fluctuations A. 

Notice how the action functional (1.772) depends explicitly on all the 
data (A, 7i, D, J, 7) of the spectral triple. It is the functional (1.772) that 
recovers the full Lagrangian of the Standard Model minimally coupled to 
gravity. 

16.3. Fermion doubling, Pfaffian and Majorana fermions. 

The use of the Pfaffian as a square root of the determinant solves the 
fermion doubling problem in the previous formulations of the Standard 
Model via noncommutative geometry, which was pointed out in [210]. The 
solution obtained by a better choice of the KO-dimension of the space F 
and hence of M x F is related to the point made in [149] . 

The point about the "fermion doubling problem" is that, if one intro- 
duces fermions in the spectral action using the pairing (-0, Da">P) instead 
of the pairing (J-0, that we introduced in the previous section, one 

obtains a number of fermion degrees of freedom that is equal to four times 
what it should be. The reason is that one includes one Dirac fermion for 
each of the chiral degrees of freedom L and R as well as the mirror fermion 
in Tij for each fermion in Tif. 

The advantage of working with (Jip, D A ip) is that, when considering the 
functional integral for the action functional (1.772), this has the effect of 
dividing by 4 the number of degrees of freedom by taking a fourth root of a 
determinant. 

In fact, by Proposition 1.213 we are dealing with an antisymmetric bi- 
linear form and the functional integral involving anticommuting Grafimann 
variables delivers the Pfaffian, which takes care of a square root. Again by 
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Proposition 1.213, we can restrict the functional integration to the chiral 
subspace 7i% of (1.771), hence gaining another factor of two. 

To be more explicit, we spell out in detail what happens. Consider the 
case of the quarks. With the basis gx, qR, q~L, Qr in Wj?, in the reduction to 
TL + we write a generic vector as 

(1.773) C = ih® QL + £fl ® QR + VR® QL + Qr, 

where the subscripts L and R indicate the chirality of the usual spinors 
£,r/ G L 2 (M,S). Similarly, one has 

(1.774) J (' = JmC'l ®<Ll + JmC'r ®qR + JmVr ® Ql + JmVl ® 1r 
and 

+ $ M J Mr]' R ®qL + $M J Mri' L ®qR- 

Thus, since the operator ^ M anticommutes with 75 in L 2 (M, S 1 ), we see 
that the vector (" still belongs to H+, i.e. it is of the form (1.773). One gets 
then 

+ ($m j mVr,£l) + ($m j mv'l^r)- 

Upon writing spinors in the form £ = £l + £r, the right-hand side can be 
written as 

(1.777) {(? M © 1) J CO = ($ M Jm?,v) + $m Jmv',0- 

This is an antisymmetric bilinear form in L 2 (M, S) © L 2 (M, S). Indeed if 
(' = Cj i- e - £' = £ an d i]' = V one has 

(1-778) (9 m JmS,ti) = -(9mJmv>0> 

since Jm commutes with and has square —1. 

Notice that it is because of (1.778) that one needs the factor \ in front of 
the fermionic action in (1.772), since in the Dirac sector the same expression 
repeats itself twice. 

At the level of the fermionic functional integral the classical fermions £ 
and fj anticommute. Thus, up to the factor 2 taken care of by the \ in front 
of the fermionic term, one gets 



where £ and f\ are independent anticommuting variables, with the same 
notation as in (1.771). 

This coincides with the prescription for the Euclidean functional integral 
given in [61] (see "The use of instantons", §5.2) when using Jm to identify 
L 2 (M,S) with its dual. 
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The Dirac Yukawa terms simply replace $ M (8> 1 in the expression above 
by an operator of the form 

$M ® 1 + 75 ® T, 

where T = T(x) acts as a matrix- valued function on the bundle S (3TLf- 

By construction, T preserves Hf and anticommutes with jp- Thus, one 
gets an equation of the form 

( 75 ® T) J C = Ti Jm^'l ®q R + T 2 J M g R ® 9l 

+ ?3 Jm^jj ® + T 4 J M r/^ (8) 9l, 

where the Tj are endomorphisms of the spinor bundle commuting with the 
75 matrix. In particular, the result is a vector in 7i + . Thus, one gets 

<(75®T)JC',C>= (T , iJM^,r?L) + (T 2 J M ^^) 

The expression (1.777) remains valid for the Dirac operator with Yukawa 
couplings, with the Jm£' and Jmv' on the left paired with the r\ and £, 
respectively. Thus, the Pfaffian of the corresponding classical fermions as 
Grafimann variables delivers the determinant of the Dirac operator. 

We now come to the contribution of the piece of the operator D which, 
in the subspace vr,vr, is of the form 



Tr 

where Tr is a symmetric matrix in the flavor space, as in (1.669). We use 
(1.773) and (1.774), replacing quarks by leptons, and we assume to simplify 
that the matrix Y# is diagonal. We denote the corresponding diagonal 
values by vr. We have 

C = £h ® VL + £R <8> VR + T]R ® V L + 7]L ® VR 

J (' = Jm^'l ®v L + J m £'r ®i>r + Jmv'r + JmVl ® V R 

so that 

(75 <8> T) J C' = J5VrJm£'r ®vr + 75V R J M ri' L <8> v R 

(1.780) ((75 ®T) JC,0 = M15Jm^r^r) + v r { 15 Jmv'r,Vr) 

The only effect of the 75 is an overall sign. The charge conjugation 
operator Jm is now playing a key role in the terms (1.780), where it de- 
fines an antisymmetric bilinear form on spinors of a given chirality (here 
right-handed ones). For the detailed treatment of these Majorana terms in 
Minkowski signature we refer to the independent work of John Barrett [13]. 

Thus, in the Majorana sector we get a factor \ in front of the kinetic 
term. This corresponds to equation (4.20) of [234]. For the treatment of 
Majorana fermions in Euclidean functional integrals and the use of Pfaffians 
see e.g. [171], [238]. 
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Notice that solving the fermion doubling problem using the pairing 
{Jip,DAip) in the functional (1.772) instead of (ip,DAip) is possible only 
because in this model the .fTO-dimension of the geometry M x F is 2 mod 8 
instead of 4 mod 8 as in [70] . In Minkowskian signature, a similar solution 
of the fermion doubling problem was given in [13]. 

17. The Standard Model Lagrangian from the spectral action 

In this section we show, following [52], how to recover the Standard 
Model Lagrangian of §9.4, with the modified terms of §9.6.2 that account 
for the mixing matrix and the Majorana mass terms for neutrinos, from 
the asymptotic expansion of the spectral action functional for the product 
geometry M x F. 

By covariance, if we want to show that the spectral action naturally 
recovers the Lagrangian for matter minimally coupled with gravity, i.e. with 
the Standard Model Lagrangian on a curved (Euclidean) spacetime, it is 
sufficient to check that we obtain the full Standard Model Lagrangian in 
flat spacetime, which is (up to switching back to Minkowskian signature) 
the Lagrangian considered in §9.4 and §9.6.2. Thus, for the rest of this 
section, in the explicit computation of the Lagrangian, we restrict to the 
flat case only. 

The main theorem of this section is the following result. 

Theorem 1.217. Let M be a compact Riemannian spin 4-manifold and 
F the finite noncommutative geometry of KO-dimension 6 described above. 
Let M x F be the product geometry. 

(1) The unimodular subgroup of the unitary group acting by the adjoint 
representation Ad(u) on 7i is the group of gauge transformations 
of SM. 

(2) The unimodular inner fluctuations of the metric give the gauge 
bosons of SM. 

(3) The action of the full Standard Model ( with neutrino mixing and 
see-saw mechanism) minimally coupled to Einstein gravity in Eu- 
clidean form is given by the action functional (1.772) of Definition 
1.216. 

Proof. (1) and (2) follow from the results of §15.1 and §15.2 and 15.4 
above. 

(3) We subdivide the proof of the theorem into various subsections, 
where we obtain from the action functional (1.772) the various parts of 
the Standard Model Lagrangian as in (1.423). 

• Yukawa coupling Cuf as in (1.442) 

• Gauge fermion couplings C g f as in (1.443) 

• Higgs self-coupling Ch as in (1.444) 

• Self-coupling of gauge fields C g as in (1.445) 

• Minimal coupling of Higgs fields Ch 9 as in (1.446) 
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We begin by a convenient reformulation of the asymptotic expansion of 
the spectral action onMxF obtained in Theorem 1.212. 

17.1. Change of variables in the asymptotic formula and unifi- 
cation. 

We first perform a trivial rescaling of the Higgs field ip so that kinetic 
terms are normalized. To normalize the Higgs fields kinetic energy we have 
to rescale ip to 

(1.781) H = ^V 

7T 

so that the kinetic term becomes 

(1.782) / l\D^-H\ 2 ^d 4 x. 

We now introduce a relation between the parameters of the model. This 
corresponds to the relation between the coupling constants at unification, 
which is common to all the grand unified theories. The relation we impose 
here is dictated by the normalization of the kinetic terms that we discuss in 
detail in Lemma 1.228 below. 

Namely, we impose a relation between the coupling constants g±, g 2 , g% 
and the coefficient /o, of the form 

/ -1 ~oo\ si fo 1 j 2 2^2 

(1-783) = - and g 3 = g 2 = - 5l . 

Lemma 1.218. Under the change of variable (1.781) and with the con- 
dition (1.783), the bosonic action (1.754) takes the form 

S = f M (i% R + a oC^ pt7 C^ + l0 + r R*R* 

(1.784) + \G^ ul + \F^ a + \B^ 

+ 1|£> M H| 2 - /i 2 |H| 2 - £o#|H| 2 + A |H| 4 ^d 4 x, 



where 



J_ . 96/ 2 A 2 -/pc 

K% 12 7T 2 



70 = ^(48/4A 4 -/ 2 A 2 c+^d) 
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Proof. This follows directly from Theorem 1.212, using (1.781) and 
(1.783). □ 

Imposing the condition (1.783) has the effect of replacing the term 

^-MG^ + 9lF^ a + \&B,„,Br) 
of Theorem 1.212 with the normalized expression 

which will match the gauge bosons self-interaction terms of the Standard 
Model Lagrangian (cf. Lemma 1.228 below). The fact of imposing (1.783) 
means that the action functional (1.784) is considered as the bare action at 
unification scale A, i.e. where the merging g\ = g\ = 5gf/3 of the coupling 
constants supposedly takes place. The relation g\ = g\ = 5gj/3 coincides 
with that obtained in grand unification theories (cf. [53] and [234] §9). We 
recall briefly in §17.2 below how the unification scale is computed. 

Corollary 1.219. The change of notations (1.781) for the Higgs fields 
can be reformulated in the form 

(1.786) H = ^ — (1 + ip) = (— +H- i</) , -i^/24> + ) . 

V2 g g 

Proof. As in §9.4, we let g denote the weak coupling constant g = g2, 
with a = s^g 2 / (4ir) the fine structure constant, and we let M denote the 

mass of the W. The result then follows using (1.783) to replace by 
J_ J± n 

In particular, the change of variables (1.786) sets the the mass M of the 
W to be 

(1.787) 2M = 

with a as in (1.717). The vacuum expectation value of the Higgs field is 

(1.788) V=2 ~Y' 



17.2. Coupling constants at unification. 

As in (1.420), we set cti = gf/(47r), with a em = s 2 lt a2 the fine structure 
constant, for s w = s\n{6 w ). The infrared value is a cm ~ 1/137.036, but it is 
running as a function of the energy and increases to the value a em (Mz) = 
1/128.09 already, at the energy M z ~ 91.188 GeV. 
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Assuming the "big desert" hypothesis, i.e. the absence of "new physics" 
(save for the Higgs) between current energy scales and unification, the run- 
ning of the three couplings a% is known. It is obtained via the renormaliza- 
tion group equation that we discussed in the first part of this chapter (see 
§6.6). 

Considering only 1-loop corrections, the beta function (cf. Definition 
1.46 and Corollary 1.49) is given by ([187], [4]) 

(1.789) fig. = (47r)- 2 b ig f, with b= (^,A-7), 

so that ([256]) the renormalization group equation is then of the form 

(1.790) a^(A) 

«2 _1 (A) 
«3 X (A) 

where M z is the mass of the Z u vector boson. 

Notice that at 1-loop order the renormalization group equations for the 
coupling constants gi are uncoupled from the other parameters of the Stan- 
dard Model, but this is no longer the case when higher loop corrections are 
considered. For the explicit form of the beta function and renormalization 
group equation for 2-loop corrections see [4]. 

It is known that the predicted unification of the coupling constants does 
not hold exactly, which points to the existence of new physics, in contrast 
with the "big desert" hypothesis. Thus, one should bear in mind that the 
model discussed here is only approximate, in the same sense in which the 
prediction of all the grand unified theories that the coupling constants meet 
at the common value g\ = g\ = 5gf/3 is known to be incompatible with the 
"big desert" hypothesis. 

In fact, if one considers the actual experimental values, one has 

(1.791) gi {M z ) = 0.3575, g 2 {M z ) = 0.6514, g 3 (M z ) = 1.221, 
one obtains the values 

(1.792) ai(M z ) = 0.0101, a 2 {M z ) = 0.0337, a 3 (M z ) = 0.1186. 

If one uses these values and runs the equation (1.790) one finds that the 
graphs of the running of the three constants a, do not meet exactly, hence 
they do not specify a unique unification energy (cf. Figure 33 where the 
horizontal axis labels the logarithm in base 10 of the scale measured in 
GeV). 



a ^ Mz) ~ log w z 

a 2 \M z) + — log — 
<H\M Z ) + A log A 
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Figure 33. The running of the three couplings. 



17.3. The coupling of fermions. 

We now discuss how to obtain the parts Cuf and C g f as in (1.442) and 
(1.443) of the Standard Model Lagrangian. We first discuss the case of the 
minimal Standard Model with C^J and £^j m and then we show how to 
obtain the remaning terms for neutrino mixing and Majorana mass terms 
(see Lemma 1.221 below). 

In the case of the minimal Standard Model, we have 



(1.793) 



p mm 

Hf ~ 



m\ d) + 



2M v / 2 ' 



2M V / 2 S 



|^(i7(e A e A )+#°(e A 7 5 e A )) + 
-m K d {u]C XK {\ - 7 5 H K ) + m x u {u]C XK {\ + 7 5 )^)) 

(™ x d {d]c[ K {l + 7 5 )^ K ) - m-{d]c{ K {\ - 7 5 )^)) - 



+ 



3 3 



The matrix C\ K is the CKM mixing matrix for quarks. It also enters 
the Lagrangian in the two gauge coupling terms where the down and up 
fermions are involved together in the expression 



(1.794) 



min 

■gf ~ 



17. THE STANDARD MODEL LAGRANGIAN FROM THE SPECTRAL ACTION 285 

\ig s \i j (qf^Qj)9^ ~ e x (~fd)e x - v x 1 dv x - u x ^d)u x - d x (~fd)d x + 
igs w Ap (-(eVe A ) + K^V« A ) ~ 5(<?7"<#)) + ^^{(^V(l + 
7 5 )z/ A ) + (e A 7 ^(44 - 1 - 7 5 )e A ) + (d A 7 M (|4 - 1 - 7 5 )d A ) + (^V(l - 
14 + 7 5 K A )} + ((*V(1 + 7 V) + (^V(l + 7 5 )^)) + 

^W" ((eVU + 7 V) + (dfC^il + 7 5 )n A )) 

Since the matrix C\ K is unitary the quadratic expressions in d x are un- 
changed by the change of variables given by 

(1.795) d Xj = C\ K , d Xj = Cx~d] = C\ x d] 

and in this way one can eliminate C\ K in £™f n - 

The term £^ in , which we now consider written in the new variables of 

(1.795) , contains the kinetic terms of the fermions and their couplings to the 
various gauge fields. In the SU(3) case the coupling is simply given by the 
term 

with A the Gell-Mann matrices of (1.421) and g s = g% the strong coupling. 
The coupling has a more complicated form in the case of the (A, W^, Z°) 
fields. This involves, in particular, the hypercharges Yl and Yr assigned 
to the different fermions, quarks and leptons, and depending upon their 
chirality. 

Recall here that the electromagnetic charge Q em is related to the hyper- 
charges Yl and Yr by the relations 

(1.796) 2Q em = Y R and 2 Q em = Y L + 2 1 3L , 

where Isl is the third generator of the weak isospin group SU(2), as in 
(1.413). Thus, from the values of the hypercharges Y = Yl of §9.2 and 
§13.3, one sees that for Q em one gets (for both right and left components) 
| and — | for u and d, respectively, and and — 1 for v and e, respectively. 

In order to relate the expressions Cfff and £™j n of (1.793) and (1.794) 
to the spectral action functional (1.772), we first prove the following result. 

Lemma 1.220. After the change of basis (1.795) on the down quarks, the 
following holds. 

(1) The terras C^j n are of the form 

C 7t = -YTfLl^-ig^W.a-ig'^B.-ig'^V^fL 
f 

(1.797) + ■f R ^(d t ,-ig > ^B^-ig"X b V lib )f R ] 
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for both quarks and leptons, with = W ^~J^^ 2 > \y- = 

^i±p and 

g' = g tan(^) , g" = g s , 

(1.798) 

= CyoAf,- s w Z° , W^ 3 = s w A fJi + c w Z° 



(2) The terms Cjjj are given, with the notation (1.741), by 

(1.799) Cff = -fT(0,Kf»,<p)f-fT(K u ,K d ,ip) f 
where 

(1.800) <pi = — + H-i<f>°, (p 2 = -iV2(j) + 

9 

and 

(J(min\ _ _g_ m VxP 
{J^e IVP — 2M"' e0 M 

(1.801) [K u )w = 

PROOF. (1) In Minkowski space a quark q is represented by a column 
vector and one has the relation 

(1.802) q = q*lo 

between q and q. Thus, q and q have opposite chirality. 

Since the 7 M switch the chirality to its opposite and all the terms in 
(1.794) involve the 7 M , they can be separated as a sum of terms only involving 
fi and Jl and terms only involving and Jr. Since we are considering only 
the minimal Standard Model, the neutrinos only appear as left-handed, 
i.e. as through the combination (1 + 7 5 )^ A . 

The last two lines of (1.794) correspond to the terms in ig^W^a for 
the off-diagonal Pauli matrices a\ = <r a | a =i, 02 = c a |a=2- The first line of 
(1.794) corresponds to the gluons and the kinetic terms. The terms involving 
the gluons in (1.794) give the strong coupling constant g" = g s = gs. The 
second and third lines of (1.794) use the electromagnetic field A^, which is 
related to the U(l) gauge field by 

(1.803) g s w (A„ - tan(^) Z°) = g' B„. 

This gives (notice the sign — x — = + in (1.797)) the terms (cf. (1.796)) 

(1.804) ig'^B^ = igs w A^Q cm - ig^Z°Q em 

for the right-handed part, while on the left-handed sector one has 

n - Yl , a3 
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where the third Pauli matrix 03 := <7 a | a =3 corresponds to the generator I%l 
of the isospin SU(2), as in (1.796). The diagonal terms 

for the left-handed part are then of the form 

^f^3 + igSwiA^ - tan(^)Z°)(Q cm - f ) = 

igSyjA^Qem - ig s ^Z®Q eia + (igW^ - igs^A^ - tan(6> w )Z°))^. 
The relation 

(1.805) (igW^ - ig s w (A„ - tan(^) Z$) = ^ Z» 
then determines as a function of and Z° in the form 

= s w (Ap - tan(^) Zj) + — Z° 

which is more conveniently written as 

(1.806) W^ = s w A ll + c w Zl. 

The diagonal terms for the left-handed sector can then be written in the 
form 

2 

(1.807) ig8 w A lt Q em - ig ^ Z°Q em + ^ Z°°^-. 

This agrees with the factor multiplying (1 + 7 s ) in (1.794). The term 
(1 + 7 5 ) is twice the projection on the left-handed particles. This accounts 
for one factor of 2, while the other one comes from the denominator in 
The term 

^Z°{(P V(l + 7 V) + (e"V(44 " 1 " 7 5 )e A )} 

is fine. In fact, the neutrino has no electromagnetic charge, so that the 
terms with Q cm in (1.807) do not contribute, while one gets the term 

2 

— ig ^ Z®Q em for the electron. The different signs of the (1 + 7 s ) term 
come from the fact that the left-handed neutrino corresponds to the +1 
component of cr 3 and the left-handed electron to the —1 component of 0-3. 
The other two terms 

-^-Z°{(d^sl - 1 - 7 5 K A ) + (u}7"(-|4 + 1 + 7 5 H A )} 

also match (1.807) correctly. In fact, the electromagnetic charge of the down 
quark is — g and it has 03 = —1, while for the up quark the electromagnetic 
charge is | and 0-3 = 1. 

(2) Recall that by (1.802) q and q have opposite chiralities. Thus, when 
we spell out the various terms in terms of the chiral components, we always 
get combinations of the form q~L X qn or qnX q^. 
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We first look at the lepton sector. This gives 

-e x m x e x {-<P + {v\l - 7 V) + <T (e A (l + 7 V)) 



'2 M 



9H± ( H (e x e x ) + i0°(e A 7 5 e A )) • 



The terms in e X e are of two types. The first gives 

The second type gives 

2M V 7 2 M y L w 2 M 1 R w 

Thus, they combine together using the complex field 

(1.808) ip 1 = H-i(j) 
to give 

-A A /i I 9 V'l \ A -A A/, , A 
-e L ™ e (1 + ^ ) e R - e fl m e (1 + — ) e L . 

Since we are dealing only with the minimal Standard Model, the terms 
where both e and v appear involve only vl, hence only The fields <^r sl 
are complex fields that are complex conjugates of each other. We let 

(1.809) ip 2 = -iV2(f> + . 

The contribution of the terms involving both e and v is then of the form 

-A \f9i>2, A , -A X (9 "4^2 \ \ 

Vj wC ( e n + en wC ( ) Vj . 

2 M H 2M 

Notice that the field ip = (ipi,ip2), with tpi and ip2 as in (1.808) and (1.809) 
differs from the ip of (1.786) by a factor 2M/g. 

Let T(Mi, M2, (p) be defined as in (1.741). Combining the above, we see 
that we can express the terms of the lepton sector in C™J in the form 

(1.810) -/T(0,K e min ,^)/, ^ = ^1 + ^, ^2=^2, 

where K™ 111 is the diagonal matrix with diagonal entries the ^fj m X > as m 
(1.801). 

We now consider the quark sector of Cjjj- This consists of the terms 

-u x m x u x - d x m x d d x + 
( - m K d (u x C XK (l - 7 5 )^) + m x (u x C XK (l + 7 5 )^)) + 



^4>- (m X d (d X Cl(l + 7 5 )^) - m^Cl(l - 7 5 )^)) - 
I^H(u x u x ) - l4H(d X d x ) + f 4 4>\u x ^u x ) - ^<p\d x ^d x ). 
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We write it in terms of the d\j given by (1.795) instead of the dj. The terms 
of the form uX u are 

—Uj Uj - I^HiuM) + | ^°KV^). 

They are similar to the terms in e X e for the leptons but with an opposite 
sign in front of (fi°. Thus, if we let K u be the diagonal matrix with diag- 
onal entries the ^mj, we get the terms depending on ipi and K u in the 
expression 

(1-811) -fT(K u ,K d , V )f, 

where K d remains to be determined. 

There are two other terms involving the m^, which are directly written 
in terms of the d\j . They are of the form 

^= <P + m*(u*(l + 7 5 )^) - ^= r <(d Kj (l - 7 5 )--). 
This is the same as 

-d XjL m u (— ) u jR - u jR m u (— ) d XjL , 

which corresponds to the other terms involving K u in (1.811). 
The remaining terms are 



(1.812) -<§ m\ d $+^L(-^ (^C AK (l-7 5 )^)+0- (^(l-Py 5 )^)) 



Except for the transition to the the dAj ; these terms are the same as for the 
lepton sector. Thus, we define the matrix K d in such a way that it satisfies 

dx jL K$" d KjR + dx 3R K\ XK d KjL = ^d) m \ d). 

We can just take the positive matrix obtained as the conjugate 

(1-813) (K d ), p = JLrn^C^ZCl 

as in (1.801). 

The only terms that remain to be understood are then the cross terms 
(with up and down quarks) in (1.812). It might seem at first that one 
recognizes the expression for d\j = Cx K dj, but this is not the case. In fact, 
the summation index k also appears elsewhere, namely in m d . One has 

^m K d C XK d] = JL m »Cx^Ci p d PJ = {K d d)x r 
Thus, the cross terms in (1.812) can be written in the form 

-J=(-</> + {u^K^{l - 7 5 K,) + tfr {d Xj {K\f"{l + 7 5 )<)). 
Thus, we get the complete expression (1.811). □ 
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Now we consider the case of the Lagrangian Csm with the additional 
terms for neutrino mixing and Majorana mass terms. The following result 
shows how to modify Lemma 1.220 to account for these additional terms. 

Lemma 1.221. The neutrino masses and mixing are obtained in two 
additional steps. The first is the replacement 

T(0,K?»,<p) ~T(K„,K e ,<p), 

where the K™ m of (1.801) is replaced by 

(1.814) (K e ) XK = ^ m »C[ e ffi(C le % K , 

while K u is the neutrino Dirac mass matrix 



(1-815) (K U ) XK = ^m x Jl 



The second step is the addition of the Majorana mass term 

(1.816) C mass = -\ v x M* (1 - 7 5 R -\h M* (1 + 7 5 K. 

Proof. After performing the inverse of the change of variables (1.795) 
for the leptons, using the matrix C lep instead of the CKM matrix, the new 
Dirac Yukawa coupling terms for the leptons imply the replacement of 



2 M 
by the terms 



9me (ff(eV)+i/(e A 7 5 e A )) 



9 m t-rTS \ An gm x rr . \ \ . igm x , n . \ r x . ig m x , n . x = x . 
-^^Hiv x v x ) - --^H(e x e x ) + — -=r6°(v SV - — -^f eVe 



and of the terms 

ig rrig 



2\/2 M 

by 



>+(^(l - 7 5 ) e A ) + 0-(e A (l + 7 V)) 



-m^CfU - 7 5 )e«) + m$(D*C%(l + 7 5 )e K )) + 
(e A (C Zep )j VK (l + 7 5 )i/ K ) - 7<(e A (C iep )t^(l - 7 5 K)) , 



2^"^ 
2M^2 

The structure we obtain in the lepton sector is now identical to that of the 
quark sector. The result then follows from Lemma 1.220. 

The Majorana mass terms are of the form (1.816), where the coefficient 
\ instead of \ comes from the fact that (1 — 7 5 ) is twice the chiral projection 
on the i?-chirality. The mass matrix M R is a symmetric 3x3 matrix in the 
flavor space. □ 
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In order to compare the expressions for Cnf and C g f obtained from 
Lemma 1.220 and Lemma 1.221 with the fermionic part of the functional 
(1.772) of Definition 1.216, we still need to discuss the effect of passing from 
the Minkowskian to the Euclidean formulation. 

The Lagrangian Csm is written in Lorentzian signature. In order to 
understand the Euclidean version of the action considered above, we start 
by treating the simpler case of the free Dirac field. 

The action for a free Dirac field is given in Minkowski space by the action 
functional associated to the Lagrangian 

(1.817) —u^du—umu. 



In Euclidean space the action functional becomes instead of the form (cf. 
[61], "The use of instantons" , §5.2) 



where the symbols ip and ip now stand for classical fermions, i.e. independent 
anticommuting Grafimann variables. 

Notice that, in (1.818), the gamma matrices 7 M are self-adjoint and the 
presence of i = in the mass term is crucial to ensure that the Euclidean 
propagator is of the form 



Back to our case, consider the Dirac operator Da that incorporates the 
inner fluctuations. Recall that Da is given by the sum of two terms 



where V s is the spin connection (cf. (1.580)), while the A M are as in Propo- 
sition 1.207. 

We have the following result, which relates the bilinear form ( «/£', (D^ 1 ' ^ 
+ i <8) Z?( 0,1 ))£) for the operator Z?( 1 '°) + % <g) Z^ ' 1 ), which corresponds as in 
(1.818) and (1.817) above to what we obtained in Lemma 1.220, and the 
bilinear form (Jip 1 ', D A ip) for the Dirac operator Da of (1.772). 

Lemma 1.222. The unitary operator 



(1.818) 




j) + im 



p 2 + m 




U = e^ 75 ® 1 



commutes with A and 7. One has JU = U* J and 



(1.821) UD A U = D (1 ' 0) + ?®D (0 ' 1) . 
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PROOF. Since 75 anticommutes with the 7^, one has ZK 1 - ) e 1 * 75 = 
e -»i76 £)(i,o)_ Moreover 

C/ (75 ® £> (0 ' 1} ) 17 = (75 e^ 75 ) Z^ ' 1 ) = i ® 

□ 

The result of Lemma 1.222 can be restated as the equality of antisym- 
metric bilinear forms 

(1.822) (JU?, D A UO = (Jf, (D^ + i D^)^. 



17.4. The mass relation at unification. 

Notice that in (1.784) the matrices T u , T^, T u and T e are only relevant 
up to an overall scale. In fact, they only enter in the coupling of the Higgs 
with fermions and, because of the rescaling (1.781), only through the terms 

(1.823) k x :=-!L=r x , 

V a Jo 

for x G {v, e,u, d}. The k x are dimensionless matrices by construction. In 
fact, the coefficient 

(1.824) a = Tr(T*T„ + T*T e + 3(T;T U + T^T d )) 

of (1.717) has the physical dimension of a (mass) 2 . 

We then conclude the discussion of the Ch / and C g f terms by the fol- 
lowing result. 

Proposition 1.223. The terms £ H f and C g f of the Standard Model 
Lagrangian are obtained from the functional (1.772) after identifying the 
(K v )pp, (K e )^ p , (K u )p p and {K d )p p of (1.815) and (1.801), respectively, 
with the k v , k e , k u , k d of (1.823) and the mass matrix M R of (1.816) with 
the Tr. 

Proof. This follows directly by combining the results of Lemma 1.220, 
Lemma 1.221, and Lemma 1.222 above. □ 

There is an interesting direct consequence of the identification of the k x 
of (1.823) with the K x of (1.815) and (1.801), which provides a physical 
prediction of the model. 

Lemma 1.224. The mass matrices of (1.826) satisfy the constraint 

(1.825) «)* + «) 2 + 3 «) 2 + 3 {m° d f = 8 M 2 , 

a 

where the sum is over generations. 
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PROOF. It might seem at first sight that one can simply use the identi- 
fication 

(1.826) (k u U = ^m a u€ 

{KU = 

imposed by Proposition 1.223 as a way to define the matrices k x but this 
overlooks the fact that (1.823) and the form (1.824) of the coefficient a imply 
the constraint 

(1.827) Tr(k* v k v + k* e k e + 3(k* u k u + k* d k d )) = 2g 2 , 

where we use (1.783) to replace ^ by 2g 2 . Using (1.826), we then obtain 
the constraint (1.825), where summation is performed with respect to the 
flavor index a. Notice that g 2 appears in the same way on both sides and 
drops out of the equation. □ 

We discuss the physical interpretation of the imposition of this constraint 
at unification scale. 

The relation (1.825) means that, at unification scale where our model 
is considered, there is a simple relation between the masses of quarks and 
leptons and the mass of the W boson, which is expressed as a quadratic 
polynomial with integer coefficients. 

We need to check that, when running down to ordinary energies the val- 
ues of the masses through the renormalization group equation, the predic- 
tion made by (1.825) is compatible with the known physics of the Standard 
Model. 

In order to do that, we first need to discuss another aspect of our model, 
which is related to the presence of the Y# term in the Dirac operator of the 
finite geometry, which accounts for the Majorana mass terms of Csm- 

17.5. The see-saw mechanism. 

In models of neutrino physics where neutrinos are described by Majorana 
fermions, the smallness of neutrino masses is explained through what is 
called the "see-saw mechanism". In fact, as we explained briefly in §9.6.1 
above, the relative size of the terms in the matrix S K \ of (1.439) for Majorana 
fermions can be used to make one particle mass very small at the expense of 
having another one with very large mass (see e.g. §7.2.4 and §8.2.1 of [234]). 

In our model, as we saw in Lemma 1.221 and Proposition 1.223 above, 
the Majorana mass terms are accounted for by the presence of the Yr term 
in the Dirac operator of the finite noncommutative geometry F. We now 
show how this provides the desired see-saw mechanism. 
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Lemma 1.225. Let D = D(T) be as in (1.663). The restriction of D(T) 
to the subspace ofTi.F with basis the {vr,i>l->vr,vl) is given by a matrix of 
the form 



(1.828) 



( M* M* \ 

M v 

Mr M* 

\ My J 



where M u = 2 ^-K v with K v as in (1.815) and Mr is the matrix of the 
Majorana mass term (1.816). 

PROOF. This is simply rephrasing the explicit form of the Dirac operator 
D(T) of §13.4. In fact, we know by Proposition 1.223 that the matrix 
is identified with the symmetric matrix in D(Y), while the term 
M v = 2 ^-K v is nothing but the term T u , by (1.815) together with the fact 
that, by Proposition 1.223, K u is identified with the k v of (1.823), and we 
have the relation 2M = ^Jaj2 of (1.787), with a as in (1.824) from the 
change of variables (1.786) in the Higgs field. □ 

The largest eigenvalue of Mr is set to the order of the unification scale 
by the equations of motion of the spectral action as in the following result. 

Lemma 1.226. Assume that the matrix Mr is a multiple of a fixed matrix 
kR, i.e. is of the form Mr = xkR. In flat space, and assuming that the Higgs 
vacuum expectation value is negligible with respect to unification scale, the 
equations of motion of the spectral action fix x to be either x = (unstable) 
or satisfying 

(1 829) x 2 - 2 ^A 2 Tr(^) 

( 8 9) " /oTr((^ R ) 2 ) • 

PROOF. The value of x is fixed by the equations of motion of the spectral 
action 

(1.830) d u Tr(f(D A /A)) = 0, 
with u = x 2 . 

One can see from (1.717) that x only appears in the coefficients c, d, 
and e. In the variation (1.830), the terms in the spectral action (1.754) of 
Theorem 1.212 containing the coefficient c and e produce linear terms in 
x 2 , proportional to the scalar curvature R and the square \(p\ 2 of the Higgs 
vacuum expectation value, and an additional linear term coming from the 
cosmological term. The cosmological term also contains the coefficient d, 
which depends quadratically on x 2 . In flat space, and under the assumption 
that \ip\ 2 is sufficiently small, (1.830) then corresponds to minimizing the 
cosmological term. 

This gives 

(1.831) d x (-f 2 A 2 c+^d) =0, c = x 2 Tr(k R k R ), d = x A Ti{{k R k R ) 2 ). 
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Thus, we get M R = xk R with x satisfying (1.829). In other words we see 
that 

M8321 M* M _2/ 2 A 2 k R k R Tr(k R k R ) 

(1.832) M R M R - — Tr(( ^ )2) • 

□ 

Notice that the Dirac mass M v is of the order of the Fermi energy 
v = 2M/g of (1.788) and hence much smaller. This relative size of the 
terms in (1.828) is what allows for a see-saw mechanism to take place. 

To see this more in detail, we simplify the model to the case of N = 1 
generations. In this case, the eigenvalues of the matrix (1.828) are of the 
form 

(1.833) l - (±M R ± ^M 2 R + Av^j , 

where v is the Higgs vacuum (1.788) and M R is here just a scalar (since 
N = 1), which is of the order of A by the result of Lemma 1.226, see 
(1.832). 

The formula (1.833) means that we have two eigenvalues very close to 
±M# and two others very close to while, for N = 1 generation, the 

determinant of the matrix (1.828) is equal to |M^| 4 ~ v 4 . 

The see-saw mechanism in particular implies that, while the neutrino 
masses remain small, they can nonetheless have a large Yukawa coupling. 
Typical estimates for the large masses of the right-handed neutrinos i.e. the 
eigenvalues {m R ) a of M R are given (cf. [234]) by 

(1.834) (m R ) 1 > 10 7 GeV, (m R ) 2 > 10 12 GeV , (m R ) 3 > 10 w GeV . 

The case that is especially important for explicit calculations is the r 
neutrino, which will have the largest corresponding Yukawa coupling term, 
of the same order as that of the top quark. This introduces important 
corrections to the minimal Standard Model calculations where one would 
normally assume that the top quark Yukawa coupling is the dominating 
term. 



17.6. The mass relation and the top quark mass. 

We now check that the mass relation (1.825) at unification is compatible 
with the values at ordinary energies. 

One comment about notation: there are two conventions in the physics 
literature on the normalization factor for the Higgs field. 

(1) In Veltman [286] the kinetic term has a factor of | 

(2) In Mohapatra-Pal it has a factor of 1 (cf. [234] equation (1.43)) 
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One passes from one to the other by 

(1-835) (p mp = -^=ip vch 

We adopt the second convention (which is the same convention used in [45]). 
Thus, we define the Yukawa couplings in the following way. 

Definition 1.227. For v = ™ we define the matrices y x = (y£) with 
a the generation index and x G {u, d, u, e} by the relation 

(1.836) = m%, 

where the m a £ are defined as in (1.826). 

The mass of the top quark is governed by the top quark Yukawa coupling 
Vt = 2/«(0 with a = 3 by the equation 

1 2M 1 
(1-837) m top {t) = — — y t = —vy t , 

where v = ™ is the vacuum expectation value of the Higgs field. The 
running of the top quark Yukawa coupling y t = yZ(t)i with a = 3, is governed 
by equation (1.843). 

As in [4], we denote by Y2(S) the combination 

(1.838) y 2 (s) = (y») 2 + (y a e ? + 3 {yl? + 3 {y u d ) 2 

a 

In these terms the mass constraint (1.825) reads as 
(1-839) Y 2 (S)=4g 2 , 
i.e. as 

(1-840) v ^Y,(y:) 2 + (y a e ) 2 + Hy a u ) 2 + Hy a d ) 2 =29 2 v 2 , 

a 

with v = the vacuum expectation value of the Higgs, as above. 

Assume that the relation (1.840) holds at a unification scale A of 10 17 
GeV, neglecting the discrepancy of Figure 33 and assuming the exact relation 
(1.783) between the coupling constants. 

In the first approximation, as is usually done in the context of the min- 
imal Standard Model, one can choose to neglect all the Yukawa couplings 
other than that of the top quark, that is, y°, with a = 3. This yields an 
approximate form of (1.825) given by 

(i.84i) y « = 7l 5 ' for a = s - 
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log 10 (/i/GeV) 



Figure 34. The running of the top quark Yukawa coupling. 



We consider the Yukawa couplings (y a ) as depending on the energy scale 
through their renormalization group equation (cf . [4] , [43] , [244] ) . We set 



(1.842) 



t = log(^) and n = M z e l . 



We consider in particular the top quark case y^if) for a = 3. The running 
of the top quark Yukawa coupling yt = y„(i), with a = 3, is governed by the 
differential equation (cf. [268] equation (2.143) and equation (A9) of [4]) 

dy t 1 /9 



(1.843) 
with 



dt 16vr 2 \2 



~ } yf - {agl + bgl + cgfjyt) , 



(a,6,c) = (^,? 8). 



The value of g at a unification scale of 10 17 GeV is ~ 0.517. Thus, 
(1.841) gives the simplified relation 

2 

(1.844) y t = -= g ~ 0.597 , for t~34.6. 

v3 

Thus, in first approximation, numerical integration of the differential equa- 
tion (1.843) with the boundary condition (1.844) gives the value at ordi- 
nary energies yo ~ 1.102, which means a top quark mass of the order of 
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^yov ~ 173.683 yQ GeV. This is not in good agreement with the physi- 
cal value. However, our assumption that the top quark Yukawa coupling 
is the only dominant term in (1.840) would only be justified in the mini- 
mal Standard Model. In our model with neutrino mixing and the Majorana 
mass term, the see-saw mechanism discussed in §17.5 above implies that 
the Yukawa coupling term for the r neutrino is also of the same order of 
magnitude as that of the top quark, hence it introduces a visible correction 
to (1.844) 

In fact, although the known upper bound on the mass of the r neutrino 
is only of the order of (cf. [234]) 

m„ T < 18.2 MeV, 

which corresponds to the small eigenvalue of (1.833), the see-saw mechanism 
allows for a large Yukawa coupling term y°, with a = 3 by the relation 
(1.833) and (1.834), which turns out to be comparable to that of the top 
quark. We can then make the simplifying assumption that, at unification, 
the Yukawa coupling y%, with a = 3 for the r neutrino to be the same as 
the with a = 3 of the top quark. 

When we take into account the contribution of the Yukawa coupling of 
the r neutrino in this way, this introduces in (1.844) a correction factor of 
\/3/4. In fact, for x t = y„(t) and y t = y„(t), with a = 3, we now have 

(1.845) Y 2 (S) ~ x\ + 3y t 2 ~ ^ • Zy 2 t = 4 y 2 t => y t ~ g 

This replaces the initial value (1.844) of yt by yt ~ 0.516 and has (Figure 34) 
the effect of lowering the value of yo to yo ~ 1.04, which yields an acceptable 
value for the top quark mass. 



17.7. The self- interact ion of the gauge bosons. 

We now consider the self-interaction terms C g for the gauge fields, as in 
(1.445) and we show that they can be written as a sum 

(1.846) C g = C~ + C Y g M + C feyn 

of terms of the following form. 

(1) £™ ass consists of the mass terms for the and the Z°. 

(2) C? g M consists of the Yang-Mills interaction -\F* V F% V for the 
gauge fields B^W^g". 

(3) JCf e y n are the Feynman gauge fixing terms for all the gauge fields. 



Lemma 1.228. One has 
(1.847) C g = -M 2 W+W--^M'Z°X-\F a ,uFr-lY,(J2 d ^ 2 - 



Proof. It is enough to show that the expression 
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-d v W+d v W~-\d v {c w Z°+s w AJdvicu, Z*+s w A^-igc^Z^W+W-- 

w+w-) - z° u (w+d„w- - w~d v w+) + z°(w+d„w- - w~d u w+)) - 

igs w (d u A^W+W- - W+W-) - A u (W+d u W~ - W~d u W+) + 
A^W+dyW- - W-d v W+)) - y 2 W+W~W+W- + \g 2 W+W-W+W- + 
g 2 cl{ZlW+ZlW- - Z°Z°W+W-)+g 2 sl(A^W+A u W- - 
A^W+W-) + g 2 s wCw (A^(W+W- - W+W~) - 2A^W+W~) 

coincides with the Yang-Mills action of the SU(2) gauge field. 

In fact, the kinetic terms will then combine with those of the B-field, 
namely 

~ ^dj/(—s w Z^ + c w A fl )d u (—s w Z^ + c w Ajx). 

One can rewrite the expression above in terms of W^z = s w A^ + c w Z^. 
This gives 

-dvW+dvW- - \d v W^d u W^ - ig{d u W^{W+W- - W+W~) - 

w uZ {w+d v w- - w~d v w+) + w^{w+d v w~ - w-d v w+)) - 
\g 2 w+w^w+w- + \g 2 w+w-w+w- + 9 2 {w^w+w^w- - 

W^W^W+W-). 

Using W+ = W ^~JW^ and W - = w^i+m^ ; Qne checkg that it coincides 
with the Yang-Mills action functional — \ F^ v Fa V of the SU(2) gauge field 



More precisely, let 



One then has 



[V„, V„] = -i|(fyW* - d u WH)a a + (-i y -f(W£W»o b a c - W»W»a c a b ). 

Using a b a c - a c a b = 2i e abc a a , this gives 

(1.848) F* v = d^W" - d v W£ + g e abc W»W V C . 

One then checks directly that the above expression coincides with 

(1-849) -\ F^FT ~ \ E(E^) 2 - 

a fi 

Notice that the addition of the Feynman gauge fixing term — ^(X^A^f) 2 
to the kinetic term — | \dG\ 2 of the Yang- Mills action for each of the gauge 
fields gives kinetic terms of the form —^d^G^d^G^ and very simple 
propagators. □ 



Corollary 1.229. The terms Cg of C g are obtained from the asymp- 
totic expansion of the spectral action functional (1.772), under the condition 
(1.783) on the coupling constants. 
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Proof. The part C Y g M of (1.847) is of the form -\F^,Ff ', for the 
various gauge fields B^, W®, and g^. This is shown in Lemma 1.228 for the 
more complicated case of the SU(2) gauge field. The factor 1/4 in front of 
this Yang-Mills terms shows that it can be identified with the corresponding 
Yang-Mills terms in the asymptotic expansion (1.754) of the spectral action 
of Theorem 1.212 under the condition (1.783) on the parameters, which 
gives the form (1.784) of the asymptotic expansion of the spectral action 
and imposes the relation among the coupling constants at unification, as we 
discussed in §17.1 above. □ 

Notice that, while the Yang-Mills terms are obtained from the spectral 
action, as we have seen in Theorem 1.212, the gauge fixing term is not 
obtained from the spectral action. It is added separately, together with the 
ghost fields. The mass terms C™ ass are discussed in the next section in 
combination with the minimal coupling terms of the Higgs. 

17.8. The minimal coupling of the Higgs field. 

We now consider the terms Ln g of the Lagrangian, as in (1.446), which 
contain the minimal coupling terms of the Higgs fields with the gauge fields. 
We add to Cjjg the mass terms 

(1.850) C™ ss = -M 2 W+W~ - ^M 2 Z Q X 

of C g as in (1.847). This is, by construction, a sum of terms labeled by 
jj,. Each of them contains three kinds of terms, according to the number of 
derivatives. 

The following result compares this expression with the minimal coupling 
terms which we get from the spectral action. 

Lemma 1.230. With the notation (1.798) of Lemma 1.220, the minimal 
coupling terms (1.446) are given by 

(1-851) C Hg + C™ ss = - l -\D^\\ 

with D^ip given by (1.747), with gi = g, gi = g' ■ 
PROOF. We have from (1.747) 

(1.852) D^= d ll <p+ % -gWZ<po a - % -c/Bp<p, </ = tan{6 w ) g 

where, by Lemma 1.220, we have 

<p = (<p 1 , ( p 2 ) = (^ + H-i<l> ,-iV2<f>+), 
— c w s w Z ' , 
= s w A fl + c w Z°. 
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The matrix a a in (1.852) is of the form 

W a n a_ (s w A lx +c w Zl W*-iW* \ 

s w A li +c w Z° V2W+ 
y/2W~ -s w A il -c w Zl 

The kinetic terms in Cn g are simply 

-\d^Hd^H - d^+d^- - l -d^d^ 

and one checks directly that these are indeed obtained from the expression 
on the right-hand side of (1.851), using (1.852). 

Let us consider then the terms with no derivatives. The combination 
Wf?(pa a is given by 

((W>Oi,(W?¥>02), 

with 

(W° tpa*)! = { 2 -f + H - i<f>°)(s w A^ + c w ZD - 2i <j>+ W~, 

(W«<pa a ) 2 = ( 2 -f + H- ic/>°)V2W+ + i V2 4>+{s w A„ + c w Z°)). 
The term <p is given by 

B?<P= {^~ +H -i(f>°){c w A fl -s w zD,-iV2<j) + (c w A fl -s w Z ^ ■ 

Notice that, for physical reasons, the terms in MA^ have to disappear, 
since the presence of such a term would imply a massive photon. The terms 
do indeed cancel, because of the relation g' = tan(#„,) g. In fact, in the 
expression 

+ l -g W ^a a - l -g'B^ 

in (1.852), the terms in MA^ appear in the combination 

g> 

i{s w - —c w )MA^ = 0, 

where we use the fact that g' / g = s w /c w . 
Thus, we obtain 

(1.853) W^ipa a -tan(e w )B^ip = (X U X 2 ), 

where we have 

Xi = { 2 -f + H-i4P)^Z°-2i^W- 

X 2 = { 2 -f + H- icP°)V2W+ + i V2 + (2 s w A^ + (c w - g) Z$. 

One has to multiply by %\f— T and then take — \ of the norm squared. 
A direct computation gives 
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-M 2 W+W~ - ^M 2 Z*Z° - gMW+W-H - h^Z°Z°H - 
ig^MZ^W+r - W~4> + ) + igSvMA^W^- - W~<t> + ) - 

\a 2 w+w^ (h 2 + (/) 2 + 2</>+<r ) - 

y*±z°z° + + 2(24 - i) 2 <A + <r ) - h 2S izy(w+r + 

W-<j> + ) - ±ig 2S ^Z°H(W+cj>- - W-cf> + ) + y 2 s w A^ (W+<p- + W~<P+) + 

As can be seen from (1.446), the terms with no derivatives in £H g -\-£™ ass 
are exactly the same as those listed here above, except for the replacement 
of the term (2c^ — 1) by (1 — 2s^) in the second to last term, which has no 
effect since s 2 ^ + c 2 = 1 . 

We now need to take care of the terms with one derivative. With the 
notation as in (1.853), we compute the cross terms of 

~\ |(^l,^ 2 ) + |(X 1 ,X 2 )| 2 , 

i.e. the terms 

The computation gives 

-\ig (w+icfPd^- - - w^(4>°d^ + - <p + d^)) + 

\g {W+{Hd^- - t-dpH) + W-(Hd^ + - (P+d^H)) + y^Z^Hd^ - 

fd^H) - i g 1 -^z^( ( f>+d^- - cp~d^+) + i 9 s w A^+d^- - cp-d^) + 
M ^h z l d ^ + W ZM~ + w~a^+), 

which agrees with the sum of terms with one derivative in Ch 9 as in (1.446). 

□ 



17.9. The Higgs field self-interaction. 

We now turn to the Higgs self-coupling terms Ch of the Standard Model, 
which are of the form (1.444). Under the natural assumption (1.854) below 
(a standard relation giving the Higgs mass, cf. [286]), we obtain the following 
description of the terms Ch- 

Lemma 1.231. Let ip be given by (1.810) and assume that 

(1-854) a h = 

Then one has 



(1.855) C H = - l -g 2 a h M 4 + (a h M 2 - ^) \ V \ 2 . 

with rrih, ah and flh as in (1.444). 
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Proof. The expression (1.444) can be simplified in terms of the field 
tp = (ipi,^) of (1.808) and (1.809). The quartic term is simply given by 

-\ 9 W (h 4 + (0 ) 4 + 4(4>U- ) 2 + 4(0°) W + 4# W + 2(/) 2 i^ 2 ) 

= ~g 2 uh\tp\ 4 , 

since |^| 2 = |Va| 2 + \H 2 = H 2 + (0°) 2 + 2 <p+<p-. 
The cubic term is 

-ga h M (H 3 + H<f> <f> + 2H<f> + <f>-) = -ga h M H |yf , 

which arises in the expansion of 

(1-856) Ag^a h \ V \\ 

with ip given by (1.810), so that 

l2 . .., 4M TT 4M 2 
9 9 l 

and 

,4 , ,,4 8M „ni2 16M2 rr2 «M 2 . , |2 16M 4 32M 3 rr 

M 4 = H 4 + — # IVf + -j- a 2 + H 2 + + h . 

Thus, the natural invariant expression with no tadpole (i.e. with the expan- 
sion in H at an extremum) is 

(1.857) ~g 2 a h \<p\ 4 + a h M 2 \ip\ 2 . 
It expands as 

1 2M 4 

(1.858) --g 2 a h \^j\ A - ga h M H \^\ 2 - 2a h M 2 H 2 + — a h , 

which takes care of the constant term + 2 -^-af l in (1.444). Thus, we get 

(1.859) C H = {-\g 2 a h M 4 + a h M 2 M 2 ) + (2a h M 2 - \m\)H 2 - ^ M 2 , 

since the quadratic "tadpole" term in (1.444) is 

(2M 2 , 2M n l, rr2 , a0 a0 , OJL+JL A /3ft 



( 1 .800) - i fc f ™L + ™H+Uh 2 + 0V° + 2^")) - f l.f ■ 
V # 9 2 J 



The assumption (1.854) of the lemma implies that the coefficient of the term 
in H 2 in (1.859) vanishes. □ 

This completes the checking of all the terms of Csm and their relation 
to the spectral action functional. Thus, this completes the proof of Theorem 
1.217. □ 
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17.10. The Higgs scattering parameter and the Higgs mass. 

When written in terms of H, and using (1.783), the quartic term 

gives a further relation in our theory between the A|H| 4 coupling in (1.784) 
and the gauge couplings to be imposed at the scale A. This is of the form 

(1.861) A(A) = g\ A 
where we have 

(1.862) A(/x) = 4A(/i), with n = M z e l 

as in (1.842). The reason for passing from A to A is the change of normal- 
ization (1.835). 

As above, let with o = 1, 2, 3 the generation index and x £ {u, d, v, e}, 
be defined as in (1.836), and let fi = M z e f , with t = log(^) as in (1.842). 
The running of the top quark Yukawa coupling (x = u, a = 3) is given as 
in (1.843) above. 

If we assume, in first approximation, that the top quark Yukawa coupling 
is much larger than all the other Yukawa couplings, the relation (1.861) 
simplifies. One gets a ~ 3m^ op and b ~ 3mf op , where m t0 p = with 
a = 3 in the notation of (1.826), so that 

(1.863) A(A) ~ ^vra 3 (A) . 

In terms of the Higgs scattering parameter at of the Standard Model, (1.863) 
reads 

(1.864) a h (A) ~ | 

which agrees with [187] equation (1). Therefore, the value of A = 4 A at the 
unification scale of A = 10 17 GeV is Ao ~ 0.356, showing that one does not 
go outside the perturbation domain. 

Equation (1.863) can be used, together with the RG equations for A and 
Uu(t), with a = 3, to determine the Higgs mass at the low-energy scale Mz- 

For simplicity of notation, in the following we write 

(1.865) Vt = vZ(t), with a = 3 

for the Yukawa coupling of the top quark as a function of t related to the 
energy scale by fx = Mze 1 . 

We have (cf. [268] equations (2.141), (2.142), (4.2) and the formula 
(A15) of [4]) the equation 

(1.866) f = A 7+ ^(12A* + B ) 
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Figure 35. The running of the quartic Higgs coupling. 

where 

(1-867) 7 = ^(122/1-951-3^) 

B = ^{Zg^ + tglgl + gD-Zyt. 
The Higgs mass is then given by 

1.868 m 2=8A^-, m H = V2X 

g 2 g 

The numerical solution to these equations with the boundary value Ao = 
0.356 at A = 10 17 GeV gives \{Mz) ~ 0.241 and a Higgs mass of the order 
of 170 GeV. 

Once again, we need to correct for the fact that, in our model with 
neutrino mixing and Majorana mass terms for the neutrinos, the see-saw 
mechanism of §17.5 introduces a large Yukawa coupling for the r neutrino, 
which is of the same order as that of the top quark. Thus, as we did in §17.6, 
we need to correct this first approximation by a factor that accounts for the 
r neutrino Yukawa coupling. Thus, the factor of 4/3 in (1.863) should be 
corrected to 1 as in (1.845) below. One can check by direct calculation that 
this does not affect substantially the estimate we obtain for the Higgs mass 
which is then around 168 GeV. 

Thus, we see that this model predicts a heavy Higgs at around 168 GeV. 
For a similar analysis of the Higgs mass in other variants of the noncommu- 
tative geometry approach to the Standard Model, see [41] and [187]. 



306 



1. QUANTUM FIELDS, NC SPACES, MOTIVES 




Figure 36. The running of the Weyl curvature term in (1.463). 
17.11. The gravitational terms. 

We have seen in Theorem 1.217 above how to recover the Standard 
Model Lagrangian Csm from the spectral action. We have, for simplicity, 
considered the case of flat space, since by covariance this suffices to show 
we can recover Csm m general. We now discuss separately the gravitational 
terms that are obtained from the spectral action and we compare them with 
the formulation of higher derivatives gravity as an effective field theory that 
we recalled briefly in §9.8 above. 

As we have seen in Theorem 1.212 above, the gravitational terms in the 
spectral action are of the form 

(1.869) J ^-L R + ao C^ pa + 70 + r R*R* - Co R \U\ 2 ^d A x. 

Notice that, with respect to the general form of the higher derivatives gravity 
with quadratic terms in the curvature of (1.463), in (1.869) we do not have 
the term in R 2 , but only the term quadratic in the Weyl curvature and the 
topological term E = R*R* with 

(1.870) ^ J R*R*^d 4 x = X (M). 

The conceptual explanation of the absence of the R 2 terms in (1.869) can 
be found in [47] where the conformal invariance of the spectral action is 
analyzed. 

The running of the coefficients of the Euclidean higher derivative terms 
in (1.463), determined by the renormalization group equation, is scheme 
independent and is given by (see e.g. [11], equations (4.49) and (4.71). See 
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log^/GeV) 



Figure 37. The running of the ratio of the coefficients of 
the R 2 term and the Weyl term in (1.463). 




log^/GeV) 



Figure 38. The running of the ratio of the coefficients of 
the topological term and the Weyl term in (1.463). 
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also [122], [58]) 
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The graphs are shown in Figures 36, 37, 38. Notice that the infrared behavior 
of these terms approaches the fixed point rj = 0, uj = —0.0228, 9 = 0.327. 
The coefficient rj goes to zero in the infrared limit, sufficiently slowly, so 
that, up to scales of the order of the size of the universe, its inverse remains 
0(1). On the other hand, rj(t), io(t) and 9(t) have a common singularity 
at an energy scale of the order of 10 23 GeV, which is above the Planck 
scale. Moreover, within the energy scales that are of interest to our model 
rj(t) is neither too small nor too large (it does not vary by more than a 
single order of magnitude between the Planck scale and infrared energies). 
The only known experimental constraints on the values of the coefficients of 
the quadratic curvature terms R^R^ and R 2 at low energy are very weak 
and predict that their value should not exceed 10 74 (cf. e.g. [122]). In our 
case, this is guaranteed by the running described above. Note that we have 
neglected the coupling RH 2 with the Higgs field which ought to be taken 
into account in a finer analysis. 

For a discussion of the Einstein term and its running and of the cos- 
mological term, we refer the reader to [52], as well as for a preliminary 
discussion of the naturalness problem and its relation to the tadpole term. 
The naturalness problem will be discussed at the end of Chapter 4, when we 
draw some comparisons between the physics described in this chapter and 
the number theoretic content of Chapters 2, 3 and 4. 

17.12. The parameters of the Standard Model. 

We summarize here the geometric interpretation of the various free pa- 
rameters that appear in the Standard Model and in the gravitational terms 
of the action. 

The Yukawa coupling parameters consist of 31 real parameters that as- 
sign the masses of quarks and leptons, the angles and phases of the Cabibbo- 
Kobayashi-Maskawa mixing matrix for quarks and the Pontecorvo-Maki- 
Nakagawa-Sakata mixing matrix for leptons, as well as the Majorana mass 
parameters for neutrinos. All these parameters describe the choice of a point 
in the moduli space Ci x C q of Dirac operators for the finite noncommutative 
geometry F, as described in §13.5 above. Notice that there are interesting 
loci on this moduli space and interesting compactifications and the question 
arises of understanding how these may be related to the dynamics introduced 
by the renormalization group equations. 

The coupling constants are related at unification to the parameter fo 
of the asymptotic expansion of the spectral action by (1.783), while the 
parameters that appear in the gravitational terms are also described in terms 
of the coefficients /o, /2, and f\ in the expansion of the spectral action, as 
shown in [52]. 

The model of [52] prescribes some relations between these parameters. 
One is the mass relation at unification described in §17.4 and in §17.6. 
The Weinberg angle is also obtained, as in the grand unified theories where 
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one has the same phenomenon of the merging of the coupling constants at 
unification. The Higgs mass is also derived from a relation at unification 
between the quartic coupling A|H| 4 and the gauge couplings, as described 
in §17.10. The remaining parameter of the Standard Model described in §9 
above, namely the QCD vacuum angle, does not matter in our model, since 
we are considering a compact 4-manifold M, see [38]. 

18. Functional integral 



While renormalization works remarkably well for the quantization of the 
classical fields involved in the Standard Model, this latter perturbative tech- 
nique fails dramatically when one tries to deal with the gravitational field 
g^ v . The technical reason for the notorious difficulty of quantizing the 
in the traditional perturbative way is the clash with either renormalizability 
or unitarity. The higher derivative terms such as the ones provided by the 
spectral action correct the non-renormalizability (cf. [275]) but unitarity 
fails. 

In many ways this result is not surprising. Indeed many of the basic 
notions of the traditional formalism of Quantum Field Theory, such as parti- 
cles, scattering matrices, etc. rely heavily on the flat geometry of Minkowski 
space and the related Poincare symmetry group. Treating the quantization 
of the g^y in the same way would - if successful- produce a quantum field 
theory of the on Minkowski space: a strange result indeed when viewed 
from the geometric standpoint! 

Thus, rather than treating the gravitational field g^ v as just another 
field in a given background, one needs a framework which makes it possi- 
ble to treat all possible background geometries on the same footing and to 
formulate the Feynman integral including the gravitational degrees of free- 
dom. The formulation of the Feynman integral for gravity is highly depen- 
dent upon the chosen geometric set-up. Loosely speaking, in the Euclidean 
framework one should perform the functional integral on the space of all ge- 
ometries and the "no boundary proposal" ([164]) suggests that one should 
take all the 4-dimensional geometries with a fixed 3-dimensional boundary as 
the natural variable in the functional integral computing the wave function 
evaluated on the given 3-geometry. 

The standard Riemannian geometric paradigm contains as basic ingre- 
dients a manifold M and the Riemannian metric given in local coordinates 
by the g^ v . If one is computing the expectation value of spectral observ- 
ables, then instead of performing the integral over all pairs (M, g^ v ) one can 
use the integration variable D. In fact, this suffices both to compute the 
observables and to define the spectral action. This does not imply that the 
map (M, g^v) |— ► D is faithful or that it recovers the 4-manifold topology. 
The use of D as a "random Hermitian matrix" provides a simpler and more 
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natural choice of an integration variable (neglecting constraints), than the 
(M,g^). 

It is crucial to also include the matter fields in order to take into account 
not only gravity but the full coupled action 

S = Seh + S,sm 

of gravity and matter. As we have seen in the previous sections, the key 
reason for dealing with noncommutative spaces is that a very simple modi- 
fication of the geometry of space-time, obtained by taking the product with 
a finite noncommutative geometry F, provides the following results. 

• The group of symmetries of gravity and matter, as in §§13.3 and 
15.1. 

• The gauge bosons, including the Higgs, as the inner fluctuations of 
the metric, as in §§15.2 and 15.4. 

• The action S = Seh + Ssm as the spectral action 

T,{f{D/K))+ l -{J^D0 

as proved in Theorem 1.217. 

• The free parameters of the Standard Model and of the gravitational 
terms all acquire geometric significance as shown in §17.12 above. 

The parameters of the Standard Model that we obtain geometrically as 
summarized in §17.12 above are physical in both their signs and size but 
cannot have much significance until the renormalization group is brought 
into play. In order to achieve this one needs to test the spectral action 
under the renormalization group and the simplest way to proceed is to set 
up a functional integral using the spectral action in the exponent. Since the 
latter is spectral it admits a huge group of invariance, namely the group U 
of unitary operators on Hilbert space commuting with 7 and J. We found in 
the geometric interpretation of the Standard Model that the ETO-dimcnsion 
of the product geometry MxF is equal to 2 modulo 8. Thus J 2 = —1 and the 
pair i = y/— 1, J generate an action of the division algebra EI of quaternions 
on the Hilbert space 7i; the group U is thus the symplectic group. The first 
difficulty in the formulation of a functional integral is to specify precisely 
the integration variable, which roughly speaking should be the self-adjoint 
operator D corresponding to the most general noncommutative geometry 
of the correct dimension, since there is no reason to restrict a priori the 
amount of noncommutativity in the space-time coordinates. Since the inner 
fluctuations (§10.8) act on D in a linear way it is natural to take V[D\ as 
the formal integration measure but one needs to write down the constraints 
fulfilled by D. It would be tempting, if one were just inspired by classical 
gravitation, to abstract the properties of a Dirac operator on an arbitrary 
4-manifold. But we also learnt in the above discussion something quite new, 
which came from the matter sector, namely that we should deal with more 
subtle spaces, i.e. those having 
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• Metric dimension equal to 4. 

• i^O-dimension equal to 10 ~ 2 (modulo 8). 

This suggests that there might be a "raison d'etre" for crossing by the space 
F just to get the right ifO-dimension. After dealing with the main con- 
straint i.e. the presence of a real orientation in §18.1 and the reconstruction 
Theorem in §18.2 we briefly review in §18.3 the recent results of ([49], [50]), 
and in particular the classification of irreducible finite noncommutative ge- 
ometries of i^O-dimension 6 which quickly yields to the above finite geom- 
etry F. Finally we shall summarize the remaining difficulties for setting up 
a functional integral over all geometries, in §18.4. 



18.1. Real orientation and volume form. 

Let (A, H, D, J, 7) be a real spectral triple and B the subalgebra (over 
C) of C(H) generated by A and JAJ' 1 . We let Aj = {a £ A | aJ = Ja} as 
in §10.3 above. It is a subalgebra (over R) of the center of A and commutes 
with B. 

Proposition 1.232. For any integer n the following equality defines a 
map tt from the Hochschild homology group H n (Aj,B) to CiTL), 

tt ( a (k) <8> ai(k) <8> • • • <8> a n (k) ) 
(1.871) V ' 

= ^ao(k)[D, ai(fc)] ■■■[£>, a n (k)} 

Proof. By construction tt is a linear map and is well defined on reduced 
chains since [D, 1] = 0. Let us show that its kernel contains the boundaries. 
These are given as sums of expressions of the form, 

n 

^ (-iya (k) <g) ■ ■ ■ <g) aj(k)cij + i(k) • • • ® a n+ i(k) 
3=0 

- (-l) n a n+ i(k)a (k) ■ ■ ■ ■ ■ ■ a n (k), 

where ao(k) G B and the aj(k) G Aj for j > 0. Their image under 7r is of 
the form 

(-1)™ [ao(k)[D, ai(fc)] ...[£), a n (fe)], a n+ i(A;)] . 

Now by proposition 1.125 3) this is equal to and we thus see that tx factors 
through Hochschild boundaries. □ 

Definition 1.233. Let (A,H,D,J,j) be a real spectral triple. A real 
orientation of dimension n is a Hochschild n-cycle c £ H n (Aj,B) such that 

even case : tt(c) = 7, odd case : ir(c) = 1 . 

Notice that the existence of a real orientation of dimension n implies that 
the Hochschild dimension of Aj is > n since the class of c is non-zero by 
Proposition 1.232. Also notice that, unless D is bounded, one cannot have, 
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in the even case, a real orientation of dimension 0. Indeed, if 7 = 7r(c), the 
equality 

D = - l - 1 [D, 1 ] = - l -c[D,c] 

implies the boundedness of D, since we have c G B. 

In the case of an ordinary compact oriented spin 4-manifold M, one 
obtains the cycle c as follows. One lets be an open cover of M by 
domains of local coordinates Xj{k) (extended smoothly outside U^)- Let 
x(k) be a smooth partition of unity subordinated to the covering. Then, up 
to a normalization, one has 

C= ^ £ (°') V9 X ( k ) ® X a(l)(k) (8) • • • (8) X CT ( 4 )(fc), 

where the sum runs over all permutations <r of {1, ... ,4} and e(a) is the 
signature of the permutation. 

Let (A, TL, D, J, 7) be a real spectral triple of metric dimension 4, with a 
real orientation c 6 Hi{Aj,B). We now explain the relation between c and 
the volume form i.e. the linear form which appears as the coefficient of A 4 
in the spectral action: 



(1.872) a G A 1 — ► -J- a 



We let 4> be the cyclic 4-cocycle <j> £ Z 4 (B,B) given by (cf. [68] TV.l.a) 

(1.873) (f>(a ,...,a 4 ) = Tr' (j a [F, ai ] ■ ■ ■ [F, a 4 }) , Va^B, 

with Tr'(T) = \Tt(F(FT + TF)) and where the operator F is the sign of 
the operator D. 

One then has the following homological interpretation of the linear form 
(1.872): 

Theorem 1.234. Let {A, H, D, J, 7) be a real spectral triple of metric 
dimension 4, with a real orientation c G H 4 (Aj,B), then 

(1.874) £aD- 4 = (ac,0) , Va£A. 

where the right-hand side is the pairing between cycles and cocycles in the 
Hochschild cohomology. 

PROOF. By [68] IV. 2. 7, Theorem 8, applied to the spectral triple 

(B,H,D) 

(with grading 7) one has for any Hochschild 4-cycle v 6 Z 4 (B, B), the equal- 
ity 

(1.875) j-^{v)D- A = {v,(t>), 

where the map ir is defined using the same formula as in (1.871). The com- 
mutation of A j with A shows that the chain ac obtained by multiplication of 
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the zeroth components of c by a is still a 4-cycle ac £ Z^Aj, B) C Z^B, B). 
Moreover the image of ac under the map ir is 7r(ac) = air{c) = 07 = 7a. Thus 
using (1.875), together with 7 2 = 1 one obtains the equality (1.874). □ 

Remark 1.235. Both Proposition 1.232, Definition 1.233 and Theorem 
1.234 extend to the following more general situation. Let (A, Ti, D, 7) be an 
even spectral triple and J be an antilinear isometry fulfilling the properties 
of a real structure of Definition 1.124, but with the order one condition 
(1.473) weakened to the following 

(1.876) [[D,a},b°} = Va,6eij, 

where Aj = {a G A \ aJ = Ja} as in §10.3 above. 

As discussed in [276] the orientability axiom does not hold for F in the 
usual formulation given in [70]. But by Corollary 1.176, it does however 
hold, in the stronger sense of Definition 1.233 and Remark 1.235, provided 
one uses the algebra Alr instead of Af, and similarly C°°(M, Alr) instead 
of C°°(M, A F ). 

18.2. The reconstruction of spin manifolds. 

Besides having the correct metric dimension and fulfilling the regular- 
ity condition (1.490), and the orientability, the additional properties of the 
Dirac spectral triple (for A = C°°(M)) which are used in the characteriza- 
tion given in [70] are the following. 

(1) The space 7i°° = rifcDom(D fc ) is a finite projective ^.-module, en- 
dowed with an A- valued inner product defined by 

(atv) = -fa(tv)A\D\~ n , VaeA^^eH 

(2) The intersection form 

K*{A) x K*(A) 
obtained from the Fredholm index of D with coefficients in 

K*(A®A°) 

is invertible. 

The various solutions to the equations given by the conditions listed 
above are parameterized by the Riemannian metrics and the spin struc- 
tures on M. Each spin structure a yields an affine space A a of solutions. 
The corresponding Dirac operator associated to the Levi-Civita connection 
of the metric g^ u is the unique minimum in the affine space A a of the action 
functional which is given in dimension 4 by the residue 



(1.877) 




i.e. the A 2 coefficient of the spectral action of §11.1. This means that using 
the spectral action eliminates the extra degrees of freedom. This is similar to 
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what happens in the form of Einstein gravity given by the Palatini action, 
where the basic dynamical variables are the tetrads (the vierbein) of 
(1.581) (see for instance [7] §3.2). It is nevertheless surely important to 
compute the full spectral action (including the terms independent of A) in 
the presence of the additional degrees of freedom. 

The above characterization of the Dirac spectral triple (cf. [132] for 
the proof) on a spin manifold assumes that the algebra A is of the form 
A = C°°(M). We expressed the hope in [70] that, in the commutative case, 
the stated conditions for a real spectral triple single out not only the Dirac 
operators but also the smooth manifolds among general compact spaces. 
This latter hope is still unproved as formulated and in some sense it is not 
unexpected that the class of spaces thus obtained could contain a larger 
class of "pseudo-manifolds". These should nevertheless contribute to the 
functional integral. A precise reconstruction theorem for Riemannian spin 
manifolds under slightly different conditions was recently proved by Rennie 
and Varilly [253]. 

18.3. Irreducible finite geometries of KO- dimension 6. 

We briefly explain a more conceptual path ([49], [50]) to the algebra 
Af and its representation based on the classification of irreducible finite 
geometries of .fTO-dimension 6 modulo 8. 

We start with a finite dimensional Hilbert space TL endowed with an 
antiunitary operator J such that J 2 = 1. For any operator x in TL we let, 
as in (1.472), 



We look for involutive algebras A of operators in TL such that (cf. (1.471)), 



and that the following two conditions hold: 

(1) The action of A has a separating vector, i.e. 3£ G TL such that 
A'£ = TL, where A' is the commutant of A. 

(2) The representation of A and J in TL is irreducible. 

The role of the first condition is to abstract a natural property of the action 
of an algebra of (smooth) functions on the sections of a vector bundle. 

The meaning of the second condition is that one cannot find a non-trivial 
projection e 6 C{TL) which commutes with A and J. 

We let Ac be the complex linear space generated by A in the algebra 
C{TL) of all operators in TL. We then have ([49]), 

Theorem 1.236. Let TL be a Hilbert space of dimension n. Then an 
irreducible solution [A, TC, J) exists iff one of the following two cases hold: 

• n = k 2 is a square. Then the solution is given by Ac = M^(C) 
acting by left multiplication on itself and antilinear involution 



(1.878) 



x ° = J X *J- X 



(1.879) 



[x, y°}=0, Vx,yeA. 



(1.880) 



J(x) = x* 



Vx € M fc (C) . 
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• n = 2k 2 is twice a square. Then the solution is given by Ac = 
Mfc(C)©Mfc(C) acting by left multiplication on itself and antilinear 
involution 

(1.881) J(x,y) = (y*,x*), Vx,yGM fc (C). 

Moreover, by [49] Lemma 3.1, the commutation relation J7 = — 7J 
coming from the hypothesis of ifO-dimension 6 (cf. (1.470)) excludes the 
first case. Thus we concentrate on the second case. One can describe the 
solution in a more intrinsic manner as follows. We let V and W be k- 
dimensional complex Hilbert spaces. Then 

(1.882) Ac = Endc(W) © End c (V) . 
We let TL be the bimodule over Ac given by 
(1-883) H = £ (£>£*, J(LV) = (V*,C) 
where, 

(1.884) £ = Hom c (V, W) , £* = Rom c (W, V) 
and the algebra acts on the left by composition: 

(1.885) (w, v)(g, h) = (wog,voh), V(to, v) £ A c , (g, h) G £ © £* . 

The various real forms i.e. the involutive algebras A with the above Ac can 
then be described using additional antilinear isometries of V and W. The 
real forms of the algebra M^(C) in the above context are: 

• A = Mfc(C) (unitary case) 

• A = Mfc (R) (orthogonal case) 

• A = M (H), for even k = 2a, (symplectic case) 

For Ac = Mfc(C) © Mfc(C) as in our case the list is more complicated but 
we make the hypothesis that both the grading and the real form come by 
assuming that the vector space W of (1.882) is a right vector space over 
H and is non-trivially Z/2-graded. Since W is a non-trivially Z/2-graded 
vector space over M its dimension must be at least 2 (and hence 4 when 
viewed as a complex vector space). We choose the simplest case i.e. W is a 
two-dimensional space over H, and there is no ambiguity since all non-trivial 
Z/2-gradings are equivalent. Our algebra is 

(1.886) A = End M (W) © End c (V) ~ M 2 (H) © M 4 (C) . 

It follows from the grading of W that the algebra (1.886) is also Z/2-graded, 
with non-trivial grading only on the M2(EI)-component. We still denote 
by 7 the gradings of £ = Homc(V, W) and £* = Hom^W 7 , V) given by 
composition with the grading of W. There exists up to equivalence a unique 
Z/2-grading of H compatible with the graded representation of A and such 
that: 



(1.887) 



J7 = —7 J . 
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It is given by 

(1.888) H = £ © £* , -yforj) = ( 7 £, -71?) . 

The center of our algebra Z{A) is non-trivial and in that way the cor- 
responding space is not connected. We look for "Dirac operators" D which 
connect non-trivially the two pieces (we call them "off-diagonal" as in §13.1) 
i.e. operators such that: 

(1.889) [D,Z(A)]?{0}. 

The main requirement on such operators is the order one condition (1.473). 
We look for subalgebras Af C -4 cv , the even part of A, for which this order 
condition (Vo, b G Af) allows for operators which fulfill (1.889). We can now 
state the following analogue (cf. [49]) of Proposition 1.180 which recovers 
in a more conceptual manner the main "input" of §13. 

Theorem 1.237. Up to an automorphism of A ev , there exists a unique 
involutive subalgebra Af C -4 ev of maximal dimension admitting off-diagonal 
Dirac operators. It is given by 

A F = {(Affio,Affim) I A G C, q G H, m G M 3 (C)} C H©M©M 4 (C) , 

using a field morphism C — > H. T/ie involutive algebra Af is isomorphic 
to C © H © M3(C) and together with its representation in (7i, J, 7) it gives 
(after tensoring by C 3 ) the finite noncommutative geometry F o/§13. 

Remark 1.238. Note that using the algebra A = Aq of (1.886) (as a 
Z/2-graded algebra) restores the Poincare duality of §13.6. One finds that 
Kq(A) = I? and that the pairing (1.692) is non-degenerate. 

18.4. The functional integral and open questions. 

We would like to formulate a functional integral over all "geometries" in 
the Euclidean form. In our framework a geometry is specified by a spectral 
triple i.e. a Hilbert space representation of the algebra A of coordinates 
and the inverse line element D. In first approximation we are interested in 
performing the functional integral as a sum over all spin 4-manifolds M and 
all metrics but since we need to take matter into account, we need to use 
not C°°(M) as an algebra but rather the algebra A = C°°(M,Ae), where 
Aq is given in (1.886). 

Notice that the following set of data associated to a compact Riemannian 
spin 4-manifold (M,g) are in fact independent, up to isomorphism, of the 
choice of (M, g). 

• The Hilbert space H4 of L 2 -spinors. 

• The Z/2 grading operator 7 = 75 on H4. 

• The charge conjugation operator J4. 

• The decreasing filtration TL\<ZH\ , s > s' of L 2 -spinors by Sobolev 
spaces. 
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The filtration is related to the notion of rigged Hilbert space and Gelfand 
triple, see [138]. 

Thus we can set the stage by tensoring the above by the finite geometry 
described in §18.3 before the reduction to Af- It is given by (Aq,Hf, Jf,7f)- 
At this point we have 

• The Hilbert space TL = TLa ® TLf with its filtration by Sobolev 
spaces TL S . 

• The Z/2 grading operator 7 = 75 <g) jp. 

• The charge conjugation operator J = J4 ® Jp. 

• The small algebra 1 <S> Aq acting in TL. 

The two ingredients we are missing are the algebra A D Aq and the operator 
D. Now when M = S 4 is the 4-sphere, the algebra extension 

C°°(M,M 4 (C)) D M 4 (C) 

is generated by adding a projection e = e* = e 2 fulfilling very simple condi- 
tions (cf. [84]). To see what happens one can view S 4 as the hypersurface 
in M 5 = R x H given by the equation t 2 — t + gg* = and use the projection 
e e C7°°(5 4 ,M 4 (C)) given by 




which together with the constant matrices generates C°°(5 4 , M 4 (C)). Now 
in our case we are not dealing with M 4 (C) but with Aq = M2(H) © M 4 (C). 
This means that if we simply adjoin to Aq a single projection e, fulfilling 
suitable commutativity conditions and in particular commuting with Z(Aq), 
we should expect to get two copies of S 4 and a correspondence between them, 
given by the bimodule TL. This might be enough to obtain all the algebras 
A of interest in the form A = Ae(e). It remains to take care of the operator 
D, and write down the constraints it fulfills. The main relation is the real 
orientability of Definition 1.233 which gives a polynomial equation which 
relates D, c and 7, of the form 

(1.890) ( c ,£>( 4 )) = 7) 

where the pairing (c,D^) is defined as in (1.871), 

(c,D^)= £ao(fc)[A ai(fc)] ■■■[D, a 4 (k)} , 

(1.891) 

c = Yl a o{k) <8> ai(&) ■ • ■ <8> a 4 (fc). 

The far distant goal is to set up a functional integral evaluating spectral 
observables S as 

(1.892) (S) = M J S e-^Wl-iW.B^-^p^ppJj)^ 

where 7^ = ?/> is a Grafimann variable, and the term p(e, D) implements 
the constraints which relate D and the algebra A = ^(e). 
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Remark 1.239. The question of "quantizing" the Hochschild cycle c of 
(1.890) by writing it as the Chern character of an idempotent e motivated 
the results of [84], [78], [79], [80] on the structure of "noncommutative 
spheres" characterized by the following condition. One requires that 

3 e = e 2 = e* G M q (A) , c = Ch 2 (e) 

while the lower components Chj(e) (j = 0, 1) of the Chern character Ch(e) of 
the projection e are all required to vanish. The algebra A is then generated 
by the matrix components of e and it is quite remarkable that, besides 
the usual sphere, this problem singles out a large class of noncommutative 
manifolds. 



19. Dimensional regularization and noncommutative geometry 

The aim of this section is to construct tools for the computation of 
chiral anomalies [1 5] in the general framework of noncommutative geometry. 
We show that a careful investigation of the meaning of the Breitenlohner- 
Maison prescription for the compatibility of the chiral symmetry with the 
procedure of Dimensional Regularization leads us to an interpretation of 
DimReg, as far as one loop fermionic graphs are concerned, not just as 
a formal procedure, but as an actual geometry in complexified dimension 
D — z, based on noncommutative spaces and spectral triples. We then 
obtain a description of the chiral anomalies in terms of spectral triples and 
the local index formula of §10.5. 

Our starting point is the physical prescription of how to use DimReg in 
the presence of spinor fields. 

19.1. Chiral anomalies. 

The cubic anomaly is central to the problem of renormaliz ability of a 
theory like the Standard Model, which involves a gauge theory. The prob- 
lem is that, in such a theory, one needs to ensure that the renormalized 
Lagrangian is still invariant under the same group of local gauge symme- 
tries that leave the bare Lagrangian invariant. Thus, it is necessary, in order 
to have renormalizability and unitarity, that gauge invariance is preserved 
at each order in the renormalized perturbation series. 

Dimensional Regularization (DimReg) is considered the best regulariza- 
tion method, when dealing with the problem of gauge invariance, because it 
does not change the formal expression of the Ward identities, while analyt- 
ically continuing the dimension D = 4 to complex points D — z = d G C. 

The main advantage of this regularization procedure is that it is canon- 
ical, in the sense that it respects all the symmetries such as space-time 
(Lorentz invariance) or gauge symmetries. However, this property fails in 
the presence of spinor fields, as in that case the chiral symmetry is not pre- 
served. The main problem is how one should treat the 75 in DimReg. In 
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fact, in dimension D = 4, the symbol 75 indicates the product of the gamma 
matrices, 

(1.893) 75 = t7°7 1 7 2 7 3 . 
where the 7^ satisfy the Clifford relations 

(1.894) {7 M ,7 l/ } = 2gTl, with Tr(/)=4, 
and 75 anticommutes with them, 

(1.895) { 75 ,y} = . 

When one complexifies the dimension around a critical dimension D, the 
naive prescription which formally sets 75 to still anticommute with symbols 
7 M while keeping the cyclicity of the trace is not consistent and produces 
contradictions ([62], §13.2). There is a more sophisticated prescription of 't 
Hooft-Veltman [169] and Breitenlohner-Maison [34] on how to make sense 
of the 75 in DimReg. 

In general the Ward identities determine relations between the Green's 
functions arising from symmetries of the Lagrangian. These influence the 
renormalizability of theories with nontrivial symmetries, by ensuring can- 
cellations of divergences between different sectors of the theory. There is a 
complicated interplay of symmetry and renormalization, whereby the Ward 
identities can be affected by higher order corrections, which can generate 
anomalous terms. In gauge theories, the problem arises primarily from 
fermions coupling to gauge fields. This manifests itself in the Adler-Bell- 
Jackiw (ABJ) anomaly for electroweak interactions. 

The ABJ anomaly arises in the QED Ward identity involving axial- 
vector currents, in the renormalization of 1-loop diagrams (triangle fermion 
loops) [1], [15]. 

Let j M , and P denote, respectively, the vector, axial, and pseu- 

doscalar currents 

(1-896) 3ii,b{x) = ip(x)-i^ijj(x) 

P(x) = i)(x)^ip(x) . 
Let T^x and T^ u denote the 3-point functions, with q = k\ + k 2 , 
T^x(ki,k 2 ) = ifd*x l( l 4 x 2 (0\T(j^x 1 )Mx 2 )j x , 5 (0))\0)e ik ^ +ik ^ 
T^(ki,k 2 ) = ifd* Xl d 4 x 2 (0\T(j^x 1 )j„(x 2 )P(0))\0)e ik ^ +ik ^. 
Then, at tree level, the vector and axial-vector Ward identities are given 

by 

(1.897) k^ uX = k»T^ x = and q% uX = 2mT^, 
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where m is the mass of the fermion field tjj. These are derived from the 
equations of motion 

(1.898) = and d^j^ = 2imP. 

The contributions to T^x and T^„ from the triangle diagrams with in- 
ternal fermion lines are given by 



(1.899) 



(1.900) 



T V V * — (2^* / ( Tr (jl-m ^ A ^ 5 (J-})-™ ^ u &-fa)-m 

^ = (2^4 / ^Tr {jhm 75 ty-\)- m 7^ (j^i)-m ^) 



This generates an anomaly q x T^ v \ = 2mT^ v + A M!/ for the axial-vector 
Ward identity, where the anomaly can be computed as 

(1.901) A^ = — G^uapkik^, 

by imposing the condition that the vector Ward identity is preserved. The 
anomaly (1.901) corresponds to the modification of the axial-vector current 
equation in (1.898) to 

1 

(An) < 

with F the electromagnetic field. 

One way to derive this anomaly is by change of variables by translations 
in divergent integrals, while another way, through DimReg, is more suitable 
for generalization to non-abelian cases and the full Standard Model. The 
ABJ anomaly can also be formulated in terms of path integrals as the fact 
that the measure is not invariant under the action of 75 . Higher order terms 
do not contribute any further corrections. 

In the DimReg scheme, the ABJ anomaly is closely related to the prob- 
lem of defining 75 for complex dimensions. In fact, while for diagrams with 
open fermion lines it is possible to use a formal definition of 75 in arbitrary 
complex dimension, which satisfies anticommutation relations with all the 
7^ (cf. e.g. [62]), when one considers cases like the triangle diagram, with 
closed fermion loops, one runs into the further problem of making this formal 
definition of 75 compatible with the trace. 

Notice that the ABJ anomaly is independent of the fermion mass. How- 
ever, in the DimReg computation, when there are overlapping divergences, 
the leading term depends on the mass (cf. [134]). 

For non-abelian theories, one can give an analogous derivation of the 
ABJ anomaly via DimReg. In this case the three masses associated to the 
three fermion lines may be different (the matrices in the group representation 
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have off-diagonal terms) and one obtains (see e.g. [57]) an expression of the 
form 



so that, for the triangle diagram, the vanishing of the ABJ anomaly is given 
by the condition D abc = 0. 

In this non-abelian case more diagrams (up to five-points functions) 
contribute anomalous terms, but the triangle diagrams still remains the 
fundamental one, as the vanishing of that anomaly implies the absence of 
all other anomalies as well. 

Massless QCD is chiral invariant at the classical level, but this invariance 
is broken, already at the classical level, by the presence of quark mass terms, 
in which case the anomaly in the axial symmetry appears in the form ([62], 



In the case of electroweak interactions where the vector boson associ- 
ated to the weak interaction acquires mass through the Higgs mechanism, 
renormalizability is obtained by showing that the theory is obtained via a 
formal transformation of the fields from a renormalizable gauge theory (the 
latter can have non-physical particles that may spoil unitarity, cf. [168]). 
For such a formal transformation to be possible, one needs to be able to 
renormalize the gauge theory in a gauge invariant way. This can be spoiled 
by the presence of the ABJ anomaly, as shown in [152]. 

The question of constructing gauge theories that are free of anomalies, 
both for electroweak and strong interactions, was considered in [141], where 
conditions are given on which gauge groups and representations will satisfy 
the vanishing of (1.902). 

In the standard electroweak theory with SU(2) x U(l), if Y denotes the 
hypercharge, the condition that (1.902) vanishes for the fermion represen- 
tation implies relations between the hypercharges. Since the group SU(2) 
is anomaly free (cf. [141]), at least one of the T in (1.902) has to be the 
U(l) hypercharge Y. For the case of one hypercharge Y, the vanishing of 
the anomaly for the triangle diagram yields a linear relation between the 
hypercharges Ylieptons Y + Ylquark Y = 0. The anomaly vanishes when two 
of the T's in (1.902) are equal to Y, while in the case of three hypercharges 
one obtains a cubic relation. More precisely, for Y{y e L) = Y(e£) = — 1, 



Y(e R ) = -2, Y(u L ) = Y{d L ) = 1/3, Y(u R ) = 4/3, and Y(d R ) = -2/3, one 



(1.902) 



-Tr({T a , T b }T c ), 



(13.1.5)) 



<9 M j^,5 = —2ijpj^Mip + anomaly. 



has 




and 




leptons 



quark 



where the factor 3 counts the color degrees of freedom, and 




leptons 
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£MT.-<Pf>-i-i-5 + i-i- 

quarks 

where Y = 2(Q - T 3 ). 

In the case of gauge theories, the Ward identities (or Slavnov-Taylor 
identities) are related to the symmetries by Becchi-Rouet-Stora (BRS) 
gauge transformations. 

An interesting aspect of the equations imposed by the vanishing of the 
cubic anomalies is that it imposes constraints on the hypercharges and on 
the Weyl representations. In fact, it is shown in [140] and [233] that re- 
quiring the theory to be free of anomalies suffices to fix these data uniquely. 
This could be an interesting point if one wants to use the vanishing of the 
anomalies as a constraint on the geometry. 

In fact, it is shown in [140] that requiring the vanishing of all the 
known anomalies in four dimensions, namely the perturbative triangular chi- 
ral gauge anomalies and the mixed perturbative chiral gauge-gravitational 
anomaly discussed above, as well as the non-perturbative global SU(2) chiral 
gauge anomaly of [301], fixes uniquely both the massless fermion Weyl rep- 
resentation and the hypercharges (prior to spontaneous symmetry breaking 
of the electroweak subgroup) . 

19.2. The spaces X z . 

We look for a spectral triple whose inverse line element D = D z fulfills 
the following basic equation, 

(1.903) Tr(e~ XD2 ) = n z/2 \- z/2 , VA G M* + , 
corresponding, using (1.124), to 

(1.904) Ti(e- XD ' 2 )= Je- Xk2 d z k VA G M* + . 

Let us first explain how to perform the construction in the slightly more 
general framework of type II spectral triples [16], [39], [40]. The only 
condition which is altered (with respect to Definition 1.120) in the definition 
of such a triple is the compactness of the resolvent of D which only holds 
relative to a type II subfactor N' of the commutant of the algebra generated 
by A, D (and 7, J in the even or real cases). One then replaces everywhere 
the trace Tr by the type II trace Trjv relative to the commutant N of N' . 
Since the analogues of the analysis of compact operators and of their ideals 
are well developed in the type II situation one obtains a theory ([16], [39], 
[40]) which can be used in a very similar way as the theory of spectral 
triples. 

To construct D z we let Z be a self-adjoint operator affiliated to a type 
IIoo factor N and with spectral measure given by 

(1.905) Tr N (l E (Z)) =\ j E dy 
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for any interval E C M, where 1e is the characteristic function of E. We 
shall give in Chapter 3 Remark 3.36 a concrete realization, of arithmetic 
nature, for the pair (TV, Z). 

We then let, for any complex number z£C with $t.(z) > 0, 

(1.906) D z = p{z)F\Z\ 1/z 

where F is the sign of the operator Z, \Z\ its absolute value, and the com- 
plex power \Z\^I Z is taken by the usual functional calculus. We take the 
normalization constant p(z) to be 

(1.907) p(z)= TT-i (r(| + l))i. 

Proposition 1.240. • The operator D z of (1.906), with the nor- 

malization factor (1.907), satisfies (1.903), provided z £ R + . 
• For 3ft(z) > and after imposing an infrared cutoff on the trace 
Trjv the (^-function of D z has a single (simple) pole at s = z and 
is absolutely convergent in the half space 3l(s/z) > 1. 

Proof. 1) We assume z e R+. One has 

Tr^e-^H 1 f e-^ 2 \y\ Vz dy. 
Thus, by setting p 2 |?/| 2//z = u, one gets ciy = p~ z | uf" 1 and 

Tr N (e- XD *) = p- z Z - [°° e~ AM nf - 1 du = p~ z + 1) \~ z/2 , 
so that one obtains as required 

(1.908) Trjv(e- AD ") = vr^ 2 A~ 2 / 2 , VAeI* + . 

Notice that p(z) is just a normalization factor and it is well behaved in 
the limit z — > 0, since we have 

d.909) I i„ g r(i + 1) = -2 + £ , + . . . + + . . . 

In particular, we have p(0) = e~ 7 / 2 . (Here 7 denotes the Euler constant, 
not to be confused with the 7 used everywhere else for the grading!) 

2) The above computation of Trjv(e~ A£>z ) makes perfect sense when 
z £ M+, but it requires more care when the imaginary part of z is non-zero. 
In fact, in that case the spectrum of D 2 is a spiral in C (cf. Figure 39), 
so that e _AjDz no longer belongs to the domain of the trace Tttv- One can 
define the trace by means of a suitable regularization, but it is simpler to 
directly deal with the (^-function 

(1.910) Tr N ((D 2 z )~ s / 2 ) 
instead of the theta function 

(1.911) Trjv(e- AD '). 
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Figure 39. The spectrum of D 2 Z for 9f(z) + 0. 

We need to impose an infrared cutoff, that is, we perform the integral 

(1.912) Tr N {{Dly s / 2 ) = l - J (p 2 \y\ 2 / z )- s / 2 dy 

in the region outside \y\ < 1. This gives, using Tt' N to indicate the cutoff, 

(1.913) Tr' N ([D 2 z )- s/2 ) = P~ s u- s l z du = P~ s ^— z 

which, as a function of s, has a single (simple) pole at s = z and is absolutely 
convergent in the half space 5ft (s/z) > 1. □ 

The algebra A' for the spectral triple defining X z will play no role below 
except for the unit element 1 6 A'. One could include in A' any operator 
a such that [D z , a] is bounded and both a and [D z , a] are smooth for the 
"geodesic flow" 

(1.914) jt\DA Te -it\D z \ 

and it is an interesting open question to give an upper bound for the 
Minkowski dimension of the spectrum of such operators (the natural guess 
for the bound is l/5ft(l/z) = x + y 2 /x for z = x + iy). 

The dimension spectrum of X z is reduced to the single point z as shown 
by (1.913). 

In order to justify the use of the infrared cutoff in (1.912), one can make 
the following observation. Let us replace the operator \Z\ by an operator of 
the form f(\Z\) where / £ C°°(IR + ) has the following properties: 

• f( x ) = x for x > 1/2 

• / is strictly increasing 

• /(0) > 0. 
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Then the replacement \Z\ — > /(|Z|) alters (1.908) by the error term 

(1.915) R(X,z) = P ( e -Vl»l a " - e - x " 2 ^ Vz )dy. 

Jo 

This is an analytic function of A. In the region 5ft (z) > 0, \z\ < 1 and 
|A| < 2^ 2 I Z \ it satisfies the estimate 

(1.916) \R{\z)\ < C\X\2^- 2 / z \ 

for some finite constant C > 0, which follows since \e u — l\/\u\ is bounded 
for bounded \u\. This does not affect the pole parts in z for all computations 
involving DimReg, as we check below. Thus, replacing D z = p(z)F\Z\ 1 l z by 
D z = p(z)Ff(\Z\) 1 / z the C-function Trace N {{D 2 Z )" S / 2 ) is now well defined 
and it differs from (1.913) by an entire function of s which does not alter 
the dimension spectrum. 

19.3. Chiral gauge transformations. 

When the basic algebra A is a Z/2-graded algebra, the discussion of 
§10.8 adapts by replacing everywhere the commutators [D,a] with graded 
commutators 

(1.917) [D,a]_ := Da - (-l) des ^aD, 

where the subscript _ reminds one of the use of graded commutators. Also, 
with 6 G Aut(„4) the Z/2-grading automorphism, the gauge transformations 
(1.508) are now of the form 7„(^4) = 9(u)du* + 6{u)Au*. 

This applies in particular when one replaces the original algebra A with 
the algebra A generated (in the even case) by A and 7. As an algebra, A is 
isomorphic to the direct sum of two copies of A by 

a + 67 1— > (a + 6, a — b). 

We endow it with the Z/2-grading 6 G Aut(^l) such that 6(7) = —7, while 
9 is the identity on A. The unitary group IA of A now contains 7 and it is 
the group of chiral gauge transformations. However, the anticommutation 
of 7 with D shows that this procedure does not generate really new gauge 
potentials, but just multiplies the existing ones by an arbitrary power of 7. 

The situation becomes much more interesting when one keeps the algebra 
A, but one replaces the original spectral triple by its product (in the sense 
of noncommutative geometry) with the space X z . 

Thus, we start with an even spectral triple (A,Tt,D) with Z/2-grading 
7 and form its product with the (type IIoo) spectral triple defining the 
space X z . We therefore let D' = D z , and we adopt the following shorthand 
notation (compatible with the physics notation of [62]) 

(1.918) D=D®1, D=7®D', D" = D + D . 

The fact that the spectral triple defining the space X z is of type IIqo 
introduces some technical subtleties that can be ignored at first reading (cf. 
[16], [39], [40] for the detailed general theory). 
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We let the algebra A act on H ® H! by 

(1.919) a^a®l 

Thus, one obtains a type IIoo spectral triple for the algebra A. We then 
extend the algebra to the graded algebra A generated by A and 7, with the 
action on H <g) Ji! still given by (1.919). 

The odd element 7 £ A no longer anticommutes (i.e. graded-commutes) 
with D", since 7 ® 1 commutes with D = 7 ® D' '. Thus, one gets a new 
non-trivial gauge potential of the form 

(1.920) B = [D", 7]- = 2jD. 

This gauge potential accounts for the lack of invariance of D" under the 
"crural" gauge transformation 7GW and it corresponds, in the language of 
QFT, to the divergence <9 M j£ of the axial current j£. 

One needs special care in discussing this point, since it involves Euclidean 
Fermi fields £ and 77, which one needs to treat as independent integration 
variables in the Euclidean functional integral (see [61], §5.2 of "The use of 
instantons"). 

Thus, the fermionic part of the Lagrangian in the action functional is of 
the form 

(1-921) £ fermions = (v,D"0 

When extending the theory to Z/2-graded algebras, one defines the 
gauge transformations a u on the fermions, for u G U, using the Z/2- grading 
9 as 

(1.922) a«(0=«S, a u (r))= 9(u) V . 

It follows that the lack of invariance of the action (1.921) is still accounted 
for by the gauge potential given by the graded commutator with u. In 
particular if 7 (which is odd) would anticommute with D", then the action 

(1.921) would be invariant under the corresponding chiral transformation. 
This is not the case and the variation at order one of £f er mions under the 
chiral gauge transformation u = e*^ 7 , for u = uj* G A, is given by 

(1.923) ^-^fermions — 

with B = 27Z) as in (1.920). 

We use the physics terminology evanescent to qualify the gauge poten- 
tials of the form E = u)B. The origin of the terminology is clear since they 
vanish when the extra dimension z is set to 0. 

19.4. Finiteness of anomalous graphs and relation with 
residues. 

We fix throughout a regular even spectral triple (A, H, D) with simple 
dimension spectrum. We assume for simplicity that D is invertible and refer 
to (1.493) for the e-trick allowing to remove this hypothesis. We denote by 
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OP(A, 7i, D) the algebra generated by A, D and 7. The following lemma 
will suffice to prove the finiteness of the anomalous graphs. 

Lemma 1.241. Suppose given a regular spectral triple (A,7i,D). Let P 
be an element of OP(A, H, D). For n > k > and in the limit z — > 0, one 
has 

Tr (D 2k (P ® 1) D"~ 2n ) = - 1 B(k, n-k) lp £T 2 ("- fc ) , 



B(p,q) = 



2 "./ ■ 

T(p)T( q ) 



T(p + q) • 

Proof. For z / one has 

1 r°° 

Tr (P> 2/c (P 1) D"~ 2n ) = / Tr(/3 2 * (P 1) e^ 2 e~ w2 ) t n ~ x dt 

L\ n ) Jo 

We also have 

(1.924) Tr N (D 2 z k e- tD *)= ^ + 2) • • ^ + 2fc - 2) f - z /2-k ^ 
for all tei;, while 

poo 

(1.925) / e~* D2 t n~l-z/2-k dt = r ^ _ ^ 2 _ fc ) | £) |^-2(n-fe)_ 

./o 

One has D 2k (P ® 1) = P (g> P) 2fc thus using the factorization of the trace 
and (1.924) and (1.925), we get 

Tr {D 2k (P ® 1) D"~ 2n ) = 

^72 nT^/2+j) _ _ fc) Tr(p |£ , r -2(n- fe)) j 

1 (n) 

which gives the required result since when z — ► one has, 

with the minus sign coming from the distinction between \D\ Z and l-Dj" 2 . □ 

As a corollary of Lemma 1.241 one gets the following expression for the 
residue at the simple pole z = in the DimReg expression of one-loop graphs 
with only fermionic internal lines; we work as above with a regular spectral 
triple with simple dimension spectrum. 

Proposition 1.242. Let A e Op be a gauge potential and n > 0. Then 
the expression 

(1.926) Tr(((A® l)P>" _1 ) n ) 

has at most a simple pole at z = with residue given by 

(1.927) Res 2=o Tr(((A0l)P>"" 1 )") = -j-{AD~ l ) n 
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Proof. One has 

(1.928) D"' 1 = D" D"~ 2 = (D+ D) D"~ 2 
and 

(1.929) D" 2 = D 2 + D 2 . 

Using Lemma 1.136 (2) to move the terms D" 2 to the right we can express 
(1.926) as a sum of terms of the form 

(1.930) Tr((A®l)(£>+ b)(A^®l)(D+ £>))■■■ (A^®1)(D+ D)D"~ 2k ) 

where we use the notation A^ = V m (A) and k = n + £ kj. Only finitely 
many of these terms have a divergent trace at z = 0. By construction D 
anticommutes with the A's and commutes with all other terms. Thus one 
can expand (1.930) in terms of the form 

Ti{b 2q PD"- 2m ). 

By Lemma 1.241 any of these terms with q > is regular at z = 0. Thus 
the only contribution to the pole comes from the case q = 0. This means 
that one only takes the terms D in the expansion of (1.930) and one is thus 
dealing with 

(1.931) Tr((P® l) J D"~ 2fe ), P = AD ■ ■ ■ A^ D ■ ■ ■ A {kn) D 

As in the proof of Lemma 1.241 one has 

1 r°° 

Tr ((P ® 1) D"- 2k ) = -±- / Tr((P ® 1) e"*^ e~ tD2 ) t k ~ l dt 
1 ( fc J Jo 

Using the factorization of the trace and (1.903) while 



I 



CO 

z-2k 



e - tD t k-l-z/2 dt= T ( k _ z / 2 )\D 

Jo 
we get 

Tr ((P 1) D"- 2k ) = Tr 2 / 2 r(fc ~^ /2) Tr(P \D\ z ~ 2k ) . 

T(k) 

Thus the residue at z = is given by 



P\D\~ 2k 



The computation of — -f (A D l ) n gives exactly the same result. Indeed, one 
again writes 



D- 1 = D D~ 2 



and uses Lemma 1.136 (2) to move the terms D 2 to the right, which makes 
it possible to express — {AD' 1 ) 11 as a sum of terms of the form 



AD ■■■ Ate) D ■ ■ ■ A^ D D- 2k 
which match exactly with the above terms. □ 



19. DIMENSIONAL REGULARIZATION AND NONCOMMUTATIVE GEOMETRY 329 




Figure 40. The tadpole. 
19.5. The simplest anomalous graphs. 

We now analyze the graphs with only fermionic internal lines which 
involve linearly the evanescent gauge potential B, starting from the simplest, 
which is the tadpole, and continuing to more involved cases. 

The data we start with are, as above, an even spectral triple (A,H,D) 
with simple dimension spectrum, i.e. we use exactly the same setup as in 
the local index formula of [92] that we recalled above in §10.5. 

19.5.1. The Tadpole. 

We start with the simplest graph. This has one loop with a single 
external leg to which is assigned an evanescent gauge potential E = ^yaD 
(see Figure 40). The analytic expression for the tadpole is of the form 

(1.932) Tr^D" -1 ), 

where D"~ x plays the role of the fermionic propagator. We assume ^7 a = 
for all a G A and obtain the following result. 

Lemma 1.243. Let (po be the linear form (1.495), which is the zeroth 
order component of the local index cocycle, as in Theorem 1.134. In the 
limit z — > 0, one obtains 

(1.933) TiiED"' 1 ) = -Ma), VaeA. 
Proof. One has 

roo 

(1.934) D"~ 2 = / e~ w2 e~ tD2 dt. 

Jo 

Thus, for fixed z, one gets using (1.928) and (1.929), 

(1.935) Tt(E D"^ 1 ) = Tr( 7 al)(£>+ D)D"~ 2 ) = Tr( 7 at) 2 D"~ 2 ). 

In fact, the terms with an odd number of .D's have zero trace since one can 
find an involution in TL' which anticommutes with D z . Using (1.934) this 
gives 

roo 

(1.936) Tt{ED"~ 1 ) = / Tr( 7 aL> 2 e-* D e~ tD ) dt 

Jo 

and the trace factorizes to give 

(1.937) Tr{ 7 aD 2 e- w2 e- tb ' 2 ) = Tr^ae^ 2 )Tr(D 2 z e""^). 
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Figure 41. The self-energy graph. 

By the basic equality (1.908) one has 

(1.938) Tr N (e- tD ')= vr 2 / 2 ^ 2 / 2 , Vt G R*+ . 
After differentiating in i this gives 

(1.939) TrjvC^e-*^) = | vr 2 / 2 i" 2 / 2 " 1 Vt € R* + . 
Thus, (1.936) and (1.937) give 

roc 

(1.940) Ti(ED"- 1 )= -Tt z ' 2 TT( 1 ae- tD2 )t- z ' 2 - 1 dt 

2 Jo 

Moreover, we have 

poo 

(1.941) / e-^V 2 / 2 - 1 dt= T(-z/2)\D\ z , 
Jo 

while the limit for z — > of Tr(7a |D| 2 ) is v?o( a )- Thus, we get the required 
equality since, for z — > 0, we have 

1^(^/2)^-1. 

□ 

19.5.2. Tne self-energy graph. 

The next term linear in E 1 now involves a usual gauge potential 

A= 6,] 
(see Figure 41). Its analytic expression is given by 

(1.942) Ti(ED"~ l AD"~ l ). 
One has the following result. 

Lemma 1.244. In the limit z — > 0, one obtains 

oo . 

(1.943) Tr^D" -1 ^!}" -1 ) = ^(-l) n+1 j--faV n (B) D~ 2n ~ 2 

In + 2 y 

w/iere 5 = dA+ A' with 

dA = Y, [A <*] [A . ^' = H «i V(bi) • 
and only finitely many terms in the infinite sum are non-zero. 
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PROOF. Using (1.928), one obtains 

Ti(E D"^ 1 AD"~ l ) = Tr(jaD(D+ D) D"~ 2 A(D+ D) D"~ 2 ) . 

Since the terms with an odd number of D do not contribute, this gives 

Tr(7 aD 2 D"~ 2 A D D"~ 2 ) + Tr( 7 aD D D"~ 2 A D D"~ 2 ) 

In the second term the second appearance of D can be put in front provided 
one takes care of signs, since D commutes with D"~ 2 and anticommutes 
with both A= a i [ D " , H = £ <n [D, k] and D. 
Thus, we can write the above as 

Tr(ED"~ 1 AD"~ 1 )= Tt(j aD 2 D"~ 2 (A D + DA) D"~ 2 ) . 

One has 

(1.944) {AD+DA)=B®\, B=dA+A', 
where 

(1.945) dA = J2 [D, <h] [D, h] , A' = a t V(h) . 

Thus we can use Lemma 1.136 to move the first D" 2 across and get (only 
finitely many terms will contribute) 



Ti(E D"^ 1 AD"^ 1 ) = J2(-l) n Tr( 7 aD 2 (V n (B)®l)D"- 2n - 4 ). 

o 

Since D 2 commutes with a G A we then conclude using Lemma 1.241. 

□ 



Notice that, since the regularized trace is a trace outside the dimension 
spectrum, the order of the terms E D"^ 1 and AD"^ 1 is irrelevant. 

It is worthwhile to double check this in this example by redoing the 
calculation with the other order. One has 

TriAD"' 1 ED"' 1 ) = Ti(A(D+ D) D"~ 2 7 aD (D + D) D"~ 2 ) 
= Tt(A D D"~ 2 ia bb D"~ 2 ) + Tr(A D D"~ 2 7 aD 2 D"~ 2 ) 

= - Tr( 7 D 2 A D"~ 2 a D D"~ 2 ) + Tr( 7 D 2 A D"~ 2 D a D"~ 2 ) 

00 

= ^(-l) n Tr( 7 D 2 A (V n ([D, a}) 1) D "- 2n ^) 





00 



I f 

^ ( " ir+1 2^J 7Avri([Aa]) ^ 



2n-2 



We thus get 
(1.946) 



1 r 

Tt(AD"- 1 ED"- 1 ) = 7 AV n ([D,a})D- 



2n~2 



2n-2fe-2 
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It might seem at first sight that one passes from (1.943) to (1.946) by a 
simple integration by parts, i.e. using 

(1.947) fjV n {B)C= (-1)"J 7 5V"(C) 
but it is a bit more subtle. One uses the equality 

oo 

(1.948) D -2n-2 a= Y^ {-l) k c{n, k) V k (a) D 



with 

(1.949) c(n, 0) = 1 , c(n, k) = n " ( ^ +j) , 
to write 

ljaV n (B)D- 2n - 2 = jr{-l) k c{n,k) i 1 V n (B)V k {a) D~ 2n ~ 2k - 2 
J o 

which after integration by parts yields 

l ia V n {B)D- 2n - 2 = jr(-l) n+k c(n,k) l 7 BV {n+k \a)D- 2n - 2k - 2 
J o 

The desired equality between (1.943) and (1.946) then follows using 

y (~i) k c(m ~ fc,fc) = f\t- i) m dt = (-i) m 

^ y ' m-k+l J y ' y ' m + 1 

and the other integration by parts 

(1.950) f~f{DA + AD)C = JjA[D,C}. 

To conclude we thus have the two equivalent expressions (1.943) and (1.946) 
for the self-energy graph. 

We can express both in a more compact notation using the derivation 
(cf. [92]), 

~ (--\\ n + l 

(1.951) G(T) = ~ " V "( T ) D ~ 2n 

l n 

which generates the one-parameter group Ad D 2z . Indeed one has 

D 2 T D~ 2 = T + V(T) D~ 2 = (1 + e)(T) 
and by construction 

(1.952) e=log(l+e), e e =l+e. 
We also need the basic "Planck" function 

(1.953) tt(z) = 



-2 
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which is familiar in index theory in the formulas giving the characteristic 
classes. We can then rewrite the above formulas as follows. 

Proposition 1.245. One has, in the limit z — »■ 0, 

Tr(ED"- 1 AD"- 1 )= -\ ^ air(Q)(B) D~ 2 

= -l^A7T(@)([D,a])D- 2 
PROOF. From the above it is enough to check that 

(1.954) 7r(6)= E^T 6 " 

which follows from (1.952) and (1.953). □ 

It also follows from the above discussion that for X and Y in the algebra 
generated by A, 7 and D one has the formula of integration by parts 

(1.955) j- X n(@){Y) D~ 2 = j-Yir(@)(X)D 

One can understand this formula as an instance of the KMS condition 
fulfilled by the functional 

(1.956) <Pi(X)= j- 

with respect to the one-parameter group of automorphisms at = e ite . 
Indeed one has, as required by the KMSi condition 

Vl {Xai{Y)) = MY*) 

and (1.955) follows from the simple equality 

7r(— z) = e z ir(z) , 

combined with the invariance of ip\ under at which implies that for any 
formal series /, 

(1.957) <p 1 (f(G)(X)Y)= MXfi-eW)). 

Recall from §10.4 that a Hochschild cochain ip of dimension n on an 
algebra A, defines (cf. [68]) a functional on the universal re-forms Q n (A) by 
(1.482): 



XD~ 2 



J 



ao day ■ ■ ■ da n = ip(ao, a±, . . . , a n ) 

up 

and when 99 is a Hochschild cocycle one has the trace property (1.483), i.e. 



/ aoj = / u>a, Va G A 

J in J in 
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Moreover the boundary operator Bq of (1.485) is denned in such a way that 
one has the analogue (1.486) of Stokes formula 



duj = I oj 

ip J Bo<p 

Proposition 1.245 makes it possible to express the self-energy graph in terms 
of the following two-cochain 

(1.958) ^2(00,01,03)= ^ 7 ao[^,ai]vr(e)([ J D,a 2 ])D- 2 
so that 

(1.959) Tr(ED"~ 1 AD"~ 1 ) = -2 I Ada 

J lp2 

Proposition 1.246. (1) The cochain B t/j 2 is cyclic : 

AB^ 2 = 2B ^ 2 - 

(2) B1P2+ bip = 

(3) Ifb(fo = one has 

(1.960) Tr(ED"~ 1 AD"~ 1 ) = -2 I {dA)a 

Jlp 2 

Proof. (1) One has 

^2(00,01) = ^ 7 [Z),ao]7r(e)([ J D,ai])D- 2 

which is antisymmetric by (1.955) (7 anticommutes with [D,a]). 

(2) Since D anticommutes with 7 and D[D,a] + [D,a]D = V(o) one 

gets 

5^2(00,01)= -^7a 7r(e)(V(oi))D- 2 = - l - j- 7 o 6(ai) 

The coboundary b(fo is given by 

btp (a,b)= Lim s ^ Ti(~f a(b\D\- s - \D\~ S b)) = 

Lim^ Tr(7a(l- e -f e )(6)|Z?r s ) = ^j- ia Q{b) 

(3) In that case one has, by (1) and (2), #0(^2) = and 

/ (dA)a -I Ada= I d{Aa) = 
by (1.486) thus the result follows from (1.959). □ 
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Figure 42. The triangle graph. 



19.6. Anomalous graphs in dimension 2 and the local index 
cocycle. 

We deal with the two-dimensional case and explain how the result of 
Proposition 1.246 simplifies in this case. The main result of this section is 
Theorem 1.250 which shows that the sum of the anomalous graphs is given 
by the pairing with the local index cocycle. 

In the two-dimensional case, the top component of the local index cocycle 
is given by the following Hochschild 2-cocycle: 



Since one is in dimension 2 all the terms with n > in (1.954) vanish and 
one gets (f2 = ip2- 

In case the coboundary of the tadpole vanishes, i.e. assuming that b(fo = 
(1.933), one gets by Theorem 1.134 that if2 is a cyclic cocycle and hence 
f is a closed graded trace (cf. §10.4). We thus get, 

Corollary 1.247. In dimension < 2, and if bipo = 0, if2 is a cyclic 
cocycle and 



Next, we consider the original ABJ triangle graph. The computation 
below can prepare the ground for the 4-dimensional case and we thus do it 
in the required generality. 

The analytic expression for the triangle graph of Figure 42 is given by 




Maj £ A. 




adA 



(1.962) 



TriED"' 1 AD"' 1 AD"' 1 ). 
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This can be polarized in the following manner: 
(1.963) Tr(P D"~ l A 1 D"' 1 A 2 D"' 1 ), 

where one can now assume that the Aj are monomials of the form 

Aj = aj [D, bj] . 

We first prove the following lemma, independent of the dimension. 

Lemma 1.248. Let Pj e OP(A,H,D), for k = 1 and k = 2 one has in 
the limit z — > 0, 

Ti(D 2k P D"~ 2 Pi D"~ 2 P 2 D"~ 2 ) = 
c(a, b, k) J- P V a (Pi) V 6 (P 2 ) D- 2 («+ b + 3 - fc ) 

where 

c{a,b,k)- 2 { 1) ( a + 6 + 2)6!(a+l)! 

PROOF. One has, using Lemma 1.136, for Pj G OP(A,H,D), 

D"- 2 P D"~ 2 P 2 ~Y. d ^ 6 ) V<1 ( Pl ) V6 ( P2 ) D"- 2{a+b+2) 
where the coefficients are given by 

d(a b) = ( _ ir+b (<* + <=)! = ( _ ir +b (a + & + !)! 

a[a ' b) [ > ^ aid [ ' 6!(o+l)! 

Thus using Lemma 1.241 for n = a + b + 3 and the equality 

1 (g + 6+1)! (k-l)l(a + b + 2- k)l _ 1 (fc- l)!(a + b+2~fc)! 

2 6!(a+l)! (a + fe+2)! ~~ 2 (a + 6 + 2) 6! (a + 1)! 

one gets the required formula. □ 

Notice that one has 

I?" 2 Pi IT 2 P 2 ~ d(a, b) V a (Pi) V 6 (P 2 ) L>- 2 ( a + 6 + 2 ) 

but this does not allow us to undo the above reordering under the residue 
since different powers of D" occur in applying Lemma 1.241. 

Proposition 1.249. In the two-dimensional case one has in the limit 
z -> (with E = jaD) 



TriED"' 1 AD"' 1 AD"' 1 ) = 2 I aA 2 

J ip 2 
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Proof. Using (1.928), one gets 

Ti{ED"~ l AD"' 1 AD"~ l ) = 

Tr( 7 aD (D + D) D"' 2 A{D + D) D"~ 2 A{D + D) D"' 2 ) . 

Since the terms with an odd number of D do not contribute we get terms 
with 4 occurrences of D, i.e. 

T 4 = Ti^aD 2 D"~ 2 ADD"' 2 ADD"' 2 ) 

= -Tr( 7 aD 4 D"~ 2 AD"~ 2 AD"~ 2 ) 

(where the minus sign comes from the anticommutation of D with A) and 
terms with two occurrences of D which give the following terms Tj, j < 3: 

Ti = Tr( 7 at) 2 D"~ 2 A D D"~ 2 A D D"~ 2 ) 

T 2 = Tr( 7 aD D D"~ 2 A D D"~ 2 A D D"~ 2 ) 
= Tr(7 aD 2 D D"~ 2 A D"~ 2 A D D"~ 2 ) 

T 3 = Tr( 7 aD D D"~ 2 A D D"~ 2 A D D"~ 2 ) 
= Tr(7 aD 2 D D"~ 2 A D D"~ 2 A D"~ 2 ) 
Let us first compute T4 and T 2 . By Lemma 1.248, we get 

T A = \ j- ia A 2 D- 2 

since all the terms with non-zero powers of V give zero since we are in 
dimension 2. Next, by Lemma 1.248, we get 

T 2 = - ^ J-jaD A 2 D~ 3 

We can replace a D ^ D a since the commutator [D,a] is bounded. Thus 
since the sign changes when we permute D and 7 we get, using the trace 
property of the residue, 

T 2 = ^ j- ia A 2 D- 2 

We thus get 

T 2 + T 4 = 2 f a A 2 
Next one has by Lemma 1.248, 

Ti = ~ j-jaADAD~ 3 
Since one is in dimension 2 one can permute the factor D~ 2 which gives 

Ti = ~ -I- 7 a A D -1 A D~ x 
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If we let 



we get 



V>(a ,ai) = j-ja [D,ai] D 1 

btp(a ,a 1 ,a 2 ) = - j-^f a [D,ai] [a 2 ,D^ 1 ] 

= -^a [D,a l ]D- l [D,a 2 ]D- 1 

Moreover one has 

f aA 2 = - l-faAD^AD- 1 
Jbt/) J 

as one checks replacing the first A by a\[D, b\] and the second by a 2 [D, b 2 ], 
and showing that 

^7 a 01 [D, 61] D~ l 02 [D, 6 2 ] IT 1 = ^7 a ai [D, 6i]a 2 £> _1 [£>, 62] -D -1 

a a\ db\ a 2 db 2 



J 



llnp 

We have thus shown that 

1 



Ti = - / a4 



|2 



4 

Since 6V is a coboundary this ensures that T\ is not a significant term but 
in fact we now show that it is exactly canceled by T3; indeed one has 

T 3 = ~ J-jaD AD AD~ 4 = ~ j- ^ D a AD AD~ A 

= 1 J- 7 a A D A D~ 3 = -Ti 

where we used the boundedness of [D, a] to permute D and a and the minus 
sign comes from permuting D with 7. □ 

We can now summarize the relation with the index cocycle in the two- 
dimensional case as follows, 

Theorem 1.250. Assume that the dimension is < 2 and that the co- 
boundary of the tadpole vanishes, b(po = 0; then 

(1) (p 2 is a cyclic two-cocycle. 

(2) For any a £ A and any gauge potential A one has 

TriED"' 1 AD"' 1 AD"' 1 ) - Ti(E D"' 1 A D"' 1 ) =2 f a{dA+ A 2 ) 

J (p 2 

In other words the alternating sum of the anomalous graphs has a simple 
interpretation in terms of the pairing of the curvature F = dA + A 2 and of 
the local index cocycle. 
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PROOF. This follows from Proposition 1.249 and Corollary 1.247. □ 



CHAPTER 2 



The Riemann zeta function and noncommutative 

geometry 

1. Introduction 

This chapter describes, following the results of [71] , a spectral realization 
of the zeros of the Riemann zeta function and an interpretation of Weil's 
explicit formulae of number theory as a trace formula. The chapter also 
includes an application of the same techniques to the Archimedean local 
factors of L- functions of varieties defined over number fields, following [74]. 

We begin the chapter by recalling some basic facts about the Riemann 
zeta function. In §2 we recall the fundamental relation between primes and 
zeros of the Riemann zeta function expressed by Riemann in terms of an 
explicit formula for the prime counting function. We also recall Riemann's 
estimate for the counting of the nontrivial zeros of the zeta function. 

In §3 we describe a classical Hamiltonian system (the "scaling Hamil- 
tonian") and a corresponding quantum mechanical system that recover Rie- 
mann's estimate of the counting of zeros of zeta as a counting of modes 
of the physical system. More precisely, in §3.1 we show a striking similar- 
ity between the behavior of the oscillatory part in Riemann's formula for 
the counting function and the corresponding oscillatory part in the semi- 
classical formula for the number of eigenvalues of the Hamiltonian obtained 
by quantizing a classical Hamiltonian system. The two formulae are easily 
matched up to a sign, which suggests the important point of interpreting 
the spectrum of our scaling system as an "absorption" rather than an "emis- 
sion" spectrum. This distinction will play a crucial role both in the results 
described in this chapter as well as in the formulation given in Chapter 4, 
where the spectral realization and the trace formula we discuss will live nat- 
urally on a space that is a cokernel (or more precisely, as will become evident 
in Chapter 4) a motive in an abelian category of noncommutative spaces. 
We proceed in §3.2 to introduce a classical Hamiltonian system associated 
to the group of scaling transformations of the real line. We show that the 
symplectic volume with infrared and ultraviolet cutoff gives the average part 
of the Riemann counting function. In §3.3 we describe the quantization of 
this classical system. A delicate point in obtaining a counting of the modes 
(the energy levels) of the resulting quantum system lies in the implementa- 
tion of both an ultraviolet and an infrared cutoff, for the reason that one 
cannot impose a cutoff on both a function and its Fourier transform, or 
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to say it more precisely, the two projectors associated to the two types of 
cutoff do not commute, hence one cannot implement them simultaneously 
by intersecting their ranges. The problem can be solved using a technique 
that was developed in electrical engineering and laser technology to deal 
precisely with similar sorts of mathematical problems. This is based on the 
existence of a differential operator commuting with both cutoff projections, 
whose eigenfunctions, the prolate spheroidal wave functions, can be used to 
approximate both cutoffs by restricting to a subspace spanned by a number 
of them, depending on the energy range allowed by the cutoff. We then 
consider the spectral projections of the scaling action, so that the problem 
of the counting of quantum states becomes the computation of the trace of 
the product of these spectral projections Ne with the projection Q\ on the 
span of the spheroidal wave functions implementing the cutoff. The trace 
can be computed (as a special case of the more general trace formula proved 
in §7.2 of this same chapter). The resulting trace Ti(Q\Ne) is expressed in 
a distributional form in terms of a principal value. 

The definition and properties of such principal values are described in 
detail in the following section, §4, following [71]. We begin by giving the 
formal computation of the distributional trace of operators of the form 



with h a test function and i? a the scaling action of G m (K) on L 2 functions 



which covers the case of the operators we used in §3.3 to describe the spec- 
tral projections of the scaling action. We give in §4.1 a quick introduction 
to modulated groups and the corresponding Haar measures, while in §4.2 we 
use these notions to give the general form of principal values as distribu- 
tions extending from G m (K) to G a (K) the integration with respect to the 
normalized Haar measure. In particular we give a description in terms of a 
variant of the "minimal subtraction" method of regularization described in 
Chapter 1 (see Definition 1.10). 

In §5 we come to the actual counting of the modes of the quantum 
scaling Hamiltonian. We show in Theorem 2.18 that the trace Tt(Q^Ne) 
gives the right expression for the counting that matches Riemann's formula 
N(E) ~ ^ log — j|. The proof of this theorem is given in §5.2 using the 
noncommutative geometry method known as quantized calculus, which we 
briefly review in §5.1. 

We then come in §6 to the mathematical implementation of the "ab- 
sorption spectrum" idea. We introduce the map (£ considered in [71] , which 
acts as 




on G a (K) by 



(tf a (A)0(«) = «A- 1 9) 



^(/)(A) = A 1 / 2 ^/(nA) 



1. INTRODUCTION 
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for A € R+. We show in §6.1 that, after approximating spheroidal wave 

functions by Hermite-Weber functions, the Fourier transform <£(/) is the 
product of an entire function by the Riemann £ function. 

In §7 we make an important extension of the quantum mechanical system 
described by the Hamiltonian associated to scaling transformations on the 
real line to an adelic version where one considers all the places of Q and not 
only the Archimedean place, thus replacing R by the adeles Aq = Aqj x 
R and M* acting by scaling by GLi(Aq) acting by multiplication. Thus, 
the Hilbert space of the quantum statistical mechanical system becomes 
L 2 (Aq/Q*) with the action of the idele class group Cq = Aq/Q*. The 
quotient space Xq = Aq/Q* is called the adele class space and, as we 
see in more detail in Chapter 3 and Chapter 4, it should be regarded as 
a noncommutative space. While in this chapter we mostly treat Xq as 
an ordinary space, we explain in §7.1 the reason why it is more natural to 
regard it as a noncommutative space, due to the ergodic nature of the action 
of Cq. We explain this in the case of the restriction to a set S of finitely 
many places (semi- local case X<Q t g = Aq^g/Qlj). Illustrative examples of two 
or three places are discussed explicitly in §§7.1.1 and 7.1.2. We explain in 
§7.2 how to define on rapidly decaying functions on Aq^ an inner product 
that descends to the coinvariants of the action of Q* s and we use it to define 
the Hilbert space L 2 (XQ y s) with the corresponding action of Cq^g. We also 
extend the proof of the trace formula given via quantized calculus from the 
case of the single Archimedean place to the case of finitely many places, 
obtaining in this way the semi- local trace formula of [71]. A main feature 
of the trace formula is its additivity: even though the adele class space is 
essentially a product over the set Er of places of the global field K the trace 
computation delivers a sum over the set of places S C Ek- 

Throughout this chapter, we only deal with the semi-local version of 
the trace formula in the Hilbert space context, as in [71]. In Chapter 4 we 
return to discuss, at length, the trace formula and the spectral realization, 
but in a different setting like that of [74], where we give a cohomological 
interpretation of the trace formula. In that setting we will have all the zeros 
appearing (not just those on the critical line), while the Riemann Hypothesis 
will become a question equivalent to a positivity statement that resembles 
more closely the positivity argument in Weil's proof for function fields. 

The terms that appear in the semi-local trace formula are compared in §8 
with Weil's distributional formulation of Riemann's explicit formula relating 
primes and zeros of the zeta function. We begin by recalling in §§8.1 and 
8.2 the definition of L-functions with Grdssencharakter for a global field K 
(the Riemann zeta function being a special case) and the distribution Dk on 
Ck and the Weil principal values that enter in the explicit formula. In §8.3 
we recall the properties of Fourier transform on Ck- In §8.4 we show the 
explicit computation of the principal values comparing the Weil principal 
values with those considered earlier in the semi-local trace formula of §7.2. 
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In particular, we discuss separately in §§8.4.1, 8.4.2, and 8.4.3 the case of a 
non- Archimedean place and the cases of a real and a complex Archimedean 
place. Finally, in §8.5, we give a reformulation of the Weil explicit formula 
in the form 

h(o) + h(i)- £ £Mx,p) = £ f ^-]d*u, 

, ^|i--l 

where the principal values match the corresponding terms that appear in 
the semi-local trace formula of §7.2. 

We then discuss the spectral realization of [71] of the zeros of the Rie- 
mann zeta function and of //-functions with Grdssencharakter. We consider 
the cokernel of the map l£, extended to this adelic setting, as an isometry 
<S : L 2 5 (X K ) L2(C K ) of the form 

<£(/) (<?) = \g\ 1/2 £ fba) 

qeK* 

for g e Ck, where the domain L|(Xk)o is the subspace defined by the con- 
ditions /(0) = /(0) = in the Hilbert space of square-integrable functions 
on Xq with a weight 5 controlling the decay condition. The cokernel TC of G; 
carries an induced representation i& m (g), g £ Ck and can be decomposed as 
a sum X 7i x along characters. The infinitesimal generator of the induced 
scaling action of on 7i x has as spectrum the set of zeros on the critical 
line of the corresponding L-function with Grdssencharakter. The trace is 
then given by 

TT$ m (h)= £ h{x,p), 

peiR/N 1 - 

for $ m (h) = f 7? m ( 7 ) h(j) d*7 with h G 5(C K ). The proof of [71] of the 
theorem on the spectral realization (Theorem 2.47) is given then in §9.3, 
after discussing in §9.1 a way to express L-functions as normalization fac- 
tors of certain homogeneous distributions on and, in §9.2, the use of 
approximate units f n in the Sobolev space L^(Ck). 

In §10 we consider instead L-functions of varieties defined over num- 
ber fields as in [74]. We concentrate on the Archimedean local factors of 
the completed L-function. These are suitable products of gamma functions 
with shifts and exponents that depend upon the Hodge numbers of the 
complex algebraic variety determined by the embedding EC C defining 
an Archimedean place. By analogy with the Riemann zeta function and 
L-functions with Grdssencharakter discussed in the previous sections, we 
consider the counting function of zeros for L-functions of varieties. Conjec- 
turally, the L-functions L(H m (X), s) satisfy a functional equation and have 
zeros located on the critical line 3i(s) = (1 + m)/2. The average part of the 
counting function N(E) = (N(E)) + N osc (E) should then be expressed in 
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terms of the Archimedean factors 

(N(E)} = ^SlogL, f H m (X),^p + iE\ . 

11 v\oo ^ ' 

We show that this expression can be formulated in terms of a Lefschetz trace 
formula, much as in the case of the Riemann zeta function. After recalling 
in §10.1 the definition of the Archimedean local L-factors and the counting 
function in §10.2, we proceed by expressing their logarithmic derivatives in 
distributional form in terms of principal values in §10.3. We show in §§10.4 
and 10.5 that this produces, respectively in the case of a complex or a real 
place, a trace formula for the logarithmic derivative of the corresponding 
local factor. In §§10.6 and 10.7 we formulate some more general questions 
such as the problem of a trace formula involving several places and the 
related spectral realization, and the problem of finding a global space (the 
analog in this higher-dimensional setting of the adele class space) on which 
the geometric side of the expected trace formula lives. We conclude the 
chapter with §10.8, where we draw an analogy between the real mixed Hodge 
structures involved in the definition of the Archimedean local L-factors and 
their motivic Galois group and the category of flat equisingular connections 
used in Chapter 1 in the context of perturbative renormalization, and their 
differential Galois group U*. 

2. Counting primes and the zeta function 

We begin by recalling some very well known facts about the Riemann 
zeta function. We do not prove these classical statements here, but the 
interested reader can find plenty of material on this subject, for instance 
by looking at the very pleasant book by Edwards [126] in which Riemann's 
original paper, which we essentially follow below, is reproduced. 

Riemann's seminal paper "On the number of primes less than a given 
magnitude" (in [255], cf. also [126]) established a remarkable relation be- 
tween the distribution of prime numbers and the zeros of the zeta function 
given by the Euler product 

(2.1) C(s) = £n-S = n(l-P-T\ »(*)>!, 

n>l p 

where p ranges over the prime numbers. 

The function defined by (2.1) has analytic continuation to the complex 
plane and is regular everywhere except for a simple pole at s = 1, where 

lim C(a) l — = 7, 

s— >1 S — 1 

with 7 the Euler constant. The analytic continuation is obtained in [255] 
using the V function 

[•CO 

T(s)n- S = / e~ nx x s - l dx, 
Jo 
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i, 

— > 



Figure 1. Contour L 



which gives 



poo s-l 00 

/ -dx = T(s)Yn- s , 

Jo *-l {) ^ 



from which one obtains, using T(s)r(l — s) = it/ sin(7rs), 

T(l - s) f (-x) s dx 



CM 



f (—x) s dx 
J L e x - 1 x ' 



2vri 
where 

(- x ) s = e ^s(-x) j 9i og ( z ) G (-7r,7r) , Vz ^ -R+ 

and the integration is along the oriented path L from +oo to ie in R + ie, 
then counterclockwise around the origin in C and then back from — ie to 
+oo in M — ie. 



Using Cauchy's residue formula Riemann proves the functional equation 

(2.2) C(l -s) = 2(2vr)- s co S (s7t/2)T(s)C( S ), 
which he writes in more symmetric form as the symmetry 

(2.3) C»= C*(l-s), 
of the "complete" zeta function 

(2.4) C(s)= r( s /2)7r-/ 2 c( s ) . 

After writing (* as the Mellin transform of Jacobi's theta function, 

POD 

(2.5) C*(»)= / ^(x)^!- 1 ^, 

Jo 

which gives another proof of the functional equation (2.3), Riemann then 
introduces the £ function, which he defines by 

(2.6) m= '<l-}lr(s/2)n- s / 2 as), s= 1 -+zt 

The function is entire, even and real-valued for real t, 

£ (t) el, Vi £ R. 
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Figure 2. Zeros of Zeta 



It was stated in Riemann's paper (and rigorously proved by Hadamard) that 
the £ function can also be written in the form 

(2-7) ^) = ^(°)Il( 1 -^)' 

with the product ranging over the zeros {a € C : £(a) = 0}. The Riemann 
Hypothesis, still unproved at the time of this writing, states that these zeros 
are all real. 

The zeta function £(s) has zeros at all the negative even integers s = 
—2, —4, . . . , — 2n, . . .. These are usually referred to as the trivial zeros. The 
hard problem is the problem of locating the remaining nontrivial zeros. From 
(2.6) they are of the form 

p=^ + ia, £(a) = 
and the Riemann Hypothesis states that they all fall on the line = 1/2. 
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The explicit relation between the zeros of zeta and prime numbers is 
expressed through the explicit formulas. In its original form due to Riemann 
the explicit formula expresses the prime counting function 

(2.8) n(x) = #{p prime : p < x}. 
in terms of the integral logarithm 

(2.9) Li(x) = f ~ V ( k - 

V ' Jo log(n) ^ ' log(x) fc 

(which Gauss had recognized numerically as giving the leading behaviour of 
tt(x)) and the non-trivial zeros p of zeta in the form 

ZOO JJ. 
t(t2 _ 1)logt +log£(0), 

where one lets 

(2.11) ir'(x) = tt(x) + l Ti{x 1 ' 2 ) + 1 ti{x 1 ^) + ■■■ + -vrOr 1 /™) + • • • 

The prime number theorem asserts that the counting function has the 
asymptotic behavior 

(2.12) tt(x) 



log(x) 

The Riemann Hypothesis mentioned above is equivalent to the statement 
that the remainder in 

(2.13) tt{x) = Li(x) + R(x) 
has size of the order of 

(2.14) \R(x)\ = 0(y/x]og(x)). 

Note that the main virtue of (2.10) is not to give an explicit formula for 
the prime counting function. Such an explicit formula exists [201] and is 
given (for n > 5) by 

" 2niF(k)/k _ j 

( 2 -!5) <n) =2 + ^ e _ 2m/k _ i . 

fc=5 

It is clear though, that because of the presence of the large T(k) = (k — 1)! 
in the exponential e 27r * r ( fc )/ fe ) the formula (2.15) is of little use in extracting 
an asymptotic estimate like the desired (2.14). 

There are many variants of the explicit formula (2.10). For instance let 
A(n) be the von Mangoldt function 



(2.16) A(n) 



log p n = p k , p prime , k G N 
otherwise. 
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and tp(x) be the Chebyshev-von Mangoldt function, 

(2.17) Y>(x) = 5>(n), 

11<X 

i.e. the step function that starts at zero and jumps by logp at each prime 
power p k . The value of tp(x) at a point of discontinuity is defined as the 
average 

(2.18) ^) = ^ + ) + ^-°). 

Then one instance of the explicit formula is ([240] Theorem 3.8) 

(2.19) ip(x) = — -log(2vr) - ^log(l -x~ 2 ), Vx > 1 . 

Here the sum is over all nontrivial zeros of £(s) and is understood as the 
limit 

lim > — . 

\Hp)\<e h 

All of these formulas are special cases of Weil's explicit formula which is best 
stated in the framework of test functions on the idele class group. We shall 
recall this formula below in §8 and one of the main results of this chapter, 
besides providing a spectral interpretation of the zeros of the zeta function, 
is to give a geometric set-up in which Weil's explicit formula becomes a trace 
formula. 

In his paper Riemann gives an asymptotic estimate for the counting of 
the nontrivial zeros of zeta in a certain region, namely the function 

(2.20) N(E) = #{p \((p) = 0, and < 3?(p) < E}. 



As a preliminary result to the study of the function 7r(x), Riemann states 
that this counting function has the asymptotic behavior 

(2.21) | log |_|. 

This was rigorously proved by von Mangoldt, and can be seen by considering 
the integral 

(2.22) 2 (7V(£)-1) = -L [ 

2™ J aR (*(s) 

counterclockwise along the boundary of the rectangle R = {s : — e < 3?(s) < 
1 + e, — E < 3(s) < E} (cf. Figure 3). Using the expression (2.4), one 
obtains (cf. e.g. [126], §6.6) 

(2.23) N(E) = ^ + 1 + 1 9 f ^ds, 
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Figure 3. The rectangle R and the path C 



where C is the part of dR from 1 + e to 1/2 + iE (cf. Figure 3) and 9(E) is 
the Riemann-Siegel angular function, given by 

(2.24) 9(E) = -| logTT + Qlogr Q + i| 

with logr(s), for > the branch of the log which is real for s real. This 
represents the opposite of the phase of zeta on the critical line inasmuch as 
the function Z(t), 

is real-valued for For this function 9(t) one has (cf. e.g. [126] §6.5) 

„, , t , t t 7T 1 7 

^ ) = 2 l0g 2^-2-8 + 4^ + 5W + --- 
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from which the estimate for N(E) follows, provided one controls the size of 
the error term 

(2.25) N osc (E) = -Q [ ^ds = -QlogC (1+iE) , 

where we assume that E is not the imaginary part of a zero, while the 
branch of the logarithm is uniquely defined by (2.25) and is at iE + oo. 
The main contribution to the error term N osc (E) comes from the integral in 
the portion of the contour C from 1 + iE to \ + iE and one can show (cf. 
[240] Theorem 4.7) that 

N osc (E) = 0(logE). 



3. Classical and quantum mechanics of zeta 

The above result of Riemann on the estimate for N(E) as E — > oo, which 
we discussed in §2 (cf. [255], [126]) can be formulated as the statement that 
the function N(E) of (2.20) has a decomposition of the form 

(2.26) N(E) = (N(E)} + N osc (E) , 

where the oscillatory part N osc (E) is of the order of 0{\ogE) and is 
given by the expression 

(2.27) N osc (E) = ^ log (l^+iE 
while the average part 

(2.28) {N(E)) = 1 + ^ , 

7T 

has an asymptotic expansion of the form 

(2.29) W £ » = JK 1 ° g |- 1 H + 0<1) ' 
One has the following equivalent expressions for (N(E)). 
Lemma 2.1. The function (N(E)) satisfies 

(2.30) (N(E)) = 1 - -^logvr + -Qlogr ( - +if 
and 

(2.31) (N(E)) = 1 + i- j* (- logTr + ^ Q + i0 cto) . 

Proof. The first equality follows from (2.28) and (2.24). The second 
follows from 

.Biogr (I + i|) = id (logr (» + *£) - i„ g r Q - 
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Figure 4. The number of zeros N(E) and its approximation 
by (N(E)). 



while QlogT (j + z§) 
log. 



1 r 

= - K — 

2 r 

for s = 



1 s 
4 + *2 



ds 



by the choice of the branch of the 

□ 



3.1. Spectral lines and the Riemann flow. 

It was observed by Berry in [18] that there is an interesting similar- 
ity between the expression in (2.26) and the semi-classical formula for the 
number of eigenvalues 

(2.32) N{E) = # Eigenvalues of H in [0, E] 

of a Hamiltonian operator H obtained by "quantizing" a classical dynamical 
system given by a symplectic phase space X and a Hamiltonian function h. 
In this setting, the average part (N(E)} is computed as a volume in phase 
space, namely 

(2.33) (N(E)) := Symplectic Volume {x £ X \ h(x) < E}, 
while the oscillatory part is given by 

(2.34) N osc (E) = N(E)-(N(E)). 

In the Hamiltonian case N osc (E) is the same as in random matrix theory, 
with statistics dictated by the symmetries of the system. 

This analogy led to the idea (cf. [18]) of the existence of a certain (hy- 
pothetical) "Riemann flow" . This would be a Hamiltonian system (X, h) 
which would give the formula (2.29) from (2.33). It should also match the 
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FIGURE 5. Emission and absorption frequency spectra of Hydrogen. 



heuristic formula, obtained by naively applying the function ^3= log to the 
Euler product formula using (2.27), 

-1 °° 1 1 
(2.35) N osc (E) ~ 7 EE-^ sm ( m£1 °g P) 

p m=l V 

with the semi-classical formula for the oscillatory part N osc (E) in the Hamil- 
tonian case. The latter is of the form 

oo 

(2,6) „^-X£-—^ MmEJ *), 

where the j p are the primitive periodic orbits of the system, T* is the period 
of the primitive orbit 7 p , the label m corresponds to the number of traversals 
of this orbit, and the ±A p are the corresponding instability exponents. 

One can obtain some interesting information on the properties of such 
a conjectural Riemann flow by comparing the formulas (2.35) and (2.36). 
However, while there seems to be a clear meaning for the various terms in 
(2.35) in this analogy, there is a serious problem that stems from the overall 
minus sign in front of (2.35), which cannot be accounted for in (2.36) even 
if one tries to fiddle with Maslov indices. 



A solution to this sign problem was given by Connes in [71] . A physical 
interpretation is the following. In quantum physics the observed spectra 
are of two different kinds (cf. Figure 5). Emission spectra appear as bright 
lines on a dark background and are generated by emitted photons of the 
corresponding frequency. Absorption spectra appear as dark lines on a clear 
background, and look like the "negatives" of emission spectra. There is a 
fundamental difference between the two kinds of spectra due to the presence 
of the continuous spectrum of white light which is the background of all ab- 
sorption spectra. The dark lines correspond to lacunae in the continuous 
spectrum due to the absorption of those photons that have the right fre- 
quency to induce atomic transitions during their trajectory from the source 
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of white light to the photographic plate. While the excited atoms re-emit 
photons of the same frequency, the directions of these re-emitted photons 
are random and this lack of coherence is responsible for the dark "absorp- 
tion" lines in the spectrum. These dark lines would not be seen if they were 
sharp, but they have a natural width due to several effects, the simplest be- 
ing the lifetime of the excited state and the presence of natural infrared and 
ultraviolet cutoffs. Mathematically speaking, as we discuss in the following, 
talking about an absorption spectrum is akin to considering a cokernel and 
we will see that the presence of cutoffs also plays an important role in this 
formulation. 



3.2. Symplectic volume and the scaling Hamiltonian. 

We begin by computing the symplectic volume (2.33) for the classical 
mechanical system with phase space T*R, the cotangent space of the real 
line, and classical Hamiltonian h(q,p) that generates the group of scaling 
transformations. More precisely, we consider the product 1 x 1 of the 
additive group R by its dual group R and we use the bicharacter 

(2.37) e R (p, q) = exp(-27ripg) 

to identify R with R. In this notation ^- corresponds to —2irip and the 
generator iq of the scaling transformations corresponds to 2nqp. Thus, 
the Hamiltonian h(q,p) is of the form 

(2.38) h(q,p) = 2-nqp. 
The canonical symplectic form 

(2.39) oj= dpAdq 

is the product of the Haar measure on R by the dual Haar measure on R. 

We let X denote the quotient of R x R by the discrete symmetry (p, q) 
(—p, —q). The symplectic volume of a subset of X is one half of the sym- 
plectic volume of its preimage in R x R. The Hamiltonian h(q,p) is not 
positive, but this is in line with the symmetry \ + %E i— > \ — iE on zeros of 
(. This symmetry shows that we should compare 

(2.40) 2N(E) = #{p | C*(p) = , < E} 

with the symplectic volume of \h\ < E in (2.33), i.e. with the symplectic 
volume of the region satisfying 

E 

lQP ^2^- 

We introduce a cutoff A both in the infrared and in the ultraviolet by 
imposing the conditions 

(2.41) M < A, |p| < A. 
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Figure 6. The subset B of the (q,p) plane 



We then compute the symplectic volume v(E) of the subset B of X: 

(2.42) B = {(q,p) : \h\ <E, \q\ < A , \p\ < A}. 

By construction B is the image in X of the union of four regions congruent 
to its intersection B + with the first quadrant, as shown in Figure 6. 



Thus, the symplectic volume v{E) of the region B in X is given by twice 
the symplectic volume of B + , 

v(E) = 2Vol( J B+). 

Notice that B + is the union of the rectangle with sides anc ^ ^ anc ^ °^ 
the region below the graph, in the range from q = to g = A, of the 
hyperbola 2npq = E. We assume A > (j|) 1//2 . Thus, we have 

f E E 

(2.43) / uj = — + —dq. 

Jb+ 27T Je/2-kK 2 nq 

This gives 

(2.44) Vol(B+) = ^ x 2 log A - ^ (log ^ - 
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In this formula we see the overall term (N(E)) of (2.28) appearing with a 
minus sign, as 

< 2 - 45 > -Ifa!- 1 

In §5 below we refine this semi-classical approximation and obtain in Propo- 
sition 2.17 exactly —(N(E)) of (2.28) (and in particular the additional term 
|) as a quantum correction. 

The terms in log A are of the form M- x 2 log A. This contributes an 
overall factor of 2 to v(E). Now 2x^x 2 log A is the symplectic volume 
of the cutoff region 

(2.46) W(E, A) = {(A, 6) e R* + x R | A e [A -1 , A] , \d\ < E} 

in the product of the multiplicative group by its dual group ~ R. 
Here we identify with R using the bicharacter 

(2.47) (X,9) = \ ie . 

In fact, the product of the Haar measure on by the dual Haar measure 
on R is given by 

(2.48) 

Thus, we can see clearly, already at this rough semi-classical level, that 
the symplectic volume v(E) for the scaling flow on X is given by the differ- 
ence 

(2.49) v(E) = Vol(W(E, A)) - 2(N(E)}, 

where 2{N(E)) is the average part of the counting function 2N{E) of (2.40). 

This suggests that the scaling flow on X can be regarded as a first 
approximation to a classical system whose quantization yields a spectral 
interpretation of the zeros of zeta, not as an emission spectrum but as an 
absorption spectrum, with the zeros labeling the missing spectral lines, while 
Vol(W(E, A)) accounts for the white light background. 

Besides the first difficulty, which is to quantize the above system and 
replace the simple area computation by the counting of the modes of the 
quantum Hamiltonian, the main difficulty comes from accounting for all the 
additional terms which enter in the oscillatory part of N(E) as given in 
(2.27). We shall start with the first question, i.e. the counting of modes of 
the Hamiltonian of the quantum system. 

3.3. Quantum system and prolate functions. 

Passing from the classical to the quantum mechanical system replaces 
integration of the symplectic form over a region of the phase space by a 
counting of quantum states within a given energy bound. 
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The classical system (X, h) described in §3.2 above is easy to quantize. 
The quantum mechanical Hilbert space is simply given by 

(2.50) H = L 2 (M) cven , 

that is, the space of square-integrable even functions f(q). Requiring the 
functions to be even simply reflects the discrete symmetry (p, q) ^ (— p, — (?) 
defining X in the classical setting. 

The Hamiltonian H generates the group of scaling transformations, 
which is given by the natural representation # a of R*j_ on 7i, of the form 

(2.51) (tf a (A) f)(q) = f(\- 1 q). 

This is unitary after multiplication by |A| -1 / 2 so that the representation 

(2.52) A i-> |A| -1 / 2 ?? a (A) 

is unitary. For h G C£°(M?j_), we define corresponding operators 

(2.53) Mh)= [ MA)tfa(A) d*X 

with d*\ = ^ the multiplicative Haar measure on . 

To the infrared cutoff \q\ < A there corresponds the orthogonal projec- 
tion Pa onto the subspace 

(2.54) P A = {/ G L 2 (M) cvcn | f{q) = 0, Vg with \q\ > A}. 

To define the ultraviolet cutoff \p\ < Awe use the Fourier transform, which 
is defined as follows for locally compact abelian groups: 

Definition 2.2. Let A, B be a pair of locally compact abelian groups 
with Haar measures da, db. Let a(a, b) be a bicharacter which gives an 
isomorphism B ~ A of B with the Pontrjagin dual of A. Then the Fourier 
transform F a is defined by 

(2.55) F Q (/)(6) := J a(a,b) f(a) da . 

The ultraviolet cutoff is given by the orthogonal projection Pa given by 
the conjugate 

(2-56) l\ V, I'\V, 1 . 

Here F eK is the Fourier transform associated to the bicharacter em introduced 
above in (2.37). 

The first difficulty one encounters, which is inherent in the quantum 
system, is the fact that the two cutoffs Pa and Pa do not commute, hence 
one cannot just intersect their ranges in order to perform both cutoffs at 
once. Indeed, no nonzero function on IR can have the property that both 
the function and its Fourier transform have compact support. 
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The relative position of the two projections (2.54) and (2.56) was first 
analyzed in the work of Landau, Pollak and Slepian (cf. [246], [196], [197]) 
in the early sixties, motivated by problems of electrical engineering. 

The result has since then been considerably refined. To explain the main 
point, let us first remind the reader of well-known facts on the geometry of 
pairs of projections. 

Lemma 2.3. Giving a pair of orthogonal projections Pi, z = 1,2 on a 
Hilbert space TL is the same as giving a unitary representation of the dihedral 
group L = Z/2Z * Z/2Z, the free product of two copies of the group Z/2Z. 
These irreducible unitary representations are parameterized by an angle a G 
[O.tt/2]. 

Proof. To the generators Ui of L there correspond the operators 2Pj— 1. 
The group L is the semidirect product of the subgroup generated by U = 
U1U2 by the group Z/2Z, acting by U 1— > U _1 . Irreducible unitary repre- 
sentations of L are parameterized by an angle a 6 [0,7r/2], where the cor- 
responding orthogonal projections Pj are associated to the one-dimensional 
subspaces y = and y = x tan(a) in the Euclidean (x, y)-plane. In partic- 
ular these representations are at most two-dimensional. The projections Pj 
are given by 

to K7\ d _ f 1 ® \ X3 — ( cos 2 a cos a sin a \ 

(A57j Fl ~ \ ) ' F2 ~ V cosa sina sin 2 a ) " 

A general unitary representation is characterized by an operator a whose 
value is the angle a in the irreducible case. It is uniquely defined by the 
condition < a < tt/2 and the equality 

(2.58) sin(a) = \P ± - P 2 | 
and commutes with Pj. Equivalently one has 

(2.59) Pi P 2 Pi = cos 2 (q) Pi . 

□ 

What the authors of [246], [196], [197] did is to analyze the relative 
position of the projections P\ and P\ for A — > 00. In concrete problems 
of electrical engineering, this makes it possible to account for signals which, 
for all practical purposes, have finite support both in the time variable and 
the dual frequency variable. This had an important role in the early devel- 
opments of laser technology. 

The basic tool employed in [246], [196], and [197] is the existence of a 
second-order differential operator Wa on M, which commutes with both Pa 
and P\. This operator is of the form 

(2.60) (WaVX?) = ~d((A 2 - q 2 )d) </>(<?) + (2vrAg) 2 ^q). 

Here d denotes the ordinary differentiation in one variable. To be more pre- 
cise, (2.60) defines a symmetric operator with natural domain the Schwartz 
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Figure 7. The function ip 8 for A = 3. 



space. Recall (cf. [183]) that by definition the deficiency indices n±(T) of a 
symmetric operator T are the dimensions of ker(T* ± i). One can show that 
the operator Wa has both deficiency indices equal to 4 and admits a unique 
selfadjoint extension which commutes with the dihedral group T associated 
to the projections Pa and P\. We use the same notation Wa to denote this 
selfadjoint operator. It commutes with the Fourier transform F eK . 

If one restricts the variable to the range [—A, A], the operator Wa has 
discrete simple spectrum. Its properties were studied long ago. It appears 
in the factorization of the Helmholtz equation 

(2.61) Aip + k 2 ip = 

in one of the few separable coordinate systems in Euclidean 3-space, called 
prolate spheroidal coordinates. The eigenvalues x n (A),n > of Wa, listed 
in increasing order Xn+i > Xn, are simple and positive. The corresponding 
eigenfunctions ip n are called the prolate spheroidal wave functions. Since the 
product Pa Pa -Pa commutes with Wa, they are eigenfunctions of Pa Pa Pa- 
By the results of [246], [196] and [197], the eigenvalues A n of the operator 
Pa Pa Pa ar e simple. Moreover, if we let Ao > Ai > ■ ■ ■ > X n > ■ ■ ■ be their 
list in decreasing order, one has 

(2.62) PvPaPa^ = A„Vn. 

Thus, the prolate spheroidal wave functions tpn are the eigenvectors of 
Pa Pa Pa with non-zero eigenvalues. 



A lot is known about the prolate spheroidal wave functions ip n . In 
particular, one can take them to be real-valued. They are even for n even 
and odd for n odd, and they have exactly n zeros in the interval [—A, A]. 
We normalize them to have I? norm equal to 1. We are only interested in 
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Figure 8. The eigenvalues A„ for A = 3 



the ip n for even values of n, since in our quantum mechanical Hilbert space 
we restrict to even functions. For A — > oo the function ip n converges to the 
Hermite- Weber function Q n of order n (cf. [272]). 

The eigenvalues A n behave qualitatively in the following manner, as a 
function of the cutoff. They stay very close to the value one, A„ ~ 1, until 
n falls in an interval / of size ~ log A around the value 4A 2 . Their behavior 
in this interval is governed by the relation (cf. [273], [198]) 

(2.63) A n = (1 + e^)- 1 , 

where 5 is the solution of smallest absolute value of the equation 

(2.64) (n + l/2)vr = 4vrA 2 + 51og(8vrA 2 ) - <5(log(|<5/2|) - 1). 

Beyond the interval / the eigenvalues \ n tend very rapidly to zero. A plot 
is shown in Figure 8. 



For the pair of projections -Pa and Pa, one obtains in this way the 
eigenvalues a n of the angle operator a of Lemma 2.3 by (2.59), i.e. 

(2.65) cos 2 (a n ) = A n . 

This shows that the angle a n is essentially up to an interval I of size 
~ log A around the value n ~ 4A 2 . It then shifts from to j and stays 
essentially equal to ^ for all larger values of n. This clearly shows how to 
impose both ultraviolet and infrared cutoffs by restricting to the subspace 
B\ of 7i spanned by the ip2n, f° r 2n < 4A 2 . No special care is needed in 
order to define precisely the upper bound, since one can show that, for all 
n in the interval / considered above and for all h £ C£°(M*jJ, one has 



(2.66) 
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for some p > 0, and with $ a (M as in (2.53). We let Qa denote the orthogonal 
projection onto Pa C TC. 

We now come to the problem of counting the number of states of the 
quantum mechanical system, with an energy bound \H\ < E on the Hamil- 
tonian H (i.e. the generator of scaling transformations). The Hamiltonian 
H is the generator of the scaling action of on TC and we identify, as 
before, the dual group of with R using the bicharacter (2.47). 

Lemma 2.4. Let Ne denote the spectral projection, of the scaling action 
ofW + on TC, associated to the interval [—E,E] in the dual group M. o/R+. 
It is given by 

i r E 

(2.67) N E = & a (h E ), with h E (u) = \u\- 1/2 — \u\ ls ds, 

with $ a (h E ) defined in (2.53). 

Proof. As we saw above, (2.52) gives a unitary action of R\ on TC, so 
that (2.67) follows from the identity 

j X u k(X) d*\ = l [ _ E , E] (t) 
for the function k(X) = ± jf E \ is ds, A G □ 



We can now formulate the problem of counting quantum states of the 
scaling flow in the following way. 

Remark 2.5. Counting the number of quantum states of the Hamil- 
tonian H subject to the constraint \H\ < E amounts to computing the 
dimension of the near intersection of the projections Qa and iV^. This is 
given by Tt(Q a N e ). 

In order to compute Tt(QaNe) for large A, we can use the analysis of 
the angle operator between Pa and Pa described above together with (2.66) 
and replace Q\ by 

(2.68) P A = P\ Pa, 

which introduces an error term of the order of 0(A~ p log A). Thus, in order 
to count the number of quantum states in the near intersection of the two 
projections Qa and A^;, we just need to compute 

(2.69) Tt(Q a Ne) - Tr(P A <? a (M) ■ 

It thus remains to compute Tr (Pa ^a(^))- We then apply the following 
result ([71], Theorem 3), which is in fact valid for any local field and is a 
special case of Theorem 2.36 which will be proved below, in §7.2. 
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Theorem 2.6. Let h e S(W) be an even function (h(—u) = h{u)) with 
compact support, and i? a (/j) be given by (2.53). Then i?A$ a (/i) is a trace- 
class operator. Moreover, for A — ► oo one has 

(2.70) Tr (Ra i? a (^)) = 2/i(l) log A + ^ M^-j <f „ + (1). 

We want to apply this formula to the function /i = He of (2.67). Notice 
that this function does not have compact support, so in principle the result 
does not apply directly. We shall take care of this technical point in §5.1 
below. In (2.70) the integral is singular at u = 1 and Theorem 2.6 selects a 
specific principal value, denoted as /', which we now discuss in detail in §4 
below. 

4. Principal values from the local trace formula 



The counting of the quantum states of the scaling flow makes sense for 
any local field K, i.e. any locally compact non-discrete field K. We shall 
prove below that its computation singles out a preferred extension of the 
distribution d*u at u = 0. Here we shall first give a heuristic explanation for 
the local trace formula (Theorem 2.6) and then, in §4.2, define the preferred 
principal value selected by the local trace formula. 

We let K be a local field. The natural representation t? a of K* on 1?{K) 
is of the form (2.51) i.e. 

(2.7i) (UV0(q)=a^ 1 q), 

and to a test function h one associates the operator 



(2.72) Mh)= [ /i(AR(ARA 

JK* 



where d*X is the Haar measure on the multiplicative group K* . The latter 
has a preferred normalization which will be discussed in §4.1 below. 

We first give a heuristic explanation for the integrand nyz^r d*u in 
(2.70). We explain why at the formal level the distribution-theoretic trace 
of i9 a (A _1 ) is given by w~\i- This only makes sense when A / 1 and the 
precise justification requires the discussion of functoriality and transversal- 
ity properties of distributions (cf. [156] and §7.1 of Chapter 4). The formal 
computation of the distribution-theoretic trace of i? a (A _1 ) is given by the 
integral on the diagonal J k{x, x)dx of the associated Schwartz kernel, which 
is k(x, y)dy = 5{y — Xx) dy since 

(2.73) (^(X- 1 )0(x)=H(^) = Js(y-Xx)((y)dy = J k(x,y) £(y) dy . 
Thus this gives 

J k(x,x) dx = J 5{x — Xx)dx = j 5{{1 — X)x) dx 
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= J 5{y) d((l - Xy 1 y) = |1 - X\~ l J 5{y) dy=\l- A| _1 . 

One can reformulate this result as asserting that the product of the distri- 
butions S(x — y) and 5(y — Xx) gives |1 — A| _1 5q so that 

(2.74) J 5{x-y)5{y-Xx)dxdy = |1 — A| _1 . 

The product of distributions u and v only makes sense under the hypothesis 
^ WF(u)+WF(w) where WF(u) is the wave front set of u (cf. [156] Propo- 
sition 3.10). In the above context of local fields, the correct way of defining 
the product of two distributions is as the inverse Fourier transform of the 
convolution of the Fourier transforms. We shall explain how to perform the 
computation for the product of 5(x — y) and 5(y — Xx) in order to understand 
the condition A / 1 as a transversality condition ^ WF(ji) + WF(d). We 
let a be a nontrivial character of the additive group K and use the pairing 
between K 2 and its dual K 2 given by the bicharacter 

(2.75) a{{x,y),{^rf)) = a{xi + yr } ) G 17(1). 



Lemma 2.7. Let (a,b) e K 2 (^ 0). The Fourier transform F & of 5{ax + 
by) is 5(—b^ + arj). 



1 and consider the invertible 



PROOF. One first computes the Fourier transform of 5(x); the additive 
Haar measure dx is normalized so as to be selfdual, and in one variable, 
S(x) and 1 are Fourier transforms of each other. Thus, with Fq(/) = f A the 
Fourier transform, one gets 

(2.76) (5® 1) A = 1 05. 

Let then (c, d) G K 2 be such that ad — be 
linear transformation of K 2 , 



(2.77) 



The Fourier transform Fq(/) = f A obeys the rule 
(2.78) 

Here one has det L 



X 




a b 




X 


. y _ 




c d 







(/oL) A = |detL|- 1 / A o(L- 1 )* 
1 and (L- 1 )* is 

(2.79) (ZT 1 )* = 

Thus (2.78) gives the Fourier transform of 5(ax + by) as S(— b^ + arj). □ 



d — c 
—b a 



Thus, to justify (2.74), we have to compute the convolution of the two 
generalized functions <5(£ + rj) and <5(£ + Xi]). Now 

(2.80) J /(£, V ) 6(£ + 7 1 )d£d V = J /(£, -o dt, 
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and 

(2.81) J f(t,r,)6(t + \T,)dZdr, = J /(—A 77,77) drj . 

Thus we are dealing with two measures carried, respectively, by the two 
distinct lines W\ and W\ where W a = {(—a 77, 77) | 77 £ K}, Va G K . The 
transversality condition £ WF(u) + WF(u) is here ^ W* + W£, where 
W* = W a \ {0}. It holds if and only if A / 1. The convolution of these 
measures evaluated on / G C^°(K 2 ) is 

j f{a + (3)dp{a)dv(f3) = f j /((£,-£) + (~^V,V)) d^d V 
= J J m-*ri,-t + v)dZdT,= (J //(^r/K'd^xlJr 1 



where J is the determinant of the matrix 
L 



L, so that 



. One has J = 1 — A and thus the convolution of the generalized 



1 -A 
-1 1 



V 

functions <5(£ + 77) and <5(£ + A 77) gives as expected the constant function 

(2.82) |1-A| _1 1. 

4.1. Normalization of Haar measure on a modulated group. 

In order to fix the notation we first recall the following: 
Definition 2.8. 

(1) A modulated group G is a locally compact group with a proper mor- 
phism with cocompact range, 

(2.83) Mod : g -> \g\ , G -> R* + . 

(2) A Haar measure d*g on G is normalized when 

(2.84) / d*g~ log A when A — > +00 . 
J\9\e[i,A] 

We let pa be the function on G given by 

(2.85) PA (g) = if \g\ i [1,A], p A (g) = -L- if 5 e[l,A]. 

log A 

The normalization (2.84) means that j p\d*g — > 1 when A — > 00. There 
exists a unique normalized Haar measure d*g on G. Let 

G = Ker Mod = {g € G \ \g\ = 1} . 

It is a compact group by hypothesis, and one can identify G/Go with the 
range N of the module. Let us determine the measure d*n on N C such 
that (2.84) holds for 



(2.86) J f(g) d*g = j ' (| /(n 5o ) dg ^j cf 



n 
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where the Haar measure dgo on Go is normalized by 

(2.87) I dgo = l, 

J Go 

and the function J f(ngo) dgo only depends on |n| G N. 

Proposition 2.9. For N = W + the normalized Haar measure is 

(2.88) d*X = ^ . 

A 

For N = fi z , for some \i > 1, the normalized Haar measure is 

(2.89) f f(g) d* g = log // ^ /(/x n ) . 

Proof. The first statement is clear. For f = p\ the right hand side of 

(2.89) is log// where k is the number of p n £ [1, A], thus k ~ This 
shows that (2.84) holds. □ 

Proposition 2.10. Let H C G be a cocompact subgroup of an abelian 
modulated group G. Then H is modulated by the restriction of Mod to H. 
Let both d*g and d*h be normalized by (2.84); then one has 

(2.90) J ^ f(hy)d*h^j d y = J fd*g 
where doy is the Haar measure of integral 1 on G/H, 

(2.91) / d y = l. 

JG/H 

Proof. The left-hand side of (2.90) defines a Haar measure on G and 
we just need to show that it satisfies (2.84). Let be defined by (2.85) 
for G. For any y G G one has \yh\ = \y\\h\ and p^(hy) agrees with p^{h) 
except near the boundary, so that 

J \pf(hy) - pf(h)\d*h -»• when A ->■ oo 

and 

(2.92) J p\(hy) d*h -> 1 whenA -> oo 
uniformly on compact sets of y G G. Thus 

(2.93) j (^j PK{hy) d*h^j d y 1 when A -► oo 

which shows that the left-hand side of (2.90) defines a normalized Haar 
measure on G. □ 
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4.2. Principal values. 

We now describe the principal value dictated by the local trace formula 
(2.70). We let K be a local field. The multiplicative group K* is a modulated 
group for the module given by 

(2.94) Mod : x -> \x\ , d(xa) = \x\da , 

for any Haar measure da on the additive group of K. A basic character a of 
K is, by definition, a non-trivial character of the additive group K. Given 
such an a the associated Fourier transform is 

(2.95) {F a p)(y) = Q(y) = J Q{x)a{xy) dx . 

which makes sense for any element / G S{K) of the Bruhat-Schwartz space 
S(K) (cf. [36] for the definition of S(K)). By the Plancherel Theorem F Q 
extends to a unitary operator 

(2.96) (F Q (0,F a (r ? )) = (^,r ? ), V^eL 2 (K), 

where one has normalized the additive Haar measure da on K so that it is 
self-dual. The adjoint of the operator F a is F„, where a{a) = a(—a), and it 
follows from the Parseval formula (2.96) that F s is the inverse of F a . The 
transpose of the the operator F a is F Q and this gives its natural extension to 
tempered distributions, i.e. continuous linear forms on the Bruhat-Schwartz 
space S(K), 

(2.97) (F Q (L))(/):=L(F a (/)), V/ G S(K) , LeS'(K). 

Proposition 2.11. Let K be a local field and a a basic character. 

(1) Let da be the selfdual Haar measure on K . The Fourier transform 
F a (ip) = of the distribution <p(u) = — log \u\ is given away from 
by 



(2.98) J f(a)if(a)da= J f(a)d*a, V/ , f(0) = , 

where d*a is the normalized Haar measure on K* . 

(2) There exists a unique distribution g a extending d*u at u = 0, whose 
Fourier transform satisfies the vanishing condition F a (^ a )(l) = 0. 

(3) One has, for A G K* , f G S{K), f x (x) = /(Ax), 

(2.99) fc(a) = 0, Q a (fx) = Qa(f) - log |A| /(0) . 

(4) Let a G K* and (3 be such that (3(x) = a(ax) for all x G K; then 

(2.100) Qp = g a + log \a\ S . 

Proof. (1) To see this one lets P be the distribution on K given by 

(2.101) P(f) = lim ( / /(*) d*x + /(0) log e) . 

eeMod(K), £ ^0 W|x|>e / 
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The normalization of the measure d*a ensures that the limit exists when / is 
locally constant near so that it makes sense for any Schwartz function / € 
S{K). For A G K* let f x (x) = /(Ax). One has P(/ A ) = P(f) - log |A| /(0). 
One has 

P(fx)= J P(x)(f x )(x)dx= I P(Xy)f(y)dy 

since the Fourier transform of f\ is ^f x -i- This is enough to show that the 

function h = P(x) fulfills h(Xx) = h(x) — log | A | , and is equal to — log |x| 
up to an additive constant. More precisely, both P(x) and — log |x| are 
tempered distributions and their difference fulfills the same homogeneity 
condition as the constants, and is thus a constant by [297]. Thus ip differs 
from P by a constant and (p differs from P by a multiple of 5$. 

(2) The equality 

f(u)d*u, Vf€S(K),f(0) = 

defines a continuous linear form on the hyperplane {/|/(0) = 0} of the 
Bruhat-Schwartz space S(K). By the Hahn-Banach theorem this extends 
to a continuous linear form on S(K) and hence a distribution L. The first 
part of the proposition gives the existence of p a . Two extensions L differ by 
a scalar multiple of the Dirac mass / ^ /(0). The Fourier transform of the 
Dirac mass is the constant function and thus one gets the uniqueness of g a . 

(3) This follows from the proof of (1), using P(f x ) = P(f) - log |A| /(0). 

(4) The difference gp — g a is a scalar multiple of So. To show that this 
scalar is log |o| we apply both sides to j3 = a a and get, using (2.99), 

(Q/3 ~ Qa)(P) = Qp(P) ~ Qa(a a ) = -g a (a a ) = log \a\ . 

□ 

Definition 2.12. The principal value J' is defined by 

(2.102) /' lj^l d *u = (g a ,g), with g(X) = /((A + 1} ' } , 

J(K,a) \ L - u \ l A + L \ 

where (g a ,g) is the pairing of the distribution g a and the function g(X). 

This makes sense provided the support of / is compact, which implies 
that g(X) vanishes identically in a neighborhood of A = —1. 

Lemma 2.13. The principal value J' is given, after a translation of the 
singularity to a = 0, by 

(2.103) - f g{a) ^ = - [ g(u) log \u\du, d*a = ^-. 
PJ \a\ J P\ a \ 

PROOF. The normalization condition L(l) = on a distribution L on 
K is invariant under translations of the variable since this multiplies the 
Fourier transform L by a character and the result still vanishes at 1 G K. 
Thus since log \u\ vanishes at 1 £ K we get (2.103). □ 
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We now consider more explicitly the case K = M. and we choose, as 
above, the additive character e^(x) = e~ 2mx so that the Fourier transform 
is 

(2.104) (F e J)(x) = J f(y)e~ 2 ™ydy 

and the Haar measure dx is selfdual. The normalized Haar measure on 
K* = R* is 

(2.105) d * X= lw\- 

Proposition 2.14. 

(1) The Fourier transform of — log \p\ is given by the distribution 

(2.106) L(/):=(log27r + 7 )/(0) + lim ( / f(x)d*x + (loge)/(0) ] , 

^ \J\x\>e J 

where 7 is the Euler constant. 

(2) Let A = log27r + 7; then one has for any test function f , 

A /(«) jtz^i d*u = A /(I) + lim^o (/ jt^L d*u - \ /(I)) 

(2.107) V 7 
= A /(I) + lim^o ^| «T« + (logs) /(I)) . 

PROOF. (1) Let tp(u) = — log |it|. It is a tempered distribution on R and 

(2.108) (^,e-™ 2 ) = J {-\og\u\)e-™ 2 dy = I logTr + ^ + log2 

as one obtains from J M _s e -7 ™ 2 du = (V^ 1 T (^r)^ evaluated at 
r'(i) 

s = 0, using I = —7 — 2 log 2. Thus by the Parseval formula (2.96), 

(2.109) ($,e-™ 2 ) = ^log7r + ^+log2. 
The distributions <£, L and the following 

(2.110) MS(/) = lim Q (J f( x ) \ x \ £ d * x ~ \ /(°)) 

agree on functions / £ S(R) which vanish at G R since fd*x is then 
integrable and Lemma 2.13 applies. Moreover one has 

(2 m) (jj x |> e /(*) d*x + (loge) /(0)) 

= lim £ _ >0 (//(x)N £ d*x-i/(0)) . 

Indeed the difference between these two distributions is a multiple of the 
Dirac mass 5q while both sides make sense and vanish for f(x) = 1 if |x| < 1, 
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f(x) = otherwise, so that they agree on any test function extending / 
smoothly. One has 

(2.112) <£ = MS + A(5o, A = log2vr + 7. 
Indeed for f(x) = e -7 ™ 2 one has 

/ /(.) N'T, = \ I e-'^ = = 1 - I - ^ + W 

which gives the same answer as (2.109) after adding A/(0). Using (2.111) 
we thus get that, for any test function /, 

(2.113) <<£,/) = lim( / /(x)^ + (log£)/(0)] +A/(0) 

where A = log(27r) + 7. 

(2) From (2.113) and (2.111) one gets (2.107). □ 

Corollary 2.15. The principal value j' is given explicitly for functions 
f on M* fulfilling f(—u) = f(u) = f{u~ l ) by the formula 

;'/(«)(r!^^u=(log7r + 7)/(l) 
(2-114) ' 

+ lim £ ^o (/oVW^^t-^l)) 
where 7 is the Euler constant. 

Proof. To see why (2.114) holds, we use Proposition 2.14 which gives 

/ / /Wjf^5R = (log2vr + 7 )/(l) 

(2.115) 

+ lim_ (J^/WK^H + Oog £)/(!)) • 



Since we have f(u) = f(u 1 ), the second term in (2.115) equals 

|V2 du 1 

'|ll|<l, |1-U|>£ 

By hypothesis we have f(—u) = f(u), so that we can write (2.116) as 
nl - £ 2U 1 ' 2 du 



( I' Id 1 / 2 du 1 

(2.H6) 21im / f {u) \\ + { l og£)m 

\J\u\<h\l-u\>e \1-U\2\U\ 2 



(2.117) Sj(i"/W^yv + (1 ° S£)/(1) )- 

Finally, we can check, using f(u) = u 3 ^ 2 for u G [0, 1], that one can rewrite 
this as 

(2.118) Ihn m^^ d i - i/d)) - /(I) log2. 

This proves Corollary 2.15. □ 
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We can also express this finite value using the following variant of the 
minimal subtraction scheme: 

Corollary 2.16. One has with n = 

< 2 - 119 ' L m w^\ d " u= £s (/ d ' u - \ m 

In other words the principal value is obtained by a simple subtraction 
of the pole part as in dimensional regularization, using a scheme similar to 
MS, which would use /U 2 = f^- 



5. Quantum states of the scaling flow 



We now return to the problem of counting the number of states of the 
quantum mechanical system given by scaling transformations on the Hilbert 
space H = L 2 (M) even . By construction the function He of (2.67) is a function 
on the multiplicative group R*. This group is a modulated group (Definition 
2.8) with module given by u i— > \u\ and its normalized Haar measure (2.84) 
is given by 

(2. 12 0) « =_*!». 

Theorem 2.6 is a corollary of Theorem 2.36 below. In the latter the 
Hilbert space is L 2 (R), but we apply i? a to functions h fulfilling the condition 

h(-u) = h(u), VtieM*. 

The range of # a (/i) is then contained in L 2 (R) even . Thus, the formula (2.271) 
agrees with (2.70) and gives the trace in our quantum mechanical Hilbert 
space H = L 2 (R) cvcn (where (2.53) agrees with (2.72)). 

If we proceed to apply (2.70) to the function Ke of (2.67) (note that we 
still need to justify this point since He does not have compact support) we 
find that the first term gives 

(2.121) 2/i£(l)logA = -!- x 2E x 21ogA. 
We then need to compute precisely the second term 

r ' M« _1 ) 



d*u. 
u\ 



(2.122) J ^ 

We obtain the following result. 

Proposition 2.17. The second term of (2.70) applied to the function 
h = h E of (2.67) is 

(2.123) f ^ d*u = -2((N(E)) - 1). 
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Proof. By definition we have 

(2.124) (N(E)} = N(E) - N osc (E), 
where 

(2.125) N osc (E) = ^ log C^+iE 

To complete the proof of Proposition 2.17, we apply (2.114) to 

(2.126) f a (u) = \u\ is + \u\- is . 
We need to compute 

Jo (! - u ) u 

With x = u 2 , we get 

The residue at e = is equal to 1 and the finite part gives 

(2.129) _£Q +i |)_ 7 . 

Thus, we obtain 

(2 . 130) I'Uu^u 
= 2(log Ir + 7 )-2 7 -C(l +i |)_r;(l_ ii ) . 

Finally, this gives 

>d*u=— 21ogjr-- -+«- -- --i- ds. 



|1 -u\ 2vr J V r V 4 2 7 r \4 2 

Using (2.31), we then get 

(2.131) f % *u = -2((N(E)) - 1) 



□ 



Thus, we find the following asymptotic formula for the number of quan- 
tum states when A — > oo. 

Theorem 2.18. The dimension of the near intersection of Q\ with Ne 
is given by 

AE 

(2.132) Tr(Q A N E ) = — log A - 2((iV(£)) - 1) +o(l), /or A ^ oo. 

Z7T 
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This still requires justifying the fact that we applied the result of Theo- 
rem 2.6 to the function He ^ S(M*). This is discussed in §5.1 below. We also 
give in Remark 2.23 below an explanation for the additive 2 that appears in 
the expression -2(N(E)) + 2 in (2.131) and (2.132). 



5.1. Quantized calculus. 

In order to prove Theorem 2.18 and refine the analysis of §5, we use 
the quantized calculus developed in [68] . In particular, we analyze here the 
relative position of the three projections Pa, P\, and Ne, using identities 
involving the quantized calculus, as proved in [72]. The method used here 
is based on the idea of Burnol [37] which simplifies the original argument of 
[71]. 

First recall from §IV of [68] that the main idea of quantized calculus 
is to give an operator-theoretic version of the calculus rules, based on the 
operator-theoretic differential 

(2.133) cTf:=[F,f], 

where / is an element in an involutive algebra A represented as bounded 
operators on some Hilbert space Tt, and the right-hand side of (2.133) is the 
commutator with a self-adjoint operator F on Tt with F 2 = 1. 

In particular, we recall the framework for the quantized calculus in one 
variable, as in §IV of [68]. We let functions f(s) of one real variable s act 
as multiplication operators on L 2 (R), by 

(2.134) (fh)(s):=f(s)h(s), VhGL 2 < 



We let Fe R denote the Fourier transform with respect to the basic character 
gr(x) = e~ 2mx , namely 

(2.135) F em (h)(y):= J h(x) e' 2 ^ dy . 
We also introduce the notation 

(2.136) n [o,6] : = F e R l[a,6] F ^ t 1 ) 

for the conjugate by the Fourier transform F eK of the multiplication operator 
by the characteristic function l\ a u of the interval [a, b] C R. 

Definition 2.19. We define the quantized differential of f to be the 
operator 

(2.137) oTf:=[H,f]=Hf-fH, 

where H is the Hilbert transform H = 2 nr 0)OO ] — 1 given by 

(2.138) (Hh)(s) := ±- ! j^dt. 
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Thus, the quantized differential of / is given by the kernel 

(2.139) k(s,t) = - m ~ f(t) . 

TT S — t 

We follow [282] and [37], and use the classical formula expressing the 
Fourier transform as a composition of the inversion 

(2.140) I(f)(s) :=/(0 

with a multiplicative convolution operator. We use the unitary identification 

(2.141) w : L 2 (R,ds) cvcn L 2 (R* + ,d*X), w(r))(X) := A 1 / 2 77(A), VA € R* + 
whose inverse is given by 

(2.142) w" 1 : L 2 (R* + , d*X) L 2 (R, ds) cvcn , w~\0(x) ■= \x\~ 1/2 £(\x\) . 
Also we define the duality (R\ , R) by the bicharacter 

(2.143) fi(v, s) = v~ is , Vd6 1* + ,sG1, 

so that the Fourier transform F M : L 2 (R* + ) — > L 2 (M) associated to the bichar- 
acter /j is 

/•oo 

(2.144) Fn(f)(s) := / /(uJtT"^ . 

•/ o 

Lemma 2.20. On L 2 (R) cvcn one has 

(2.145) F eE = w' 1 o I o F^ 1 o u o F M o w, 
where u is the multiplication operator by the function 

(2.146) u(s) := e 2ie{s \ 

where 9(s) is the Riemann-Siegel angular function of (2.24). 

Proof. First F eE preserves globally L 2 (M) cvcn . One has, for L 2 (R* + ), 

(w oF em o W - 1 )(0(v) = v 1 / 2 [ \x\- 1 ' 2 £(\x\)e- 2 * ixv dx 
= v 1 / 2 f u 1 / 2 £(u) (e 2 ™ v + e~ 27riuv )d*u. 

This gives 

(low oF eR ow~ 1 )(0(X) = (w oF eK ou,- 1 )(e)(A- 1 ) 

= A" 1 / 2 f (e 2 ^ 1 + e-^-^u^ZMtTu 
Jr* + 

We thus obtain 

(2.147) low oF ea our 1 = C 

where the operator C on the Hilbert space L 2 (R* + ,d*X) is given by convo- 
lution by 

(2.148) v ' * 2V- 1 / 2 cos(2vrt;- 1 ). 
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By construction C is unitary and commutes with the regular representation 
of R* + . Thus C = F M 1 o u o F M where u is the Fourier transform 

poo 

(2.149) «(«)=/ 2v- 1 / 2 cos(2TT V - l )v~ is d*v. 

Jo 

This is defined in the sense of distributions. To compute (2.149) one can let 
v = e~ l and use 

(2.150) ! e t ' 2 e- zet e ist dt= z- {l l 2+isS >T{l/2 + is), Vz , %z > . 
Jm. 

This gives 

(2.151) u(s)= 2cos((l/2 + is)7r/2)(2vr)-( 1 / 2+is )r(l/2 + is) 
and the duplication formula 

(2.152) r (|) r (1±^) = *W-V{z) 
shows that u(s) is given by 

^ 2 - 153 ) «W = ,-(i-Cr(( ( i- 2 i)/2) ' * = 1/2 + 18 ' 

which, using (2.24) gives (2.146). □ 

The following lemma relates the quantized calculus to the analysis of 
the geometry of the three projections Pa, Pa and Ne- 

Lemma 2.21. For any A there is a unitary operator 
(2.154) W = W A : L 2 (R) cvcn ->■ L 2 (R), 

such that, for any functions hj £ S(M.+), j = 1,2, one has 

(2.155) 



hi(^u 1 duH^ oo, 21 ° gA ] + n [o, 21 ° gA ]) ^ 2 



Pere hj(X) = A 1 ^ 2 hj(X), i/te operator ctu is the quantized differential of the 
function u of (2.146) and hj is the multiplication operator by the Fourier 
transform F^(hj). 

Proof. We let $ m be the regular representation of M.* + on L 2 (M.* + ) 

(2.156) (0 m (A) ■= ^ v )> L 2 (R* + ) . 
One has 

(2.157) wMk)^ 1 =#m(hj), and F^h^F' 1 = % . 
Now we have Pa = 1[-a,A]) so that wP^w" 1 = l[o,A]> an d we obtain 

P A P A = Fe^F^PA = w-HF^uF^l^F-^F^Il^w 

(2.158) = w^F-^F^-i^F^uF^l^w, 
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where we used the identity IF^ 1 uF /i = F~ 1 u~ 1 F fM I, which follows from the 
symmetry 9(—s) = —9(s). We also used the identity iT[ 0iA ]/ = lfA-^oo]- 
We now set 

(2.159) W A :=F^ m (A)w, 
with i? m (A) as in (2.156). One has 

(2.160) W A ^Ch 1 )P A P A ^(h 2 )W^ 1 = 

F^ m (A) 1 9 m (/ ll )F; 1 n- 1 F^ [A - liOo] F; 1 nF M l [0iA] ^ m (/ l2 ) 1 ? m (A)- 1 F M 1 
= K 1 n- 1 F M 7? m (A)l [A -i iOO ^ m (A)- 1 F M 1 u F^ m (A)l [0iA]1 9 m (A)- 1 F; 1 /J 2 . 

Here we use the identities (2.157) and the fact that i? m (A) commutes with 
multiplicative convolution operators such as F M 1 u _1 F At . Next we see that 

(2.161) ^ m (A)l [A - li00]? ? m (A)- 1 = l [1>oo] , ? 9 m (A)l [0)A]? ? m (A)- 1 = 1 [0>A2] . 

In order to use the quantized calculus on functions on 1 as in Definition 
2.19, we use the isomorphism of abelian groups 

(2.162) (el^ e 2nt £ E* + 

and note that F M and F e „ are conjugate by this isomorphism since the 
bicharacter fi(v,s) = v~ ts of (2.143) fulfills 

(2.163) fi(e 2 *\ s) = e~ 2mst = e R (st) . 
Thus we get from (2.136), 

(2.164) F M lr a wF^" 1 = ILioga iog6n , 
and we obtain, using (2.160) 

(2.165) W A Mhi)PAPAM^)W^ 1 = hiu-% ^ ] uU [ _ Xj 2^ ] h 2 . 
We then use 

(2-166) \ du = [ n [o,°c]>^] . 

which completes the proof of (2.155). □ 



5.2. Proof of Theorem 2.18. 

As a first application of Lemma 2.21 we now complete the proof of 
Theorem 2.18. One has N E = $ m (h E ), where h E = 1[-e,e]- Thus, N E P A P A 
is unitarily equivalent to 

(2.167) \-e,e\ [ 2«" 1 <r«n [ _ 0O) 2^A ] + n [0) 2^Aj J . 
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n 21ogA 



The trace of 1[-e,e]K\o 2 '°g A i is equal to 2E 2 ° and gives the leading 
term in the formula for Tt(NePaPa)- If we replace IL_ 22ogA, by 1 the 
other term gives 

(2.168) Tr (l { - E ,E] (\ u ~ 1(ru )) = j \ Hs,s)ds, 

where k(s,t) is the kernel representing ^u~ l du. Its diagonal values are 

1 dO 

(2.169) k(s,s)= — -, 

it as 

where we use (2.139) and (2.146). Thus, the integral gives 

(2.170) Tr (l { - E ,E] Q« -1 *«)) = ~^ E ) = -2((^)) " !)■ 
The remainder in the formula 

(2.171) Tt(NePaPa) = 2E 2 ^± - 2((N(E)) - 1) + r(E, A) 
is therefore given by 

(2.172) r(E,A) = ^(l^^^n^^). 

For A — > oo one has il ^iogA ^ — > strongly. However, one needs to be 

a bit careful about the operator T = lt_ E ^u~ 1 du, since it is unclear that it 
is of trace-class. One can check that the operator TT* is a Hilbert-Schmidt 
operator. Also lr_ BiB iu _1 <!u/ is of trace- class, for any compactly supported 
function /, since 9 is smooth. With / smooth, compactly supported and 
identically equal to 1 on [-E, E] one has 

(2.173) Tr(l[_ g)E] u~VuIL 2iggA ^i) = Ti(l[_ E ^u^duIl ^iogA , /). 

In fact, l[_R i K]U~ 1 (f»n, 2iogA n is of trace-class by Lemma 2.21. 

Moreover, the commutator [IL gjogA ^i,/] is the conjugate of <f/ by the 

function s i— > A ls . Thus, it is of trace-class and converges weakly to as 
a family of Hilbert-Schmidt operators for A — > oo. Since l^g^u -1 ^ is 
Hilbert-Schmidt, we see that we can permute / with n f 2io g A , without 

affecting the limit. Since IL 2io g A , — ► strongly, we obtain 

(2.174) r(£,A)^0 for A ^ oo. 

This completes the proof of Theorem 2.18, making use of (2.66) to control 
the difference between Qa and PaPa in the statement. 

Remark 2.22. One can use Lemma 2.21 to estimate the angle of the 
projections Qa and Ne- Indeed, we obtain 

(2.175) [N e ,PaPa] ~ [![-£,£], o""~ 1(f " n [_oc 21ogA ll + I 1 > n [o 21 °g A i1- 

^ L ' 27T J L 1 27T J 
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The second commutator on the right hand side of (2.175) is of the order of 
log(-E) +log(log(A)) by the analysis of §3.2. The limit for A — > oo of the first 
commutator on the right hand side of (2.175) has Hilbert-Schmidt norm of 
the order of y / log(E), as one gets from the estimate 



(2.176) 



/ / 

J\s\>E JU 



\s\>E Jt€[-E,E] 



e 2i9(s) _ e 2i8(t) 



S - t 



dtds = 0(log(E)). 



6. The map <£ 



Notice that the first term in (2.132) of Theorem 2.18 above, of the form 
|f log A, is in fact the symplectic volume v(W(E,A)) of the box 

(2.177) W(E,A) = {(A,s) G R+ x R : | log A| < log A , and |s| < E} 

as in (2.46). The symplectic volume is computed in the symplectic space 
given by the product of the group M.+ ~ R by its dual R under the pairing 
(A, s) i— > A* s , with the symplectic form given by the product of the Haar 
measure by the dual one. 

As we saw in the discussion of prolate functions in §3.3, the symplectic 
volume v(W(E, A)) gives a counting of the quantum states in L 2 (M+) subject 
to the infrared and ultraviolet cutoffs, respectively given by | log A| < log A 
and \s\ < E. Theorem 2.18 leads one to expect the zeros of zeta to show 
up if one can relate our first "scaling" quantum system described in §3.2 to 
the regular representation of R\ on L 2 (M* + ) in such a way that the cutoffs 
match as 

M<A ' ^ |A|<A 

(2.178) b|<A i ^ |Ar x <A 

\h(q,p)\ < E i ^ \s\<E 

The map from even functions f(u), for u G R, to their restriction 
X 1 / 2 f(X), for A G R+, is compatible with the first line of (2.178). In or- 
der to obtain the second line of (2.178), we should require that the sought 
for map (£ fulfills the condition 

(2.179) g(/)(A) = C:(/)(A- 1 ), 

where / = F eR (/) is the Fourier transform relative to the basic character 
eR. This of course fails for the restriction map but it holds for a map <£ of 
the form 

(2.180) (S(/)(A) = A 1 / 2 ^/(nA), for A G R?j_. 
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This follows from the Poisson summation formula, provided we restrict to 
the codimension 2 subspace 

(2.181) {/€S(R) : /(0) = /(0) = 0}. 

Remark 2.23. The two boundary conditions of (2.181) exactly account 
for the additive 2 in Theorem 2.18. 

Since by construction we restrict to even functions /, we can ignore 
n < in the summation (up to a factor of 2) and rewrite (2.180) as 

oo 

(2.182) g(/)(A) =\ 1 / 2 J2f(n\), for XeR* + . 

71=1 

The third line of (2.178) also matches, since the natural representation 
# a of R* on L 2 (M), given by 

(2.183) (^ a (A)/)(x)=/(A- 1 x), 

relates through l£ to the regular representation i? m of R*, by 

(2.184) £# a (A) = |A| 1 / 2 'i9 m (A)S. 

The map <£ of (2.182) is not an isometry. Still, it gives a good indication 
of how to find the correct semi-classical (and quantum) system that refines 
Theorem 2.18 by the additional corrections associated to primes (cf. §7 be- 
low). Before we continue with the task of constructing the desired system, 
we can see that the zeros of the Riemann zeta function are already visible 
at this level, in the approximation of prolate functions by Hermite- Weber 
functions in the limit A — > oo. 

6.1. Hermite Weber approximation and Riemann's £ function. 

We have mentioned in §3.3 the fact that, in the limit A — > oo, the prolate 
spheroidal wave functions if) n recover the Hermite-Weber functions O n (cf. 
[272]). The simplification of the prolate spheroidal wave functions into 
Hermite-Weber functions is used, in particular, in the theory of confocal 
resonators in laser optics. 

Shortly after the first laser became operational in 1960, a wealth of 
results concurred in shaping the modern theory of optical resonators. In 
particular, the problem of describing explicitly the resonator eigenmodes 
was first approached numerically by Fox and Li [133], for both planar and 
confocal resonators. On the very same issue of the Bell System Technical 
Journal, another seminal paper on the subject by Boyd and Gordon [31] 
produced an exact analysis of the eigenmodes, in the case of a confocal 
resonator with square mirrors. This is one of the few cases where an ex- 
act solution can be given completely explicitly and it turns out that the 
eigenmodes are precisely the prolate spheroidal wave functions introduced 
by Pollak and Slepian in [246]. 
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This follows very simply by computing the field on one of the two re- 
flectors by the Huygens principle as a superposition of contributions from 
sources at the points of the other reflector surface. This results in an integral 
equation of the form 

ij){x) = A / ij(s)e ixs ds, 
J-c 

which is the type of "finite Fourier transform" used in [246] to obtain the 
prolate spheroidal wave functions. 

They observe that, if one is interested in the field in an area of the re- 
flector which is mostly concentrated near the center, then one can efficiently 
replace the prolate spheroidal wave functions by Hermite- Weber functions, 
in agreement with the numerical results of [133]. 

In the problem we are now considering, we can follow a similar viewpoint. 
The exact shape of the cutoff region (2.41) is only relevant for its intersection 
with the region defined by the constraint \h\ < E. Thus, if we replace the 
square 

{|g| < A and \p\ < A} 
by the disk p 2 + q 2 < A 2 , we do not alter the semi-classical calculations of 
§3.2 above. At the quantum level this amounts to replacing the projection 
Qa by the projection onto the eigenspaces of the harmonic oscillator corre- 
sponding to the energy range [0,A 2 ]. The corresponding eigenfunctions are 
the Hermite- Weber functions Q n , with 2n + 1 < 27rA 2 . We restrict as above 
to even n to get even functions. 

This disk cutoff is not suitable for our goal since it is not clear how to 
obtain the analog of the correspondence (2.178). However, we know that 
the prolate spheroidal functions ip n converge to the il n for A — > oo. The 
following proposition shows how the zeros of the Riemann zeta function are 
already present in this very rough approximation. 

Recall from (2.7) that Riemann's £ function (2.6) admits a description 

as 

(2.185) m = m H(l-^), 

where p = \ + ia runs through all the zeros of ( with 9 p > 0. 

Proposition 2.24. Let H® be the codimension two subspace of the lin- 
ear span of the f^j; for j < n, determined by the two linear conditions 
/(0) = /(0) = 0. Let (£ be the map defined in (2.182). Then the space of 
Fourier transforms of elements of <£(-ff°) is the space of polynomial multi- 
ples P(t)£(t), where £(i) is Riemann's £ function and P is a polynomial of 
degree < n — 2 . 

Proof. By (2.6) one has, 

<-86) «<>-HH r (i+f)^ fc (H- 
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With <£ as in (2.182), we obtain 

(2.187) €(fio)(A) = A 1/2 tf(A 2 ), 
where we have 

oo 

(2.188) := ^e"™ 2 ^. 

n=l 

The Fourier transform of €(Oo)) which is of the form 

,„dA 

is not well defined, since £Iq does not fulfill the boundary conditions of 
(2.181) and the integral diverges at 0. However, (2.189) makes sense for 
$l(is) > I and gives 



poo 

(2.189) €(fio)(«)= / ^(^o)(A)A i 

J o 



(2.190) £(^ )(s ) = l C *Q +is 
where C* is given by (2.4), i.e. 

(2.191) c*(s) = ^ s/2 r(|)c(*)- 

Moreover, one has 

(2.192) V n^e"™^ = (-vr)- fe (^-) fe i9(y) . 
z — : ' oy 

n=l y 

Thus one obtains for the function f(x) = ir k x 2k e~ nx2 that 



<£(/)(A) = A 1 ^ £ /(n A ) = vr fe A 2fc+ i £ n 2 V 



-7rn 2 A 2 

1 n=l 

hence, using (2.192) with y = A 2 , 

r<00 



(2.193) <£(/)(*)=/ £(f)(\)\ u ^ = -(-l) k y* +i >y K (^-r#(yy- 
Jo X 2 J dy y 



d ^k a/ ^ d y 

After integration by parts (2.193) gives 

(2.194) €(7)(t) = ^ J! Q + ^ + m ) Q + i*) • 

As above, this holds for 5R(«t) > |. Using (2.179), we see that the Fourier 
transform of <£(/) is an entire function provided / S <S(]R) fulfills the bound- 
ary conditions of (2.181). Thus, for 

n 

(2.195) f(x) = Y,Cj* j x 2j e~ 7rX \ / G < 

j=0 
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we obtain 

(2.196) 0J)(t) = -P(t)Z(t), 

where the polynomial P(t) is the quotient 



(2.197) P(t) 



Notice that the numerator of (2.197) is divisible by t 2 + | exactly when / 
fulfills the boundary conditions of (2.181). □ 

As explained above, this is an oversimplification in our case, since it 
does not fulfill the matching conditions (2.178). It is however useful, since 
the prolate spheroidal functions admit very efficient expansions in terms of 
Hermite- Weber functions, cf. e.g. [129]. 

If we were dealing with polynomials, Proposition 2.24 would yield the 
ideal J generated by £, and the zeros of £ would be the spectrum of the 
quotient by J. This is exactly in line with seeing the zeros of zeta as an 
absorption spectrum, or as appearing in the cokernel of the map (£ defined 
between suitable function spaces. An instance of such a realization using 
Sobolev spaces was given in [71] and will be explained in §9 Theorem 2.47. 
This type of result is mainly a motivation and admits many variants based 
on various choices of function spaces. For instance, for any / £ iS(R) even 
fulfilling the conditions of (2.181), we have the factorization 

(2.198) £[f){t) = -Z{t)t{t), 

where Z(t) is the entire function 



(2.199) Z(t) 



_3 



t 2 + \ 



7. The adele class space: finitely many degrees of freedom 

We now return to our goal, which is to describe a semi-classical sys- 
tem that accounts for all the additional terms indexed by prime numbers in 
(2.35). The space we construct is the configuration space (instead of the 
phase space) that accounts for the right terms in the formula (2.35). We 
first introduce this space, the adele class space, as a quotient of the adeles 
of Q by the action of Q* . In Chapter 3 we give a simpler and more geomet- 
ric description of the same space in terms of Q-lattices modulo the relation 
of commensurability, and in Chapter 4 we give another, even more natural 
reinterpretation, in terms of Artin motives and their noncommutative gen- 
eralization, the endomotives introduced in [74]. In this section we describe 
in detail the case of finitely many degrees of freedom, where one can give a 
complete proof of the trace formula of [71] (semi- local case). 
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Definition 2.25. Given topological spaces X a and open subsets U a C 
X a , the restricted product of the X a with respect to the U a is the subspace 
of Y\ a X a of elements (x a ) such that x a £ U a for all but finitely many a. 

One denotes this subspace by Y[' a X a or by Yi^ -^a, when the choice of 
the U a is understood. It is by construction the union of the subsets 

y s = n x a x n u a 

and one endows Y[' a X a with the topology for which a subset is open if and 
only if its intersection with all the above subsets Ys is open. When each X a 
is locally compact and almost all U a are compact, the restricted product 
Y[' a X a is locally compact. 

The adeles of Q are the restricted product 

res 

(2.200) Aq = 11 Q v , 

where the set Sq is the set of valuations (places) of Q, that is, Eq = VL){oo}, 
with V the set of primes in Z. The field Q v is the completion of Q in the 
valuation | • \ v , that is, the p-adics Q p at the finite places p £ V and Qoo = M 
at the infinite (Archimedean) place oo G Sq. The restricted product is with 
respect to Z p C Q p . 

One can equally describe the adeles of Q in the following way. First 
consider the profinite completion of Z, 

(2.201) Z = limZ/iVZ. 

N 

The finite adeles of Q are given by 

(2.202) A W = Z® Z Q, 
and the full adeles (2.200) are then 

(2.203) Aq = Aqj X R. 

The maximal compact subring of Aqj is identified with Z, which can also 
be written in the form 

(2.204) Z = Y[Z P . 

p 

The ideles of Q are the invertible elements of Aq, namely Aq = GLi(Aq). 
(The topology on Aq is not the one induced by Aq, but it is given by the 
embedding x h-> (x,x -1 ).) Similarly, one considers Aqj = GLi(Aqj). The 
subgroup GLi(Q) of Aq is a discrete subgroup and the quotient group is 
the idele class group 

(2.205) C7q = GL 1 (Aq)/GL 1 (Q). 
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One can then consider the group Cq modulo the connected component of 
the identity Dq. The quotient is given by 

(2.206) C q /Dq = A QJ /Q* + = Z*, 

the group of units (invertible elements of the ring) of Z. This identification 
will be useful when we consider in Chapter 3 the abelian class field theory 
of Q. In fact, by the class field theory isomorphism, the group (2.206) is 
identified with the Galois group of the maximal abelian extension Q ab of Q, 
namely with Gal(Q ab /Q) = Gal(Q/Q) ab , the abelianization of the absolute 
Galois group of Q. 

We can also consider the action of Q* on the adeles Aq. Unlike the 
action on i deles Aq, the action on adeles is not "nice" in the usual topological 
sense. In other words, this is a typical case of a quotient that fails to be 
a nice topological space: the Hausdorff condition fails and typically there 
are no good functions on the quotient other than constants. The tools 
of noncommutative geometry are especially designed to treat this type of 
quotient in such a way that one can still use all the concepts of (smooth) 
geometry. The main point is that one replaces the ring of functions on the 
quotient (defined as functions invariant under the equivalence relation) with 
functions on the graph of the equivalence relation with a noncommutative 
convolution product dictated by the groupoid law of the equivalence relation. 
The adele class space of Q is the quotient 

(2.207) X q = Aq/(Q*, 

regarded as a noncommutative space. In Chapter 4 we show how to use the 
tools of noncommutative geometry to give a cohomological interpretation of 
the spectral realization of the zeros of the Riemann zeta function, but in the 
present Chapter we shall give the direct description in more naive terms. 

7.1. Geometry of the semi-local adele class space. 

In order to understand the adele class space we first consider a semi- 
local version of this space, that is, one in which we restrict to finitely many 
degrees of freedom, by considering only finitely many places. 

Let S be a finite set of places with oo G S. We consider the locally 
compact ring 

(2.208) A Q>5 = H Q„. 

It contains Q as a subring using the diagonal embedding. We let <Qs denote 
the subring of Q given by rational numbers whose denominator only involves 
primes p £ S. In other words, 

(2.209) Qs = {q€Q\\q\v<l,Vv<£S}. 
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The group Q* s of invertible elements of the ring Qs 1S of the form 

(2.210) Qs = GLi(Qs) = {±vT ■ ■ -p? ■ Pj € S \ {oo} , n,- G Z}. 

The semi-local adele class space Xq ; 5 is the quotient 

(2.211) X QiS := A Qi5 /Q* 5 . 
The group 

(2.212) A* Q:S = GLi(Aq, s ) = J] GLi(Q p ) 

p&s 

acts naturally by multiplication on the quotient Xq ; s- 

We shall show in §7.2 how to quantize this system, i.e. to define the 
Hilbert space L 2 (XQ t s) and to analyze the action of GL^Aq^) on L 2 (XQ t s). 
For now we shall start with the simplest nontrivial examples where one can 
get a picture of the semi-local adele class space and see in which sense it 
appears as a compactification of the following semi-local analogue of the 
idele class group 

(2.213) Cq, s = GLi(Aq iS )/Q£ 

This group acts on Xqs by multiplication and the orbit of 1 G Aq ; 5 (the 
unit of the ring) gives an embedding 

(2.214) Cq t s —> Xq t s- 

Notice first that, if the set S consists solely of the point oo, then the 
system we obtain is the one we have already discussed in Sections 3 and 5.1 
above. We now describe concretely the space Xq t s in other simple cases 
where S consists of two or three places. 

7.1.1. Two places: S = {p, oo}. 

We let p be a prime number and take S = {p, oo}. We get 

Aq, 5 = Q p xM 
GLi(Aq iS ) = <q>; x R* 
q* s = {±p n ,nez} 

Thus in this case the space -Xq,s is the quotient of Q p x R by the group Q* s 
generated by the symmetry a(x, y) = (— x, —y) and the scaling transforma- 
tion s p 

s P (x,y) = (px, py) . 
Both of these transformations preserve the function 

(2.215) f(x,y)= \x\ p \y\ 00 eR+ 
which can be viewed as a continuous function 

(2.216) / : X Q , S R+ . 
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The following proposition shows in which sense Xq^s can be thought of 
as a compactification of Cq^s- 

Proposition 2.26. The subspace Cq 5 C Xq $ is the inverse image of 
R* + by f. 

The fiber / _1 (0) is the union of three pieces, 

/-^O) = T P U TooU {0}, 
where T p ~ W^/p 1 and T^ ~ Z*/{±1} while {0} is a single point. 
Proof. The first statement follows from 

f(x,y) + & (x,y) G Q* x R* C Q p x R . 
Note that the fiber of / over any nonzero e € R+ is easily identified with 

z;, 

where one can for instance use the fundamental domain 

(2.217) D = z;xt; 

for the action of Q* s on Q* x R* to obtain the required isomorphism. 

The fiber / _1 (0) of / over the point e = is no longer Z* and is the 
union of three pieces 

f-\0) = T P U TooU {0} 
corresponding respectively to 

• x = 0, y 7^ which gives a torus T p ~ W + /p Ij using the map 
(x,y) -► 1 2/| - 

• x 7^ 0, y = which gives the compact ~ Z*/{±1} as quotient 
of Q* by the action of Q* s . 

• x = 0, y = which gives one point 0. 

□ 

Let us briefly describe the quotient topology on Xq t s- On the open set 
which is the complement of / _1 (0) it coincides with the locally compact 
topology of Cq t s- The convergence of the fiber ~ Z* to / _1 (0) is 

governed by 

Proposition 2.27. Let P n e Cq^s an d {x n ,y n ) be the coordinates of 
the unique representative of P n in the fundamental domain D (of {2.217)). 
Then, in the (non-Hausdorff) quotient topology, 

• P n - & f(P n ) - 0. 

• For x G Too ~ Z p/{±1} o ne has P n —> x 44> /(P n ) — ► and x n — > 
x in Z*/{±1}. 

• For y G T p ~ R^/p z one /ias P n ^ y f(P n ) — ► and y n ^ y in 

R* + /p z . 
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Figure 9. Holonomy 

Proof. Since / is continuous one has P n — > =4> /(P n ) — ► 0. Con- 
versely, since, for P n = (x n , y n ) G D, one has f(P n ) = \y n \ one gets \y n \ -> 
and one can find a sequence p kn of positive powers of p such that k n — ► oo 
and p fcn |y n | - ► 0. Then the two components of s kn (x n ,y n ) = (p hn x n ,p kn y n ) 
converge to which shows that P n — > in the quotient topology. 

Let x G Too ~ Z*/{±1}. One has /(x) = ; thus P n -> x =► f(P n ) -► 0. 
In fact if P n — ► x there exists a sequence p fcn of powers of p such that 
(p kn x n ,p kn y n ) — > (x,0) in Q p x R. But this implies that fe n = for n large 
enough and thus that x n — ► x in Z*/ ± 1. Conversely if x n — ► x in Z*/{±1} 
and /(P„) — > then (x„, y n ) — ► (x, 0) in Q p x R so that P n — > x. 

Let now y G T p ~ One has /(y) = ; thus P n -► y 

f(P n ) — > 0. If P n — > y there exists a sequence p fcn of powers of p such 
that (p kn x n ,p kn y n ) — > (0,y) in Q p x R. This implies that fc n — > oo and 
P k "yn —> U so that in the quotient circle one has y n — > y. Con- 

versely if y„ — > y in M+/p z and /(P n ) — ► 0, one can find a sequence p fcn 
of positive powers of p such that k n — > oo and p k "y n —> V- It follows that 
(p k "x n ,p k "y n ) -► (0, y) in Q p xl. □ 



Proposition 2.27 shows that the quotient topology on the space Xq,s is 
non-Hausdorff and, when y n — > 0, the same sequence (x n , y n ) G Z? has three 
different limit points in the boundary fiber / _1 (0), 

• limx n G 

• lim y n G T p 

• G X .s 
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The convergence to T p ~ R+ jp is very suggestive of holonomy in the frame- 
work of foliations and, using a logarithmic scale, 

R+/p z ~ R/(Z log p) 

it corresponds to what happens in the limit cycle of the foliation associated 
to a flow as in Figure 9. Indeed the conditions y n — > and y n — > y in R+/p z 
exactly mean that the points — log y n converge to the point — log y in the 
limit cycle R/(Z logp). 

In fact one can be more precise and see what happens by analyzing the 
C*-algebras involved. The C*-algebra which encodes the topology of the 
quotient space Xq : s is the crossed product 

(2.218) A = C (Aq, s ) xQ* 5 , 

and the C*-algebra associated to the boundary fiber / _1 (0) is by construc- 
tion the crossed product 

(2.219) A = C (r\0)) xQ£. 
The decomposition of / _1 (0) as the union 

f-\0) = V 00 DV P , Voo = Q p x , V p = x R 

of the V v , v € {p, oo}, over their common point is Q^-equi variant. Thus 
one gets that the C*-algebra A is the fiber product of the C*-algebras A v , 

(2.220) A v = C (V V ) x Q% , v £ {p, 00} 

over the augmentation morphisms e v : A v — > C*(QJ) given by evaluation at 

0. Moreover for each of the A v one has an exact sequence of the form 

(2.221) C(T V ) A v % C*{Q* S ) 0, 

where /C is the algebra of compact operators. This follows using the fact 
that the action of Q* s on R* or Q* is free. It follows in particular that, in 
the case of two places, the C*-algebra A of (2.218) is of type I (cf. [120]), 

1. e. that all factor representations of A generate a type I factor. This no 
longer holds in general, as we shall see now with a specific example. 

7.1.2. Three places S = {p, q, 00}. 

We give an example to show that, as soon as the system is constructed 
out of a set S that contains at least two finite primes in addition to the point 
00, then the quotient Xq^s should be regarded as a noncommutative space. 

Lemma 2.28. Consider the set of 3 places S = {p, q, 00}. Then 

• The quotient Xq^s is n ot countably separated. 

• The crossed product C* -algebra 

A = C (Aq i5 ) x Q* s 

is not of type I. 



388 2. THE RIEMANN ZETA FUNCTION AND NONCOMMUTATIVE GEOMETRY 



Proof. The irrationality of \ogp/ log q when p and q are distinct primes 
shows that the subgroup 

(2.222) P = {±p n q m : n, m G Z} 

is dense in R*. It follows that Q* s acts ergodically on {0} x R c Aq^ and 
thus the quotient Xq : s is n ot countably separated. 

Since the crossed product C*-algebra admits Co(R) x P as a quotient, 
it has non type I factor representations and hence fails to be of type I. □ 

Taking p = 2, q = 3 as the simplest example it is amusing to note that 
it is the irrationality of the ratio log 3 / log 2 that is responsible for the non- 
commutative nature of the quotient Aq,s/Qs corresponding to the three 
places S = {2,3,oo}. The irrationality of log 3/ log 2 has a manifestation 
in the theory of western classical music, where a frequency ratio of 2 corre- 
sponds to passing to the octave and the perfect fifth is the frequency ratio 
3/2. The fact that the ratio log 3/ log 2 is only approximated by the ratio- 
nal number 19/12 is responsible for the difference between the "circulating 
temperament" of Baroque music (e.g. the Well Tempered Clavier) and the 
"equal temperament" of XIX century music. 

7.2. The Hilbert space L 2 (Xs) and the trace formula. 

Our purpose in this section is to quantize the system given by the action 
of GLi(Aq5) on the semi-local adele class space Xq$, i.e. to define the 
Hilbert space L 2 (X<Q t s) an d to analyze the action of GL^Aq^) on L 2 (Xq ; s)- 
The additive group of the ring Aq ; s is a locally compact abelian group and 
we can consider the corresponding Haar measure, which we denote by da. 
The module |A|s is defined by d(\a) = \X\da and is given by the product 

(2.223) |A|5 = n>"l' VA = We[I^ 

v&s ves 

of the modules |A„| of the components of A. 

For any A G Q* s one has \\\s = 1, since Q* s is the subgroup of GLi(Q) 
defined by 

(2.224) Q* s = { 7 g GLi(Q) : | 7 |„ = 1 , W £ S}. 

We now construct the Hilbert space associated to the quotient Xq : s- We 
need the following preliminary results. 

Lemma 2.29. Let f G S(Aq j s)- The series 

(2.225) S(/)(x) = /(^) 

q eQ* s 

is absolutely convergent for any x G Aq s . 
One has, with m = Card S, 

(2.226) \H(f)(x)\ = 0(\\og\x\\ m - 1 ), for\x\^0, 
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and is of rapid decay in \x\ for \x\ — » oo. 

PROOF. Let us consider the map from A^ s to R s given by 

(2.227) u G H Q; ^ *(u) = (log M), G M s . 

The group Q* s is a discrete cocompact subgroup of the kernel of the map 
A i — ^ |A|s from A^ s to The kernel of the restriction of £ to Q* s is 

{q S Q* | = l,Vu € Sq} which is ±1. The image L = £(Q* S ) by the map 
£ is a lattice in the hyperplane 

(2.228) H = {y = {y v )€R s \Y,Vv = 0}- 
For any element of H one has, with m = Card S, 

(2.229) ^ \y v \ < 2m supy v . 

Indeed one has E^>o = E^<o \Vv\ and ± £ \Vv\ = E^xj Vv<m sup y v . 
Let n G N, and 

(2.230) B n = {x G Aq, s | |x„| < n, Vt) G S} . 

Given / G iS(Aq 5 s) there exists a sequence A ra > of rapid decay such that 

(2-231) \f(x)\<Y,Kl Bn (x). 

Using (2.231) the first statement of the lemma follows from the following 
estimate. There exist constants < Cj < oo such that, for any x G Aq s , 

(2.232) |E(l B J(a;)| < ci|c 2 + mlogn - log {xW" 1 ' 1 . 

Let us prove (2.232). By construction is the number of elements 

q G Q* s such that < n for all v G S. Up to a finite factor (equal to 2) 

it is, using the map t of (2.227), the cardinality of 

(2.233) Y = {y = (y v ) G L | y„ + log \x v \ < logn,Vt> G S} . 

Since L is a lattice in H there exists e > such that the cubes of size e 
centered at points of L are pairwise disjoint. Thus the cardinality of Y is 
less than e~ m+1 times the volume in H of the subset 

(2.234) Y' = {y = (y v ) G H | y v + log \x v \ < logn + e.Vv G S} . 

The defining inequalities for this subset of H are of the form y v < a v and, in 
the variables z v = a v — y v , one is dealing with the simplex (with a = E a v ) 

(2.235) S = {z = (z v ) \^2z v = a, z v > 0,Vu G S 1 } , 

whose volume is proportional to a m_1 . Here a v = logn + e — log \ x v \ and 
a = J2 a v = m(logn + e) — log |x|; thus one gets (2.232). 
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To get the estimate (2.226) for \x\ — > one can use the convexity of the 

+v \a <- u a +i 
2 > — 2 



map x i— > x a for a = m — 1, i.e. the inequality (^y^)" < ""1""° (for u, v > 0) 



to replace (2.232) for |x| < 1 by 

(2.236) |£(l B „)(aO| < c\{c 2 + m log n)™" 1 + log ^H™- 1 . 
Since the sequence A n is of rapid decay one then gets 

(2.237) |£(/)(x)| <c 3 + c 4 |log|x|r- 1 

where C3 = ^ n 0^(02 + mlogn) m_1 A ra < 00 and C4 = ^ A ra < 00. 

Next we consider the behaviour of |S(/)(x)| for \x\ — > 00. For \x\ > 1 
one has from (2.232) that |S(le n )(x)| < c\(c2 + mlogn) m ~ 1 and moreover 
|E(l.B n )(a;)| = for \x\ > n m since one has \y\ < n m for all y G B n . Thus 
for I a; I > n™ one gets 

00 

^^A^d^ + mlognr" 1 

no 

which is of rapid decay in no, so that |E(/)(x)| is of rapid decay in \x\. □ 
The quotient group 

(2.238) C QiS := GLi(Aq iS )/Q£ 

is a locally compact modulated group (Definition 2.8) with module 

(2.239) Mod(A) := |A| 5 , VA G C QiS 

given by (2.223). The kernel C^ s of the module is a compact subgroup of 
Cq : s and Cq : s is (non-canonically) isomorphic to Cq s x . 
We normalize the multiplicative Haar measure d*\ of Cq t s by 

(2.240) / d*A~logA when A 00. 
■/|A|e[i,A] 

Proposition 2.30. TTie following defines a map (£ mi/t dense range 
from 5(A Q)5 ) to L 2 (Cq ;S ).- 

(2.241) <£(/)(x) = |s| 1/2 E(/)(z), VxG%. 

Proof. By construction only depends upon the class of x in 

Cq t s- Moreover by Lemma 2.29 the function <E(/)(x) is of exponential decay 
on Cq 5 5 in terms of |log|x||. Thus it is square integrable. Let D be a 
fundamental domain for the action of Q% in n Qtr One can for instance 
take D = Y\ peS ^p x R+. Then for / smooth with compact support in D 

one has <E(f)(x) = \x\ l l 2 f(x) and such functions are dense in L 2 (C<Q t s)- D 

Thus, it makes sense to give the following definition. 

Definition 2.31. We define the Hilbert space L 2 (Xq j g) as the comple- 
tion of the Bruhat- Schwartz space S(Aq g) with respect to the inner product 



(2.242) </i,/2>S = Wi),€(/ 2 )> 
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We now give an equivalent formulation of the inner product. We let 
L 2 (Aq iS ) be the Hilbert space of square integrable functions on Aq^g. It is 
the completion of the Bruhat-Schwartz space S(Aq^) with respect to the 
standard inner product 

(2.243) (A, f 2 ) := I h(ajf 2 (a)da. 

The scaling operator ??a(A), for A G GLi(A ( Q ) g), is defined as 

(2.244) (<? a (A) 6(a) = ^A^a). Va G A Q ,g, V£ G S(A Q ,g). 
This fullfills the property that 

(2.245) tf a (A)*tf a (A) = tf a (A)# a (A)* = |A|g. 

Lemma 2.32. For any choice of fi G S(Aq j s)> * = 1)2, i/ie series 

(2.246) ^</i,tf a (7)/2> 

of inner products in L 2 (Aq : s) is absolutely convergent. The sum of the series 
coincides with the positive definite inner product (/i,/2)g on S{A^s)- 

Proof. Let 1b„ be the characteristic function of the set B n of (2.230). 
Then, for any rational number of the form 

(2.247) 7 = ±— with Xj G N, 

such that 7 G Q* s , one has (up to a fixed normalization constant) 

(2.248) <lB„,tfa(7) IsJ = n^max^})- 1 . 

Thus, using (2.231), the series (2.246) converges like the geometric series 
e~ h ^\ where the height /i(7) = logmaxjxj} is equivalent to a length func- 
tion on the finitely generated abelian group Q* s . This is sufficient to get the 
required convergence. 

Before showing the second part, it is worthwhile to check the positivity 
directly. Notice that, for any / G 5(AQ ; g), the function 

(2.249) 7~0(7) = </,#a(7)/> 

is the coefficient of a unitary representation and hence is of positive type. 
By the above it is in ^(Qg), so that its sum 2^7^(7) i s positive ([120], 
Proposition 18.3.6). 

Finally to obtain the equality (valid modulo a normalization constant) 

(2.250) ^(/i^a(7)/2) = (/i,/ 2 )g, V/,G5(A Qi5 ), 
one applies Fubini's Theorem to the double sum 

<£(h)(x)£(f 2 )(x) = \x\ j;j]/i(ri)/ 2 ( SI ) = |i| EE/i(™)^(7)/2(rz) 

r s 7 r 
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together with the equality, valid up to a normalization constant, 

(2.251) f £(/)(A)|A|efA= f f{a)da. 

□ 

The radical of the inner product (/i, f2)s of (2.246) contains the linear 
span of functions of the form 

(2.252) f~Ml)f, V/G«S(A QiS ), V 7 GQ^. 

This shows that it automatically reduces S(Aq j s) to its co-invariants under 
the action of Q* s . 

This fact is exactly analogous to what happens in the context of construc- 
tive gauge theories on lattices, where two functions of field configurations 
that are related by a gauge transformation differ only by an element of the 
radical of the inner product defining the physical Hilbert space (see [262] 
Theorem 2.1 and p. 17). 

The equality (2.244) defines the action of GLi(Aq ; s) on the Hilbert 
space L 2 (Xq^s) and (2.245) still holds. Moreover, this action is the identity 
on Q* s = GLi(Qs) C GL^Aq^) and given a smooth compactly supported 
function h on Cq : s, it makes sense to define 

(2.253) a (/i) = f h(g)^(g) dg 

as an operator acting on L 2 (Xg). 

We now show that the Fourier transform F on S{K^s) extends to a 
unitary operator on the Hilbert space L 2 (Xs)- For each place v G S we 
choose a basic character a v of Q v . This makes it possible to identify the 
locally compact abelian group Q v with its Pontrjagin dual by the pairing 

(2.254) (a, b) := a v (ab), Va, b G Q„. 

We normalize the additive Haar measure so that it is self-dual. Then a = 
Y\ v a v is a basic character of the additive group As, and we let F a denote 
the corresponding Fourier transform, acting on the Bruhat-Schwartz space 
S(A S ). 

Lemma 2.33. Consider the character a = Y\ v a v and the corresponding 
Fourier transform F a as above. The map f *— > F a (f), for f G ^(Aq^), 
extends uniquely to a unitary operator F a on the Hilbert space L 2 (Xs)- 

PROOF. One uses (2.96) and \j\ = 1 for 7 G to get the equalities 

(2.255) <F a /,F Q /> = (/,/) and F a (0 a ( 7 )/) = a (7 -1 )F Q (/). 
One then has, by (2.250), 

<F a /i,F a / 2 ) S = £< F «/l>0a(7)Fa/2>= ^ {FafuFaM-r^M) 
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= 2^'^ _1 )/2> = </l>/2>S. 

□ 

We let w be the unitary identification of L 2 (Xq^s) with L 2 (Cq g) pro- 
vided by Proposition 2.30. It intertwines the representation $ a of (2.253) 
with the regular representation $ m of Cq ; 5 

(2.256) (tf m (A) := ^A" 1 v) , V£ G L 2 (C Q , S ) , 
by the equality 

(2.257) u;i? a (A)u> -1 = |A| 1//2 i? m (A) , VA G Cq : s ■ 

We now prove the analogue of Lemma 2.20. For each place v, the multi- 
plicative group Q* is a modulated group, and by [282] there exists a unitary 
function u v G L°°(Q*) such that, for any character \ of Qt 

(2.258) / F Q „(/)(x) X (x- 1 )|x| 1 / 2 (i*x = n„(x) / f(x) X (x)\x\ 1 / 2 d*x 

JQ* V JQ* V 

where F av is the Fourier transform relative to the character a v . By [282], 
the function u v is given by the ratio of the local factors of L-functions. 

The dual of the embedding Q* Cs given by u <— ► (1, 1, . . . , u, . . . , 1) 
is a projection ir v : Cq^s — > QS- 

Lemma 2.34. On L 2 (Xq )S ) one /ias 

(2.259) F a = r 1 oloF c 1 o?ioF c oiD ) 
where u is the multiplication operator by the function 

(2.260) u:=Y[u v oir v . 

s 

PROOF. The composition / o w o F a o w^ 1 is a unitary operator in 
-^ 2 (Cq,s) which commutes with the regular representation i? m of Cq^s 
(2.256). This commutation follows from (2.257) and 

(2.261) F a (^ a (A)/) = |A|^ a (A- 1 )F Q (/), V/a 2 (%). 
Thus there exists a unitary function z on Cq ; s such that 

low o F Q o nT 1 = F^ 1 o z o Fc 

and it remains to show that z = u. To get this we let \ 6 Cq S be a character 
of Cq t s an d consider the distribution on Aq^ 

(2.262) A x (f) = [ <B(f)(x) X (x)d*x , V/ G S(Aq, s ) . 

Cq,s 
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This is well defined by the exponential decay of <£(f)(x) and gives a homo- 
geneous distribution. The computation of the Fourier transform of homoge- 
neous distributions on Aq ; s thus gives, using (2.258), the equality 

(2.263) I £(F a (f))(x- 1 )x(x)d*x = Hu v (x v ) [ £(f)(x) X (x)d*x 

where \ = Y\ Xv is the decomposition of the composition X of x with the 
quotient map Aq s — ► Cq t s- Since Xv = ^v(x) this shows that z = u. □ 

Now we proceed as in Section 3 and we introduce infrared and ultraviolet 
cutoffs. For the infrared one we use the orthogonal projection Pa onto the 
subspace 

(2.264) {£ e L 2 {X S ) | S(rr) = 0, Vx with |x| > A}. 

Thus, Pa is the operator acting as multiplication by the function with 
Pa(x) = 1 for \x\ < A and pa(x) = for \x\ > A. This gives an infrared 
cutoff. 

To get an ultraviolet cutoff we use 

Pa = F a P A F-\ where F a is the 
Fourier transform of Lemma 2.33, which depends upon the choice of the 
basic character a = f\ v ol v . Finally, we let 

(2.265) P A = P A P A . 

We shall now prove an analog of Lemma 2.21 in this context. We first 
need to extend the quantized calculus of Definition 2.19 to arbitrary modu- 
lated groups C (Definition 2.8). 

We let C be such a group and we let C denote the Pontrjagin dual of 
C. The elements of L°°(C) act as multiplication operators on the Hilbert 
space H := L 2 (C). We then consider an operator H on H of the form 

(2.266) P := 2F C 1 P F C ; 1 - 1, 

where Fq '■ L 2 (C) —> TL is the Fourier transform and lp is the multiplication 
by the characteristic function of the set P = {u G C \ \u\ > 1}. Here we use 
the notation Mod(n) = \u\ for «eC. The operator (2.266) plays the role 
of the Hilbert transform. 

As in (2.137) above, we define the "quantized" differential of / as the 
operator 

(2.267) d-f := [H, f] = Hf- fH. 
We introduce the notation 

(2.268) n M := F C ly F^ 1 , for Y = {u e C \ e 2 ™ < |u| < e 2 ^}, 
whose normalization fits with (2.136). We then have the following result. 

Lemma 2.35. Let S be as above. For any A there is a unitary operator 

(2.269) W = W A : L 2 (X Q , S ) - L 2 (C^~ S ) 
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such that, for any hj £ S(Cq t s), j = 1,2, one has 
WM~hi)hPAM~h2)W* = 

(2-270) 

hi l dTU 11^ QQ ^logA ] + lip 2 log A | j /l2- 

/fere foj(A) = |A| -1 / 2 /ij(A), i/ie operator d~u is the quantized differential of 
the function u := Y\ s u v oir v of (2.260) and hj is the multiplication operator 
by the Fourier transform Fc(hj). 

PROOF. The proof is the same as for Lemma 2.21 using Lemma 2.34 
instead of Lemma 2.20 and the identity (2.257) instead of (2.157). □ 

We now give a different proof of the following result of [71] . This proof 
is based on the idea of [37] and was explained in the class [72] of 1999. 

Theorem 2.36. LetAq^s be as above, with basic character a = Yl v€S ce v . 
Let h G S(C^s) be a function with compact support. Then, in the limit 
A — ► oo, one has 



(2.271) Tr(^(h)R A ) = 2h(l) log A + V f ^— ) d*u + o(l) 



Here each Q* is embedded in Cq t s by the map u t— > (1, 1, . . . , u, . . . , 1). 
The principal value J is as in Definition 2.12. 

Proof. Let us first show that i)s,(h)R\ is a trace-class operator. We 
use (2.270) and treat separately the two terms. The operator hU, Q 2iogA, 

L ' 27T J 

is of trace-class and its trace gives the term 2/i(l)logA. To show that 
the operator h ^u~ l ctu IT 2io g A i is of trace-class, it is enough to show 

that h ^u" 1 ^ is of trace class. Moreover, since the increasing family of 
projections IL_ 2i og A 1 — > 1 when A — > oo, one then gets the convergence of 

l °°> 2tt 1 

the traces 

(2.272) Tr(h \u~ l d:u 11, 2i og A 1 ) -► Tr(/i Ju -1 ^) . 

Z L ' 27T J Z 

Next one has u _1 d~u = —ctu~ 1 u and hd~u~ l u = d~(hu~ l )u — cth. By [68] 
Chapter 4, the operator (f/ is of infinite order and hence of trace-class for 
any Schwartz function /. This is the case for h and to show that this also 
holds for hu~ 1 we need to show that all the derivatives of the function u are 
of tempered growth. This is done separately for the u v . When v is a non- 
Archimedean place u v is a periodic smooth function so the answer follows. 
When v = oo is the Archimedean place, one uses the formula (with 7 the 
Euler constant) 
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together with (2.153) to get an estimate of the form (s) = 0(log|s| n ) 
for \s\ — ► oo. 

The trace of , & aL (h)R\ can then be computed in two different ways. The 
first uses the formula 

(2.273) Tr(h u^tiu) = ^ Tr(h (u v O 7T V ) Ct(u v O 7T„)) 

which follows from (2.260), the derivation property of the quantized differ- 
ential, and the cyclic property of the trace. 

The second way is direct and geometric ([71]) and gives (2.271) with the 
prescription of Definition 2.12 for the principal values. It thus remains to 
show that the two results are the same. This follows from the reformulation 
by Weil [295] of the explicit formulas of number theory and will be explained 
in §8. □ 



8. Weil's formulation of the explicit formulas 

In this section we shall recall Weil's formulation of Riemann's explicit 
formulas in number theory. It will prepare the ground for the more com- 
plicated L-functions treated in the §10. We shall also check by explicit 
computations that the rewriting of the Weil explicit formulas which is pre- 
dicted by the trace formula of Theorem 2.36 is correct. Our computation is 
straightforward and it will be useful to obtain the principal values as explic- 
itly as possible, but the result can be better understood conceptually using 
[163]. We shall also show that the Weil principal values can be computed 
also in the complex case using the minimal subtraction scheme MSk which 
we already met in §4.2 for K = R. 

8.1. L-functions. 

One lets K be a global field. It is by definition a field which embeds as a 
discrete cocompact subfield in a (non-discrete) locally compact semisimple 
abelian ring A. The topological ring A then depends functorially on K and 
is called the Adele ring Ar of K. Thus, though the field K itself has no 
interesting topology, there is a canonical and highly nontrivial topological 
ring which is canonically associated to K. 

In general for a non-Archimedean local field K we use the notations O 
for the maximal compact subring, m for the maximal ideal of O, tt for a 
generator of the ideal m (i.e., m = ttO). 

Let K be a global field and Ar the ring of adeles of K. It is the restricted 
product (Definition 2.25) of the local fields K v indexed by the set of places 
v of K, with respect to the maximal compact subrings O v . Similarly, the 
Bruhat-Schwartz space 5(Ajj) is the restricted tensor product of the local 
Bruhat-Schwartz spaces 5(Kt,), with respect to the vectors 1q v - 
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L-functions on K are associated to Grossencharakters, i.e., to characters 
of the idele class group 

(2.274) C K = AyK* , 

where Aj^ = GLi(Ak) is the group of ideles. Let % be a character of the 
idele class group, we consider % as a character of Aj^ which is 1 onl*. As 
such it can be written as a product 

(2.275) x(j)=Uxv(jv), j = Uv)€*k- 

By considering the restriction of % to the compact subgroup 

(2.276) G = l[o:x lcAi, 

it follows that for all finite v but a finite number, one has 

(2.277) Xv\ot = l- 

One says that \ is unramified at v when this holds. Then Xv(x) only depends 
upon the module \x\, since 

(2.278) K*JO* v = Mod(K v ). 
Thus Xv is determined by 

(2.279) XvM 

which does not depend upon the choice of ir v (Mod (9*). 
Let x be a quasi-character of Ck, of the form 

(2.280) X (x) = Xo(x) \x\ s 

where s £ C and Xo is a character of Cr. The real part a of s is uniquely 
determined by 

(2.281) \ X (x)\ = \x\°. 

Let P be the finite set of finite places where xo 1S ramified. The L-function 
L(xo, s ) is defined for a = K(s) > 1 as 

(2.282) L(xo,s)= H (l-XoA^QvT 1 = H (1 ~ XvMT 1 



v finite v finite 

vtP vlfP 



where 

(2.283) K| = q~\ 
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8.2. Weil's explicit formula. 

Let us recall the Weil explicit formulas [295] . Let as above K be a global 
field. The idele class group Ck = A^/K* is a modulated group, where the 
module Mod is defined (cf. [294]) using the scaling of the additive Haar 
measure of Ak under the action of Ajj^ by multiplication. One lets Ck,i C Ck 
be the kernel of the module. One identifies the quotient Ck/Ck,i with the 
range of the module 

(2.284) N = {\g\\g € C K } CR^. 

One endows N with its normalized Haar measure d*x. Given a function F 
on N such that, for some b > \, 

(2.285) \F(v)\ = 0(y b ) v -»• , \F(y)\ = 0(y~ h ) , v -»• oo , 
one lets 

(2.286) $(«)=/ F(y)v x l 2 - S d*v . 

Jn 

Given a Grossencharakter i.e., a character of Ck and any p in the strip 
< 5R(p) < 1, one lets N(x, p) be the order of vanishing of L(x, s) at s = p. 
One lets 

(2.287) S( X ,F)= ^ N( X ,p)*(p), 

where the sum runs over p's in the above open strip, modulo the subgroup 
N 1 - := {s £ C\v s = 1, € N}. One then defines a distribution Dg on Ck 
by 

(2.288) D K = log|(i- 1 |(5i + D-^D, ) , 

V 

where 5\ is the Dirac mass at 1 € Ck, where d is a differental idele of EC 
so that \d\~ l is up to sign the discriminant of K when char(K) = 0, and is 
q 2g ~ 2 when K is a function field over a curve of genus g with coefficients in 
the finite field ¥ q . 

The distribution D is given by 

(2.289) D(/)= f f(w)(\w\ 1/2 + \w\- 1/2 )d*w, 

where the Haar measure d*w is normalized. The distributions D„ are pa- 
rameterized by the places v of K and are obtained as follows. For each v 
one considers the natural proper homomorphism 

(2.290) K* -> C K , x ^ class of (1, . . . , x, 1, . . .) 

of the multiplicative group of the local field I£„ to the idele class group Ck- 
One then has 

(2.291) B v (f) = Pfwf ^-M^cfu, 
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where the Haar measure d*u is normalized, and where the Weil principal 
value Pfw of the integral is defined, for a local field K = K„, as 

(2.292) Pfw f lo* v d*u = 0, 

Jk* v I 1 - u \ 

if the local field K v is non- Archimedean, and otherwise as 

(2.293) Pfw [ ip(u)d*u = PF [ i>{v)d*v. 

Jk* Jr* + 

Here tj}{v) = Ji u i =u <p(u)d v u is obtained by integrating (p over the fibers, 
while 

PF J i\){y)d*v = 

(2 294) 

21og(2vr)c + lim^oo (/(l - ff)i/>(v)<Tv - 2c log t) . 
where one assumes that i/j — c /-f 1 is integrable on M.* + , and 

(2.295) h{v)=\ni{u l /\u- 1 / 2 ) V.6i* +1 f, = f' 1 - f . 
The Weil explicit formula is the content of the following statement. 

Theorem 2.37. ([295],) With the above notations one has 

(2.296) S(x,F) = T> K (F(\w\)x(w)). 



8.3. Fourier transform on Ck- 

We have a non-canonical isomorphism 

(2.297) C K ~ C K> i x N, 

where A" C is the range of the norm | • | : Ck — ► Rl. For number fields 
this is AT = Rl, while for function fields in positive characteristic N ~ Z is 
the subgroup c/ z C with q = p e the cardinality of the field of constants. 

We denote by Ck,i the group of characters of the compact subgroup 
Ck,i C Ck, i.e. the Pontrjagin dual of Ck,i- Given a character % of Ck,i, we 
let x denote the unique extension of x to Ck which is equal to one on N. 

For / G 5(Ck), with compact support, and % the extension of a character 
X ^ Ck,i to Ck as above, we consider the Fourier transform 

(2.298) f(x,p)= [ f(u)x(u)\u\<>d* U . 

Definition 2.38. Consider the bicharacter 

(2.299) (z,X):=X z , for (z, A) G C x R^. 

Let N denote as above the range of the norm | ■ | : Ck — ► R+. Then N 1 - C C 
denotes the subgroup 

(2.300) A^ := {z G C| A 2 = 1, VA G N}. 
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In the case where N = q z (function fields), the subgroup N 1 - is nontrivial 
and given by 

27T? 

(2.301) N 1 - = Z. 

logq 

Since in the function field case the L- functions are functions of q~ s , there 
is a periodicity by N^, hence we need to consider p £ C/N 1 - in (2.287). In 
the number field case this does not matter, since N = and N 1 - is trivial. 

8.4. Computation of the principal values. 

We now compare the principal values Pfw of (2.296) with those of 
Theorem 2.36. 

We fix a decomposition Ck = Ck,i x iV as in (2.297). We let xo be a 
character of Ck i and let xo denote the unique extension of xo to Ck which 
is equal to one on N. Let h be the function on Ck given by 

(2.302) \9\- 1/2 h(g- 1 ) = F(\g\)xo(9)- 

We rewrite the equality (2.286) in terms of h. By (2.286) one has 

(2.303) *(l + is ) =J C n\g\)\g\- ls d*g. 

Thus, in terms of h, 

(2.304) J h(g) xo(g) \g\ 1/2+ts d*g = $ Q + is^j . 
while if xi is a character of Ck,i with xi 7^X0, one gets 

J Kg)xi(g)\g\ 1/2+ts d*g = I F(\g- 1 \)xo(g- 1 )xi(g)\9\ is d*9 = 0. 

Thus, with our notations (2.298) we see that 

(2.305) Supp kxoxl, h( X0 , p) = Hp) ■ 

Thus we can write, using the notation of a set with multiplicity for the set 
Zy, of zeros of L(x, p) in the strip < K p < 1 modulo iV- 1 , 

(2.306) S(xo,F)= E^"°)- 

XGQm Z x 

Let us now evaluate each term in (2.288). The first gives (log |(i _1 |) h(l). 
One has, using (2.289) and (2.302), 



<d,f(M)xoG?)> = / M- 1/2 M» _1 )(M 1/2 + M- 1/2 )d 

J Ck 

h{u) {1 + \u\) d*u = h{0) + h{l) 



la 



where for the trivial character of Ck,i one uses the notation 
(2.307) h(z) = h(l,z) VzGC. 
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Thus the first two terms of (2.288) give 

(2.308) (log l^ 1 !) h(l) + h(0) + h(l) . 

Let then v be a place of K. One has by (2.291) and (2.302), 

(2.309) (D v ,F(\g\)xo(g)) = Pfw f h^ 1 )^ - u\ d*u . 

We can thus write the contribution of the last term of (2.288) as 

(2.310) -J^Pfw [ h(u- v )\l -u\d*u. 

Jk* v 

Thus the equality of Weil can be rewritten as 

h(o) + Mi) - £ T Ez,kx, P ) = 

(2.311) ' 

(log\d\)h(l) + Z v Pfwf Ki ^d*u, 

which holds for finite linear combinations of functions h of the form (2.302). 

Let us now compare the Weil principal values with those dictated by 
Theorem 2.36. We first work with a local field K and compare (2.292), 
(2.293) with our prescription. 

8.4.1. N on- Archimedean case. 

Let first K be non- Archimedean. Let a be a character of K such that 

(2.312) a\ = l , a| w -i + 1. 
Then, for the Fourier transform given by 

(2.313) (F a /)(x) = J f(y)a(xy)dy, 

with dy the selfdual Haar measure, one has 

(2.314) F a (l ) = l . 



Lemma 2.39. With the above choice of a one has 



(2 - 3i5) /{l^ ,r -=W|l-^ 

with the notations of Theorem 2.36. 



d*u 



Proof. By construction the two sides can only differ by a multiple of 
h(l). Let us recall from Theorem 2.36 that the left hand side is given by 

(2.316) (l, k -^P 
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where L is the unique extension of whose Fourier transform vanishes 

at 1, L(l) = 0. Thus from (2.292) we just need to check that (2.316) vanishes 
for h = lo*, i-e., that 

(2.317) (L,l o *) = 0. 

Equivalently, shifting both sides by 1 G K and using the Parseval formula 
(2.96), we need to show that 

(2.318) (log|u|,iy> = 0. 

where Y = {y G K ; \y — 1| = 1} so that ly(y) = lo*(y — 1). One has 

ly(x) = / a(xy) dy = / a(x(l + z)) dz = a(x) la*(x) 
Jy Jo* 

and 1q* = lo — Inn lo* = lo — |tt| l^-iO) thus, with q -1 = | vr | , 

(2.319) iy(ar) = a(x) (l a - - K-io] {*) ■ 



We now need to compute J log \x\ ly (x) dx = A + B, 

(2.320) A = — / a(x) (logq)dx , B = ( 1 - 1 J / log |x| cte . 

9 A- 1 ©* V <27 Jo 

Let us show that A + B = 0. One has J dx = 1, and 

A = - [ a(vr _1 y) (logq)dy = -logq [ [ a{it- l y)dy- [ dy) = - logq 
Jo* \Jo Jm J Q 

since j a(ir^ 1 y) dy = as le^vr -1 ) = 0. 

To compute B, note that ^ n(D * dy = q~ n (a — so that 

/ x n 2 oo 

(2.321) B=[l--\ Y,{- nl ogq)q- n = -q- l \ogq. 

\ ^/ n=0 

and A + B = 0. □ 
8.4.2. i?eal case. 

Let us now treat the case of Archimedean fields. We take K = R first, 
and we choose the additive character en(x) = e~ 27rer . 

Proposition 2.40. With the notations of Theorem 2.36, one has 

(2.322) f f(u) — !— f <f u = P/w /" /(„) ^_ d * u . 
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Proof. With the notations of (2.293), and f , f\ as in (2.295), one has 
(2.323) Pfw [ /o 3 (|u|) cfu = log 7T + 7 

with 7 = — r'(l). Indeed, integrating over the fibers gives tp = /q x (1 — 
/g) _1 , and one gets 

PF [ 4>d*u = log 2tt + lim ( / (1 - /o 2 *) / 4 (1 " /o ) _1 - log* J 

r 1 i - v 1 / 2 

= log 27r + lim ( / dv — log t) = log 2tt + 7 — log 2 

t^oo 7 Q 1 - v 

Taking f(u) = \u\ 1 / 2 /q (|u|), the right hand side of (2.107) gives A — 
log 2 = log7r + 7. Indeed, one has /(l) = 1 and 



lim f / /( 3(| u |)i!L d * n + i oge 

\yii- U |>e |i-«i y 

2 lim (7 / 3 (M)^ T d*u+Jlog ( 



, / /' 1 " £ 2udu , \ , n 

= lim / k + log e = - log 2 . 

Wo 1 - u 2 J 

Thus we conclude, using (2.323), that (2.322) holds. □ 
8.4.3. Complex case. 

Let us finally consider the case K = C. We choose the basic character 
a as 

(2.324) e c (z) = exp -2m(z + z) ; 

the selfdual Haar measure is dz dz = \dz A dz\ = dp 2 d0 for z = pe te , and the 
function f(z) = exp— 2ir\z\ 2 is selfdual. 

The normalized multiplicative Haar measure is 

Proposition 2.41. 

(1) T/ie Fourier transform <p = F ec ((p) of <p(z) = — log \z\c is given by 
the distribution 

(2.326) L(f) := 2(log 2vr + 7 )/(0) + lim ( / f(u) d*u + log e /(0) j . 

\J\u\ c >e J 
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(2) Let X' = 2(log27r + 7); Then one has for any test function f, 

Ic /(«) = * /(I) + Km^o (/ d*u - \ /(I)) 

= A'/(l) + lim_o(ij 1 _ u | c > £ ^^ + (log £ )/(l)) . 

(3) With the notations of Theorem 2.36, one has 

(2.328) f f(u) d*u = Pfw [ f(u) d*u . 

PROOF. (1) Let us compute the Fourier transform ip of the distribution 

(2.329) <p(z) = -log|;z|c = -21og|z| . 
One has 

(2.330) (^,exp(-2vr|z| 2 )) = log2vr + 7, 

as is seen using §- £ (/e^ 27 ^ 2 \z\- 2e \dz A dz\^j = §- £ {{2ir) £ T(l - e)). 
Thus (ip, exp — 2-7r|u| 2 ) = log 2ir + 7 and one gets 

(2.331) <&/) = lim ( / /(«)cT« + log e /(0) J + A'/(0) 

\J\u\ c >e J 

To see this one uses the analogue of (2.111) for K = C, i.e. 

{2m lim -o ( Jj u|c > £ /(«) d*u + log e /(0)) = 

lim^ (//(z)M^*x-±/(0)), 

to compute the right hand side of (2.331) for f(z) = exp(— 27r|z| 2 ). The 
first term gives — log27r — 7 and after adding A'/(0) one gets the same as 
(2.330). Thus we get (2.327) and (2). 

(3) Let us compare this principal value with Pfw. When one integrates 
over the fibers of | . |c : C* — ► IR+ the function |1 — z^ 1 , one gets 

< 2 ' 333) h C irr^ * = t^w if w < 1 • and if w > 1 ' 

Thus for any test function / on one has, by (2.293), 

(2.334) Pfw [ f(\u\ c ) h 1 1 d*u = PF f f{v) d*u 

J \l — u\c J |l-^l 

with the notations of (2.294). With f , f\ as in (2.295) and f 2 (v) = A f (u) 
we thus get, using (2.294), 

(2.335) Pfw [ f 2 {\u\ c ) h 1 1 d*u = PF [ f f^d*v = 2 (log 2vr + 7) . 

J V--u\c J 
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since with ip = fo f\ l one has c = 1 and 

lim (^J (1 - / 2 *) $(y) d*v - 2clogt^ =2 lim ^jf j^dv - \ogtj =2 7 . 
We shall now show that 

(2.336) limf/ -MMc) cTh + loge ) =0. 
It will then follow that, using (2.327), 

(2.337) /' f(u) d*u = Pfw [ f(u) d*u . 
Jc \i--u\c J |l-«|c 

To prove (2.336) it is enough to investigate the integral 

(2.338) j(e):= f ((1 — z)(l — z))^ 1 \dz A dz\ , 

J\z\<l,\l-z\>e 

and show that j(e) = a loge + o(l) for e — > 0. A similar statement then 
holds for 

(2.339) f ((1 - z)(l - z))- 1 \dz Adz\. 

J\z\<l,\l-z- 1 \>e 

Indeed, with 5 = |1 — z\ one has |1 — z~ 1 \ = 5 + 0(5 2 ) when 5^0 and 
log (5 + 0(<5 2 )) = log 5 + o(l). Moreover the nuance between the conditions 
\u\ > e and \u\c > £ replaces e by a power which only alters a in the behavior 
j{e) = aloge + o(l). 

One has j(e) = J D \dZ A dZ\, where Z = log(l — z) and the domain D 
is the image by z i— > log(l — z) of {z | |z| < 1, |1 — z\ > e}. It is contained in 
the rectangle 

(2.340) R £ = {Z = x + iy\ loge < x < log2 , ~ < y < |} , 

and is bounded by the curve x = log(2 cos y) which comes from the equation 
of the circle \z\ = 1 in polar coordinates centered at z = 1. One thus gets 

/•log 2 

(2.341) j(e) = 4 / arccos(e72) ; 

./logs 

when e — > one has j(e) ~ 27rlog(l/e), which is the area in the measure 
|dZ A <iZ| of the rectangle 

(2.342) {Z = x + iy | loge < x < , -vr/2 < y < vr/2} . 

One has \R e \ - 2vrlog2 = 27rlog(l/e). When e -> the area oi R £ \ D 
converges to 

/log 2 /* 7r /2 
arcsin(e x /2) = -4 / log(sin it) = 2vr log 2 , 
-oo Jo 

so that j(e) = 2vrlog(l/e) + o(l) when e -> 0. □ 
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We can now express again this finite value using the variant of the min- 
imal subtraction scheme: 



Corollary 2.42. One has, with fi 



2tt ' 



(2.344) f /(«) J -i- r d*u = lim f f f{u) d*u - - /(l) ) . 

Note the factor 2 in the exponent of ji. 

8.5. Reformulation of the explicit formula. 

Thus, with the above choice of basic characters for local fields, one has 
for any test function 

(2.345) J' f(u) — ^ d*u = Pfw j f(u) — ^ d*u . 

Lemma 2.43. Let K be a local field, «o a normalized character as above 
and a, a(x) = oto(\x) an arbitrary character of K. Let J' be defined as in 
Theorem 2.36 relative to a. Then, for any test function f, 



(2.346) f f(u) — ^ d*u = log |A| /(l) + Pfw [ f(u) cf 



U . 



PROOF. The lemma follows from (2.345) combined with (2.100). □ 

Let us now pass to the global case. Recall that if a, a ^ 1, is a character 
of the additive group of adeles Ar such that «|k = 1, there exists a differental 
idele d = (d v ) such that, (cf. [294]) 

(2.347) a v (x) = a , v (d v x) 

where a = Y\ ct v and each local character ao,i, is normalized as above. 

We rewrite the Weil formula (Theorem 2.37 and (2.311)) in the following 
form 

Theorem 2.44. Let K be a global field, a a nontrivial character o/Ajc/K 
and a = Y\ a v its local factors. Let h G iS(Ck) have compact support. Then 

(2.348) h(0) + h(l) - £ £ h( X , p) = £ f d*u 

where j' is normalized by a v as in Theorem 2.36, and 
h(x, z) = j h{u) x(u) \u\ z d*u. 

Proof. This follows from (2.311), Lemma 2.43 and the equality log \d\ = 

£>g|<U □ 
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9. Spectral realization of critical zeros of L-functions 

In this section we describe the spectral realization of critical zeros of 
L-functions given in [71]. Let K be a global field and Ak the ring of adeles, 
AJr the group of ideles. The idele class group is the quotient Ck = Aj^/K* 
of the group of ideles by the multiplicative group K* . By construction this 
group acts by multiplication on the following space. 

Definition 2.45. The adele class space of a global fieldK is the quotient 
X K = A K /K*. 

As remarked already in the case of Q the action of K* on Ak is not proper 
and the adele class space Xk is a prototypical example of a quotient space 
which can only be properly understood with the tools of noncommutative 
geometry. This will be done in Chapter 4 §5.1. In this section we show 
that, even using a naive approach, one can define Sobolev spaces L 2 (Xk)o 
of functions on Xk and obtain a spectral realization of the critical zeros of 
L-functions associated to Grossencharakters without having to define the L- 
functions, let alone their analytic continuation, before stating the result. We 
restrict to global fields of characteristic zero i.e. to number fields to simplify 
the notations but the result makes sense in general. We fix as above, in §8.3, 
a non-canonical isomorphism 

(2.349) C K = Ck,i x R* + , C K ,i = Ker(Mod) 

where Mod is the module of the group Ck- In general one replaces M.* + by 
the range N of the module. Using (2.349) one extends the characters x of 
the compact group Ck,i as characters x °f Ck) trivial on 1 x W + . 

To define the Sobolev spaces L 2 (Xk)o we first consider the codimen- 
sion 2 subspace of the Bruhat-Schwartz space <S(Ak) (cf. [36]) given by the 
conditions 

(2.350) /(0) = 0, J fdx = 0. 

On this subspace 5(Ak)o we put the inner product corresponding to the 
norm 

(2.351) ||/|| 2 =/ |£(/)(z)| 2 (l + (log|*|) 2 ) 5 / 2 cfz. 
where 

(2.352) <£(/) (g) = \g\ 1 ' 2 £ f(qg) V«/GC K . 

We let L 2 (X)o be the separated completion of 5(Ak)o for the inner product 
given by (2.351). We let # a be the representation of Ck on <S(Ak) given by 



(2.353) 



(0 a (a)£)(a:) = C(a M VaeC K , x G A K . 
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The Sobolev norm on L 2 (Ck) is denned as 

(2.354) m\ 2 = f \i{x)\ 2 {l + {\og\x\) 2 ) 5 / 2 d*x. 

The linear map <£ : <S(Ak)o — ► L 2 (Ck) satisfies 

(2-355) IW)ll2 = 11/11* 

by construction. Thus it extends to an isometry, still denoted (£, 

(2.356) <E : L 2 S (X) ^ L 2 S (C K ) . 
One has 

<£(tf a (a)/)(<7) = \g\ 1/2 J2(M*)f)(q9) = \g\ 1/2 E 

= \g\W E = l«| 1/2 \^9\ 1/2 E 

K* K* 

= \a\ l l\$ m {a)£{f)){g) 

so that 

(2.357) £0 a (a) = |a| 1/2 i? m (a) £ • 

The equality (2.357) shows that the natural representation ?? a of Ck on 
L 2 (X)q corresponds by the isometry (£ to the restriction of jaj 1 / 2 i? m (a) to 
the invariant subspace given by the range of (£. 

Definition 2.46. We let H be the cokernel of the map <£ and # m the 
quotient representation of Ck on 7i. For \ o, character of Ck,i we let 

(2.358) U x = {i G W | tf m ( 7 ) e = X (7) £ , V 7 G C K)1 } 

Since Ck,i is a compact group it follows that the Hilbert space H splits 
as a direct sum 

(2.359) H= H x 

and the representation $ m also decomposes as a direct sum of representations 
^m x - We then restrict $ mx to the subgroup 1 x C Ck and let D x be the 
infinitesimal generator of this restriction, i.e. 

(2.360) D *Z = V% \^ x {e £ )-l)i 

The spectral realization of critical zeros of L-functions is then given by: 



Theorem 2.47. Let x, S > 1, H x and D x be as above. Then D x has 
discrete spectrum, Sp D x C iK is the set of imaginary parts of zeros of 
the L-function with Grossencharakter x which have real part equal to \; 
p G SpD 44> L (x, \ + p) =0 and p G iK. Moreover the multiplicity of p in 
Sp .D is egua/ io i/ie largest integer n < 1 + | , n < multiplicity of \ + p as 
a zero of L. 
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Theorem 2.47 has a similar formulation when the characteristic of EC 
is nonzero. The following corollary is valid for global fields K of arbitrary 
characteristic, with N = Mod(Ck) in general. 

Corollary 2.48. For any Schwartz function h £ 5(Ck) the operator 
^m(^) = / fi-mid) Ms) d* g inTL is of trace class, and its trace is given by 

peiR/N 1 - 

where the multiplicity is counted as in Theorem 2.47 and where the Fourier 
transform h of h is defined by 

Hx,p) = / h(u)x(u) \u\ p d*u. 

9.1. L- functions and homogeneous distributions on Ajj. 

Let us recall from [297] how the L-function L(xo,s) appears as a nor- 
malization factor for homogeneous distributions on Ar. 

First let K be a local field and x a quasi-character of K*, 

(2.361) X (x) = Xo(x)\x\ s , xo:K*^U(l). 

Definition 2.49. A distribution D on K is homogeneous of weight x if 
one has 

(2.362) (f a ,D) = x(a)- 1 (f,D) 

for all test functions f and all a in K* , where by definition 

(2.363) f a (x) = f(ax) . 

When a = 3ft(s) > 0, there exists up to normalization only one homoge- 
neous distribution of weight x on K (cf. [297]). It is given by the absolutely 
convergent integral 

(2.364) / f(x) X (x)d*x = A x (f). 

JK* 

In particular, let K be non-Archimedean. Then, for any compactly 
supported locally constant function / on K, one has 

(2.365) f(x) - /(vt^x) = Vx, \x\ < 6. 
Thus, for any s G C the integral 

(2.366) / (f(x)-f(7r~ 1 x))\x\ s d*x = A' s (f) 

JK* 

with the multiplicative Haar measure d*x normalized by 

(2.367) (l *,d*x) = l. 
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defines a distribution on K with the properties 



(2.368) <1o,A;> = 1 

(2-369) (f a ,A' s ) = \a\- s (f,A' s ) 

and 

(2.370) A' s = (l-q~ s )A s , 

where |vr| = q' 1 . Let us check (2.368)-(2.370). With / = l a one has 
f(ir- l x) = 1 iff ir~ l x £ O, i.e., x £ ttO = m. Thus A' s (l ) = J a , d*x = 1. 



Let us check (2.370). One has / /(7r _1 x) |x| s d*x = f f(y)\7r\ s \y\ s d*y = 
\tt\ s A s (f). But | -71- 1 < 1, | vr | = -. Note also that for s = 1 and / = la, one 

gets f Q , dx= (l- J dx. 

Let then % be a quasi-character of Ck and write as above 

(2.371) X = Y[Xv, x(x) = Xo(x)\x\ s 

where s G C and xo 1S a character. Let P be the finite set of finite places 
where it is ramified. For any finite place v £ P, let A' v (s) be the unique 
homogeneous distribution of weight Xv normalized by 

(2-372) (A' v (s),l 0v ) = l. 

For any v G P or any infinite place and for a = 3?(s) > let be given 
by (2.364) which is homogeneous of weight Xv but unnormalized. Then the 
infinite tensor product 

(2-373) A' s = [J A' v (s) 

makes sense as a continuous linear form on <S(Ak) and is homogeneous of 
weight x- This homogeneous distribution is not equal to since A^ / for 
any v 6 P and any infinite place as well. It is finite by construction of the 
space <S(Ak) of test functions as an infinite tensor product, 

(2.374) 5(A K ) = ®(5(K t) ),l J. 

Lemma 2.50. (cf. [297]) For a = > I, the following integral con- 
verges absolutely: 

(2.375) J f{x) X o(x) \x\ s d*x = A s (f) V / € S(A K ) 
and A s (f) = L( Xo ,s)A' s (f). 



PROOF. To get the absolute convergence, one can assume that / = \q 
and xo = I- Then one has to control an infinite product of local terms, 
given locally for the Haar measure d*x on K* such that f nt d*x = 1, by 

(2.376) f \x\ s d*x (sreal) 

JonK* 
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which is 1 + q~ s + q~ 2s + • • • = (1 — q~ s ) _1 . Thus the convergence for 
a = 3ft(s) > 1 is the same as for the zeta function. 

To prove the second equality, one only needs to consider the infinite 
tensor product for finite places v ^ P. Then by (2.370) one has A^ = 
(1 - q~ av ) A v where 

(2.377) g« a "=X«W = X0 ) «W9- i 

with | -7T | = g" 1 . 

\ 



Thus one gets A s = ] [ ; 1 Xo,v(n) q v 



s\-l 



v finite 
v&P 



J 



By construction makes sense whenever a > and is a holomorphic 
function of s (for fixed /). Let us review briefly (cf. [297]) how to extend 
the definition of A s . 

We let as above K be a global field, we fix a nontrivial additive character 
a of Ak, trivial on K, 

(2.378) a(x + y) = a(x)a(y) G 17(1) , a(q) = 1 VgGK. 

We then identify the dual of the locally compact additive group Ak with Ak 
itself by the pairing 

(2.379) (x,y) = a(xy). 

One shows (cf. [294]) that the lattice K C Ak, i.e., the discrete and cocom- 
pact additive subgroup K, is its own dual 

(2.380) (x,q) = lVq£K x£K. 

Since Ak is the restricted product of the local fields K v , one can write a as 
an infinite product 



(2.381) a = Y[ »v 

where for almost all v, one has a v = 1 on O v . Let us recall the definition of 
the space <S(Ak)o- We have 

(2.382) 5(A K )o = {/ € 5(A K ) | /(0) = , J f dx = 0} . 

Lemma 2.51. Let f G 5(Ak)o- Then the series 

(2.383) <£(/) (g) = {g^ 2 ^ f(qg) V 5 G C K 



converges absolutely and one has 

(2.384) Vn, 3c, |£(/)(^)| < ce~"' log ' 9 " G Ci 

and«£(/) = «£(/) (5- 1 ). 
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For K of characteristic zero and for a suitable decomposition Ck = 
Ck,i x the range of l£ is stable under the generator A-J^ of the scaling 
group. 

PROOF. Let us first recall the formal definition ([36]) of the Bruhat- 
Schwartz space S(G) for an arbitrary locally compact abelian group G. One 
considers all pairs of subgroups G\ , G2 of G such that G\ is generated by 
a compact neighborhood of in G, while G2 is a compact subgroup of G\ 
such that the quotient group is elementary, i.e., is of the form M a T b R c i 71 
for F a finite group. By definition the Bruhat-Schwartz space S[G) is the 
inductive limit of the Schwartz spaces S(G\/G2), where the latter have the 
usual definition in terms of rapid decay of all derivatives. Since G\ is open in 
G, any element of S(G\/G2) extended by outside Gi defines a continuous 
function on G. By construction S(G) is the union of the subspaces S{G\/G2) 
and it is endowed with the inductive limit topology. 

Let G be the Pontrjagin dual of G. Then the Fourier transform, which 
depends upon the normalization of the Haar measure on G, gives an isomor- 
phism of 5(G) with S(G). 

Let r be a lattice in the locally compact abelian group G. Then any 
function / G S{G) is admissible for the pair G, T in the sense of [294], and 
the Poisson summation formula (cf. [294]) is the equality 



(2.385) Covol(r)£/( 7 )= £ /O 9 )' 

7er /3er-L 

where T 1 - is the dual of the lattice T, and 

(2.386) /(/3) = f f (a) 0(a) da. 



Both sides of (2.385) depend upon the normalization of the Haar measure 
on G. 

In our case we let Ak be as above the additive group of adeles on K. We 
normalize the additive Haar measure dx on Ak by 

(2.387) Covol(K) = 1 . 

We then take T = xk, for some x G Aj^ 1 . One has 

(2.388) Covol (xk) = \x\ . 

The dual T 1 - of the lattice xk, for x invertible in Ak, is the lattice T 1 - = 
Thus the Poisson formula (2.385) reads, for any / G <S(Ak), 

(2.389) k|^/(xg) = ^/(x- 1 (7 ). 

qeK qeK 

This we can rewrite as 

(2.390) |x| f(xQ) = E f^ 1 ^ + 6 
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with 6 = -\x\f(0) + J f(y)dy. 

We can then rewrite (2.390) as the equality 

(2.391) <*(/)(*) = <£(/) 

valid for all / G <S(Ak)o- It remains to control the growth of <S(f)(x) on Ck, 
but by (2.391), it is enough to understand what happens for \x\ large. 

We only treat the case of number fields; the general case is similar. Let 
Ar = Ak,/ x Ak,oo be the decomposition of the ring of adeles corresponding 
to finite and Archimedean places. Thus Ai i00 = JJlK„ where Sqo is the set 

of Archimedean places. 

Any element of <S(Ak) is a finite linear combination of test functions 

(2.392) / = / ® h 

where /o G <S(Ak,/) , fi G S(A^ OQ ) (cf. [296] 39); thus it is enough to 
control the growth of <B(f)(x) for such / and \x\ large. 

Let Aj^ 1 = {x G Aj^; \x\ = 1} be the group of ideles of module one. 
Since A^ 1 /K* is compact (cf. [294]), we shall fix a compact subset K\ of 
AJr 1 whose image in Ajj^ is this compact group. 

Let d be the diagonal embedding 

(2.393) d : A € i-> (A, . . . , A) € JJ K* . 

This yields an isomorphism 

(2.394) A* K = A^ ;1 x Range d . 

One has f G S(A K j), hence (cf. [296]), /o G C C (A K ,/) and we let A = 
Support Jq. Since Kq is compact, one can find a finite subset P of the set 
of finite places, and C < oo such that 

(2.395) y G if = (A/)" 1 ^ => |^| < 1 £ P, |y„| <CV», 

where AT/ is the projection of ATi on Ak,/. 

We let O be the compact open subgroup of Ak,/ determined by 

(2.396) \a v \ < 1 VwG'P, K| < C Vu. 

By construction 6(/)(x) only depends upon the class of x in A^/K*. 
Thus, to control the behaviour of <£(/)(x) for |x| — ► oo, we can take x = 
(xf,Xoo) G Ai and consider <£(f)(\x) for A G W + , A — > oo. Now let g = 
(QfiQoo) G K. Then, we have 

(2.397) f(q^x) = fo(q f x f ) f^qooXxoo) 
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and this vanishes unless qjXf G Kq, i.e., unless qj G K. Then by (2.395) 
one has ^£0. Let T be the lattice in JJlCy determined by 

(2.398) r = { goo |gGK, g/ € fi, } . 

The size of <£(/)(Ax) is hence controlled (up to the square root of |Ax| ) by 

(2.399) C |/i(Axoon)|, 

ner* 

where Xqo varies in the projection of on JjK*. 

Since /i G <S(Ak,oo)j this shows that <£(/)(x) decays faster than any 
power of |x| for |x| — ► oo. 

We have shown that <£(/) has rapid decay in terms of |x|, for \x\ — ► oo. 
Using (2.391) and the stability of 5(Ak)o under Fourier transform, we see 
that it also has exponential decay in terms of | log |x|| when | log |x|| — > oo. 

The second statement follows from the stability of 5(Ak)o under the 
generator of the scaling group (2.393). □ 

We then get 

Lemma 2.52. (cf. [297]) For a = 5R(s) > 0, and any character xo of 
Ck, one has 

(2.400) J <E(f)(x) X0 (x) 1x1 s - 1 / 2 d*x = cL( Xo ,s) A' s (f) V/ G <S(A K )o 

where the nonzero constant c depends upon the normalization of the Haar 
measure d*x on Ck- 

Proof. For a = > 1, the equality follows from Lemma 2.50, but 
since both sides are analytic in s it holds in general. □ 

As in Lemma 2.50, we still use the notation A s (/) for a = 9ft(s) > 0. 

9.2. Approximate units in the Sobolev spaces L 2 (Ck). 

We first consider, for S > 1, the Hilbert space L 2 5 (R) of functions f(u), 
!i£R, with squared norm given by 

(2.401) f \i{u)\ 2 {l + u 2 ) s ' 2 du. 

We let p(u) = (1 + u 2 ) 5 / 2 . It is comparable to (1 + \u\) s and in particular, 

(2.402) p{u + a) ^ c \/n G M , a£l 

p(u) 

with c = 2 5 / 2 . We then let X(v) be the translation operator 

(2.403) (A(v)O(u) = £(«-«) Vu,u€R. 
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One has J R \£(u - v )| 2 p(u) du = / R |£(u)| 2 p(u + v ) du so that by (2.402) it 
is less than c ^ |£(V)| 2 p(¥) p(v) = cp(v) ||£|| 2 , 

(2.404) ||A(^)|| < (c^)) 1/2 - 

This shows that A(/) = J f(v) X(v) dv makes sense as soon as 

(2.405) J \f(v)\p(v) 1/2 dv < oo. 

This holds for all / e<S(R). 

Lemma 2.53. There exists an approximate unit f n G <S(M), such that the 
Fourier transform of f n has compact support, ||A(/ n )|| < C Vn, and 

(2.406) A(/„) -► 1 strongly in L 2 5 ( 



PROOF. Let / be a function, / G <S(M), whose Fourier transform /(s) = 
J* f(x)e lxs dx has compact support, and such that J f dx = 1 (i.e. /(0) = 1). 
Let then 

(2.407) fn(v) = nf(nv), n = l,2,... 

One has / |/»| p(v)V 2 dv = J \f(u)\ p (^) 1/2 du < f \f(u)\ p(n) 1 / 2 du. 
Thus ||A(/ n )|| is uniformly bounded. We can assume that / is equal to 
1 on [—1,1]. Then f n is equal to 1 on [— n, n] and A(/ n )£ = £ for any £ with 
Supp£ C [— n,n] . By uniformity one gets that A(/ n ) — ► 1 strongly. □ 

Let us now identify the dual (L 2 )* of the Hilbert space L 2 with L 2 5 by 
means of the pairing 

(2.408) (tv)o= [ au)v(u)du. 

JR 

Since L 2 is a Hilbert space, it is its own dual using the pairing 

(2.409) (Z,m)= I Z{u) m {u){l + u 2 ) & l 2 du. 

JR 

If we let 77 (it) = 771 (it) (1 + li 2 )* 5 / 2 , then 

(2.410) y |7/ 1 (ii)| 2 (l+n 2 )' 5 / 2 dn = J \ V (u)\ 2 (1 + u 2 )' 5 / 2 du 

which is the natural norm square for L?_ 

Given a quasicompact group such as Ck with module 

(2.411) I . I : C K - R; , 

we let d*g be the Haar measure on Ck normalized by 

(2.412) f cf 5 ~ log A, A ^00, 

■/|»|6[1,A] 
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and we let L 2 (Ck) be denned by the norm 

(2.413) f \S(g)\ 2 (l + log\g\ 2 ) s ' 2 <r g . 

It is, when the module of K is M+, a direct sum of spaces (2.401), labeled 
by the characters xo of the compact group 

(2.414) C K ,i=KerMod. 

The pairing between L 2 (Cjk) and l?_ S (C^) is given by 

(2-415) (£,7/) = J ti(9)ri(g)d*g. 

The regular representation $ m of Ck in L 2 (Ck) is given by 

(2.416) (#m(a)0(ff) = e(« _1 5) V 9l aeC K . 
It is not unitary but by (2.404) one has 

(2.417) ||tfm(s)|| = O | log b| | 5 / 2 , | log | 5 || ^oo. 

Finally, one has, using Lemma 2.53 and the decomposition Ck = Ck,i x N. 

Lemma 2.54. There exists an approximate unit f n G <S(Ck), such that 
f n has compact support, ||$ m (/n)|| — C Vn, and 

(2.418) m (/n) 1 strong m L?(C K ) • 

9.3. Proof of Theorem 2.47. 

In order to understand Range (£ we consider its orthogonal in the dual 
space L 2 _ 5 (C^). The compact subgroup 

(2.419) C K:1 = {g£C K ;\g\ = l} 

acts by the representation i9 m which is unitary when restricted to Ck,i- Thus 
one can decompose L 2 (Ck) and its dual l?_ 5 (Ck) into the direct sum of the 
subspaces 

(2.420) L| xo = {£ G L 2 (C K ) ; ^( 7 "^) = X o(l) ((g) V 5 G C K , 7 G Cfc,i} 
and 

(2.421) L 2 _ Sm) = G L 2 5 (Ck) ; £( 75 ) = xo(t) V 5 G C k , 7 G C k>1 } • 

These correspond to the projections P Xo = J Xo( 7 ) $m( 7 ) d\l an d P£ = 
/ Xo(t) $m( 7 )* ^17 for L 2 and for the dual space L 2 ^. In (2.421) we used 
the formula 

(2.422) (0 m ( 7 )* r}){x) = rj^x) 

which follows from the definition of the transpose, (i? m ( 7 )£j rj) = (£> $m( 7 )*?7) 
using 

(2.423) y e(7 _1 ^) »/(ar) d*x = ^ £(y) ^72/) • 
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In these formulas one only uses the character xo as a character of the 
compact subgroup Ck,i of Ck- One now chooses, noncanonically, an exten- 
sion xo of xo as a character of Ck 

(2.424) xo(l) = Xo(l) V 7 eC K ,i. 

This choice is not unique but any two such extensions differ by a character 
which is principal, i.e., of the form: 7 1— > |7|* s °, so £ R. We fix a factorization 
Ck = Ck 1 x and fix xo as being equal to 1 on M*. . 

We then write any element r/ of £_,j Xo (Ck) in the form 
(2-425) 9 eC K ^ V (g) = xo(g)^(\g\) 

where 

(2.426) f m 9 \) 2 (1 + (log \g\) 2 )- 5 ' 2 d*g<™. 
This vector is in the orthogonal of Range (£ iff 

(2.427) J £(f)(x)xo(x)iP(\x\)d*x = V/eS(A K ) . 

We first proceed formally and write ^(M) = / V'(^) \x\ %t dt so that the left 
hand side of (2.427) becomes 

(2.428) J j <£{f){x)xo{x)\xfmd*xdt = j A 1/2+it (f) $(t) dt 

(using the notation of Lemmas 2.50 and 2.52). 

Let us justify this formal manipulation; since we deal with the orthogonal 
of an invariant subspace, we can assume that 

(2.429) tf m (h) V = r ] , 

for some h such that h has compact support. Indeed we can use Lemma 
2.54 to only consider vectors which belong to the range of 

(2.430) timih) = J ^(7) i? m (7)* d*j , h with compact support. 

Then, using (2.429), the Fourier transform of the tempered distribution 
1/} on has compact support in R. Thus, since <B(f)(x) has rapid decay, 
the equality between (2.427) and (2.428) follows from the definition of the 
Fourier transform of the tempered distribution ip on 

Let us now describe suitable test functions / 6 5(Ak)o in order to test 
the distribution 

(2.431) j A h+U ip(t)dt. 

We treat the case of characteristic zero. The general case is similar. For 
the finite places we take 

(2-432) /o = ®^ P lo„®/xo 
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where f Xo is the tensor product over ramified places of the functions equal 
to outside O* and to Xo,v on ®*v ^ f°ll° ws then by the definition of A' s 
that 

(2.433) (A' s , /o ® /) = J f(x) X0 ,oo(x) d*x 

for any / G S(A^ OQ ). Moreover if the set P of finite ramified places is not 
empty, one has 

(2.434) /o(0) = 0, f f (x)dx = 

so that /o ® / € 5(A K ) V / € 5(A Kj00 ). 

Now let £ be the number of Archimedean places of K and consider the 
map p : (M.* + ) e — > given by 

(2.435) p(Ai,...,A<) = Ai---A / . 

As soon as £ > 1 this map is not proper. Given a smooth function with 
compact support, b G C^°(M^_), we need to find a G C™°((K+)^) such that 
the direct image of the measure a(x) d*x is b(y) d*y, where d*x = Y\ d*Xi is 
the product of the multiplicative Haar measures. 

Equivalently, one is dealing with a finite dimensional vector space E 
and a linear form L : E — ► M. One is given 6 G C£°(R) and asked to lift it. 
One can write E = R x E\ and the lift can be taken as a = b <g) &i where 
6i G C™(Ei), Jb ± dx = 1. Thus we can in (2.433) take a function / of the 

form 

(2-436) f(x) = g(x)xo >00 (x), 

where the function g G C£°(Ak )0O ) only depends upon (|x|t,), v G Soo, and 
is smooth with compact support, disjoint from the closed set 

(2.437) JxG x„ = I . 

I veSoo J 

Thus, to any function b G C£°(]R+) we can assign a test function f = fb 
such that for any s (5fts > 0) 

(2.438) <A;,/o®/ 6 > = / b(x)\x\ s d*x. 
By Lemma 2.52, we get 

J Ai +j( £(t) dt,f ®f b ^ = l^j L (xo, ^ + it) A'i + . t £(t) dt , / ® 

(2.439) = y J L(xo,^ + it)^(t)b(x)\x\^ +it d*xdt. 
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Thus, from (2.427) and (2.428) we conclude, using arbitrary test func- 
tions b, that the Fourier transform of the distribution L (xo> 1/2 + it) ijj(t) 
actually vanishes, so that, 

(2.440) L( X o,\+it)m = 0. 

To justify the above equality, we need to control the growth of the L- 
function in the variable t. One has ([240] 5.3) 

(2.441) \L{± + it)\ = 0{\t\ N ). 

In particular, since L (1 + it) is an analytic function of t, we see that it 
is a multiplier of the algebra <S(M) of Schwartz functions in the variable t. 
Thus the product L (^ + it) ip(t) is still a tempered distribution, and so is its 
Fourier transform. To say that the latter vanishes when tested on arbitrary 
functions which are smooth with compact support implies that it vanishes. 

The above argument uses the hypothesis xolcfci / 1- I n tne case 
Xolcki = 1 we need to impose on the test function / used in (2.436) the 
condition J f dx = 0, which means 

(2.442) J b(x) \x\d*x = 0. 

But the space of functions b(x) |x| 1/2 G C%°(R+) such that (2.442) holds is 
still dense in the Schwartz space <S(M?j_). 

To understand the equation (2.440), let us consider an equation for dis- 
tributions a(t) of the form 

(2.443) <p(t)a(t) = 0, 

where we first work with distributions a on S 1 and we assume that <p £ 
C°°(S' 1 ) has finitely many zeros xi £ Z((p), of finite order rij. Let J be the 
ideal of C°°(S 1 ) generated by ip. One has tp £ J order of tp at Xj is > n«. 

Thus the distributions S Xi , S' x .,..., ^i™ 1-1 ^ form a basis of the space of 
solutions of (2.443). 

Now ip(t) is, for rj orthogonal to Ranged and satisfying (2.429), a dis- 
tribution with compact support, and L (xo> \ + it) = 0. Thus by the 
above argument we get that ip is a finite linear combination of the distribu- 
tions 5^ with t such that L (xo, ^ + it) = and k < order of the zero, k < 

. The condition k < order of the zero is necessary and sufficient to get 
the vanishing on the range of <£. The condition k < ^1 is necessary and 
sufficient to ensure that ip belongs to L 2 g , i.e., that 

(2.444) J (log |x|) 2fc (1 + \ log\x\\ 2 )' s/2 d*x < oo 
which is 2k - 5 < -1, i.e., k < 
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Conversely, let s be a zero of L(xo,s) and k > its order. By Lemma 
2.52 and the finiteness and analyticity of A' s (for 3fts > 0) we get 

(2.445) A s (f) = V/ G 5(A K )o , a = 0, 1, . . . , k - 1 . 
We can differentiate the equality of Lemma 2.52 and get 

(2.446) (J-^j A s(f) = J c €(f)(x) X0 (x)\x\ s - 1 / 2 (log\x\) a d*x. 

Thus r\ belongs to the orthogonal of Range (£ and satisfies (2.429) iff it is a 
finite linear combination of functions of the form 

(2.447) nt, a (x) = xo(x)|x| l *(log|x|r, 
where 

(2.448) L (xo, ^ + it J = , a < order of the zero, a < ^ 



2 J 1 2 

The restriction to the subgroup R* + of Ck of the transpose of $ m is thus 
given in the above basis by 

a 

(2.449) tf m (A)* m , a = Y. C a Xlt (MA)) 6 rit,a- b . 

6=0 

The multiplication operator by a function with bounded derivatives is 
a bounded operator in any Sobolev space, as one checks directly using the 
density in the orthogonal of Range G; of vectors satisfying (2.429), that is, if 
L (xoj \ + is) 7^ 0, then is does not belong to the spectrum of D^ Q . 

This determines the spectrum of the operator D^ Q and hence of its trans- 
pose D xo as indicated in Theorem 2.47 and ends the proof of Theorem 2.47. 

Let us now prove corollary 2.48. Let us fix ho G <S(Ck) such that ho has 
compact support contained in {xo} x R and ^o(XO) s) = 1 for s small. 

Let then h s be given by h s {g) = ho(g) \g\ ts - The Fourier transform h s is 
then the translate of ho, and one can choose ho such that 

(2.450) ^Mxo,u) = l a£l. 

When |s| — > oo, the dimension of the range of $ m *(/i s ) is of the order of 
log |s| as is the number of zeros of the L-function in the translates of a fixed 
interval (cf. [295]). 

Let h G (S(Ck). One has $ m *(ft,) = J2n& =m*(^ * ^n)- It follows then 
from the polynomial growth of the norm of $ m *(<7) that the operator 

(2.451) J h(g)^ m (gyd*g 
is of trace-class for any h G <S(Ck). 
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Moreover using the triangular form given by (2.449) we get its trace, 
and hence the trace of its transpose $ m (h) as 

(2.452) Trace tf m (h) = £ h( X ,p) 

where the multiplicity is counted as in Theorem 2.47 and where the Fourier 
transform h of h is defined by 

(2.453) h( X , P ) = [ h{u)x{u)\u\"d*u. 

10. A Lefschetz formula for Archimedean local factors 

As we saw above, the noncommutative space X^ of adele classes over a 
global field EC provides both a spectral realization of zeros of L-functions 
and an interpretation of the explicit formulas of Riemann-Weil as a Lefschetz 
formula. The corresponding trace formula was proved in [71] in the semilocal 
case (finitely many places). It is natural then to ask whether a similar 
approach can be applied to the L-functions of motives, also in view of the 
fact that the results of [102], [103] showed that noncommutative geometry 
can be employed to describe properties of the fibers at Archimedean places 
(and at places of totally degenerate reduction) of arithmetic varieties. 

In this section we consider the Archimedean factors of the Hasse-Weil 
L-function attached to a non-singular projective algebraic variety X defined 
over a number field K. We obtain the real part of the logarithmic derivative 
of the Archimedean factors of the L-function L(H m ,z) on the critical line 
as a trace formula for the action of a suitable Weil group on a complex 
manifold attached to the Archimedean place. 

In §10.3 we make some preliminary calculations. First we show (Lemma 
2.55) that for K v = C or R, one obtains the logarithmic derivative of the 
imaginary part of the gamma functions T^ v (2.461) on the critical line as 
the principal value on K* of a distribution 



We then show (Lemma 2.57) that the shift by mm{p, q} in the argument of 
T<c appears when one considers the principal value on C* of 

u~ p u~ q \u\^ 

|l-«|c 

This is sufficient to obtain in Theorem 2.58 of §10.4 the logarithmic deriva- 
tive of the Archimedean local factor as a trace formula for the action of C* 
on a space with base C and fiber H m (X,C) with the representation 

(2.454) ir{H m , u) £ = U - p u- q £ 
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of C* on the cohomology. The real case is more delicate and it is treated in 
§10.5. In this case, to obtain a similar result, one needs to consider a space 
that has base the quaternions H and fiber the cohomology. We then obtain 
the logarithmic derivative of the local factor as a trace formula for an action 
on this space of the Weil group, with representation 

(2.455) n(H m ,wj)£ = i^w-Pw-QFocit) 

on the cohomology, with Foo the linear involution induced by complex con- 
jugation. In §10.6 we describe the problem of a semilocal trace formula 
involving several Archimedean places. In §10.7 we address the problem of 
considering simultaneously Archimedean and non-Archimedean places and 
in particular the fact that in the usual approaches one is forced to make a 
choice of embeddings of in C. We suggest that, at least in the case of a 
curve X, one may obtain a different approach by considering, as the fiber 
of the space one would like to construct for a semi-local Lefschetz trace for- 
mula, the adele class space of the function field of the curve over the residue 
field k v at the place v. 

10.1. Archimedean local L-factors. 

We saw in Chapter I §8.1.3 the definition of L-functions of algebraic 
varieties defined over a number field K as an Euler product (1.380) of lo- 
cal factors (1.381). Let us briefly recall this definition of the L- functions 
L(H m (X),s) of a smooth projective algebraic variety over a number field 
EC. It is written as an Euler product over finite and Archimedean places v 
of X, 

(2.456) L(H m (X), s) = H L v (H m (X), s). 

V 

The local L-factors of (2.456) at finite primes encode the action of the 
geometric Frobenius on the inertia invariants H m (X,Q£) Iv of the etale co- 
homology in the form (cf. [266]) 

(2.457) L v (H m (X), s) = det (l - Fr*N(v)- s \H m (X , Q/) 7 ")" 1 , 

with iV the norm map. Historically, the roots of the idea of motives intro- 
duced by Grothendieck can be found in the L-functions L(X, s) of algebraic 
varieties, which can be written as an alternating product 

n 

(2.458) L(X,s) = l[L(H i (X),s)(- i y +1 . 

i=0 

Typically, such a combined L-function as (2.458) tends to have infinitely 
many poles, corresponding to the zeros of the factors in the denominator, 
whereas in isolating a single factor L(H l (X),s) one avoids this problem 
and also gains the possibility of having a nice functional equation. It is 
convenient to think of such a factor L(H l (X), s) as the L-function, not of a 
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variety, but of a pure motive of weight i, viewed as a direct summand of the 
variety X. 

Serre showed in [266] that the local factors one needs to consider at 
the Archimedean primes, dictated by the expected form of the functional 
equation for the //-function L(H m (X), s), depend upon the Hodge structure 

(2.459) H m (X v (C)) = ® p+q=m HP'i(X v (C)), 

where v : EC ^ C is the Archimedean place and X V (C) is the corresponding 
complex algebraic variety. 

The Archimedean local factors have an explicit formula (cf. [266]) given 
in terms of gamma functions, with shifts in the argument and powers that 
depend on the Hodge numbers. Namely, one has a product of gamma func- 
tions according to the Hodge numbers h p,q of the form 
(2.460) 

' U P , q ^c(s-mm(p,q)) hP ' q 



L(H*,s) 



U v<0 r c (* - v) hP ' q EL r K (* - P ) hP * + r R (s - P + i) hP * 



where the two cases correspond, respectively, to the complex and the real 
embeddings, ~K. V = C and I£„ = R. Here h p,± is the dimension of the 
±(— l) p -eigenspace of the involution on H p,p induced by the real structure 
and 

(2.461) T c (s) := (27r)-T( S ), T r (s) := 2- 1 / 2 vr^/ 2 r( S /2). 

It is clear that it is desirable to have a reformulation of the formulae 
for the local factors in such a way that the Archimedean and the non- 
Archimedean cases are treated as much as possible on equal footing. To 
this purpose, Deninger in [116], [117] expressed both (2.457) and (2.460) 
in the form of zeta-regularized infinite determinants. Here we propose a 
different approach. Namely, we reinterpret the Archimedean local factors as 
a Lefschetz trace formula over a suitable geometric space. The main idea is 
that we expect a global (or at least semi-local) Lefschetz trace formula to 
exist for the L-functions L(H m (X), s), over a noncommutative space which 
will be a noncommutative generalization of the pure motive h m {X) and 
should be obtained as an extension of h m (X) by a suitable modification of 
the adele class space (by certain division algebras instead of the local fields 
K„ at the places v of bad reduction and at the real Archimedean place). 
Here we give some evidence for this idea, by giving the local formula for a 
single Archimedean place v. One sees already in the case of a single real 
place that the underlying geometric space for the trace formula is obtained 
by passing to the division algebra of quaternions. 

10.2. Asymptotic form of the number of zeros of L-functions. 

The properties of the L-functions of algebraic varieties defined over a 
number field K are mostly conjectural ([266]). In particular one expects 
from the functional equation ([266], Cg) that the zeros of L(H m (X), s) are 
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located on the critical line 3ft(s) = ^4^. By analogy with the case of the 
Riemann zeta function discussed above in §3 one expects that the number 
of zeros 

(2.462) N(E) = #{p\L(H m (X),p) = 0, and < $s(p) < E} , 
can be decomposed as the sum of an average part and an oscillatory part 

(2.463) N(E) = (N(E)} + N osc (E) , 

where the average part is obtained following Lemma 2.1, using the Archi- 
medean local factors L v (H m (X), s), in the form 

(2.464) (N(E)) = - J2^ogL v (H m (X),^-^ + iE). 

v\oo 

One can rewrite (2.464) in a more symmetric manner involving all non-trivial 
zeros, with 

(2.465) N S (E) = #{p\L(H m (X),p) = 0, and - E < < E} , 

and eliminating the ambiguity in the definition of the log, so that (2.464) 
becomes 

(2.466) (N S (E))= T~f E ^ogL v {H m {X), l -^+is)ds. 

^ 7T J_ E as 2 

v\oo 

We shall now show that the key ingredient of this formula can be expressed 

in the form of a Lefschetz contribution 

(2.467) 

-—SlogL v (H {X),——+is) = -— / : d u 

7T ds 2 2vr J Wv |1 - u\m v 

where z = ^-j^+is, the group W v is a local Weil group which is a modulated 
group. It embeds in the algebra M v which is the algebra H of quaternions 
for v a real place and the algebra C for a complex place. We shall describe 
below in §10.4 and 10.5 the natural representation -K v {H m ,u) of W v . 

10.3. Weil form of logarithmic derivatives of local factors. 

We begin by checking the formulae ([295], [71]) that will relate the 
Fourier transform of the local Lefschetz contribution (viewed as a distribu- 
tion on the multiplicative group) with the derivative of the imaginary part 
of the logarithm of the Archimedean local factor Y^ v , for K v = R (v a real 
Archimedean place) or K„ = C (v a complex Archimedean place). 

We use the notations of [71] for the principal values. We recall the 
following basic facts. 

Lemma 2.55. For K„ = M or ¥L V = C and for s real, one has 
f' l?/l5 +is d /I \ 
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Proof. First notice that, for s real, one has 
(2.469) 2i 9 log T Kv Q + is) = log T K J^ + is) - log T Kv - is 



since Tk„ defined in (2.461) is a "real" function, i.e. it fulfills f(z) = f(z). 
Thus, one can rewrite the equality that needs to be proved in the form 

™ £i^--(£(H + £(H 

r' 

The i in is brings up the real part of which is again a "real" function. 

Notice also that (2.470) should hold without the restriction sGK, since 
both sides are analytic functions of s € C. 

Let us first take K„ = R. In this case we have 

(2.471) r R (x) = 2- 1 /2 vr -/2 r(x/2)) 

hence the equality takes the explicit form in terms of the usual T-function 

which follows from (2.130). Let us then take K v = C. In this case we have 
(2.473) Tc(x) = (2tt)- x T(x), 

and again, in terms of the usual T-function, the equality takes the form 

I = 2 "* a » - (r G + ") + r (I- " 

This can be extracted from [71] (Appendix 2) and will be proved as a 
special case of Lemma 2.57 below. □ 

The next step consists in obtaining a similar formula for 

d (\ Inl 

(2-475) -Stogr^. + U + fc 

where n £ Z is an integer. Notice that the function + z) is still real. 

We take K v = C and we let 

(2.476) f {u) = mf{v 1 / 2 , z^ 1 / 2 ), VyeK;. 

With this notation one gets, 

Lemma 2.56. For neZ and p eR* + with p^l, one has 

-t p2ir And f /,,\\n\ 

(2 - 477) ^Jo \^W dd = V^A' v = p - 
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Proof. Let us first consider the case p < 1. Then we have 

( 2 - 478 ) \l- e Mp\ 2 = 1 - pe* + 1 - fxr* ~ 1 ' 

which gives the Fourier coefficients pl n l for the function on the left hand side. 
This gives the equality in the case p < 1, since fo{f) = p in that case. One 
then checks that both sides of (2.477) fulfill 

/(p" 1 ) = P 2 f{p) , 

which gives the desired equality for p > 1. □ 
We then obtain the following result: 

Lemma 2.57. Let K„ = C and suppose given p, q G N with m = p + q. 
For z = + is, with s£l, one has 

f' v~ p v~ q \n\^ d 

(2.479) / — l -^d*u = -2-f QlogT c (z-mm(p,q)) . 

Jc* |1 — «|c « s 

Proof. Let n = p — q. One has min(p, q) = ^ — Since |u|c = ra, 

— m 

one has u~ p u~ q = e~ He 2 > where 9 is the argument of u. One can then 
rewrite the desired equality in the form 

(2.480) f H f S d*u = -2 ^-Qlogrc ( \ + is + ig! 
7 C , |l-n| c as \2 2 

Recall now that J coincides with the Weil principal value Pfw which 
is defined in (2.293) and (2.294) so that 



ip(v) d*u , 



(2.481) Pfw [ ip(u) d*u = PF [ 

where = I\ u \ c =u 1S obtained by integrating ip over the fibers, 

while one has 

PFvj^{v)d*v = 

(2.482) 

2 log(27r) c + lim^oo (/ (1 - ff) d*v - 2clog t) . 

where t/j — cf^ 1 is integrable on M.* + , with fi = f^ 1 — fo- In our case we 
have 

-ind I I 2 +ls 

1 - «|c 

By Lemma 2.56, integration over the fibers gives 

^+"/ („)H 

We have c = 1 independently of s and n. One has the identity (2.335), 



PFo J /o/r 1 rfV = 2(log2^ + 7 ). 
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This allows one to check the equality for n = 1 and s = 0. Indeed, in that 
case one gets ^>{v) = fofi 1 , while 

- 2 (a(!±^- 2( - log(2 .)-,). 

Having checked the result for some value of n and s, while c is indepen- 
dent of both, one gets convergence of the integral for the variations and one 
can now use any regularization to compare other values of 



(2.483) / 



We write the integral as + and use the minimal substraction as reg- 
ularization i.e. the substraction of the pole part in e after replacing the 
denominator |1 — v\ by |1 — v\^~ £ . The first integral gives 



L 



iA 2 2 )(l-u) — = B \2 +%s + 2' £ ) 

r (J + w + J^l) r(e) 



r(| + i fl + M + P 



The residue at e = is equal to one and the finite part gives 

T' (\ \n\\ 
(2-484) __^_ + is + Uj_ 7 . 

The other integral gives the complex conjugate, 

r' ( 1 \n\\ 
(2-485) __^__ ia+ Uj_ 7 . 

Thus, having checked the additive constant term, we get 

(2.486) f 6 "7 H f d*u = -2 log r c f 1 + i s + Jgl 

y c » 1 1 — n|c «s V 2 2 

and the required equality follows. □ 



10.4. Lefschetz formula for complex places. 

We now look at a complex Archimedean place with the local L-factor 
L<c(H m ,z). We let n(H m ,u) be the canonical representation ([109]) of C* 
on H m = eH p ' q , 

(2.487) ir{H m , u)£ = u _p ir 9 £ , V£ G , Vu G C* . 

We obtain the following formula for the Archimedean local factor at a 
complex place. 
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Theorem 2.58. Let K v = C. For m G N, let ir(H m , u) be the canonical 
representation of C* on H m . Then, for z = + is with s G M., we have 

Jc* I 1 - u k ds 

Proof. This follows directly from Lemma 2.57 and the formula (2.460) 
(cf. [266]) that expresses Lc(H m ,z) as a product of powers of the Tq(z — 
min(p, q)) and hence the logarithmic derivative as a sum 

^logL c (H m ,z)= h™^lo g r c (z-mm(p,q)) 

p+q=m 

where h p,q is the dimension of H p,q . □ 



10.5. Lefschetz formula for real places. 

We now look at a real Archimedean place with the local L-factor 
L^(H m ,z). We let W be the Weil group [295] which, in this case, is the 
normalizer of C* in H* where H here denotes the division algebra of quater- 
nions H = C + Cj, with j 2 = —1 and jwj' 1 = w, \/w € C. Elements of W 
are of the form 

u= wf , w S C* , e G {0, 1} , 

where we use the notation j° = 1, j 1 = j. 

We let ir(H m ,u) be the canonical representation ([109]) of the Weil 
group in H m = ®H p,q . The subgroup C* C W acts as above, while elements 
in C*j act by 

(2.489) Tr(H m , wj) £ = i p+q w-Pw-iFooit) , V£ G ^ . 

Here i 7 ^ is the linear involution associated to the geometric action of com- 
plex conjugation (once translated to the cohomology with complex coeffi- 
cients) as in Serre ([266]). 

One has to check that ir is a representation, and in particular that 
w(H m ,j) 2 = ir(H m , -1). This follows for £ G H p ' q from 

n(H™,j) 2 £ = (-iy+ q Fi(0 = (-l) p+q C. 

One checks in the same way that 

ir(H m ,j)n(H m ,w) = n(H m , w) ir(H m ,j). 

We now investigate the integral 

f Tr(vr(F m , U ))| U ||_ 



(2.490) f 

Jw 



-a u . 



! w \i — u\m 

in which we follow the conventions of Weil [295]. The reduced norm of a 
quaternion is 

(2.491) \ q \ m = aa + bb = \a\ 2 + \b\ 2 , q = a + bj , Va , b G C 
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so that for the natural inclusion Cci one has 

(2.492) Mh = Mc, VzgCcH. 

Thus, for u G W, the module |u|e is the natural module \u\w of the Weil 
group. The finite value (' is defined by integration over the fibers of the 
modulated group W -> R* + using (2.481) and (2.482). 

Let us start with the case m odd, since then the subtle term involving 
T]r does not enter. Then the action of W on H p,q © H q,p will give the same 
trace as in the complex case for elements u = wj° = w G C* , but it will give 
zero trace to any element u = wj 1 = wj. In fact, in this case the action is 
given by an off-diagonal matrix since it exchanges the subspaces H p ' q and 
H q ' p . Thus the function Tr(7r(il m , m)) vanishes except on C* C W and 
it agrees there with what it would be forgetting about the real structure. 
Integration over the fibers of the modulated group W — > using (2.481) 
and (2.482) gives an overall factor of \ in the above expression, since when 
one integrates over the fibers of the module map u i— > \u\m from W to W + 
the only contribution will come from the u = wj° = w. This will give the 
same answer as for the complex case, except for an overall factor | due 
to the normalization of the fiber measure as a probability measure. Thus, 
this gives the right result when m is odd, since in that case the local factor 
Ljj(ff m ,z) is really the square root of what it would be when viewed as 
complex. Indeed, it reduces to 

p<q 

which is the square root of 

Y[r c (z-mm(p, q )) hP ' 9 

p,q 

When m = 2p is even and h p+ = h p ~ , the same argument does apply 
irrespectively of the detailed definition of the representation of W. Indeed, 
elements of W of the form u = wj act by 

(2.493) n(H m ,wj)Z= (-If \w\~ 2p F^) , V£ G H p,p , 

and have pairs of eigenvalues of opposite signs and vanishing trace. One thus 
gets the required result using (2.460) and the duplication formula (2.152), 
i.e. 

(2.494) T R (z)T R (z + l) = T c (z). 

When h p+ ^ h p ~ , we use the detailed definition of the action of j. Notice 
that the computation will not be reducible to the previous ones, since one 
uses the quaternions to evaluate 



(2.495) 
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The action of j is (— l) p times the geometric action of complex conjuga- 
tion (once translated to the cohomology with complex coefficients) on the 
space H p,p . 

We compute in the following lemma the relevant integral. 
Lemma 2.59. For z = \+is with seR, one has 

(2.496) / ~—d*u= -2-31og(r M (z)/r R (z + l)). 

Proof. First for z G C with positive real part, one has 

1 /F fz + 1 \ F (z- 



(2.497) / . d*u 9 , 

Jo 1 + ti 2 \ 1 \ 2 / 1V2 

Indeed, both sides fulfill /(z) + f(z + 1) = \ and /(z) — ► when z — > +oo. 

Let us prove (2.496). The factors in 7r~ 2 / 2 in (2.471) for r R (z) do not 
contribute to the right hand side, which one can replace by 



2vr\4 2/ r \4 2// 2\r \4 2/ r \4 2 

The equality (2.496) follows from (2.497), using s — > — s and the sym- 
metry of the integral to integrate from 1 to oo. □ 

We then obtain the following formula for the Archimedean local factor 
at a real place. 

Theorem 2.60. Let K v = R. For m e N, let ir(H m ,u) be the represen- 
tation of the Weil group W on H m described above. Then, for z = + is 
with s Gl, we have 

(2498) t TV(^".u))| U | ilrf , a= _ 2 d 9 „ 

Proof. The discussion above shows that we are reduced to the case of 
even m = 2p and the subspace H p ' p . Let then k = h p+ — h p ~ . When k = 
the discussion above already gives the result. When k ^ the left hand side 
gets an additional term from the trace of elements of the form u = wj G W. 
Their contribution is given by 

k f v z - p 

- I a v, 

2 Jw + 1 + v 

where the factor | comes from the normalization (as a probability measure) 
of the fiber measure of the module W i— > M* + . The term in v~ p comes 
from the action of the scalar part w £ C* with ww = v in u = wj. The 
denominator comes from the equality 

I I . . o 

|1 — ti|e = 1 + \w\ , u = wj . 
The other side changes in the same way using (2.496). Indeed, one has 

h p+ io g r M (z - P )+ h p - io g r M (z - P + 1) = 
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hP+ _|_ hP~ b 

1 log(r M (z - p)T R (z - p + 1)) + - log(r R (z - p)/T R (z - p + 1)) 

_l_ fop- k 
= 2 lo S r <c(z -p) + - log(r R (2; -p)/T R (z -p+ 1)) . 

This completes the proof using lemma 2.59. □ 

The space which gives the formula of Theorem 2.60 as a Lefschetz local 
contribution is obtained by taking the quaternions H as the base, but en- 
dowing them with an additional structure, namely their complex structure 
when viewed as a right vector space over C. We will use the Atiyah-Bott 
Lefschetz formula (cf. [9]) applied to the 3-complex, which generates the 
crucial term of theorem 2.60, that is, 

(2.499) — ^— , 

1 - u\m 

with the reduced norm \u\u as above, while a more naive approach without 
the use of an elliptic complex would involve the square of the reduced norm. 
The Atiyah-Bott Lefschetz formula involves a numerator x{ u )i which yields 

X(u) 1 



(2.500) 



1-«h 



In fact, the use of the <9-complex brings in the powers A J Tc(IHI) of the com- 
plex tangent space Tc(H) of the complex manifold H and the alternating 
sum 

(2.501) X {u) = Y,{-l) j Xj{u) = ^(-l) J trace(A»). 

j j 
This gives the determinant of the quaternion 1 — u £ M viewed as a two by 
two complex matrix (even if some complex conjugates are involved) and 

(2.502) x(«)=|1-«|h- 



10.6. The question of the spectral realization. 

A more general problem will be to obtain for Archimedean local factors 
a trace formula analogous to the semilocal case of Theorem 4 of [71] . This 
means that one considers a number field K, with S be the set of all Archime- 
dean places, and X a non-singular projective variety over K. One would like 
to obtain the real part of the logarithmic derivative of the full Archimedean 
factor Ls(H m , z) = n^G5 ^K t ,(^ m ) z) on the critical line as a trace formula 
for the action of a suitable Weil group on a complex space. 

For a single place, one can work with a vector bundle over a base space, 
that is, B = C for v complex and B = H for v real, with fiber the Z- 
graded vector space given by the cohomology H m (X v , C), with X v the 
compact Kahler manifold determined by the embedding v : K ^ C. One 
expects a trace formula of the following sort, analogous to the semilocal case 
of [71], modelled on the trace formula of [157]. 
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Conjecture 2.61. Let h G <S(M+) with compact support be viewed as 
an element of S{W) by composition with the module. Then, for A — > oo, 
one has 

Tr(R A A(h)) = 

(2 ' 503) 2h(l)B m log A + E ve s Iw v ^'VX^ d * U + °W 

where B m is the m-th Betti number of X, and J' is uniquely determined by 
the pairing with the unique distribution on M. v which agrees with j^z^ for 
u 1 and whose Fourier transform relative to a v vanishes at 1. 

For example, the above formula can be proved in the simplest case of 
a single complex place. The bundle E = (BmE^ comes endowed with a 
representation of C* , by 

(2.504) A : (z, to) ^ (Xz, \- p \- q u), 

for lo G HP'i(X v ,C). We then let H = L 2 (B,E^) be the Hilbert space of 
L 2 -sections of E^ (for its Hermitian metric of trivial bundle). The action 
of W = C* on H is given by 

(2.505) (0a(A)O(&) = WXH^b) , V£ € L 2 (B,H™) , 

where we identify sections of E^ with H m (X v , C)-valued functions on 

B. 

One can use a cutoff as in [71], by taking orthogonal projection Pa onto 
the subspace 

(2.506) P A = {£ G L 2 (B, E^) ; £(&) = , V6 G B , |6| c > A} . 

Thus, Pa is the multiplication operator by the function p\, where p\{b) = 1 
if < A, and pa(6) = for > A. This gives an infrared cutoff and 
to get an ultraviolet cutoff we use Pa = PP A P _1 , where F is the Fourier 
transform which depends upon the choice of the basic character a v for the 
place v. We let 

Pa = P\ Pa- 

Proposition 2.62. For the set of places S consisting of a single complex 
place the trace formula (2.503) holds. 



Proof. Both sides of the formula are additive functions of the repre- 
sentation of C* in H m (X v , C). We can thus assume that this representation 
corresponds to a one-dimensional H p > q . Let then h\(X) = X p X q h(\ A|); one 
has 

h^u- 1 ) = MM" 1 ) Tr(^(P m , u)) , Vn G C* 
and applying Theorem 2.36 to /ii gives the desired result. □ 
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In discussing here the case of a single complex place v, we have taken 
the trivial bundle over C with fiber the cohomology H m (X v ,C). Already 
in order to treat the case of several complex places, one needs to use the 
following result ([265], proof of Proposition 12): the integers h p ' q (X v ) are 
independent of the Archimedean place v £ S. This suggests that it is in fact 
more convenient to think of the fiber £?( m ) as the motive h m (X) rather than 
its realization. This leads naturally to the further question of a semi-local 
trace formula where the finite set of places S involves both Archimedean 
and non- Archimedean places. We discuss in section 10.7 below, in the case 
of curves, how one can think of a replacement for the ^-adic cohomology at 
the non-Archimedean places, using noncommutative geometry. 

Remark 2.63. The representation # a of Conjecture 2.61 is not unitary 
but, as in (2.52), the product 

(2.507) u ^ \u\ w {1+m)/2 Uu) 

should be unitary. In particular let Ne be the spectral projection, for the 
scaling action, associated to the interval [-E, E] in the dual group R of 
as in Lemma 2.4. It is given by 

(2.508) N E = MhP), with hf\u) = \ u \^ 1+m)/2 ±- f \u\&ds . 

2lT J-E 

Applying the conjectured formula (2.503) to the function hffl the left hand 
side gives the counting of quantum states, i.e. the analogue of (2.69), 

(2.509) Tr (R A N E ). 

The first term in the right hand side of (2.503) gives the analogue of (2.46), 
i.e. the contribution of the regular representation of the scaling group. Fi- 
nally, using (2.467) and (2.464), the last terms of (2.503) combine to give 

y r> /^V^TrMi^K)) Ja 

1+m 



7T 



^^J_eJ Wv 1-uk, 

1 r E d 1 4- 777 

- / QlogL v (H m (X),^— + is)ds = -(N s (E)} 
71" J-e ds 2 



v\oo 

which shows that one should expect that the zeros of the L-function appear 
as an absorption spectrum. Unlike in the case of the Riemann zeta func- 
tion this remains conjectural in the above case of L-functions of arithmetic 
varieties. 
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10.7. Local factors for curves. 

In the previous part of this section, we showed how to write the Archi- 
medean local factors of the L-function of an algebraic variety X in the form 
of a Lefschetz trace formula. Eventually, one would like to obtain a semi- 
local formula, like the one conjectured above, not just for the Archimedean 
places, but for the full L-function. 

We are only making some rather speculative remarks at this point, and 
we simply want to illustrate the type of construction one expects should give 
the geometric side of such a Lefschetz trace formula. We just discuss the 
case where X is a curve for simplicity. In this case we can concentrate on 
the L-function for 

Let X be a curve over a number field EC. The local Euler factor at a 
place v has the following description (cf. [266]): 

(2.510) L V (H\X), s) = det (l - ^(t;)"'^ 1 ^^) 7 ')" 1 . 

Here Fr* is the geometric Frobenius acting on £-adic cohomology of X = 
X®Spec(K), with K an algebraic closure and t a prime with (£, q) = 1, where 
q is the cardinality of the residue field k v at v. We denote by ./V the norm 
map. The determinant is evaluated on the inertia invariants H 1 ^, Qe) Iv 
at v (this is all of H 1 ^,^) when v is a place of good reduction). The 
L-function then has the Euler product description 

L(H 1 (X), S ) = Y\L v (H 1 (X),s), 

V 

where for v a non- Archimedean place the local factor is of the form (2.510) 
and if v is a complex or real Archimedean place then the local factor is 
given by the corresponding T-factor as discussed in the previous part of this 
section. 

Usually, in using the expression (2.510) for the local factors, one makes 
use of a choice of an embedding of in C. In our setting, if one wants to 
obtain a semi-local trace formula for the L-function L(H 1 (X), s), one needs a 
geometric construction which does not depend on such choices and treats the 
Archimedean and non-Archimedean places on equal footing. One expects 
that a geometric space on which the geometric side of the desired Lefschetz 
trace formula will concentrate should be obtained as a fibration, where the 
base space should be a noncommutative space obtained from the adele class 
space of the number field K, modified by considering, at the places of bad 
reduction and at the real Archimedean places, suitable division algebras over 
the local field. The fiber should also be a noncommutative space in which 
the special fiber embeds (at least at the places of good reduction). This will 
have the effect of replacing the use of the £-adic cohomology and the need 
for a choice of an embedding of in C. 

In the case of a curve X, one can obtain this by embedding the special 
fiber X v at a place v, which is a curve over the residue field k v of cardinality 
q, in the adele class space of the function field of X v . Indeed, by Theorem 
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2.36 applied to the global field K of functions on X v , one obtains the local 
factor L„(i7 1 (X), s) directly over C. Thus, at least in the case of curves, the 
adele class spaces of the global fields of functions on the curves X v should be 
essential ingredients in the construction. This would then make it possible 
to work everywhere with a cohomology defined over C, in the form of cyclic 
( co ) homology. 

10.8. Analogy with dimensional regularization. 

We shall end this chapter by a brief discussion of the relation of the 
above computation of the Archimedean local L-factors with the set-up of 
Chapter 1 for renormalization using equisingular connections. 

The natural framework for the above computations of L-factors is that 
of real mixed Hodge structure [107] which was recalled in Chapter 1 §8.4. A 
real mixed Hodge structure is a complex vector space V endowed with three 
opposite nitrations (W 9 ,F',F*) and a complex conjugation which respects 
W and interchanges F and F. By [107] Proposition 1.2, this structure can 
be described equivalently (using the functor W i— > Gr w V) as a bigraded 
complex vector space 

(2.511) V = ®V p ' q 

endowed with an automorphism d such that (d— 1) is strictly lower triangular 

(2.512) (<l-l)^ M Cffi r < w </ r ' s 

and a complex conjugation a which interchanges V p ' q and V q ' p and fulfills 
ada- 1 = d- 1 . 

As explained in Chapter 1 §8.4, the Galois group of the Tannakian cat- 
egory M-MHS of real mixed Hodge structures is the real part of the group 

(2.513) Gmhs = Vmhs * (G m x G m ), 

with respect to the complex conjugation that maps (u, v) 6 G m xG m to (v, u) 
and the generator e_ nj _ m to -e -m,-n where the e n m are the homogeneous 
components of log d. 

All the computations of this section apply if, in the real case, one re- 
places the cohomology H m (X v (C)) of (2.459) by a real mixed Hodge struc- 
ture. One gives meaning to the representations (2.454) and (2.455) using 
the bigrading (2.511) and the complex conjugation a. The unipotent au- 
tomorphism d being triangular (2.511), it does not contribute to the trace 
computation. 

We explained in Chapter 1 §8.4 the analogy between the Galois group 
of the Tannakian category M-MHS of real mixed Hodge structures and the 
cosmic Galois group that underlies renormalization and classifies flat equi- 
singular connections on the space B. 

We saw, in Chapter 1, in the proof of Theorem 1.67, that the flat invari- 
ant connections extend automatically to the "compactification" of the base 
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B obtained by the operation (1.339) 

B -► B = B x Gm G a 

Moreover the G m -action on .B admits a whole set of fixed points, given by 
(1.340), 

B = Bx Gm {0}cB = Bx Gm G . 

This shows that the base B should play a role similar to the adele class space 
in the semi-local trace formula of §7.2. It remains to be seen if the corre- 
sponding Lefschetz formula is relevant in the framework of renormalization 
of Chapter 1. 



CHAPTER 3 



Quantum statistical mechanics and Galois 
symmetries 

1. Overview: three systems 

We have seen in the previous chapter how the adeles Aq and the non- 
commutative adele class space Aq/Q* provide a natural geometric setting 
for a spectral realization of the zeros of the Riemann zeta function and an 
interpretation as a (semi-local) Lefschetz trace formula of the Weil explicit 
formula. In this chapter we discuss more in detail the geometry of the adele 
class space, in terms of a simple geometric notion: the commensurability 
relation on Q- lattices. 

This formulation leads us to consider more general types of noncommu- 
tative adelic quotients and their relation to Galois theory. We follow [30], 
[86], [88], [90], [91]. All of the cases discussed in this Chapter are quan- 
tum statistical mechanical systems, with nontrivial phase transition phe- 
nomena, and with thermodynamical equilibrium states that, at sufficiently 
low-temperature, recover the points of a classical algebro-geometric moduli 
space. 

The first system we analyze is the Bost-Connes (BC) system [30], which 
is closely related to the adele class space and is described geometrically in 
terms of 1-dimensional Q-lattices. As illustrated in the table below, its 
partition function is the Riemann zeta function, the extremal equilibrium 
states (KMS states) at sufficiently low-temperature are parameterized by 
the points of a very simple classical moduli space, the zero-dimensional 
Shimura variety .S/^GLi, {±1}). The symmetries of the system are given 
by the group GLi(Z). The zero-temperature KMS states evaluated on a 
natural arithmetic subalgebra of the algebra of observables of the system 
take values that are algebraic numbers and generate the maximal abelian 
extension Q cycl of Q. The class field theory isomorphism intertwines the 
action of the symmetries and the Galois action on the values of states, thus 
providing a quantum statistical mechanical reinterpretation of the explicit 
class field theory of Q. 

The second system we present in this chapter is a generalization of the 
BC system, where instead of considering 1-dimensional Q-lattices, one works 
with 2-dimensional Q-lattices and their commensurability classes. The cor- 
responding quantum statistical mechanical system was introduced and stud- 
ied in [86] (cf. also [88] for a brief summary of the main results of [86]). 
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Passing from 1-dimensional to 2-dimensional Q-lattices corresponds, at the 
level of the corresponding classical algebro-geometric objects, to passing 
from the Shimura variety of GLi to that of GL2. However, at the quantum 
statistical mechanical level and in terms of the noncommutative spaces, the 
GL2-system exhibits many new properties that were not present in the case 
of the BC system. One such property is the fact that the symmetries of the 
system now involve not only automorphisms, but also endomorphisms. Sym- 
metries given by endomorphisms are of crucial importance in order to relate 
again the quantum statistical mechanical system and its low-temperature 
KMS states to a rich Galois theory In this case, this will be the Galois 
theory of the modular field, which we recall in this chapter. The partition 
function of the GL2 system is again related to the Riemann zeta function 
C(s), this time in the form of a product Z((3) = C(fl)((P ~ !)• The extremal 
low-temperature KMS states are parameterized by the points of the classi- 
cal Shimura variety <S7i(GLi2, HF* 1 ). There is an arithmetic algebra, which is 
here no longer a subalgebra but an algebra of unbounded multipliers of the 
algebra of observables, which naturally involves modular functions. For a 
generic choice of an extremal zero-temperature KMS state, the evaluation 
on arithmetic elements (multipliers) of the algebra intertwines symmetries 
of the system, given by the adelic group Q*\GL2(Aqj), and the Galois ac- 
tion of the Galois group of the modular field, realized (via the choice of the 
state) as an embedded subfield of C. 

In both the GLi- and the GL2-system, the arithmetic algebra plays a 
fundamental role. The arithmetic algebras of these two systems can be seen 
from the point of view of Weil's analogy between trigonometric and elliptic 
functions developed in [298]. The generators of the arithmetic algebra of 
the BC system can be built out of functions of 1-dimensional lattices and 
the arithmetic algebra of the GL2-system contains similar elements based 
on Eisenstein series and is defined by abstracting the basic properties of 
these elements. It naturally involves modular functions and Hecke corre- 
spondences. 

Finally, we discuss another quantum statistical mechanical system, in- 
troduced in our joint work with N. Ramachandran [90], [91]. This system 
exhibits properties in between the BC and the GL2 system. This is closely 
related to the adele class space A^/IK* for K an imaginary quadratic exten- 
sion of Q. As the original BC system provides a reformulation of the explicit 
class field theory of Q, this system will serve the same purpose with respect 
to the explicit class field theory of K. As is well known, the latter involves in 
a fundamental way the arithmetic of elliptic curves with complex multiplica- 
tion. This appears, in our quantum statistical mechanical setting, through 
the relation to the GLi2-system. Namely, we will see that the system for com- 
plex multiplication, based on commensurability of 1-dimensional K-lattices, 
appears as a subsystem of the GL2-system, by identifying 1-dimensional K- 
lattices with a special class of 2-dimensional Q-lattices through the choice 
of a basis {1,t} for K as a vector space over Q. The partition function of 
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this system is the Dedekind zeta function of K. The arithmetic subalgebra 
is then inherited from the GL2-system and the values of zero-temperature 
KMS states and the Galois action are exactly those of class field theory. In 
this system, as in the GL2 case, the symmetries are not only given by auto- 
morphisms. The presence of symmetries that are given by endomorphisms 
corresponds to the fact that the field K may have non-trivial class number. 

We also discuss, towards the end of this chapter, some further generaliza- 
tions of these systems to the case of Shimura varieties [159] and to function 
fields [172], [104], and the relation of the GL2-system to the modular Hecke 
algebras of Connes and Moscovici [93], [94], [95]. 

The comparative properties of the three systems are illustrated in the 
table below and will be explained in detail in the rest of this chapter. 



System 


GLi 


GL 2 


X = Q(V^d) 


Partition function 


m 




Ck(0) 


Symmetries 




GL 2 (A Qi/ )/Q* 


A* Kf /K* 


Symmetry group 


Compact 


Locally compact 


Compact 


Automorphisms 


Z* 


GL 2 (Z) 


6*/o* 


Endomorphisms 




GL+(Q) 


C1(0) 


Galois group 


Gal(Q ab /Q) 


Aut(F) 


Gal(K ab /K) 


Extremal KMSoo 


S7i(GLi,±l) 


Sh{GL 2 ,M ± ) 


A* KJ /K* 



More precisely, in §2 we give a brief introduction to quantum statistical 
mechanics. We recall the notion of KMS states and its origin motivated by 
the quantum mechanical analog of the Gibbs measure. We review in §2.1 the 
general notions of observables, time evolution and Hamiltonian of a quan- 
tum statistical mechanical system. We also recall the notion of unbounded 
multipliers on a C*-algebra, which will be useful in §§5, 6, 7. We introduce 
states in §2.2 and the KMS condition, including the case of zero temperature 
where we discuss the different notions of ground states and KMSoo states. 
We show that extremal KMS states at nonzero temperature form a Cho- 
quet simplex. We discuss the extension of states to the multiplier algebra. 
In §2.3 we discuss symmetries of quantum statistical mechanical systems, 
induced symmetries on states, both given by automorphisms and by endo- 
morphisms, and the phenomenon of spontaneous symmetry breaking. The 
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induced action of symmetries on zero-temperature KMS states is described 
in §2.4. The pushforward of KMS states is described in §2.5. 

In §3 we introduce the geometric notion of Q-lattices and the relation of 
commensurability. These are the fundamental notions used in the rest of the 
chapter to construct the relevant quantum statistical mechanical systems. 

We begin in §4 to discuss the geometry of the space of 1-dimensional 
Q-lattices modulo commensurability. We introduce the groupoid Q\ of the 
equivalence relation and the one that describes commensurability on Q- 
lattices up to scaling by W^_. We introduce the corresponding C*-algebras 
and recall the explicit presentation of the BC algebra A\ = C*(Qi/M.+). 
We describe in §4.1 the time evolution induced by the ratio of covolumes of 
commensurable lattices. In §4.2 we recall the description of the BC system 
in terms of Hecke algebras originally given in [30]. In §4.3 we show that Z* 
acts as symmetries of the BC system. In §4.4 we introduce the arithmetic 
subalgebra Aiq of Ai, by describing the generators in terms of functions 
of lattices, their interpretation in terms of trigonometric functions and the 
relation via Cayley transform to the exponential generators of the BC alge- 
bra. We derive explicit division relations between the generators. In §4.5 
we give a quick reminder of the Kronecker- Weber theorem and the explicit 
class field theory of Q. We then formulate the problem of the quantum sta- 
tistical mechanical approach to explicit class field theory in §4.6, where we 
also recall the main result of [30] on the classification of KMS states for the 
BC system and its relation to the Galois theory of the cyclotomic field Q cycl . 
We discuss in §4.7 the reason why it is not an unreasonable expectation that 
the approach via algebras and states may prove useful in the explicit class 
field theory problem. We show in particular how strong is the intertwining 
property of KMS states between symmetries and Galois action on values of 
states, by showing how the Galois automorphisms are generally badly be- 
haved from the topological standpoint. We give in §4.8 a reinterpretation 
of the geometry of the BC system in terms of the Shimura variety of GLi. 
We discuss briefly in §4.9 the relation between the algebra of the BC system 
and the algebra of the "dual system" describing commensurability classes of 
Q-lattices not up to scaling. This relation will be fully developed in Chapter 
4. 

We move on to discuss the case of 2-dimensional Q-lattices starting 
in §5. We describe the reformulation in terms of Tate modules of ellip- 
tic curves in §5.1. In §5.2 we introduce the relevant groupoids. Unlike in 
the 1-dimensional case, here one finds that dividing by the scaling action 
of C* does not preserve the groupoid structure, but one can still define a 
corresponding convolution algebra Ai- The time evolution induced by the 
ratio of covolumes is introduced in §5.3, where we also introduce the regular 
representation of A2, the associated von Neumann algebra, and the linear 
functional that gives the KMS2 state. We discuss the symmetries of the 
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system in §5.4, where we show that the group GL/2(Aqj) acts by symme- 
try, with GL2(Z) acting by automorphisms and GL^~(Q) by endomorphisms. 
These combine to give an induced action of Q*\GL2(Aqj) on KMS states. 
We give the explicit form of the action by endomorphisms and of the induced 
action on KMS states. 

In §6 we recall many known facts about the field of modular functions 
which we need to use in discussing the arithmetic properties of the GL2- 
system. We recall explicitly the cases of level one and then more generally 
level N in §§6.1, 6.2, in particular the Weierstrass p-function, the j-function, 
the fact that the field -F/v(C) is a finite Galois extension of C(j), the explicit 
generators given by the Fricke functions, Eisenstein series, ^-functions, the 
role of torsion points of elliptic curves and the extensions -F/v(j) over Q(j). 
General facts about modular functions and modular forms are discussed in 
§6.3 and some explicit computations for the cases N = 2 and N = 4 are 
given in §6.4. Starting with §6.5 we relate the modular field to the geome- 
try of 2-dimensional Q-lattices. We show that an invertible Q-lattice with 
transcendental j'-invariant determines an embedding of the modular field in 
C and that all embeddings arise in this way and the same embeddings occur 
for Q-lattices in the same orbit of the right GL^Aqj) action. We also dis- 
cuss the relation between GL^Aqj) and the automorphisms of the modular 
field, and the cyclotomic action on the coefficients of the g-expansion. 

Section 7 deals with the arithmetic properties of the GL2-system. We 
begin in §7.1 by describing some explicit elements of what will be the arith- 
metic algebra of the GL2-system. These elements are obtained from Eisen- 
stein series and Hecke correspondences. We then abstract the general prop- 
erties that we want to require and use them to define the arithmetic algebra 
A2,q in §7.2. We show that the resulting algebra is a subalgebra of the 
unbounded multipliers of the C*-algebra A2 and is globally invariant under 
the symmetries of the system described in §5.4. In §7.3 we describe explicit 
division relations satisfied by the special elements of the arithmetic subal- 
gebra introduced in §7.1, which generalize the division relations for elliptic 
functions. A consequence of these relations is the fact that the subalge- 
bra of A2,q generated by these elements is finite-dimensional and reduced 
over Q(j); hence it defines an endomotive in the sense discussed in Chapter 
4. We begin the classification of KMS states for the GL2-system in §7.4, 
where we give a characterization of KMS states as measures on the space 
of 2-dimensional Q-lattices up to scaling. We show that at low-temperature 
(3 > 2 these measures are supported on the commensurability classes of the 
invertible Q-lattices. This gives the classification for low-temperature. We 
compute the partition function of the system and give an explicit formula 
for the extremal low-temperature KMS states. In §7.5 we describe explic- 
itly the action of symmetries on low-temperature KMS states and in §7.6 
we show that the zero-temperature KMS states associated to invertible Q- 
lattices with transcendental j'-invariant intertwine the action of symmetries 
of the system and the action of the automorphism group of the modular 
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field on the values of states on arithmetic elements. The classification of 
KMS states then continues in §7.7, by first showing that there are no KMS 
states in the range (3 < 1 and then by the result of Laca-Larsen-Neshveyev 
on the uniqueness of the KMS states in the intermediate range 1 < (3 < 2 
and the existence of KMS states at (3 = 1. As in the case of the BC system, 
we give in §7.8 a reinterpretation of the geometry of this system in terms 
of the Shimura variety of GL2 and we discuss in §7.9 the relation to the 
noncommutative boundary of modular curves. The compatibility between 
the BC system and the GL2-system is described in §7.10. 

The final part of the chapter starts in §8 and is dedicated to our joint 
work with Ramachandran on the quantum statistical mechanics of 1-dimen- 
sional K-lattices, for K an imaginary quadratic field. The main geometric 
objects, 1-dimensional K- lattices, and the commensurability relation are in- 
troduced in §8.1. The relation to 2-dimensional Q-lattices is explained in 
§8.2. In §8.3 these notions are rewritten is a suitable adelic form, which 
provides an explicit description of the space of commensurability classes of 
1-dimensional K-lattices up to scaling as an adelic quotient. In §8.4 we 
introduce the corresponding groupoid and C*-algebra and the time evolu- 
tion induced by restriction from the GL2-system. Describing 1-dimensional 
K-lattices in terms of ideals one finds in §8.5 that the partition function 
is the Dedekind zeta function. The arithmetic subalgebra is obtained in 
§8.6 by restriction from the GL/2-system and the symmetries are described 
explicitly in §8.7 and give the correct group Ajjj j/K* acting on KMS states. 
The classification of KMS states of the system is obtained in §8.8, where 
it is shown that the zero-temperature states have the intertwining prop- 
erty between the symmetries and the Galois action of the Galois group of 
the maximal abelian extension of K. The low-temperature extremal KMS 
states, for (3 > 1, are parameterized by invertible 1-dimensional K-lattices. 
For high temperature (3 < 1 there is a unique KMS state. This is shown 
in §8.9. Sections 8.9 and 8.10 compare the system for K with other known 
systems and quickly describe generalizations of these systems to arbitrary 
Shimura varieties constructed by Ha and Paugam [159]. 



Consider a classical system with Hamiltonian H (q, p) and phase space a 
symplectic manifold X with local coordinates (q,p) in which the symplectic 
form ui has the standard Darboux form. In classical statistical mechanics a 
state for such a Hamiltonian system consists of a probability measure /(/ on 
the phase space X, which assigns to each observable / an expectation value, 
in the form of an average 



Jx 

In particular, the Hamiltonian H(q,p) and the symplectic structure on the 
phase space X determine a state, called the Gibbs canonical ensemble. It is 
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given by 

(3.2) duo = -^e _/3if d/x Liouv iiie, 

normalized by Z = f e~* H dfiuouviUe, where d//Liouviiie is the Liouville mea- 
sure associated to the symplectic form u> on X. The Gibbs measure (3.2) 
depends on a thermodynamic parameter (3, which is an inverse tempera- 
ture, i.e. (5 = 1/kT with k the Boltzmann constant. Here we will set the 
Boltzmann constant equal to one, so that (3 = 1/T. 

When passing to infinitely many degrees of freedom, where the inter- 
esting phenomena of phase transitions and symmetry breaking occur, the 
definition of the Gibbs states becomes more involved (cf. [259]). 

In the quantum mechanical framework, the best replacement for the 
Gibbs condition is given by the KMS condition at inverse temperature [3 
(cf. [161]). We discuss the KMS condition in detail in §2.2 below. It has 
the advantage that it is simpler in formulation than its classical counterpart 
given by the Gibbs measure, since it relies only on the involutive algebra 
A of observables and its time evolution at G Aut(«4), and does not involve 
any additional structure, like the symplectic structure on the phase space, 
nor it requires any delicate argument of approximation by regions of finite 
volume. 

Before giving the general definition in §2.2, we can illustrate the notion 
of KMS states in the simplest case of finitely many degrees of freedom. 
Suppose given a finite-dimensional Hilbert space H = C N . We consider as 
algebra of observables the matrix algebra A = M„(C). Then a state on A 
is of the form 

/o q\ , \ Tr(pa) 

(3.3) <p{a) = 

for some nonzero density matrix p G M n (C) with p > (i.e. p = rfr) 
for some nontrivial i] G M n (C)). On the algebra M n (C) we consider a 
time evolution generated by a single self-adjoint matrix H (the quantum 
mechanical Hamiltonian) . Namely, we let 

a t (a) = e itH ae- itH , Vt G R. 

Then consider states of the form (3.3) for p = e~^ H 

Tr(ae-P H ) 



(3.4) <p p (a) 



for some f3 G They are equilibrium states, in the sense that they satisfy 
(p{<T t {a)) = ip{a) for all t G M and for all a € A. Moreover, such Gibbs states 
are solutions to a variational problem with respect to the entropy functional 
(cf. [160]). The notion of KMS states, which we discuss in detail in the rest 
of this section, generalizes this simple example to the infinite-dimensional 
case. 
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2.1. Observables and time evolution. 

While in the classical setting an observable is just a function on the phase 
space X of the Hamiltonian system, in the quantum mechanical setting the 
observables form a (generally noncommutative) C*-algebra A. Moreover 
the Hamiltonian is replaced by its associated Hamiltonian flow, namely the 
continuous group homomorphism 

(3.5) a : R -► A\it(A), 
which specifies the time evolution. 

Thus, in the context of quantum statistical mechanics, instead of assign- 
ing data (X, H) of a phase space and a Hamiltonian as in the classical case, 
one specifies as data a C*-dynamical system (A, o~) given by the algebra of 
observables (a separable C*-algebra .4) and the time evolution (3.5). Thus, 
in the following we often refer to the data (A, a) as a quantum statistical 
mechanical system. 

One can represent such a quantum statistical mechanical system con- 
cretely in a Hilbert space TC using the following notions 

Definition 3.1. We say that the representation it : A — ► B(7i) of A in 
the algebra of bounded operators on 7i is 

• A covariant representation if there exists a self- adjoint operator H 
on TL such that 

(3.6) n(<rt(a)) = e itH ir(a) e - itH , Vt G R. 

• A positive energy representation if the Hamiltonian H of (3.6) can 
be chosen with spectrum Spec(H) C [0,oo). 

In the case when the C*-algebra A is non-unital, we consider the "one- 
point compactification" „4, com P of A, i.e. the C*-algebra obtained by adding 
a unit to A, 

(3.7) „4 comp = AeC 

with product given by (a, A) (6, /x) = (ab + Xb + fj,a,Xfx) for a, b £ A and 
\,fi G C. 

In the following we will consider another possible compactification, which 
corresponds in the commutative case to the Stone-Cech compactification. 
Recall that an essential ideal I in a C*-algebra A is a closed ideal which has 
nontrivial intersection with every other nonzero closed ideal of A. 

Definition 3.2. Given a (non-unital) C* -algebra A there exists a maxi- 
mal C* -algebra M(A) with the property that A C M(A) is an essential ideal. 
The algebra M(A) is unique up to isomorphism and is called the multiplier 
algebra of A. 

In the commutative case, when A = Cq(X) for some locally compact 
Hausdorff space X, one has M(A) = C(X SC ) where X sc is the Stone-Cech 
compactification of X (cf. e.g. [292]). 
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We can equivalently view a bounded multiplier on a C*-algebra A as a 
bounded linear operator T : A — > A with the property that T(ab) = aT{b) 
for all a, b G A- Thus, one can also introduce the notion of unbounded 
multipliers of a C*-algebra A. 

Definition 3.3. An unbounded multiplier on a topological algebra A is 
a linear operator T : D(T) — ► A, defined on a dense ideal T>(T) C A, with 
the property that T(ab) = aT(b) for all a £ T>(T) and all b £ A. 

In the commutative case, with A = Cq{X), an unbounded multiplier on 
A is given by multiplication by some (unbounded) continuous function on 
X (cf. [305]). 

2.2. The KMS condition. 

In the commutative case, states on a commutative C*-algebra C(X) are 
the probability measures on the compact topological space X. Thus, one can 
generalize the notion of a probability measure to noncommutative spaces, 
by considering the following notion of states on the algebra A of observables. 

Definition 3.4. Let A be a unital C* -algebra. A state (p on A is a 
continuous linear functional ip : A — ► C satisfying the normalization and 
positivity conditions 

(3.8) 99(1) = 1, and ip{a*a) > 0. 

When the C* -algebra A is non-unital, one replaces the condition <p(l) = 
1 in (3.8) by the normalization condition \\(p\\ = 1 with 

(3.9) \\ip\\ : = sup |v 3 ( x )l • 

xeA, \\x\\<i 

In the non-unital case, by Proposition 2.1.5 of [120] the states (Definition 
3.4) are restrictions of states on the unital C*-algebra ,4 com P obtained by 
adjoining a unit (the one-point compactification) as in (3.7). 

Proposition 3.5. Given a representation of a unital C* -algebra A on 
a Hilbert space 7i, namely a *-homomorphism tt : A — > BiTL), one obtains 
states on A by setting 

<p(a) = 0> 

for £ G Tt with ||£|| = 1. Conversely, a state ip on a unital C* -algebra A 
determines a representation of A on a Hilbert space, via the GNS (Gelfand- 
Naimark-Segal) construction, where the bilinear form (a,b) = (p{a* b) de- 
fines an inner product on Tt = A/1, for the left ideal I = {a : tp(a*a) = 0}. 
The algebra A acts on Tt by left multiplication and the element £ = 1+1 is 
a cyclic vector for the representation. The state is then written in the form 
99(a) = (£,a£)- 
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Imz = p 



lmz = 



'P F(t + fp) = «p(o ( (fe)fl) 



F(0 = (p(aa/fo)) 



Figure 1. The strip 1/3 in the KMS condition 
We refer to [120] Proposition 2.4.4 for the proof. 

In the presence of a time evolution at on the C*-algebra A, there is a class 
of states that are particularly interesting, as they describe the equilibrium 
states of the system (A, at), depending on a thermodynamical parameter 
(3. This parameter is an inverse temperature (3 = 1/T where one sets the 
Boltzmann constant equal to one. The equilibrium states are defined by the 
KMS (Kubo-Martin-Schwinger) condition as follows (cf. [33], [160], [161]). 



Definition 3.6. Suppose given a C* -dynamical system (A, at), that is, 
a C* -algebra A together with a 1-parameter group of automorphisms a : 
IR — ► Aut(A). For a given < [3 < oo, a state (p on the unital C* -algebra 
A satisfies the KMS condition at inverse temperature (3 if for all a,b G A, 
there exists a function F a fi{z) which is holomorphic on the strip 

(3.10) Ip = {z e C | < 3f(z) < /?}, 

continuous on the boundary dip and bounded, with the property that for all 
t € R 

(3.11) F afi (t) = <p(aa t (b)) and F ayb {t + if3) = <p(a t (b)a). 

These conditions imply the invariance tp(at(a)) = ip(a) of the state (p. 
This can be seen as a consequence of the Liouville Theorem which asserts 
that the only bounded entire functions are the constants. 

The set T,p of KMS states at (3 < oo is a compact convex set for the 
weak topology: 

(p n — ► if 44> ip n (a) — ► (p{a) Va G A 
Thus, it makes sense to consider the set £p of its extremal points. 

One can also define equilibrium states at zero-temperature (i.e. for (3 = 
oo). There are two different notions in this case. Unlike other references in 
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the literature, we reserve the terminology KMSoo states only for the stronger 
condition, while we refer to the weaker notion more generally as "ground 
states" . 

Definition 3.7. Suppose given a C* -dynamical system (A, at). A state 
ip on A is a KMSoo state if it is a weak limit of KMSp states as (3 — > oo. 
Namely, there exist KMSp states <pp, for sufficiently large (5, such that for 
all a £ A 

(3.12) 99(a) = lim p>n{a). 

/3—> 00 

A state ip on the unital C* -algebra A is a ground state if for all a,b £ A 
there exists a bounded holomorphic function F a ^(z) on the upper half-plane, 
such that F a ^{t) = p(aa t (b)). 

When p is a ground state it is invariant (one can use the Schwarz reflec- 
tion principle applied to Fi^t) = ip{at{b)) with b = b*). The corresponding 
GNS representation ir^ (cf. Proposition 2.4.4 of [120]) is covariant and of 
positive energy according to Definition 3.1. 

It is clear that the notion of ground states is much weaker than that of 
KMSqo states adopted in Definition 3.7. In fact, in the simplest case of the 
trivial time evolution one can see that all states are ground states according 
to Definition 3.7, while only tracial states satisfy (3.11) at (5 < 00. 

One reason for the above refinement of the notion of ground states at 
zero-temperature is to preserve the simplicial structure of the set of KMS^ 
states which is ensured at non-zero-temperature by: 

Proposition 3.8. Let (A,a) be a C* -dynamical system with a unital 
C* -algebra A. 

• A KMSfs state for < (3 < 00 is extremal if and only if the corre- 
sponding GNS representation is factorial. 

• For any < (3 < 00, the set of KMSp states is a convex compact 
Choquet simplex . 

• The set Sqo of KMSoo states defined as in Definition 3.7 is also a 
convex compact set. 

Proof. We only give a brief sketch of the argument and refer to [33] for 
more details. First let ip be a KMS/3 state and assume that the corresponding 
GNS representation ir^ is factorial. Let M = n^{A)" be the corresponding 
factor. If ip fails to be extremal there exists a positive linear form ip < (p on 
A which is KMS/3 and is not a scalar multiple of cp. Then ip extends to M by 
weak continuity and the corresponding functional ip on M fulfills the same 
KMS^ condition as the extension <p of p> to M. It follows that ip{x) = (p{hx) 
for some positive element h in the center of M, but since M is a factor it 
follows that ip is in fact proportional to p. 

Conversely if M = ir^A)" fails to be a factor one obtains a non-trivial 
decomposition of p using functionals of the form ip(x) = p{hx) for some 
positive element h in the center of M. 
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The second statement follows since the decomposition of a KMS^ state 
into extremal KMS/j states coincides with the decomposition of the state 
into factor states, and the latter is unique. 

The weak limit of convex compact sets is convex and compact. There is 
however no guarantee in general that a weak limit of simplices be a simplex. 
This however is obviously the case when the limit is stationary (i.e. Eqo = 
for (3 > (3q) which will be the case in our examples. 

□ 

We refer to the books [33] and [160] for a more detailed discussion of 
KMS states and phase transitions. 

The typical pattern for a system with a single phase transition is that the 
simplex Y,p consists of a single point for (3 < (3 C , i.e. when the temperature 
is larger than the critical temperature T c , and is non-trivial (of some higher 
dimension in general) when the temperature lowers. Systems can exhibit a 
more complex pattern of multiple phase transitions, where no KMS state 
exists above a certain temperature. The GL2 system, which we analyze 
in detail in this chapter, is an example of a system that exhibits a more 
elaborate behavior. 

In the nonunital case, the KMS condition is defined in the same way, 
using the condition (3.11). 

Definition 3.9. Given a C*- dynamical system (A, a), let M(A) a C 
M(A) be the C* -subalgebra of elements in the multiplier algebra M(A) such 
that 1 1 — ^ cr t (x) is norm continuous. 

We then have the following result. 

Proposition 3.10. Any state (p on A admits a canonical extension to a 
state, still denoted by (p, on the multiplier algebra M(A) of A. The canonical 
extension to M(A) of a KMS state still satisfies the KMS condition on the 
subalgebra M(A) a - 

PROOF. For the first statement we refer to [242]. The proof of the sec- 
ond statement illustrates a general density argument, where the continuity 
of 1 1 ^ at(x) is used to control the uniform continuity in the closed strip I@, 
in order to apply the Montel theorem of normal families. Indeed, by weak 
density of A in M(A), one obtains a sequence of holomorphic functions, but 
one only controls their uniform continuity on smooth elements of M{A) a - 

□ 

As will become clear in the following sections, it is useful to extend when- 
ever possible the integration provided by a state to unbounded multipliers 
of A. In the commutative case, this corresponds to the fact that states are 
indeed given by integration with respect to a probability measure and one 
usually finds that the class of integrable functions not only contains bounded 
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functions on the space X but also a certain class of unbounded integrable 
functions. 

We have seen in Proposition 3.8 that in the unital case the set of KMS 
states at a fixed temperature is a convex compact Choquet simplex (possibly- 
empty and in general infinite dimensional). In the nonunital case, given a 
(Tt-invariant subalgebra C C M(A) a , C D A, the set £g(C) of KMS/3 states 
on C should be viewed as a compactification of the set of KMS^ states on A. 
The restriction from C to A maps T,p(C) to KMS^ positive linear forms on 
A of norm less than or equal to one. These are referred to as quasi-states. 

2.3. Symmetries. 

We now discuss the notion of symmetries of a quantum statistical me- 
chanical system, which will play a crucial role in the rest of this chapter. 

Definition 3.11. A locally compact group G is a group of symmetries 
by automorphisms of a quantum statistical mechanical system (A, a) if there 
is a faithful representation 

(3.13) a: G ^ Aut(A,a t ), 

that is, a continuous embedding a : G <^-> Aut(^4) such that 

(3.14) a t a g = a g a t , V#eG,VieR. 

A group G C Aut(«4, at) of symmetries by automorphisms acts on KMS 
states by pull back: 

(3.15) g*<p(a) = <p(g(a)). 
and one has by construction 

(3.16) (9192)^ = 9*2(9^) V ft eG. 

We denote by lim(A,at) the normal subgroup of Aut(.A, cr t ) of inner 
automorphisms of A that commute with the time evolution. 

Let U a (A) denote the unitary group of the fixed point algebra of at, that 

is, 

(3.17) W(A) = {ue A : u*u = uu* = 1, a t (u) = u, V* G R}. 

Lemma 3.12. Let G C Aut(^4) be a group of symmetries by automor- 
phisms of the system (A, a) . Let Gq <\ G be a normal subgroup such that 
Go C U a (A). Then there is an induced action of the quotient group G/Gq 
on KMS states. 

PROOF. The group U a (A) acts by inner automorphisms of the dynam- 
ical system (A, a). Namely, an element u £ U a (A) acts as 

(3.18) ad(u) x := uxu* , Vx&A. 
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Given a C*-dynamical system (A, a), a KMS/3 state ip has the property 
that 

(3.19) <p(b<Jip(a)) = ip(ab), 

for all a, b in a norm dense and cr-invariant *-subalgebra of A. In fact, 
condition (3.19) is equivalent to the KMS condition of (3.11) (cf. Definition 
5.3.1 and Corollary 5.3.7 of [33]). 

In particular, this shows that the elements of U a {A) act trivially on 
KMS states since 

(3.20) ip{uxv*) = ip{xu* Gip(u)) = <p(x), Vx, 

where ^(a) denotes the analytic continuation z t— > cr z (a) of t i— > o"t(a) for 
for a in the dense subalgebra of A. This completes the proof. □ 

It is important to consider a more general type of symmetries, besides 
those given by automorphisms. In fact, as we are going to see in the cases 
of the GL(2) system and of the system for imaginary quadratic fields, it is 
crucial to take into account also symmetries by endomorphisms. 

This type of symmetry plays a key role in the theory of superselection 
sectors in algebraic quantum field theory developed by Doplicher-Haag- 
Roberts (cf.[160], Chapter IV). 

Definition 3.13. An endomorphism p of a C* -dynamical system (A, at) 
is a *-homomorphism p : A — > A that commutes with a t 

(3.21) a t p = pa t , Vt G R . 

It follows then that p(l) = e is an idempotent fixed by at, 

(3.22) a t (e) = e, VtGR. 

A KMS state ip can be pulled back along an endomorphism p, provided 
that the element e = p(l) satisfies ip(e) / 0. In that case, one has the 
pullback of the form 

(3.23) p> )( G):= ^W VaeA 

Exactly as we considered unitaries fixed by the time evolution, u G 
U a (A), in the case of automorphisms, we now consider isometries that are 
eigenvectors of the time evolution, namely we consider the set 

(3.24) l a (A) := {u e A such that u*u = 1, and a t (u) = \ tt u, Vt G R}, 

for some A G R*^ with A > 1. 

An element u G l a (A) defines an inner endomorphism ad(n) of the 
dynamical system (A, a), which acts by 

(3.25) &d(u)x := uxu* , \/x£A. 
One obtains then the following result. 
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Lemma 3.14. The inner endomorphisms of the dynamical system (A, at) 
act trivially on the set of KMSp states, namely 

(3.26) ad(u)*(<p) = <p, V^e^. 

PROOF. We proceed as in the proof of Lemma 3.12 and we obtain that 
the KMS/j condition (3.19) shows that ip(uu*) = A _/3 > so that the pull- 
back &d(u)*((p) is well defined. Following the same argument of Lemma 3.12, 
using the KMS^ condition (3.19) applied to the pair b = xu* and a = u, we 
obtain as in (3.20) that ad(it)*(<^) = ip. □ 

Remark 3.15. The inequality A > 1 follows from the existence of a 
KMSp state. Indeed ip{uu*) = A _/3 > and since uu* < 1 one gets A _/3 < 1 
and A > 1. 



2.4. Warming up and cooling down. 

At temperature T = (i.e. (3 = oo) it is in general no longer true that 
the endomorphisms act directly on the set Eqo of KMSoo states, even if the 
action is well defined for all the (3 < oo. In fact, one can easily find examples 
where the condition ip(e) / that makes it possible to pull back states along 
an endomorphism p with e = p{\) is satisfied (as a condition on <p £ £3) for 
all (3 < 00 but where in the limit one has lim^oo <pp(e) = 0. 

In such cases it is sometime still possible to define a nontrivial action 
on KMSqo states, through a process we refer to as warming up and cooling 
down. For such a process to apply, one needs an assumption about the 
structure of the set of extremal KMS states that is often satisfied in 
significant cases. 

Consider the warming up map Wp : Sqo — > defined as 

(3.27) Wp(p)(x) = ^ i ^_l H P ) H \ VxeA, 

where it is the GNS representation associated to the KMSqo state ip and H 
is the positive energy Hamiltonian, implementing the time evolution in the 
representation it. 

We assume that for sufficiently large (3 > (3q the map Wp : Sqo — > S/3 is 
well defined and is a homeomorphism. 

Under this assumption, if for (3o < (3 < 00 one has a well defined action 
of an endomorphism p on Hp by pullback (i.e. that ip/3(e) / 0), then we can 
define an action on T,^ by first "warming up" through the map Wp, then 
taking the action on T,p and then "cooling down" by the inverse map. 

2.5. Pushforward of KMS states. 

We have seen in §2.3 above that KMS states can be pulled back along 
automorphisms or endomorphisms of the algebra A compatible with the 
time evolution. Here we discuss another important functoriality, namely 
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the pushforward of KMS states under equivariant surjections, modulo nor- 
malization. 

Proposition 3.16. Let (A, a) be a C* -dynamical system and J a norm 
closed two-sided ideal of A globally invariant under at- Let u n be a quasi- 
central approximate unit for J . For any KMSp state ip on (A, at) the se- 
quence (p((l — u n ) x) converges, for all x G A and defines a KMSp positive 
linear form on (A/ 'J, at), 

(3.28) ip(x) = lim ip((l -u n )x), Vx£A. 

n— >oo 

Proof. Let A" be the double dual of A and p £ A" the central open 
projection corresponding to the ideal J (cf. [242]). By construction, the u n 
converge weakly to p (cf. [242] 3.12.14) so that the convergence follows as 
well as the positivity of ip. By construction ip vanishes on J . To get the 
KMS^ condition one applies (3.11) with a = (1 — u n ) x and b = y, where y is 
in a dense subalgebra of A. Then one gets a bounded uniformly continuous 
sequence F n {z) of holomorphic functions in the strip In of (3.10) with 

F n (t) = <f((l-u n )xa t (y)) and F n (t + ip) = <p(a t (y)(l - u n ) x) Vt € M.. 

Using the Montel theorem on normal families and the quasi-central property 
of u n one gets the KMS^ condition for ip. □ 



3. Q-lattices and commensurability 

We introduce the main geometric notion that underlies the construction 
of the quantum statistical mechanical systems of interest in this chapter. 

Definition 3.17. A Q-lattice in R n consists of a pair (A, 0) of a lattice 
A C W l (a cocompact free abelian subgroup ofW 1 of rank n) together with a 
homomorphism of abelian groups 

(3.29) <t> : Q n /Z n — ► QA/A. 

A Q-lattice is invertible if 4> is an isomorphism. 
Two Q-lattices are commensurable, 

(Ai,^i) ~ (A 2 ,<h), 

if and only if 

(3.30) QAi = QA 2 and fa = fa mod Ai + A 2 . 

Let L n denote the set of commensurability classes of ' n- dimensional Q-lattices. 



Lemma 3.18. The relation of commensurability between n-dimensional 
Q-lattices is an equivalence relation. 
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Figure 2. Generic and invertible 2-dimensional Q-lattices. 

Proof. Let Lj = (Aj,fa), for j = 1,2,3, be n-dimensional Q-lattices. 
Assume that the pairs L±, L2 and L2, L3 are commensurable. This means 
that the lattices Aj are commensurable and are of finite index in 

A = Ai + A 2 + A 3 , 

which is indeed a lattice by commensurability. Moreover, one has fa — fa = 
mod A and $2 — fa = mod A, hence also fa — fa = mod A. Notice 
that A' = Ai + A3 is of finite index in A, hence fa — fa gives a group 
homomorphism 

Q n /Z n -► A/A'. 

This has to be trivial, since Q n /Z ra is infinitely divisible while A/ A' is finite. 
This shows that fa — (ps = modulo A' = Ai + A3, so that we conclude that 
the pair L\, L3 is also commensurable. □ 

The datum of the homomorphism (3.29) can be thought of as assigning a 
labeling of the torsion points of the lattice A. However, it is important that 
we do not require such a labeling to be one-to-one. In fact, <\> is only assumed 
to be a homomorphism and it needs not be an isomorphism. It is precisely 
because we allow for the possibility of "degenerate" labeling systems that 
fail to be isomorphisms that the commensurability relation gives rise to a 
quotient C n that has the typical properties of a noncommutative space. This 
can be seen by the fact that the set C n has the cardinality of the continuum 
but one cannot construct a countable collection of measurable functions that 
separate points. 
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Remark 3.19. Two invertible Q-lattices are commensurable if and only 
if they are equal. Most Q-lattices are not commensurable to an invertible 
one. Consider the set C^ n C C n of Q-lattices that are commensurable to an 
invertible Q-lattice. Then the set of invertible Q-lattices gives a cross-section 
of the equivalence relation on C? n . 

Another notion we will need in the following is that of divisibility for 
Q-lattices. 

Definition 3.20. For an n- dimensional Q-lattice (A, 4>), let <^>jv denote 
the restriction of the map <fi to the N -torsion points of (Q/Z) n , 



The Q-lattice (A,</>) is divisible by N if 4>n = 0. 

In the following we concentrate on the cases of 1-dimensional and of 
2-dimensional Q-lattices. We study the noncommutative geometry of the 
spaces L\ and £ 2 and of the corresponding spaces and £ 2 /C* of 

commensurability classes of Q-lattices up to scaling. The latter provide 
noncommutative generalizations of the Shimura varieties <S7i(GLi, ±) and 
Sh(GL2,M ± ), in a sense that will be made precise later in this section. These 
noncommutative spaces support interesting quantum statistical mechanical 
systems which are related, respectively, to the explicit class field theory of 
Q and to the Galois theory of the field of modular functions (cf. [30] , [86] , 



We begin by giving an explicit description of the data parameterizing 
Q-lattices in dimension one. 

Lemma 3.21. 1) The space of 1-dimensional Q-lattices can be identified 
with the product Z x W + by the map 



2) The groupoid Q\ of the equivalence relation of commensurability on 1- 
dimensional Q-lattices is isomorphic to the etale groupoid 

(3.33) Gi = {(r, p, A) I r e Q* + , A G R* + , p e Z, such that rp e Z}, 

with source and range maps (r, p, A) 1— > (p, A) and (r, p, A) 1— ► (rp, rX), and 
composition 

(3.34) (ri,pi, Ai) o (r 2 ,p 2 , A 2 ) = (rir 2 ,p2,A 2 ), if r 2 p 2 = Pi , r 2 \2 = Ai. 

3) The space of 1-dimensional Q-lattices up to scaling is identified with Z. 



(3.31) 




[88], [91]). 



4. 1-dimensional Q-lattices 



(3.32) 



^(p,A) = (A- 1 Z,A-V) 
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Proof. 1) A 1-dimensional Q-lattice (A, can always be described in 
the following way. A 1-dimensional lattice A C t is always of the form 
A = A _1 Z, for some A G . Having described A uniquely in this form, the 
remaining datum (f) : Q/Z — > QA/A is then of the form cp = A -1 /?, with the 
same A 6 and for some p G Z. Here we use the identification 

(3.35) Z Hom(Q/Z,Q/Z), 

where the topology on the right hand side is that of pointwise convergence. 

2) To g = (r, p, A) 6 Q\ one associates the pair of Q-lattices correspond- 
ing by the map I of (3.32) to the range and source of g, i.e. the pair 

(£(rp, r\),£(p, A)) = ((r^A^Z, A^p), (A^Z, A^p)) 

This is a pair of commensurable Q-lattices and any such pair is obtained 
in this way. The composition in Q\ corresponds to the composition in the 
groupoid of the commensurability equivalence relation. 

3) When considering Q-lattices up to scaling, one mods out by the action 
of R\ . The lattice up to scale is then uniquely identified with Z and one is 
left only with the datum of the homomorphism p : Q/Z — > Q/Z, i.e. with 
assigning an element p € Z. □ 

We now consider the quotient Qi/M.+ by the action of scaling. Since the 
scaling action of on 1-dimensional Q-lattices is free, the quotient Q±/M*^ 
is still a groupoid. We let U\ be the etale groupoid of pairs 

(3.36) U\ = {(r, p) | r G Q+, p G Z, such that rp G Z}, 

with source and range maps (r, p) ^ p and (r, p) ^ rp, and composition 

(3.37) (n,Pi) ° (r 2 ,p2) = (rir 2 ,p 2 ), if r 2 p 2 = pi- 

Proposition 3.22. TTie map 7 : U\ — >■ ^raen 6y 

(3.38) 7 (r,p) = ((r- 1 Z,p),(Z,p)). 

is an isomorphism of locally compact etale groupoids between U\ and Q\/W + . 

Proof. The condition that rp G Z in (3.36) ensures that (Z, rp) is a 
Q-lattice. Thus so is (r _1 Z, p). Moreover, the latter is commensurable to 
(Z, p) by construction. This shows that the map 7 is well defined. Since we 
know by Lemma 3.21 that 1-dimensional Q-lattices can always be written 
in the form 

(3.39) (A,0)=A(Z,p), 

for some A 6 W + and p G Z, we see that the map 7 gives an identification 

between the units u[°^ = Z and the set of units (Qi/W^)^, that is, the 
quotient of the space of 1-dimensional Q-lattices by the scaling action of 
Moreover, one has 

(3.40) 7( r i,Pi) °7( r 2,P2) = 7(^1^2, P2), ifr 2 p 2 = pi. 
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Indeed using equivalence modulo scaling one gets 

l{r 2 ,p 2 ) ~ ((Z,r 2 p 2 ), (r 2 Z,r 2 p 2 )) = ((Z,pi), (r 2 Z,pi)) 

and 

7(n, Pi) ° 7<J2, P2) ~ ((^r lz ' ( z > Pi)) Pi)' ( r 2^> Pi)) 
= ((r^Z.p^faZ^i)) 
which is equivalent modulo scaling to 

((r 2 1 r^ 1 Z,p 2 ),(Z,p 2 )) = 7(nr 2 ,p 2 ). 

Finally, let us show that the map 7 is surjective. In fact, up to scaling, every 
element in Q\ is of the form 

(3.41) ((r-^r- 1 ff),(Z,p)), 

with p, p' € Z and r = | € Q+. Since r~ 1 p / = p modulo \ Z, one gets 
ap — bp' = and r _1 p' = p. This completes the proof that 7 is a groupoid 
isomorphism. □ 

To a locally compact etale groupoid Q one can associate a corresponding 
groupoid C*-algebra C*(Q), obtained as a completion in the norm (3.44) 
of the algebra of compactly supported functions on Q with the convolution 
product 

(3.42) h*h{g)= E /i(si)/2Gfc), 

and involution f*(g) = /(<? _1 ). For an etale groupoid G, every unit y £ 
defines a representation ir y by left convolution of the algebra A C (G) on the 
Hilbert space TL y = £ 2 (Q y ), where Q y denotes the set of elements in Q with 
source y. Namely, one has 

(3-43) Mf)0(g)= E f (91)^92). 

9192=9 

Suppose is compact. Then the algebra is unital. One can then complete 
A C (Q) to a C*-algebra C*(Q) by considering the norm 

(3-44) 11/11 := sup h y {f)\\ B{Hy) . 

In the case of the groupoid Q of an equivalence relation ~ on a space 
X, the algebra is obtained by considering the convolution algebra A C (G) of 
compactly supported functions on the graph of the equivalence relation in 
X x X, with the convolution product 

(3.45) /i*/2(s,z')= E h{x,u)f 2 {u,x') 

and the involution f*(x,x') = f(x',x). 

In the case of the groupoid Gi/M*^ of the equivalence relation of com- 
mensurability on 1-dimensional Q-lattices up to scaling, using the equivalent 
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description of Proposition 3.22 in terms of the groupoid Ui, we obtain the 
following description of the corresponding groupoid C*-algebra (cf. [30], 
[191], [192]). 

Proposition 3.23. The groupoid C*-algebra Ai := C*(Qi/R+) is iso- 
morphic to the semigroup crossed product C(Z) xN, with N = Z>o. This has 
an explicit presentation with generators p n , n G N and e(r), for r G Q/Z, 
satisfying the relations 

• n* n li n = 1, /or a// n G N, 

• MfcMn = fJ-kn, for all k,n G N, 

• e(0) = 1, e(r)* = e(—r), and e(r)e(s) = e(r + s), for all r,s G Q/Z, 

• For allneN and all r G Q/Z, 

(3.46) ^e(r)< = i^ e ( S ). 

ns=r 

T/ie algebra A\ is Morita equivalent to the crossed product algebra 

(3.47) 0)(Aq,/) x 

Proof. For each integer n G N = Z>o, we let nZ C Z be the range of 
multiplication by n. It is an open and closed subset of Z, whose characteristic 
function 7r„ is a projection ir n G C(Z). By construction, the 7r„ satisfy 

(3.48) 

where n V m denotes the lowest common multiple of n and m. In terms of 
functions of Q-lattices, ir n can be identified with the characteristic function 
of the set of 1-dimensional Q-lattices that are divisible by n in the sense of 
Definition 3.20. 

The semigroup action of N on C (Z) corresponds to the isomorphism 

(3.49) a n (f)(p) := fin' 1 p), Vp G nZ 

of C(Z) with the reduced algebra C(Z) 7I - n of C(Z) by the projection 7r n . 
Equivalently, in terms of Q-lattices, the semigroup action is given by 

(3.50) a n (f)(A,4>) = f{nA,</>), 

when (A, 4>) is in the support of 7r ra and a n (/)(A, 0) = otherwise. 

Let p n be the function p n (r, p) that vanishes unless r = n and is equal 
to 1 for r = n. These satisfy the relations p* n p n = 1 for all n, pupn = pkn, 
for all k, n, and 7r n = p n p* n - The semigroup action is implemented by 

(3.51) » n fp,* n = a n (f), V/GC(Z). 

Notice that the inclusion Q C Aqj induces an identification Q/Z = 
Aqj/Z. Using this identification one gets a natural character e of Aqj/Z 
such that 



(3.52) 



e(r) = exp(27rir), Vr G Q/Z, 
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and a pairing of Q/Z with Z of the form 

(3.53) (r,x) = e(rx), Vr G Q/Z,Vx G Z. 

The locally compact abelian group Aqj is its own Pontrjagin dual using 
the pairing (x,y) = e{xy) (cf. [294]). Thus using the pairing (3.53) we can 
identify the group Q/Z with the Pontrjagin dual of Z. By Pontrjagin dual- 
ity, we have the identification C(Z) = C*(Q/Z). The explicit presentation 
is then obtained using this identification and the crossed product relation 
(3.51) implemented by the isometries fi n , cf. [30], [191]. 

The Morita equivalence follows from the fact that the algebra C(Z) x N 
is a full corner of Co(Aqj) x Q+, namely 

(3.54) C(Z) x N = (C (A Qi/ ) x Q* + ) v , 

where the right hand side is the algebra obtained by compression of 
Co(Aqj) x with the projection tt given by the characteristic function of 
Z C Aqj, as shown in [192]. □ 

The algebra A\ is the noncommutative algebra of coordinates of the 
noncommutative space of commensurability classes of Q-lattices up to scale, 
according to the general idea that quotients of equivalence relations are best 
described in terms of noncommutative spaces using the (noncommutative) 
convolution algebra of functions on the graph of the equivalence relation 
as the "ring of functions on the quotient". We are going to give a more 
geometric description of the underlying noncommutative space in §4.8 below 
in terms of noncommutative Shimura varieties. 



4.1. The Bost Connes system. 

We now show that the noncommutative space of commensurability class- 
es of 1-dimensional Q-lattices up to scale carries a natural time evolution 
which makes Ai the algebra of observables of a quantum statistical mechan- 
ical system. We see in the next section that the system obtained in this way 
is the same as the one introduced by Bost and Connes in [30]. 

As above, let A\ be the C*-algebra C*(Qi/W + ) of the quotient by the 
scaling action of the groupoidof the commensurability relation on the space 
of 1-dimensional Q-lattices. We can describe elements in A\ as functions of 
pairs of commensurable Q-lattices 

(3.55) /((A,$,(A',^)), (A, 0) ~ (A',4>'), 

which are homogeneous of degree zero with respect to the scaling action, 
namely 

(3.56) /(A(A, <f>), A(A', 0')) = /((A, 0), (A', 0')), VAei;. 

The time evolution a : IR — > Aut(^li) is determined by the covolume of a 
pair of commensurable Q-lattices. Namely, for L = (A, <fi) and V = (A', ft) 
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a pair of commensurable Q-lattices L ~ L', let \L/L'\ denote the ratio of 
the covolumes 

f3 57) _ Covol(A') 

(3 ' 57) |L/L 1 " Covol(A) • 

This is clearly an invariant under scaling of both lattices, 

Covol(AA') _ CovolCAQ 

Covol(AA) ~ Covol(A) ' 

Moreover when L' C L, the order of the quotient group L/L' is equal to 
\L/L'\. The time evolution on the algebra A\ is given by 

(3.58) a t (f)(L,L'):=\L/L'\ u f(L,L'). 

Lemma 3.24. In terms of the equivalent description of Ai as C*(Ui), 
the time evolution (3.58) is of the form 

(3.59) atU){r,p) = r it f(r,p), V(r,p)€U 1 . 

In terms of the explicit presentation of Proposition 3.23, this time evolution 
is of the form 

(3.60) <T t (nn) = n lt p n , a t {e{r)) = e(r). 

Proof. The result follows easily from Propositions 3.22 and 3.23. By 
(3.38) one has 

1 (r,p) = ((r-%p),(Z,p)), 

while 



l(r ZJ/Z| " Covol((r-iZ)) 



□ 



We now show that the quantum statistical mechanical system (Ai,at) 
is the same as the Bost-Connes system of [29], [30]. 

4.2. Hecke algebras. 

The original construction of the Bost-Connes (BC) quantum statistical 
mechanical system is based on Hecke algebras of quasi-normal pairs. The 
main conceptual steps involved in the construction of the original BC system 
are the following. 

• The construction, due to Hecke, of convolution algebras associated 
to double cosets of algebraic groups over the rational numbers. 

• The existence of a canonical time evolution on a noncommutative 
von Neumann algebra. 

One considers here the "ax + 6" algebraic group P, i.e. the functor which 
to any abelian ring R assigns the group Pr of 2 by 2 matrices over R of the 
form 

(3.61) Pr = < f J ^ J ; a,b £ R , a invertible 
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By construction P^ C Pq is an inclusion To C T of countable groups, 
where P^ and P^ denote the restrictions to a > 0. This inclusion fulfills 
the commensurability condition 

(3.62) The orbits of the left action of Tq on T/Tq are all finite. 

The same clearly holds for orbits of Tq acting on the right on To\r. 

The Hecke algebra WQ(r,ro) is by definition the convolution algebra of 
functions of finite support 

(3.63) / : T \r - <Q>, 
which fulfill the To-invariance condition 

(3.64) /(77o) = /(t), v 7 er,v 7 oero, 

so that / is really defined on To\r/ro. The convolution product is then 
given by 

(3.65) (A * / 2 )( 7 ) = Y, /i(77r 1 )/ 2 (7i) • 

r \r 

The time evolution appears from the analysis of the regular representa- 
tion of the pair (T, Tq). It is trivial when Tq is normal, or for the original 
case considered by Hecke of the inclusion GL2(Z) C GL2(Q), but it be- 
comes interesting in the parabolic case, due to the lack of unimodularity of 
the parabolic group. 

The regular representation 

(3.66) M/)0(7) = E /(77r 1 )^(7l) 

r \r 

of the Hecke algebra WQ(r,ro) on the Hilbert space 

(3.67) H = £ 2 {T \T) 
extends to the complexification 

(3.68) H C (T, Tq) = Hq(T, Tq) ®q C 

of the Hecke algebra. This inherits from the representation an involution 
a i ^ a*, uniquely defined so that vr(a*) = vr(a)* (the Hilbert space adjoint), 
namely 



(3.69) f ( 7 ) : =/( 7 -i), v 7 er \r/r„. 

By Tomita's theory (cf. [280]), the von Neumann algebra generated by 
TCc(T,Tq) in the regular representation carries a natural time evolution at 
associated to the state (pi given by 

(3.70) ^(/) = ( £e ,7T(/)£ e ) 
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where e e is the cyclic and separating vector for the regular representation 
given by the left coset {ro} G To\r. It turns out that this time evolution 
preserves the dense subalgebra 7ic(T,^o) and has the explicit form (cf. [30]) 



where the integer valued functions L and R on the double coset space are 
given respectively by 

(3.72) L{i) = cardinality of left T orbit of 7 in r/r , R(j) = L^ 1 ) . 

Again by Tomita's theory ([280]), for this uniquely determined time evolu- 
tion a t G Aut(Wc(r,To)), the state tp\ is a KMS/3 state at inverse tempera- 
ture (3 = 1. 

Proposition 3.25. The C* -algebra completion of the Hecke algebra 
Ttc(T,To) of the BC system is isomorphic to the C* -algebra Ai of Propo- 
sition 3.23. The Hecke algebra TCq(T,Tq) is isomorphic to the Q-algebra 
generated by the e(r) and p n with the relations of Proposition 3.23. The 
time evolution at of (3.71) agrees with the time evolution (3.58). 

Proof. It is shown in [30] that the C*-completion of the Hecke algebra 
Hc(T, To) = Hq(T, ro)<8>QC has a presentation with generators and relations 
as in Proposition 3.23 (cf. also [191] for the form of the relations). It is also 
shown in [30] that in terms of this presentation the time evolution (3.71) 
has the form (3.60). □ 

4.3. Symmetries of the BC system. 

The group Z* of invertible elements in Z acts by automorphisms of the 
algebra Ai, compatibly with the time evolution. In fact, the action is given 



In fact, if (r, p) G U\, then also (r,gp) G U\. The action (3.73) clearly 
satisfies the condition gat = a t g. 

At the level of Q-lattices, the action (3.73) is the same (the group Z* 
being commutative) as the action 



as an invertible homomorphism g : Q/Z — ► Q/Z. 

In terms of the presentation of the algebra Ai with generators e(r) and 
p n , this action is of the form 



(3.75) gp n = Vn, ge(r) = e(g(r)), V 5 e Z*, Vn e N, r G Q/Z, 



(3.71) 




by 

(3.73) 



g(f)(r,p) = f(r,gp), \/g G Z*,V(r,p) G U x . 




where we have used the identification Z = Hom(Q/Z, Q/Z). 
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Using the formulation of the BC system in terms of the Hecke algebras, 
one can also see the appearance of the adelic group of symmetries 

(3.76) a^/q; = Z* 

in the following way. The inclusion Q C Aqj induces an isomorphism of 
abelian groups 

(3.77) Q/Z = Aqj/Z, 

where Z is the maximal compact subring of Aqj. The Hecke algebra 
Hq(T,To) admits an involutive automorphism a, with a 2 = 1, whose fixed 
point algebra is the Hecke algebra of the pair Pi C Pq. This admits an 
equivalent formulation as Hecke algebra of the pair P^ C Pa q f • This adelic 
description of the Hecke algebra then displays as a natural symmetry group 
the idele class group (3.76), compatibly with the time evolution. 

4.4. The arithmetic subalgebra. 

We have seen in §4.2 above that there is a natural arithmetic algebra 
associated to the BC system, namely the Hecke algebra Hq(Pq,P% ). This 
is the algebra over Q generated by the \x n and the e(r), with the relations 
of Proposition 3.23. We will denote this algebra in the following as Aiq. 

In this section we give a description of the algebra Al,q which is more 
natural from the point of view of Q-lattices and which will lead to the 
correct generalization in the case of 2-dimensional Q-lattices discussed later 
in this chapter. The formulation is based on the trigonometric analog of the 
Eisenstein series, following the analogy between trigonometric and elliptic 
functions as developed by A. Weil in [298] . 

Definition 3.26. A junction f on the space of 1- dimensional Q-lattices 
is homogeneous of weight k if it satisfies 

(3.78) /(A(A, </>)) = \- k /(A, <f>), VA € R* + . 

The description of Q-lattices up to scaling given in Lemma 3.21 implies 
that we can regard the algebra C(Z) as the algebra of functions on the 
space of 1-dimensional Q-lattices which are homogeneous of weight zero 
with respect to the scaling action of R+. 

We define the function c(A) to be the multiple of the covolume |A| of 
the lattice, specified by the choice of normalization 

(3.79) 2mc(Z) = l. 

The function c is homogeneous of weight —1 on the space of 1-dimensional 
Q-lattices. 

We then define, for a G Q/Z, a function ei j0 of weight zero by setting 

(3.80) e 1 , a (A,4>) = c(A) £ y~\ 

2/SA+0(a) 
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Here we use the Eisenstein summation convention, namely we take the sum- 
mation to mean 



N 

X- - x> ' 



lim y 

Af-irvi ^-^ 

-N 

when 4>(a) / 0. We also set ei j0 (A, <j>) = when <p{a) = 0. 
For one has, using the above convention, 

1 °° 1 1 

j/ez+x l 

Thus for /)6Z = Hom(Q/Z, Q/Z) and assuming p(a) / one has 

(3.82) ei l0 (Z,p)= ^cot(7rp(a)). 

More generally, we define, for each weight k £ N and each a G Q/Z, a 
function efc i(l on the space of 1-dimensional Q-lattices by setting 

(3.83) e fe ,a(A»= £ y~ k - 

yeA+<t>(a) 

This is well defined, provided <p(a) / 0. In the case <p(a) = we set 

(3.84) e k , a (A,<p) = X k c(A)- k , 
where the constants X k are given by 

(3.85) X k = (2 k - l) 7fc , 
with 

(3.86) 7 fc = (2vri)- fc £ y~ k 



One has 7 2j+i = for all j and 

with £ Q the Bernoulli numbers. Equivalently, the 72 j are defined 
through the generating series 

00 

(3-88) -^ = l-i-E^- 

i=i 

The function e k<a has weight k, i.e. it satisfies the homogeneity condition 

(3.89) e M (A(A,</»)) = A- fe efe)a (A,</»), VA € R* + . 

For a = jj, the function efc )(I has level TV, in the sense that it only uses the 
restriction 

</> N : ^Z/Z - 1a/A 
of (j) to iV-torsion points of 1 
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We consider the associated weight zero functions e k ^ a obtained by setting 

(3.90) e M :=c fc e M , 

where c is the normalized covolume function of (3.79). 

The functions e kA satisfy the following multiplicative relations, that ex- 
press the ek, a as polynomial functions of the e\ A of (3.80). 

Lemma 3.27. The functions e kA satisfy the relations 

(3.91) e k:a = P k (e lt a), 

where the P k are polynomials with rational coefficients uniquely determined 
by the identities 

(3.92) P^u) = u, P k+1 (u) = \{u 2 - ^ d u P k (u). 

Proof. For 4>(a) ^ A, the result follows from the elementary formulas 
for the trigonometric analog of the Eisenstein series (cf. [298] Chapter II). 
Indeed, with x = p(a) / one has 

(3.93) e k>a (Z,p) = (2niy k ^ y~ k = a k {x) 
and by construction one has 

(3.94) ak ^ x) = -2^k^ x) 
while with u(x) = a\{x) = ^ cot ttx one has 

(3.95) -^^W- 1 . 
v ; 2m dx 4 

Thus, using (3.94) one obtains by induction on k the identity 

(3.96) a k = P k {a{) , 

which proves (3.91) for 4>{a) ^ A. 

Since we have set ei ja (A,0) = for 0(a) £ A, the validity of (3.91) in 
that case uniquely dictates the choice of the normalization constants A^ to 
be, using 01(5) = 0, 

(3.97) A fe = P fe (0) = a k (±) , 

which vanishes for k odd and is a non-zero rational number for k even. In 
fact one has 

a k {\) = (2m)- k lT* = (2vu)- fc (2 fc - 1) £ y' k 

which gives 

(3.98) A fe = (2 fc - l) 7fc , 

with 7^ as in (3.86). □ 
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We can express the functions ek, a m terms of the generators e(r) of the 
algebra Ai- In fact, we can view the e(r) as the functions on Q-lattices 

(3.99) e(r)(A, <j>) := exp (2mp(r)) , for (A, 0) = (AZ, Xp), 

for r G Q/Z and p G Z = Hom(Q/Z, Q/Z). These are clearly of weight zero 
in A G R^. 

We have the following relations. 

Lemma 3.28. Let a G Q/Z, and n > stic/i that na = 0. T/ien the 
following holds: 

(3.100) eia = g^_^ e(fco) . 

fc=i ^ ' 

Proof. We evaluate both sides on a Q-lattice (A, 0) = (AZ,Ap), with 
A G and p G Z = Hom(Q/Z, Q/Z). Both sides only depend on the 
restriction x i— > cx of p to the n-torsion elements of Q/Z, which we write as 
multiplication by c G Z/nZ. Let a = ^. If be = mod n, then 0(a) = 
and both sides vanish since 

( kbc 

e(ka)(A, (p) = exp I 2m 

for all k. If 6c = mod n, then 4>(a) / and, using (3.82) the left hand 
side is given by 

v ' 2U-1 
where 

/ be 
U = exp 2ni 



n 

with ?7 n = 1 and U / 1. The right hand side is given by 

n-1 



fc=i 



which gives ^(t^ + l) after multiplication by £/ — 1. Indeed using the identity 
(Abel summation) 

n— 1 n— 2 

afe(6fc+i -b k ) = a n -ib n - a\bi + ^(a fc - a fc+ i)6 fe+ i 
fc=i fc=i 

one has 



n— 1 n— 2 

^ fc([f*+i - ?7 fc ) = (n - 1) - C/ - = n 

fe=i fc=i 

while Xlfc=i(^ rfe+1 ~~ U k ) = 1 — U which gives the required result. □ 
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Equality (3.101) shows that ei )Q is (one half of) the Cayley transform 
of e(o), with care taken when e(a) — 1 fails to be invertible. In particular, 
while e(a) is unitary, ei >a is skew-adjoint, namely 

(3.102) e* 1>a = -ei >0 . 

In addition to the multiplicative relations of Lemma 3.27 above, the 
functions e^^ also satisfy division relations. In order to derive these rela- 
tions, we first need to discuss some divisibility properties of Q-lattices, where 
divisibility for Q-lattices is defined as in Definition 3.20 above. 

As before, we let 7r ra denote the characteristic function of the set of 1- 
dimensional Q-lattices (up to scale) that are divisible by n. It corresponds 
to the characteristic function of nZ C Z. 

For N > let (A, 4>) be a Q-lattice. Let c G Z/NZ be such that (f> N (a) = 
ca for all a £ Z/NZ. The order of the kernel of 4>n is m = gcd{A, c}. 
Moreover, a divisor b\N divides (A, <p) if and only if it divides c (i.e. if and 
only if multiplication by c is in Z/bZ) . Thus, for any function / on N = Z>o 
one has 

(3.103) ^/(6)tt 6 (A»= /( & )- 

b\N b|gcd{iV,c} 

This allows one to express any function f(m) of the order m = gcdjiV, c} 
of the kernel of 4>N m terms of the projections 7Tb, where b\N. Indeed, the 
right hand side of (3.103) gives such an explicit formula for 

f(m) = Y j g(b) 
b\m 

for any function g and the Mobius inversion formula 

(3.104) g(n) = J2rtd)f(n/d) 

d\n 

shows that any function / can be written in that way. In order to obtain 
the function m i— > m? we set 

(3.105) f 3 (n):=Y,Kd)(n/dy, 

d\n 

where fi is the Mobius function , so that 

(3.106) fj(n) = nt J] (l-p~ j ). 

p prime, p\n 

In particular f\ is the Euler totient function. 

The Mobius inversion formula together with (3.103) then give 

(3.107) Yl /i( 6 )^( A > <t>) = m ^ for m = Spd{N, c}. 

b\N 
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Thus, we obtain the division relations fulfilled by the functions e k ^ a as 
follows. 

Lemma 3.29. For a given N > 0, the functions e k a satisfy the relations 

(3.108) e fc , a = 7fc ^((2 fe -2)/ 1 ((i)+iV fe /-fe + iW)^. 

Na=0 d\N 

PROOF. Consider a Q-lattice (A, (j)) such that Ker^ is of order m\N, 
so that N = md. Then the result follows from the identity (using (3.86)) 

V e ka (A,<f))= mV , y~ k + m(2 k -lh kC - k (A) 

(3.109) ^Na=o k ' aK ^' ^y^A/A y v nk v ' 

= m{d k + 2 k -2)-f k c~ k , 
together with (3.107) applied for j = 1 and j = 1 — k using 
m(d k + 2 k -2) = (2 k - 2)m + 7V fe m- fc+1 

□ 

We can now derive the main result of this section. 

Theorem 3.30. The functions e\ A of (3.80) have the following proper- 
ties. 

(1) The e\ t a, for a G Q/Z, generate the group ring Q[Q/Z]. 

(2) The arithmetic algebra Ai,q is generated by the e\ A , for a £ Q/Z, 
and the [i n and /u*. 

(3) The complexification Ai,q ®q C is the subalgebra of the C* -algebra 
Ai generated by these elements. 

PROOF. (1) Let Bq denote the algebra generated over Q by the ei >a . By 
Lemma 3.28 it is a subalgebra of the group ring Q[Q/Z]. By lemma 3.27 
one has e ka £ Bq for all k. 

We first show that the projections rr^v belong to Bq. The idea is to use 
(3.108) to express ttn as a rational linear combination of the e kja , with k 
even. Since for relatively prime integers n, m one has 7r nm = ir n Tr m , we can 
assume that N = p b is a prime power. However, special care is needed when 
N is a power of two. In fact, when iV = p b is a prime power, the coefficient 
of 7fcvrjv in (3.108) is given by 

(2 fc - 2)h(N) + N k f_ k+1 (N) = (2 k - 2)(p - ljp 6 " 1 - p 6 ^" 1 - 1) 

using (3.106). This does not vanish unless p = 2, and is equal to — p b ^ 1 (2 — 
3p + p 2 ) for k = 2. Thus, one can express ir^ as a linear combination of the 
e 2,a by induction on b. For p = 2, iV = 2 6 , 6 > 1, the coefficient of ^ k ^N m 
(3T08) is zero but the coefficient of 7*71^/2 is -2 6 - 2 (2 fc - l)(2 fe - 2) / for 
k even. This allows one to still express ttn as a linear combination of the 
62,a by induction on b. Thus, for instance, 712 is given by 

7T 2 = 3 + 2 e 2 , a - 

4a=0 
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In general, 7T2« involves 

£ e 2 , a . 

2 n+l a=0 

Since for relatively prime integers n, m one has ir nm = ir n ir m , we see that 
the algebra Bq generated over Q by the ei )(I contains all the projections 7r n . 

In order to show that Bq contains the e(r) it is enough to show that, for 
any prime power N = p b , it contains e(-^). This is proved by induction on 
b as follows. 

Multiplying the relation (3.108) by 1 — ir p and using the identity (1 — 
7r p) 7T p e = for £ > (which follows from (3.48)), we obtain the equalities 

(3.110) (1 - ir p ) e k,a = (N k + 2 k - 2) 7fc (l - 7T p ). 

Na=0 

We then set 

(3.111) z(j):=(l-n p )e 1± . 

1 ' N 

The relations (3.110) together with (3.91) show that, in the reduced algebra 
(Bq)i- Wp one has 

AT-l 

(3.112) P ^)) = ( Nk ~ !)7fc 

for all k (where we used -Pfc(O) = (2 k — 1) 7 £ to subtract the contribution of 
3 = 0). 

The symmetric functions of the z(j) (for j £ {1, ...,iV — 1}) are fixed 
rational numbers cr^. In particular z = z(l) fulfills 

AT-l 

(3.113) Q(z) = Z" 1 + Y (-l) h v h z N ~ 1 ~ h = 0. 

/i=i 

Using (3.82) the roots of this equation are the 

(3.114) 27 COt (^) ' ^{1,...,N-1} 

Thus, ±^ is not a root of (3.113) and this allows us, using the companion 
matrix of Q, to express the Cayley transform of 2z as a polynomial with 
rational coefficients, 

2^ + 1 N ~ 2 

(3.115) = £ 

n=0 

One then has 

N-2 

(3.116) J> n ^ = (l-7r p )e( -), 



where the left-hand side belongs to Bq by construction. 
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Notice that the semigroup action of N given by (3.50) preserves the 
algebra Bq generated over Q by the 6i jCl for a, G Q/Z. In fact, one has 

(3.117) OL n (e k , a ) = ^ n e k ,a/n, 

independently of the choice of the solution x = a/n oi nx = a. The projec- 
tions 7r n belong to Bq, hence we see that a n preserves Bq. 

Now we use the fact that tt p e(^) is equal to a p (e(j^)), for a p as in (3.50). 
It follows from the induction hypothesis on b (with N = p b ) that e(-j^) G Bq, 
hence using (3.117) that a p (e(j^)) G Bq. Thus, we get 7r p e(-^) G £>q and 
using (3.116) that e(j^) G jBq as required. This completes the proof of (1). 

(2) The crossed product by N is obtained by adjoining to the rational 
group ring of Q/Z the isometries \i n and their adjoints /x* with the relation 

(3.118) fi n ffi* n = a n (f), V/GQ[Q/Z], 

which gives the rational algebra A^q. (3) follows immediately from (2). □ 

It is important to remark here that the multiplication and division rela- 
tions of Lemma 3.27 and Lemma 3.29 are not enough to give a full presenta- 
tion of the algebra Bq. In fact, there are more elaborate division relations, 
which we did not need in the proof of Theorem 3.30, but which contribute 
extra relations between the generators e\ A . 

In order to formulate these other division relations, we first define projec- 
tions n(N, d), for d\N, belonging to the algebra generated by the 717, with b\N. 
The projection ir(N, d) is given by the characteristic function of the subset 
of Q-lattices (A, <f) for which, letting c G Z/7VZ be such that 4>n{o) = ca for 
all a, one has 

gcd{iV, c} = N/d. 
Thus, the projection tt(N, d) is given by 

(3.119) 7T(N, d) = TT N/d H(l - TT kN/d ), 

k\d 

where the product is over nontrivial divisors k ^ 1 of d. 
We then have the following relations. 

Proposition 3.31. The functions e k , a , for a G Q/Z and for k odd, fulfill 
the relation 

(3.120) 1 e k ,a ;+ a = ^2<N,d)d k - 1 e k4x , 

Na=0 d\N 

for any x G Q/Z and any positive integer N. 

Proof. Let (A, 4>) be a Q-lattice such that 4>n{o) = ca for c G Z/iVZ 
with gcd{A^, c} = N/d = m. We can assume by homogeneity that A = Z. 
Then, when a ranges over the torsion points j/N, with j G {0, . . . , N — 1}, 
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the values 0(a) range m times over the j/d, for j £ {0, . . . , d — 1}. Thus, 
the left hand side of (3.31) gives m times 

d-i 

(3.121) c(Z) fe E E y~ k = c(%) k d k £ 

3=° y&Z+^ + t y(Ll+4>{dx) 

This is clear when y = does not appear in the sums involved. When it 
does, one has 

d-i 

(3.122) E E (2/ + ^ = ^ E (f + 

■?= o j/ez+0O)+i yez+(j>(dx) 

for e ^ |. Subtracting the pole part on both sides and equating the finite 
values gives the desired equality. In fact, for odd k, the value of efc )(I (A,</>) 
for cf)(a) = can be written as the finite part at e = of 

E (y+tr k - 

2/SA+0(a) 

□ 

For even k this no longer holds and the finite value 7fcc(A) fc is replaced by 
(2 k — l)7fcc(A) fc . Thus, when <p{dx) £ Z, one gets an additional term which 
is best taken care of by multiplying the right hand side in Proposition 3.31 
by (1 — 7Ts(dx))i with S(y) the order of y in Q/Z, and adding corresponding 
terms to the formula, which becomes 

W Y,Na=0 e k,x+a = Ed|JV n ( N i d ) i 1 ~ ^ 5(dx))d k ~ l e ktdx 

+ IkZdlNi^ 1 +d-\2 k -2))n(N,d)7r s{dx) . 

These relations are more elaborate than the division relations for trigono- 
metric functions. They restrict to the latter on the subset of invertible 1- 
dimensional Q-lattices, for which all ir n , n/1 are zero and the only non-zero 
term on the right hand side is the term with d = N. The standard discussion 
of Eisenstein series in higher dimension is restricted to invertible Q-lattices, 
but in our case the construction of the endomorphisms implemented by the 
fj, n requires the extension to non-invertible Q-lattices considered above. 



4.5. Class field theory and the Kronecker Weber theorem. 

A local field is by definition a field which can be endowed with a non- 
discrete locally compact topology (compatible with the field structure). A 
non- Archimedean local field K is the field of fractions of a complete discrete 
valuation ring O, such that the residue field k = O/m is a finite field, where 
m is the maximal ideal of O. The field K is endowed with the topology 
defined by the absolute value | • \ v = exp(— «(•)), where v : K* — > Z is the 
valuation. An Archimedean local field is either 1 or C. A non- Archimedean 
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local field of characteristic zero is a finite extension of Q p , while a non- 
Archimedean local field of positive characteristic p > is of the form F g ((i)) 
for q = p r for some r G N. 

Local class field theory shows that there exists a homomorphism (the 
local Artin homomorphism) 

(3.124) 9:K*^ Gal(K ah /K), 

where K ab is the maximal abelian extension of K in K sep , a fixed separable 
closure. Upon passing to the profinite completion it induces an isomorphism 
K* — ► Gal(i^ ab /i^). The profinite completion of a topological group G is 
in general defined as G = lim^ G/C/, with C7 ranging over finite-index open 
normal subgroups. 

When K is Archimedean, then (3.124) is surjective with kernel given by 
the connected component of the identity in K*. If K is non- Archimedean 
then (3.124) is injective. One can write K* = 0*7r z , where the elements 
of O* are the units of O and ir is a uniformizer, i.e. an element of O 
with v(tt) = 1. Then the Artin homomorphism induces an isomorphism 
O* x 7r^ — ► Gal(ivT ab /K). Under this identification one finds 0(0*) = 
Gal(i^ ab /Er un ), where K un is the maximal unramified extension of K in 
K sc v. The group Gal(K ab /K un ) is the inertia subgroup of Gal(K ah /K). 
The group vr^ is identified with Gal(K un /K) = Gal(F cp /£;), which is gen- 
erated by the Frobenius. Thus the Artin morphism maps a uniformizer to 
the Frobenius automorphism in Gal(K ab /K). 

Global fields of characteristic zero are number fields, i.e. finite algebraic 
extensions of Q, while global fields of positive characteristic p > are func- 
tion fields, i.e. the field of functions ¥ q (C) of a smooth, projective, geomet- 
rically connected curve C over a finite field ¥ q . These are finite extensions 
of ¥ p (t), the field of functions of P 1 ^. 

The set Ek of places of a global field K is the set of uniform structures 
on K whose completion gives a local field. Such structures are still called 
valuations on K even in the Archimedean case. One denotes by ¥L V the 
local field obtained by taking the completion of EC in the valuation v. For a 
non- Archimedean valuation v, one denotes by O v the valuation subring of 
K v . 

For K a global field, one can construct the ring of adeles Ak (cf. Chapter 
II §8.2) as the restricted product 

(3.125) A K = ]J'k v , 

namely those elements (a v ) £ Y\ v ^v such that a v £ O v for all but finitely 
many v G Sr. The idele class group is the quotient Ck = Aj^/K*. 

We have already encountered the adeles Aq in the previous chapter in 
connection with the quantum statistical mechanical system that gives the 
counting of zeros of the Riemann zeta function and in the spectral realization 
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of its zeros obtained in [71] . We will also see the specific case of imaginary 
quadratic fields K = Q(y/—d) later in this chapter. 

In the global case one also has a version of the Artin homomorphism of 
the form 

(3.126) 9 : C K -► Gal(K ab /K). 

If K is a number field, then (3.126) is surjective and the kernel is the 
connected component Z?k of the identity on Ck- Namely, one has the global 
class field theory isomorphism 

(3.127) : C K /D K Gal(K ab /K). 

If K is a function field with constant field k = ¥ q , then (3.126) is injective. 
The image 0(Ck) in Gal(K ab /K) consists of those elements whose restriction 
to Gal(k scp /k) is an integer power of the Frobenius (as opposed to a Z 
power). In the function field case, one then has an isomorphism 

9 : C K Gal(K ab /K), 

where Ck is the profinite completion. 

In fact, when one looks more closely at the Artin homomorphism, one 
finds that it satisfies a functoriality property under field extensions, in the 
form of a commutative diagram 



(3.128) 



C L — Gal(L ab /L) 

"l/k res 

C K — ^ Gal(K ab /K) 



where res : Gal(L ab /L) — > Gal(K ab /I€) is the restriction map and Ul/k is 
the norm. 

Moreover, for a finite abelian extension L of a number field K, there is 
a map called the classical Artin homomorphism 

(3.129) 6 h/K : 4 - Gal(L/K), 

where S is a finite set of primes which includes all the primes of K that 
ramify in L and Ij| is the group of fractional ideals that do not involve 
primes in S. For number fields, the Artin map #l/k is surjective. 

These general result of class field theory, however, do not give an ex- 
plicit way of constructing abelian extensions. The "explicit class field theory 
problem" (Hilbert's 12th problem) is precisely the problem of giving explicit 
generators for the maximal abelian extension of a global field, together with 
the explicit form of the Galois action. It is considered of central importance 
to number theory. 

In the case of number fields, there are only two cases in which a complete 
solution to the explicit class field theory problem is known. The case where 
EC = O where the Kronecker- Weber theorem shows that the maximal abelian 
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extension Q ab is the cyclotomic field Q cycl generated by adjoining the roots 
of unity. More precisely, the Kronecker-Weber theorem proves that any 
abelian number field is contained in a field of the form Q(£), with ( a root of 
unity. This then shows that it is possible to generate all abelian extensions of 
Q by a single transcendental function, the exponential exp(2-7ri-), evaluated 
on the points of Q/Z, the torsion points of a 1-dimensional lattice. 

Kronecker's Jugendtraum was the idea that one could indeed generate 
abelian extensions of number fields by means of the values of certain tran- 
scendental functions. This idea had a remarkable success in the other known 
case for number fields, namely for K an imaginary quadratic field. In this 
case, what is central to the construction of abelian extension is the geom- 
etry of elliptic curves with complex multiplication and the transcendental 
functions are the Weierstrass p function and its derivative at torsion points 
of 2-dimensional lattices, which give the coordinates of the torsion points of 
elliptic curves. We shall return to discuss the case of imaginary quadratic 
fields in detail later in this chapter. 

The case of function fields can also, to some extent be seen as a general- 
ization of this same principle. In fact, one can generate abelian extensions 
using an analog of the exponential function, which is given by Drinfeld 
modules of rank one. This case has been studied recently in the context of 
noncommutative geometry and quantum statistical mechanics in [172] and 
[104]. 

We concentrate now only on the Kronecker-Weber case, which is the 
one relevant to the Bost-Connes system. 

The Kronecker-Weber theorem can be seen as a consequence of class 
field theory, through the properties of the classical Artin homomorphism 

(3.129) . 

A modulus m is the datum of an integral ideal of the ring of integers 
Ck together with a subset of real places. More precisely, it is a product 
m = Y[ v vCv i where e v G N U {0} is almost everywhere zero, with e v G {0, 1} 
when v is a real Archimedean place and e v = for v a complex Archimedean 
place. One associates to a modulus m a corresponding ray class group 

(3.130) Cl m (0 K ) := Al/U m K m . 

It is obtained as follows: U m C is of the form U m = f\ v U m:V , where 

( O* e v = 

Um tV = < 1 + m^" e v > 0, m„ C O v max ideal 
y W + v real Archimedean place 

and we have A£J = {(a v ) £ A^| a v £ U m , v if e v > 0} and K m = Agfl K*. 
For m = 1, the ray class group is the usual class group Cl{0^). The ray 
class field can also be written as a quotient Cl m (0^) = I™jP m . The Artin 
reciprocity law shows that, given a finite abelian extension L of a number 
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field K, there exists a modulus m such that 

(3.131) Ker(# L/K ) = n L/K (I^)P m . 

The greatest common divisor of the moduli satisfying this property is called 
the conductor of L/K. Moreover, one can prove that if L is an abelian 
extension as above, with m a modulus satisfying (3.131) and E is a Galois 
extension of K with He/kC^e ) c n L/K(^L )-^m> then LcE. This then gives 
the Kronecker-Weber theorem: given an abelian extension L of Q, a mod- 
ulus m satisfying (3.131) can be written as n x oo, for some n G N. Take 
E = Q(Cn)- This satisfies 

n Q(Cn)/Q( J Q(C n )) c Ker (%C„)/Q) c "L/Q(^) p m = Ker(# L/Q ), 
which by the above implies L C Q(Cn)- For more details see [6], [175]. 

In the following treatment of the abelian class field theory of Q through 
the Bost-Connes system, we are going to use the identification Q ab = Q cycl . 
It is an important question to recover a complete proof of the Kronecker- 
Weber theorem in the context of quantum statistical mechanics. 

4.6. KMS states and class field theory. 

The main result of Bost-Connes [30] is the complete classification of 
KMS states for the system (A\, at) and the remarkable intertwining of Galois 
and symmetries actions on KMS states at zero-temperature. We review 
these results in this section. 

As we have seen in §4.5 above, for a number field K the class field theory 
isomorphism gives an identification (3.127) of the quotient Cr/^Dk of the 
group of idele classes Ck = GLi(Ak)/GLi(K) by the connected component 
of the identity with the abelianization of the absolute Galois group 

(3.132) Gal(K ab /K) = Gal(K/K) ab . 

In the case of K = Q the group Cq/Dq can be identified with Aq j/Q* + = 

Z*. 

As before, we let £ g denote the set of extremal KMS states at inverse 
temperature (3. Then we have the following result. 

Theorem 3.32. ([30]) For the system (Ai, at) described above, the struc- 
ture of KMS states is the following. 

• £g is a singleton for all < (3 < 1. This unique KMS state, 
restricted to the subalgebra Bq, takes values 

(3.133) M< a / b )) = f-p+i(b)/fi(b), where f k (b) = ^ n{d){b/d)\ 

d\b 

with fj, the Mobius function, and f\ is the Euler totient function as 
in (3.106). 
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• For 1 < (3 < oo, elements of Ep are indexed by the classes of 
invertible Q-lattices p G 7L* = GLq(Z), hence by the quotient 

(3.134) S p = GLi(Q)\GLi(A)/M; ~ 



Within the range of temperatures 1 < (3 < 00, the values of states 
^ £/3 on ^ e elements e(r) G £>q are given by polylogarithm 
functions evaluated at roots of unity, normalized by the Riemann 
zeta function, 

(3-135) <PpA<r)) = ^Li^C-)), 

where Li s (z) = J2^=i z n /n s . 

• The group GLi(Z) acts by automorphisms of the system (Ai,o~t). 
The induced action o/GLi(Z) on £p below critical temperature is 
free and transitive. 

• The extreme KMS states at zero-temperature have the property 
that 

(3.136) <p(Ai,q) C Q cycl , G Ep. 

Moreover, the class field theory isomorphism (3.127) intertwines 
the Galois action on values with the action of Z* by symmetries, 

(3.137) 7¥>(/) = ¥>(0 _1 (7)/), 

for all if ££00, for all 7 G Gal(Q c y cl /Q) and for all f G Ai,q. 

We can write more explicitly the formula for the unique KMS state above 
critical temperature as 

(3.138) ^{e{a/b)) = b-^ J] 

p prime, p\b 

and for the extremal KMS states below critical temperature as 

(3.139) vtMam = = ^E»-vc„v. 

where ir p is the representation of the algebra Ai on the Hilbert space H = 
£ 2 (N) given by 

(3.140) vr p (^ n )e m = e nm , vr p (e(a/6))e m = p((™/ b )e m , 

where p G 7L* determines an embedding in C of the cyclotomic field 
generated by the abstract roots of unity. The Hamiltonian H implementing 
the time evolution in this representation is clearly of the form 

(3.141) He m = log(m) e m , 
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so that one sees easily that the partition function is given by the Riemann 
zeta function, 

oo 

(3.142) Z{P) = Tr(e-" H ) = £ = C(/3). 

n=l 

This has a pole at (3 = 1, where the phase transition occurs. 

At zero-temperature, one finds that the values of extremal KMS states on 
elements of the rational subalgebra A^q are algebraic numbers. This implies 
that it is possible to act on these values of KMS states with elements in the 
Galois group Gal(Q/Q). What is especially remarkable is the fact that the 
composition 70^ obtained in this way, for 7 € Gal(Q/Q) extends from 
a linear functional on Aiq to a state on the C*-algebra Ai- In fact, by 
the intertwining property (3.137), one knows that the state obtained in this 
way is the same as the state <p o 6~ l {^) obtained by the induced action on 
£oo of the group of symmetries Z* of the quantum statistical mechanical 
system (.4i,cr t ). What seems "unreasonable" in this property is the fact 
that, although elements 7 G Gal(Q/Q) extend to automorphisms of C, these 
are extremely discontinuous and not even Lebesgue measurable (except for 
z z), and certainly cannot be expected to preserve positivity. 

The BC system can be thought of as a quantum statistical mechanical 
realization of the explicit class field theory of Q. We discuss in §4.7 below 
how this point of view may help in approaching the more general Hilbert 
12th problem of explicit class field theory for other number fields. 

4.7. The class field theory problem: algebras and fields. 

The presentation of Q ab = Q cycl is given by the cyclotomic theory, while 
our rational algebra Ai,q is simply the group ring of Q/Z with coefficients 
in Q. We can use this to obtain a presentation of Q cycl which does not use 
any direct reference to field extensions in the following way (cf. [91]). 

Let H = Q/Z be the additive group given by the quotient of Q by Z C Q. 
Consider the inclusion of algebras 

(3.143) Q[H] C C*(H) 

and let J C C*(H) be the ideal generated by the idempotents 

(3.144) vr m = - V u(r), 

rati , m r= 

where m > 1 and the u{r) form the canonical basis of Q[_H]. 

Proposition 3.33. With H and J as above, the following holds. 
(1) The quotient 

(3.145) ®[H]/(®[H] n J) 

is a field which is isomorphic to Q cycl = Q ab . 
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(2) Q[H] H J is equal to the ideal generated by the ix m in Q[iS]. 

Proof. (1) We use the identification of the group Z with the Pontrjagin 
dual of H given by the pairing (3.53) and the corresponding isomorphism 
of algebras C*(Q/Z) ~ C(Z). It is given explicitly by 

(3.146) u(r)(a) = (r,a) = e(ro) , Va G Z . 

Under this identification, the ideal J corresponds to the ideal of functions 
that vanish on the closed subset 

Z* C z. 

The quotient map C*(H) — > C*(H)/J is just the restriction map 

(3.147) / G C(Z) ^ . 

Indeed, first notice that the restriction of 7r m to Z* vanishes since the sum 
of all roots of unity of order m is zero. This shows that J is contained 
in the kernel of the restriction map (3.147). Moreover, a character of the 
(7*-algebra C*(H)/J is given by a point a G Z on which all elements of J 
vanish. However, if a ^ Z*, then there exists m > 1 such that a G mZ and 
one gets 7r m (a) = 1/0. 

The multiplicative group G = Z* acts by multiplication on both A^/Z = 
-ff and on Z and these actions are compatible with the pairing 

(gr,x) = (r,gx), 

and therefore with the isomorphism C(Z) ~ C*(Q/Z) and with the actions 
of G by automorphisms 

GcAutC*(H), GcAutC(Z). 

The group G is also identified with the Galois group of the cyclotomic 
field, i.e. the subfield Q cyc C C generated by all the roots of unity of all 
orders. For any element v G Z* C Z, let ip v denote the evaluation map 
tp v : C(Z) — > C, with y„(/) = /(u). These maps fulfill the condition 

(3.148) g(Mf)) = Mg(f)) = <M/)- 

for all g G G and for all / G Q[i2], where we use the inclusion (3.143) and 
the identification C(Z) ~ C*(Q/Z). 

Thus, the restriction of / G Q[i?] to Z* C Z is determined by the single 
field element fi(f) G Q cycl . The restriction map (3.147) then induces an 
isomorphism 

(3.149) Q[H]/(Q[H] nJ)^ Q cycl . 

(2) Let Jo be the ideal generated by the ir m in Q[i2]. Using (3.149) and 
Jo C J it is enough to show that, for $ n the n-th cyclotomic polynomial (cf. 
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[228]), one has & n (u(l/n)) G Jo- When n is prime one has & n (u(l/n)) = 
nir n . In general, if we let 

fc-i 

(3.150) a k (x) = J2 xj ' 

3=0 

then the polynomial <£ ra is the g.c.d. of the polynomials a m (x d ), where m > 1 
divides n and d = n/m. For x = u(l/n), and n = md one has 

m— 1 

cr m (x d ) = ^2 u(j/m) = m Ti m G Jo 
j=o 

Thus, we obtain $ n (it(l/n)) G Jo as required. □ 

Corollary 3.34. Let f G C(Z*) 6e a continuous function. Then for 
any e > i/iere exists £, r] G Q cycl stic/i i/iai 

\f(g)-g(0-ig(v)\<e, v 9 ec. 

Proof. The subalgebra B Q (i) = Q[H] + »Q[fl] C C*(H) is norm dense 
by construction. Thus its image under the restriction map (3.147) is norm 
dense in C(Z*) and one can approximate / by an element in the image of 
Bq(i) = Q[H] + iQ[H]. The image of an element h G Q[H] is given by the 
function 

where ^ = fi(h) G Q cycl . Thus one gets the required approximation. □ 

In particular the function of g G G given by |g(£) + ig(rj)\ is largely 
arbitrary. One can give another direct proof of Corollary 3.34 using for each 
integer n the density of the field Q[Cn] of primitive n-th roots of 1 in the 
product of its completions at the Archimedean places. 

All the KMSqo states vanish on the ideal J of Proposition 3.33. In 
fact ip(ir n ) = ip(fi n Hn) = f° r an y KMS/3 state tp. Thus, according to 
Proposition 3.33, the transition from the algebra Q[H] to the field Q cycl is 
obtained in the limit of zero-temperature. The extremal KMSoo states then 
give the various embeddings of Q cycl in C. 

The notion of extremal KMSoo state is a generalization of the notion of 
character of a group and is a fecund source of transcendental functions. It is 
thus natural to try and extend the above description to that of the maximal 
abelian extension K ab of a number field EC. 

The first steps are: 

• Given a number field K, construct a quantum statistical mechanical 
system (Ak, ft) that has the right partition function (the Dedekind 
zeta function Ck(/3)) an d the right symmetries, which induce an 
action of C^/D^ on KMS states. 
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• Find an arithmetic subalgebra «4§f lthm which satisfies the intertwin- 
ing property 

<poa(f) = e(a)<p(f), 
between Galois action on values of extremal KMSqo states and sym- 
metries, through the class field theory isomorphism 9. 

• Compute the presentation of the algebra ^lg' lthm and the extremal 
KMSqo states in terms of their values on the arithmetic subalgebra 

A arithm 

The first step above has been recently obtained in the desired generality 
in [159], while the second step is still beyond reach at this time. In §8 
below we give a complete solution to this problem in the case of imaginary 
quadratic fields. The next case which is of crucial interest to number theory 
is the case of real quadratic fields, for which the possibility of an approach 
via noncommutative geometry was first proposed by Manin in [216], [217]. 



4.8. The Shimura variety of G m . 

We give a geometric interpretation of the BC system in terms of the sim- 
plest case of a Shimura variety. Shimura varieties constitute a very interest- 
ing class of arithmetic varieties that are moduli spaces for Hodge structures 
and for motives of abelian varieties (cf. e.g. [112], [200]). Such varieties are 
obtained as adelic quotients associated to data (G, X) of a reductive group 
G over Q and a left homogeneous space X under G(M), in the form 

(3.151) Sh(G, X) = G(Q)\(G(A QJ ) x X). 

In particular, in this chapter we discuss the simplest cases that correspond 
to the data (GLi,{±l» and (GL 2 ,IHI ± ), where = P^C) \ P^R). In the 
first case, as we argue in this section, <S7i(GLi, {±1}) is the classical space 
underlying the BC system, its set of "classical points". In fact, we are going 
to give an interpretation of the noncommutative space A\ as a noncommu- 
tative version <S7i nc (GLi, {±1}) obtained by adding to the classical space 
certain noncommutative boundary strata corresponding to degenerating the 
level structure, in the sense described below. Similarly, we will argue in §7.8 
that a similar construction associated to the Shimura variety Sh(GLi2, M.^) 
gives a geometric interpretation of the GL 2 generalization of the BC sys- 
tem of [86] as a noncommutative Sh nc (GL2,M ± ). This point of view was 
described in [90] and generalized to a larger class of Shimura varieties in 
[159], see §9 below. 

The Shimura variety associated to the data (GLi, {±1}) is given by the 
quotient 

(3.152) S7t(GLi, {±1}) = GL 1 (Q)\(GL 1 (A / ) x {±1}) = A}/Q;. 

It is naturally associated to the cyclotomic tower, namely the tower of va- 
rieties and finite (possibly branched) covering maps which has base V\ = 
SpecZ and coverings V n = SpecZ[£ n ], where Q n is a primitive n-th root of 



480 3. QUANTUM STATISTICAL MECHANICS AND GALOIS SYMMETRIES 



unity. The maps are given, for n\m, by the ring homomorphisms Z[£ n ] <^-> 
Z[Cm]- The group of deck transformations of the cyclotomic tower is the 
projective limit of the groups Auty 1 (Vn), which in this case gives 

(3.153) limGLi(Z/nZ) = GLi(Z). 

n 

We have the following set theoretic description of the set of commensu- 
rability classes of 1-dimensional Q-lattices up to scaling. 

Lemma 3.35. The set of commensurability classes of 1-dimensional Q- 
lattices up to scaling is given by the quotient 

(3.154) gli(q) wr; = gl 1 (q)\(Aq, / x {±i}) = a Qi/ /q;, 

where Aq := Aqj x R* is the set of adeles with nonzero Archimedean com- 
ponent. 

Proof. This follows from the description of the commensurability rela- 
tion as in Proposition 3.22, in terms of the partially defined action of on 
Z, where partially defined means that the action p ^ rp is only defined for 
pairs (r, p) G U\. Thus, the set of commensurability classes is described set 
theoretically by the quotient Z/Q^ of this partially defined action. Since 
Aqj = Z • Q* + , we can write the quotient Z/Q^ equivalently as the quotient 
Aof/Ol. ' □ 



The quotient (3.154) is not a good quotient in ordinary geometry, but its 
description as a noncommutative space gives the noncommutative crossed 
product algebra 

(3.155) C„(A/) x Q* + , 

which, as we have seen in (3.54), is Morita equivalent to the algebra Ai of 
the BC system. 

The quotient (3.154) with its noncommutative algebra of coordinates 

(3.155) can then be thought of as the noncommutative Shimura variety 

(3.156) S/i (nc) (GLi, {±1}) := GLi(Q)\(A/ x {±1}) = GLi( 



Moreover, the result of [30] on the low-temperature KMS states for the 
BC system shows that the set (3.134) of extremal KMS states at sufficiently 
low-temperature is identified with the classical Shimura variety 

(3.157) £oo = S7i(GLi, {±1}) = A}/Q* + . 

In the commutative case, evaluating states on a C*-algebra Cq(X) cor- 
responds to integrating with respect to some probability measure on the 
underlying space X. In particular, extremal states correspond to measures 
supported on points. Thus, in the noncommutative setting, when one is 
dealing with a system (A, at) the extremal KMS states provide a good pro- 
cedure for extracting a notion of "classical points" of a noncommutative 
space, which here, because of the presence of a nontrivial time evolution, 



4. 1-DIMENSIONAL Q-LATTICES 



481 



is dependent upon a thermodynamic parameter (3. Thus, in the case con- 
sidered here, one can argue that the extremal KMS states at sufficiently 
low-temperature identify the classical points Sh(GL±, {±1}) of the noncom- 
mutative space S7i.( nc )(GLi, {±1}). 

Remark 3.36. The set of commensurability classes of 1-dimensional Q- 
lattices can be described as the quotient 

(3.158) Ci ~ GLi(Q)\Aq ~ GLi(Q)\(Z x R*) 

where, in the second term, the action of GLi(Q) = Q* is only partially 
defined. One endows ZxM* with the restriction of the additive Haar measure 
on adeles and lets 

(3.159) N = L°°(Z x R*) x GLi(Q) 

be the associated type IIoo factor. We can use N to obtain a concrete 
realization of the type IIoo factor TV and the self-adjoint operator Z affiliated 
to N which were postulated in the construction of the spaces X z in Chapter 
1 §19.2. The semi-finite normal trace on N is given, viewing elements of 
N as functions on the groupoid GLi(Q) x (Z x R*) by 

(3.160) Tr N (f):= [ f(l,a)da. 

JZxR* 

We then define an unbounded element Z of N as the function, 

(3.161) Z(l,p,X)=X, and Z(r, p, A) = if r/1. 

One checks that (with a suitable normalization of da) the spectral measure 
of Z with respect to the trace Trjv fulfills (1.905) of Chapter 1 §19.2. 

4.9. QSM and QFT of 1-dimensional Q-lattices. 

The relation of commensurability on the space of 1-dimensional Q-lat- 
tices yields in fact two different noncommutative spaces related by a duality, 
which corresponds to passing from the quantum statistical mechanical sys- 
tem (Ai,at) to another quantum system obtained by taking the crossed 
product by the time evolution 

(3.162) Ai=Ai* tT R. 

We will describe in Chapter IV in a more general setting this duality pro- 
cedure, which corresponds to the reduction from type III to type II factors 
introduced by Connes in [63] . Here we make some remarks on the properties 
of these dual spaces in the case of the BC system. 

The system (Ai,crt) 1S of quantum statistical mechanical nature, while 
we argue here that the dual system Ai is in fact quantum field theoretic 
and it corresponds to the adele class space that we encountered already in 
Chapter II in relation to the zeros of the Riemann zeta function. 

As we have seen in the previous sections, the first system is obtained 
by considering the noncommutative algebra of coordinates parameterizing 
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commensurability classes of 1- dimensional Q-lattices up to scaling. On this 
algebra one has a time evolution at determined by the covolumes of com- 
mensurable lattices. Namely, the time evolution has eigenvalues given by 
the index of pairs of commensurable Q-lattices. The noncommutative space 
of commensurability classes of 1-dimensional Q-lattices up to scaling is de- 
scribed adelically by the quotient (3.156). The algebra of coordinates, which 
can be viewed as in [30] as the Hecke algebra for a quasi-normal pair of solv- 
able groups, has a regular representation that is of type IIIi (cf. (3.70) above 
and [30] ) and determines the time evolution of the system. This time evolu- 
tion has the set of log(p), with p a prime number, as set of basic frequencies, 
as we see from (3.141). 

There is a symmetry group acting on this quantum statistical mechan- 
ical system, in general by endomorphisms, though in the case of the 1- 
dimensional Q-lattices automorphisms suffice. It is this symmetry that is 
spontaneously broken at low-temperatures, where the system exhibits sev- 
eral distinct pure phases (extremal KMS states) parameterized by the arith- 
metic data (3.157). In this 1-dimensional case, the symmetry group is given 
by the idele class group modulo the identity component, and we have seen 
that one has a remarkable intertwining formula between the action of the 
Galois group Gal(Q ab /Q) on the values of KMSqo states on arithmetic ele- 
ments in the algebra and the action of symmetries of the system. 

We consider the dual of the GLi quantum statistical mechanical system 
(BC system), under the duality obtained by taking the crossed product by 
the time evolution. This corresponds to the space L\ of commensurability 
classes of 1-dimensional Q-lattices, not considered up to scaling. The space 
C\ is described geometrically as the total space of a principal W* + bundle, 
whose base space is the space C\/W + of commensurability classes of Q- 
lattices up to scaling. The total space C\ of the fibration has a natural 
scaling action of W + . This action plays a very important arithmetic role 
which was described at length in Chapter II. The space C\ can also be 
described adelically by the quotient C\ = Aq/Q*. 

The algebra A\ appears as the noncommutative algebra of coordinates of 
the quotient Ci/M*^_ of the space of commensurability classes of 1-dimensional 
Q-lattices by the commensurability relation. In fact, we have identified A\ 
with the groupoid C*-algebra C*(C/i/R+), cf. Proposition 3.23. The algebra 
A\ of the dual system (3.162) is associated to the commensurability relation 
on the space of 1-dimensional Q-lattices, this time not identified up to scal- 
ing. Namely, it is the noncommutative algebra of coordinates of the space 
C\ and it corresponds to the groupoid Q\. 

We have described in Chapter II the spectral realization of the zeros of 
the Riemann zeta function on the adele class space Aq/Q*, which generalizes 
the simpler model described at the beginning of Chapter II, given by the 
quantum mechanical system associated to the scaling action of W\_ on the 
phase space of the real line R. 
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Passing from the space C\ = Aq/Q* to the full adele class space Aq/Q* 
amounts to adding the highly singular point G K at the Archimedean 
component, which plays an important role in terms of its contribution to the 
trace formula of [71]. The adele class space Aq/Q* should be thought of as 
the configuration space for a quantum field theory, where the infinitely many 
degrees of freedom correspond to the places of Q, i.e. the prime numbers and 
the Archimedean place at infinity. The field configurations are given by the 
adeles, with the space Aq divided by the action of the gauge group GLi(Q). 

When one considers, as we discussed in Chapter II, only finitely many 
degrees of freedom (the semi-local case) and in particular only the place 
at infinity, then we have seen that the semiclassical approximation exhibits 
the main terms in the asymptotic formula for the number of zeros of the 
Riemann zeta function. The Lefschetz formula for the scaling action recovers 
the Riemann- Weil explicit formula as a semiclassical approximation. The 
difficulty in extending this calculation to the global case lies in the quantum 
field theoretic problem of passing to infinitely many degrees of freedom. 

As we have seen, the zeros of zeta appear as an absorption spectrum, 
namely as lacunae in a continuous spectrum, where the width of the ab- 
sorption lines depends on the presence of a cutoff. The full idele class group 
appears as symmetries of the system and L-functions with Grossencharakter 
replace the Riemann zeta function in nontrivial sectors. The log(p) appear 
as periods of the orbits of the scaling action on the quotient Aq/Q*. 

The properties of these dual systems are summarized in Table 1 . 



5. 2-dimensional Q-lattices 

We now describe an analog of the BC system based on commensurability 
classes of 2-dimensional Q-lattices. This system was introduced in [86]. 

Proposition 3.37. The set of 2-dimensional Q-lattices is identified with 
the quotient 

(3.163) r\(M 2 (Z) x GL+(R)), 

where T = SL/2(Z). The set of 2-dimensional Q-lattices up to scaling is 
identified with the quotient 

(3.164) r\(M 2 (Z) x H), 

with M the upper half plane. 

Given p £ M 2 (Z) and z £ H the Q-lattice up to scale associated to the 
pair (p, z) is given by 

(3.165) (A, 4>) = (A(Z + Zz), A(pi - zp 2 )), 
for any A G C*. 
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Quantum statistical mechanics 


Quantum field theory 


Commensurability classes 
of Q-lattices modulo scaling 


Commensurabilitv classes 
of Q-lattices 


A = C*(Q/Z) x N x 


A x CTt R 


Time evolution at 


Energy scaling U(X), Aeffj. 


{logp} as frequencies 


{logp} as periods of orbits 


Arithmetic rescaling p n 


Renormalization group flow fid^ 


Symmetry group Z* 
as Galois action on T = states 


Idele class group 
as gauge group 


System at zero-temperature 


GLi(Q)\GLi(Aq) 


System at critical temperature 
(Riemann's ( as partition function) 


Spectral realization 
(Zeros of £ as absorption spectrum) 


Type III! 


Type Hoc 



Table 1. Dual systems 



Proof. We use the basis {e\ = l,e 2 = — i} of C as a 2-dimensional 
R- vector space to let GL^~(R) act on C as R- linear transformations. Thus, 
for 

(3.166) 

a(xei + ye 2 ) = (ax + by)e\ + (cx + dy)e2, with a = ^ ^ G GL^(R), 
we define 

(3.167) A := Zei + Ze 2 = Z + iZ. 

We have an identification M 2 (Z) = Hom(Q 2 / z2 > Q 2 /Z 2 ). Equivalently with 
our choice of basis, we view an element p £ M 2 (Z) as a map 

(3.168) p : Q 2 /Z 2 QAq/Aq, p(a) = pi(a)ei + p 2 (a)e 2 . 
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Every 2-dimensional Q-lattice (A, <j)) can then be described by data 

(3.169) (A,0) = (a _1 Ao,a _1 p), 

for some a G GL^(M) and some p G M 2 (Z). The equality 

{a- 1 K Q ,a- 1 p) = (/?-%, /TV) 

holds if and only \i f3a~ l Aq = A$ and [3a~ l p = a. The first equality means 
that 7 = /3a" 1 G SL 2 (Z) and the second that a = 7/9. Thus (f3, a) = (7a, 7/9) 
and the space of 2-dimensional Q-lattices can be described as the quotient 
(3.163) by the diagonal action of T = SL 2 (Z). 

Under the identification (3.166) the action of A G C* by multiplication 
corresponds to the matrix: 

(3.170) \ = a + ibeC* ^ (® b ^ G GL+(R) 

and we identify C* as a subgroup of GL^"(]R) via this map. The action of 
C* by scaling on Q-lattices is given by 

(3.171) A(A, 4>) = (AA, \<j>) , VAgC* 

and this corresponds to the right multiplication of a by A -1 in (3.169), while 
p is left unchanged. Thus the set of 2-dimensional Q-lattices up to scaling 
is identified with the quotient 

(3.172) r\(M 2 (Z) x GL+(R)/C*) = r\(M 2 (Z) x H). 

More specifically, the group Gl4 (R) acts on the upper half plane EI by 
fractional transformations, 

(3.173) Va=(l J) G GL+(1) 

We identify the quotient GL2~(M)/C* with H via the map 

(3.174) a G GL+(M) ^ z = a(i) G H. 

This gives the required identification (3.164). 

Let us check (3.165). The right C*-coset associated to z = x + iy G H 



contains the matrix 



a = 
One has 



1 



G GL+(M). 



1 — x 
y 



which one can replace up to scale by 

1 — x 



9 



y 



One has g(ei) = e± = 1 and 5(e 2 ) = —xe\ + ye 2 = — z which gives the 
required answer. □ 



486 3. QUANTUM STATISTICAL MECHANICS AND GALOIS SYMMETRIES 



The commensurability relation on the space of 2- dimensional Q-lattices 
is implemented by a partially defined action of GL^~(Q). Namely, for g G 
Gl4(Q) and (A, <fi) = (a _1 A , a^p) such that gp G M 2 (Z), the Q-lattice 
(a~ 1 g~ 1 Ao,a~ 1 p) is commensurable to (A, (f>). Moreover, one can see as 
in the proof of Proposition 3.22 that all Q-lattices commensurable to a 
given (A, 0) are of this form. Thus, at the set theoretic level, the space 
of commensurability classes of 2-dimensional Q-lattices is the quotient of 
the space M 2 (Z) x GL^"(]R) by the partially defined action of GL^~(Q) given 
by 

(3.175) g(p, a) = {gp, go) if gp G M 2 (Z) . 

Note that the equivalence relation (p, a) ~ (gp,ga) generated by this par- 
tially defined action of GL^"(Q) is finer than the equivalence relation for 
the orbits of T. In this way the space of commensurability classes of 2- 
dimensional Q-lattices is a quotient of the space 

r\(M 2 (Z) x GL+(R)) 

of (3.163). We are going to describe this more precisely in terms of groupoids 
and noncommutative spaces in §5.2 below. 

5.1. Elliptic curves and Tate modules. 

We first give a geometric reinterpretation of the data of 2-dimensional 
Q-lattices and of commensurability in terms of elliptic curves and Tate mod- 
ules, following [91]. 

For an elliptic curve E = C/A let E[n] = ( 1 A)/A ~ A/nA be the 
n-torsion points of E. The -f-adic Tate module of E is defined as 

(3.176) T e E = lim E[£ n ] = A <g> Z e . 

n 

One can also define the total (or adelic) Tate module of E as 

(3.177) TE = lim E[n] = A <8> Z. 

n 

In terms of the torsion points E[n] = (-A)/A the map from E[n] to E[m] 
for n = md is given by a i— > da. Thus one has an equivalent description in 
terms of the torsion subgroup E tor of the elliptic curve: 

(3.178) TE = Hom(Q/Z, E tor ) . 

Given p G Hom(Q/Z, Et OI ) the corresponding element of TE is given by the 
(p(s))neN- 

Proposition 3.38. The data of a 2-dimensional Q-lattice up to scaling 
are equivalent to the data of an elliptic curve E, together with a pair of 
points £ = (£1,^2) in the total Tate module TE. Commensurability of 2- 
dimensional Q-lattices up to scale is then implemented by an isogeny of 
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the corresponding elliptic curves, with the elements £ and £' related via the 
induced map on the corresponding Tate modules. 

Proof. To a 2- dimensional Q-lattice (A, 4>) we first associate the elliptic 
curve E = C/A. The subgroup QA/A of E = C/A is the torsion subgroup 
E'tor of the elliptic curve. Thus, one can rewrite the map </> as a map Q 2 /Z 2 — > 
E'tor- By taking Hom(Q/Z, — ), we rewrite the map as a Z-linear map 

(3.179) ZffiZ^T£, 

that is, a choice of two elements (£i,£ 2 ) of the latter. Commensurability of 
Q-lattices up to scale is rephrased as the condition that the elliptic curves 
are isogenous and the points in the Tate module are related via the induced 
map. □ 

Thus we have obtained the equivalent description: 

Commensurability classes of Q-lattices up to scale 

-4=>- Isogeny classes of data (E, £1, £ 2 ). 

This corresponds to the following set theoretic description of the com- 
mensurability classes of 2-dimensional Q-lattices up to scaling. 

Proposition 3.39. The space of commensurability classes of 2-dimen- 
sional Q-lattices up to scaling is given by the quotient 

(3.180) GL+(Q)\(M 2 (A QJ ) x H). 

for the diagonal action o/GL^~(Q) given by (p,z) 1— > (gp,g(z)). 

PROOF. We already saw that the space £2 of commensurability classes of 
2-dimensional Q-lattices is the quotient of M 2 (Z) x GL^R) by the partially 
defined action of GL^~(Q) given by (3.175). The equality 

M 2 (A QJ ) = GL+(Q)M 2 (Z) 

shows that £ 2 can equivalently be described as the quotient 

(3.181) GL+(Q)\(M 2 (A QJ ) x GL+(R)). 

Modding out by the scaling action of C* one obtains (3.180). □ 

One can also prove Proposition 3.39 more geometrically using Propo- 
sition 3.38. Indeed, let us identify (Z © Z) © Q with Aqj © Aqj and 
T£©Q = (A©Z)©Q = A© Aqj. The data of Proposition 3.38 can 
be rephrased as isogeny classes of data (E, rj) of an elliptic curve together 
with an AQj-homomorphism 

(3.182) V : Aqj © Aqj -+ A © Aqj, 

The commensurability of Q-lattices corresponds to the equivalence (E, rf) ~ 
(E',r)') given by an isogeny g : E — > E' with rf = (g (8> 1) o 77. Thus, the 
equivalence classes are identified with the quotient of M 2 (Aqj) x Hf* 1 by the 
action of GL 2 (Q) given by (p,z) ^ (gp,g(z)). 
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5.2. Algebras and groupoids. 

We let Q2 denote the groupoid of the equivalence relation of commen- 
surability on the space of 2-dimensional Q-lattices. We have the following 
description, which is analogous to the 1-dimensional case. 

Consider first the groupoid Q2 defined as the set 

(3.183) g 2 = {(<?, p, a) £ GL+(Q) x M 2 (Z) x GL+(M) | gp G M 2 (Z)}, 

with space of units = M 2 (Z) x GL^(R), source and range maps 

s(g, p, a) = (p, a) and r(g, p, a) = (gp, get). The composition is given by 

(3.184) (g 1 ,p 1 ,a 1 ) o (g 2 ,p 2 ,a 2 ) = (gig 2 , P2, a 2 ), if {g2P2,92a 2 ) = 
For T = SL 2 (Z), there is an action of T x T on (3.183) of the form 

(3.185) (g,P,a) 1 ^ (7i5 , 7 2 _1 )72P,72a). 

We consider then the quotient of the groupoid (3.183) by the action (3.185) 
of r x r. 

(3.186) (r x T)\g 2 ~ T\GL+(Q) x r (M 2 (Z) x GL 2 (R)) . 

The space of units is T\(M 2 (Z) x GL^"(M)) and one checks that the above 
source and range maps pass to the quotient. In fact s(7i<77^~ 1 , ^ 2 p, 7 2 a) = 
J2s{g, p, a) and ^(7i57^ _1 , 72P, 72«) = 7i r(g, p, a). Given a composable pair 
(S,5') of elements in (r x r)\^ 2 , i.e. a pair such that s(S) = r(S'), one 
can lift it to a composable pair in Q 2 . Indeed, let 5 be the class of the 
{li91 2 l i I2P, 72«) and similarly for 5'. Then since (p,a) and (g'p',g'a') 
have the same class in T\(M 2 (Z) x GL^"(M)), one can choose 7 2 and j[ such 
that 

s(7i57 2 _1 ) 72P,72a) = r^g'j^ 1 , j' 2 p' , j' 2 a') . 

Moreover the ensuing equality 72a = 7 1 </a / shows that the only freedom 
left is to multiply both 72 and 7^ on the left by the same element 7 G V. It 
follows that the class of the composition of the lifted pair is well defined. It 
is given by 

r c7 / — 1 / / '— 1 / / / /\ 

° S = (7i57 2 7i5 7 2 . 72P , 7 2 « ) • 

This suffices to show that this composition law turns (r x T)\^ 2 into a 
groupoid. It is locally compact and etale by construction. 

Proposition 3.40. The following is an isomorphism of locally compact 
etale groupoids between (T x T)\^ 2 and Q2 

(3.187) 7(5, P, a) = {(a^g- 1 A , a _1 p), (a _1 A , a^p)). 
for Ao as in (3.167). 

PROOF. The argument is analogous to the proof of Proposition 3.22, 
using the result of Proposition 3.37. □ 
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One can consider the associated convolution algebra C*{G 2 )- Notice 
that in this case, this is not a unital algebra since the space of units is not 
compact. A function on Q2 can be viewed as a V x T-invariant function on 
Q2. The convolution product is then of the form 

(3.188) /1 * f 2 (g, p, a) = ^ high' 1 ,hp,ha)f 2 {h, p,a), 

her\Gh+(Q):hpeM 2 (z) 

where the pair ((gh" 1 , hp, ha), (h, p, a)) is composable in G2 by construction. 
Note that the freedom of left multiplication of h by an element of T given 
by the choice of the lift from Q2 to Q2 is taken care of by the summation on 
the coset space T\GL^(Q). This is possible because of the V x T-invariance 
of the functions fj. One checks that fi * f 2 is also T x T-invariant. 

Things differ from the 1-dimensional case when we consider the effect 
on Q2 of the scaling action, namely we consider the quotient 

(3.189) U 2 :=G2/C*. 

In fact, the scaling action of C* does preserve the commensurability relation, 
but in the resulting quotient (3.189) it is no longer possible to get a groupoid 
law from the groupoid law in Q2. The reason is the presence of lattices with 
nontrivial automorphisms, so that the scaling action of C* is not free on the 
units Q^' '• This creates an ambiguity in the composition law as follows: 

Remark 3.41. The composition law in the quotient Q2/C* is not well 
defined: composable lifts of a composable pair (5, 5') can yield inequivalent 
results. 

Proof. This can be seen by looking at the following simple case. Con- 
sider the Q-lattices given by 

(3.190) (A,0) = (Z + 2iZ,0), (A', <f/) = (Z + iZ,0). 
They are commensurable. The composition 

((A,^,(A',^))o((A',0O,(A») 

in the groupoid G2 is the unit ((A, <j>), (A, 0)). In the groupoid G2 we can 
also consider the composition 

(A(A,0),A(A',^))o((A / ,^),(A,<A)), 

for A = i £ C* , since for the data (3.190) we have (f> = <j)' = and iA' = A', so 
that i(A',4>') = (A', 4>'). This composition is not a unit in G2, since i(A,4>) / 
(A,4>). Moreover even after division by C* one gets that ((A, 0), (A, </>)) is 
not equivalent to (i(A, 0), (A, (f>)). But these correspond to compositions of 
composable lifts of the pair (6, 5 1 ) given by the class modulo C* of 

5=((A,0),(A,0')), 5' = ((A',0'),(A,0)) 



□ 
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Thus, the groupoid structure does not pass to the quotient Q2/C*, be- 
cause of the presence of lattices (like the one corresponding to the point 
z = i £ H) that have nontrivial automorphisms. 

However, even though Q2/C* is not a groupoid, we can still associate to 
this quotient by scaling a convolution algebra obtained from the groupoid 
algebra of Q2, using the convolution product (3.188) on functions f(g,p,a) 
that are invariant under the T xT action (3.185). The convolution product 

(3.191) fi*f2(g,p,a)= f 1 (gs- 1 ,sp,sa)f 2 (s,p,a), 

ser\GL+(Q):speM 2 (Z) 

and the involution which is of the form f*(g,p,a) = f(g~ 1 ,gp,ga) will be 
applied to functions which are no longer of compact support in the groupoid 
Q2 but which are invariant under the scaling action of C*. As in the 1- 
dimensional case, we say that a function f(g, p, a) is homogeneous of weight 
k with respect to the scaling action of C* if it has the property that 

(3.192) f(g,p, a \) = \ k f(g,p,a), VA G C*, 

where on the left hand side A G C* is regarded as an element in GL 2 (M) via 
the map (3.170). 

We then define the convolution algebra of the quotient U2 = G2/C* by 
restricting the convolution product (3.191) to weight zero functions on Q2. 
The associativity of the product follows as long as we check that the sums 
involved in (3.191) are finite. To ensure that this is the case we need to 
define a suitable notion of function with compact support on W 2 . Note that 
the action 

(3.193) (g,P,z) h-» (7107J 1 , I2p,l2{z)), 

of r x r on 

(3.194) U 2 = {(g, p, z) £ GL+(Q) x M 2 (Z) x H : gp £ M 2 (Z)} 

is still proper since the action of T = SL 2 (Z) on the upper half plane H is 
the usual one by fractional linear transformation and is proper. Thus the 
quotient 

(3.195) U 2 = (r x T)\U 2 

is a locally compact space. 

We let A C {U.2) be the algebra of functions with compact support on U2 
with the convolution product given as above by 

(3.196) fx* f 2 (g,p,z) = fi(gs~ 1 ,sp,s(z))f 2 (s,p,z), 

ser\GL+(Q):speM 2 (Z) 

and the involution by f*(g,p,z) = f{g~ l ,gp,g{z)). 

By construction functions / G A C {U2) are functions f(g,p,z) on U2 
satisfying 

(3.197) / (73, p, z) = f(g, p, z), f(gj, p, z) = f{g, jp, 7(3)), 
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for all 7 G T and all (g, p, z) G W 2 . We can encode / by the functions / 9 on 
M 2 (Z) x H denned by f g (p,z) = f(g,p,z). By (3.197) f g only depends on 
the left coset of g G r\GL^(Q). Moreover 

(3.198) /n(P.2) = /s(7ft7W)- 

This shows that / is uniquely determined by the f g on a set of representatives 
for the double coset space r\GL^(Q)/r. Moreover the compactness of the 
support of / € A C (U2) implies that the support of / is finite in r\GL^~(Q) /V 
and since the inclusion T C GL^(Q) fulfills the commensurability condition 
(3.62) it follows that the support of / is finite in T\GL^(Q). This shows 
that the sum involved in (3.196) is finite and also allows one to check that 
the convolution product belongs to .A C (W 2 ). In fact, let us introduce the 
following notation for functions / on M 2 (Z) x H: 
(3.199) 

(f\s)(p, z) = f(sp, s(z)) for sp G M 2 (Z) and (f\s)(p, z) = for sp £ M 2 (Z) . 
We can then write the convolution product in terms of the functions f g as 

(3.200) (/*/% = £ fasti's 

ser\GL+(Q) 

The map g i— > f g has finite support in T\GL^(Q) and the functions f g 
themselves are invariant under a congruence subgroup. 

Lemma 3.42. Elements f G «4. C (W 2 ) Ziawe i/te property that the function 
f g defined by f g (p,z) = f(g,p,z) depends on (p,z) only through the orbit of 
(p, z) under the congruence subgroup V n g~ 1 Tg. 

Proof. One has for 7 G T and 7' = g^g~ l G T, 

fg(lP,l(z)) = f(g,lP,l(z)) = f(91,P,z) 

= fil'g, P, z) = f{g, p, z) = f g (p, z) . 

□ 

We now define representations Tr y of .A c (£/ 2 ) associated to elements y G 
M 2 (Z) x H as follows. We let, for y = (p, z), 

(3.201) G y := {g G GL+(Q) : gp G M 2 (Z)}. 

We note that in (3.196) the value of f\ * f-2,{g,p,z) depends on / 2 only 
through its restriction to the {(s,p,z) , s G Gy}. Thus the following defines 
a representation -K y of .A C (£Y 2 ) on the Hilbert space £ 2 (T\G y ), 

(3.202) ( % (/)0(#):= J] Hgh^^hizMh), V 5 G G„ 

/ier\G y 

for all left T-invariant functions £ on Gy. 
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Definition 3.43. The C* -algebra A2 is obtained as the norm completion 
of the convolution algebra A C (U2) with respect to the norm 

(3.203) 11/11 := sup || % (/)||. 

y 

The compactness of the support of / ensures that the supremum in 
(3.203) is finite. 

Since r\(M 2 (Z) x H) is only locally compact but not compact, the func- 
tion 

f(g, P, z) = 1 for g G T and f(g, p, z) = for g £ T, 

which would be the unit, does not have compact support and the algebra 
A2 is non-unital. 

The construction of the representations ir y of the algebra A C {U2) corre- 
sponds to the general construction described in §4 of the representation of 
the convolution algebra of the etale groupoid associated to an equivalence 
relation with countable orbits. To each equivalence class c one associates the 
natural action by left convolution in the Hilbert space i 2 (c). In our case the 
equivalence relation is that of commensurability on the space of Q-lattices 
up to scale, which we identify with r\(M 2 (Z) x H) by Proposition 3.37 and 
(3.165). We let p be the quotient map 

p r : M 2 (Z) xl-t r\(M 2 (Z) x H). 

For x G r\(M 2 (Z) x H) let c(x) denote the commensurability class of the 
Q-lattice up to scale determined by x. 

Lemma 3.44. Let y = (p, z) G M 2 (Z) x H be an element in the preimage 
of x under p. The map 

G y 3g^pr(gy)er\(M 2 (Z)xU) 

is a surjection from T\G y to c(x). 

PROOF. Indeed the commensurability classes are the orbits under the 
partial action of GL^ (Q). □ 

In general the above map need not be an injection. For instance injec- 
tivity fails in the case of an element y = (0, z) where z 6 EI is a complex 
multiplication point. This can be seen by the following result. 

Lemma 3.45. Suppose given g G GL^(Q), g ^ 1. Then any element 
y = (p, z) G M 2 (Z) x M satisfying gy = y has p = 0. Moreover, the element 
g G GL^Q) satisfying gy = y is contained in the subgroup Q* C GL^(Q), 
unless z G H is a complex multiplication point, in which case g G K*, where 
EC is the imaginary quadratic field K = Q(z) and K* is embedded in GL^(Q) 
by the choice of the basis {z, 1} of K over Q. 
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Proof. To prove the first statement it is enough to show that given 
g G GL^(Q), g / 1 with g(z) = z for some z € EI one has det(g — 1) / 0. 
Then one has g — 1 G GL2(Q) and gp = p can be rewritten as (g — l)p = 
which implies p = 0. We write the element g 6 GL^ (Q) as 

(3.204) ,_(«»). 

The equation = z means + 6 = z(cz + d). If c 7^ this implies 
that z is an imaginary quadratic number, a solution of P(z) = where 
P(z) = cz 2 + (d — a)z — b. Then multiplication by cz + d <E K = Q(z), 
expressed with respect to the basis {z, 1}, is given by the transpose of the 
matrix g. Thus the eigenvalues of g are the czj + d where the Zj are the 
roots of P. In particular 1 is not an eigenvalue of g, so that det(<? — 1)^0. 

In the case c = 0, the equation g(z) = z implies a = d and 6 = 0, which 
gives that g sits in the diagonal subgroup Q* C GL^"(Q). Since g 7^ 1, one 
has det(g - 1) = (a - l) 2 / 0. " □ 

This phenomenon of lack of injectivity of the map F\G y — > c{p{y)) 
is similar to the phenomenon of presence of holonomy in the context of 
foliations. As in that context, we use the Hilbert space £ 2 (T\G y ) instead of 
£ 2 (c(p(y))) to construct the representation ir y . 

5.3. Time evolution and regular representation. 

As in the 1-dimensional case, the algebra Ai of commensurability classes 
of 2-dimensional Q-lattices up to scale has a natural time evolution, induced 
by the ratio of covolumes of pairs of commensurable Q-lattices. In terms of 
the description of the algebra A2 as a convolution algebra of functions on 
U2 as in (3.196), the time evolution is given by the one-parameter group of 
automorphisms c^, 

(3.205) cr t (f)(g, p, z) = det(gff(g, p, z). 

Equivalently, if ((A, tf>), (A', tf>')) is the pair of commensurable Q-lattices cor- 
responding to the data (g,p,z) under the map (3.187), one has 

(3.206) det(g) = Covol(A')/Covol(A). 

which is the extension of (3.58) (using (3.57)) to the two-dimensional case. 

We now construct the regular representation of the algebra A2 as the 
action of the algebra A2 by left convolution operators on the Hilbert space 
L 2 (U2,dv) for the measure dv defined as follows. By construction U2 is 
the quotient (r x T)\U2 (cf. (3.195)). Since the action of T x T is proper, 
an invariant measure du on U2 uniquely determines a measure dv on the 
quotient whose pull-back gives du. 

We let du be the measure on U 2 = {(#, P, z) £ GL^"(Q) x M 2 (Z) x H : 
gp G M2(Z)} which is the product of the counting measure on GL^ (Q) by 
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the measure 

(3.207) dp(y) = dpx dp m (z), 
on M 2 (Z) x H, where 

(3.208) dp = JJdpy, 

is the normalized Haar measure on the additive compact group M 2 (Z), i.e. 
the product of the additive Haar measures on the column vectors, and 
dpm(z) is given by the Riemannian volume form on H for the Poincare 
metric, normalized so that /it(r\H) = 1. 

We denote by M the von Neumann algebra generated by A2 in the 
regular representation given by the action of A2 by left convolution operators 
on the Hilbert space L 2 (U2, dv). 

Proposition 3.46. The von Neumann algebra M admits the following 
cyclic and separating vector £ ; 

(3.209) £(g,p,z) = 0, forg^T, and £(g, p, z) = 1 , Vg € T . 

Let at be the time evolution of (3.205). Then the one-parameter group 
of automorphisms U2t is the restriction to the C* -algebra A2 of the modular 
automorphism group of M relative to £. 

The linear functional 

(3.210) ¥>(/)= / f(l,p,z)dp(p,z), 

ir\(M 2 (z)xi) 

on the C* -algebra A2 is a KMS2 state for the time evolution a t of (3.205). 

Proof. As a measure space, the space r\(M 2 (Z) x H) with the quotient 
of the measure dp of (3.207) is the total space of a bundle with base r\H 
and fiber the measure space M 2 (Z)/{±1} with the probability measure dp, 
hence the total mass is 

/ dp(p,z) = l. 

ir\(M 2 (z)xi) 

Thus the function £ is square integrable. This function is a unit for the 
convolution product (3.196) and this shows that £ is a cyclic vector for the 
actions of A C (U2) by left and by right convolution. This suffices to show 
that £ is cyclic and separating for M since the action of A C {U2) by right 
convolution is contained in the commutant of M. 
The state (3.210) satisfies 

¥>(/**/) = 

(3.211) 

Jr\(M 2 (z)xH) X^ e r\GL+(Q) :hp£M 2 (±) -^(^ Pi z )f( h , p, z)d/x(p, z), 

for all / G A2- This shows that the Hilbert space 7~t((f) of the GNS repre- 
sentation is the Hilbert space of the regular representation. 
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It is thus enough to prove that the state (3.210) satisfies the KMS con- 
dition at inverse temperature (3=2. Since the measure dp is the product of 
the additive Haar measures on the columns as in (3.208), it transforms as 

(3.212) d{gp) = (det g y 2 dp, V<? G GL+(Q). 

In fact, (3.212) implies that one has 

^ Jr\(M 2 (z)xH) X^ e r\GL+(Q) a (^' P> z )d{p, z ) = 

Jr\(M 2 (z)xH) Sfce r\GL+(Q) a ( fc \kp,k(z))(detk) 2 d(p,z), 
for all compactly supported continuous functions a on 

T\GL+(Q) x r (M 2 (Z) x H). 

We now consider, for two given elements /i,/2 G A2, a corresponding 
function a as above, with the property that 

(3.214) a(h,p,z) = /i(/ i - 1 ,V,/i(z))/ 2 (/ l , / 9,z)(det/ l ) 1 *- 2 

if the condition hp G M 2 (Z) is satisfied, and a(h,p,z) = otherwise. The 
left hand side of (3.213) is then equal to ^(/i cr t+2i(/2)) ) while the right hand 
side gives <p(crt(f2)fi)- Thus, (3.214) gives the desired KMS 2 condition in 
the form 

(3.215) ¥>(/i<7 t+2i (/ 2 )) = ¥>M/ 2 )/i). 

This completes the proof. □ 



5.4. Symmetries. 

We now describe the natural symmetry group of the quantum statistical 
mechanical system («4 2 ,cr t ) described above. 
Consider the adelic group 

(3.216) GL 2 (Aq ;/ ) = J]GL 2 (Q p ), 

res 

where in the restricted product the p-component is in GL 2 (Z p ) for all but 
finitely many places p. Any element of the group GL 2 (Aqj) can be written 
as a product gp where g G GL^Q) and p G GL 2 (Z). Thus, as subsets of 
GL 2 (Aqj), one has 

(3.217) GL+(Q)GL 2 (Z) = GL 2 (A Q)/ ). 

This decomposition is not unique and the intersection of the two subgroups 
is GL+(Q) n GL 2 (Z) = SL(2,Z). 

The group GL 2 (Z) admits a right action on 2-dimensional Q-lattices 
given by 

(3.218) (A,0)T = (A,0o 7 ), V 7 GGL 2 (Z), 
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i.e. precomposing the map <f> : Q 2 /Z 2 — ► QA/A by 7 G GL2(Z) viewed as 
an invertible morphism 7 : Q 2 /Z 2 — > Q 2 /Z 2 . By construction, this action 
preserves the commensurability relation, i.e. 

(A, 0) ~ (A', 0') ^ (A, o 7) ~ (A', ^07). 

Lemma 3.47. The action (3.218) induces the following action o/GL2(Z) 
by automorphisms on the algebra Ai'- 

(3.219) # 7 (f)(9,P,z) = f(9,m,z), V/Gi 2l V 7 eGL 2 (Z). 
The action (3.219) is compatible with the time evolution. 

Proof. The action (3.218) can be written equivalently as (p, z) ^ 
(p7, 2), for (p,z) G M 2 (Z) x H. This action commutes with the partially 
defined left action of GL^Q), so it defines automorphisms of the algebra 
A.2 as in (3.219). These clearly satisfy 

(3.220) tf 7l tf 72 = tf 7l72 , V 7 i, 72 G GL 2 (Z). 

The compatibility with the time evolution is evident in (3.218), since the 
action on a pair of commensurable Q-lattices preserves the value of the ratio 
of their covolumes. □ 

We use the notation 

(3.221) [q] := (jj °) , \/q G Q* 

Remark 3.48. Note that the element [—1] acts trivially, #[-1] = 1, since 
it belongs to the center ofV. 

The action by automorphisms of GL 2 (Z) parallels the analogous action 
by automorphisms of the BC system by the group GLi(Z). However, unlike 
the 1-dimensional case, in the system (A2, &t) of commensurability classes of 
2-dimensional Q-lattices we encounter also important symmetries that are 
not given by automorphisms. These account for the GL^Q) part of the 
group GL2(Aqj). Instead of describing separately the action of GL^(Q) 
and then checking the compatibility with the decomposition (3.217) we shall 
define directly an action by endomorphisms of the semigroup 

(3.222) E = M 2 (Z) n GL 2 (Aqj) 

Its relation with the group of symmetries Q+\GL 2 (Aqj) which will be shown 
to act on KMS states is given by: 

Proposition 3.49. Let G be a group and h a semigroup morphism from 
E to G such that h([n]) = 1 for all n G N, which corresponds to the diagonal 
embedding N C M 2 (Z) n GL 2 (Aqj). 

Then there exists a unique extension of h to a homomorphism h from 

q;\gl 2 (a Qi/ )^g. 
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Proof. Let us consider the natural homomorphism 

i : S = M 2 (Z) n GL 2 (A Q>/ ) Q;\GL 2 (A Q)/ ) . 

Using (3.217) one gets that i is surjective, since any element of GL^(Q) 
belongs to [n] _1 M^"(Z) for some n G N while GL 2 (Z) C E. By construction 
one has t([n]) = 1 for all n G N. Moreover for a, 6 G E one has 

(3.223) t(a) = t(6) 44> 3 n j G N such that [m] a = [n 2 ] 6 . 

Indeed, i[a) = t(6) means that there exist two elements qj G Q+ with 
[<7i] a = [q2\ b and chasing the denominators gives the required result. Thus 
Q1\GL 2 (Aqj) is the quotient semigroup of E by the equivalence relation 
defined by (3.223). This gives the existence of the extension h and its unique- 
ness comes from the surjectivity of i. □ 

Let us now construct the action of E by endomorphisms of *4 2 . Notice 
first that we can express the algebra Ai as the reduction by a projection of 
the convolution algebra of T x T-invariant functions on 

W 2 = GL+(Q) x M 2 (A QJ ) x H. 

We achieve this by extending elements / G A2 by zero on those (g, p, z) 
where either p ^ M 2 (Z) or gp M 2 (Z). Then we can rewrite the convolution 
product (3.196) in the simpler form 

(3.224) fi*f2(9,P,z)= Yl fi(gs-\sp,s(z))f 2 (s,p,z). 

ser\GL+(Q) 

This formula defines the convolution product in the algebra B = «4 C (W 2 ), 
where W 2 is the locally compact space obtained as the quotient 

(3.225) w 2 = (r x r)\w 2 • 

Let e be the idempotent multiplier given by the (r x T)-invariant function: 

'l if g G r and p G M 2 (Z) 
otherwise. 

The algebra -4 c (£/ 2 ) is the reduction eBe of B = A C (W2) by the projection 
e. Any automorphism 9 G Aut(£?) such that 9(e) < e defines by restriction 
an endomorphism of *4 c (Z// 2 ). Moreover the map 

(3.227) 9 G Aut(B) , 9(e) < e ^ 9\ eBe 

is a homomorphism from the semigroup {9 G Aut(B) , 9(e) < e} to the 
endomorphisms of eBe. Exactly as in Lemma 3.47 one gets 

Lemma 3.50. The following defines an action o/GL 2 (Aqj) by automor- 
phisms of B, 

(3.228) 9, / (f)(g,p,z)=f(g, P1 ,z), V/ G B, V 7 € GL 2 (A Qi/ ). 
Let 7 G GL 2 (A Qi/ ). If-/- 1 G M 2 (Z) one has 7 (e) < e. 



(3.226) e(g,p,z) 
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Proof. The proof of the first statement is as in Lemma 3.47. One has 

1 if g G T and p 7 G M 2 (Z) 
otherwise. 



f (e)(g,p, z) 



but p7 G M 2 (Z) implies that p G M 2 (Z) since G M 2 (Z). Thus, one 
obtains 9 1 {e) < e. □ 

Consider now elements m G M 2 (Z) n GL 2 (Aqj). For m G GL 2 (Aqj) 
we have 

(3.229) det(m) G GLi(A Q)/ ) = Q* + x GLi(Z) , 

where the right hand side is the product of the corresponding groups. We de- 
note by detQ(m) the component of det(m). For m G M 2 (Z)nGL 2 (AQj) 
this component satisfies detq)(m) G N = Z>o, since it belongs to n Z. 

Lemma 3.51. The map v(m) := mdetQ(m) -1 is a semigroup homomor- 
phism from E to 

{7 G GL 2 (A QJ ) , 7- 1 G M 2 (Z)}. 

PROOF. The map m ^ detQ(m) is a homomorphism from E to the 
center of GL 2 (Aqj) (we omit for simplicity the brackets, i.e. the map n ^ 
[n]). This shows that v is a semigroup homomorphism. It remains to show 
that for m G E one has i/(m) _1 G M 2 (Z), i.e. that (m detQ(m) _1 ) _1 belongs 
to M 2 (Z). In fact, we have 

(3.230) m := m _1 detQ(m) G M 2 (Z) , Vm G E . 

Indeed, we have m = m _1 detQ>(m) = m _1 det(m)a, for some a G GLi(Z), 
while to -1 det(m) G M 2 (Z), since it is given by the matrix 



m 1 det(m) = ( ^ ^ J for m = f a ^ 



□ 



Proposition 3.52. TTie equality 
(3.231) ^m = ^ (m) U 2 

defines an action of E 6t/ endomorphisms of the algebra A2 such that 
(3.232) 

/(<7, / omdet ( Q(m) _1 , z) if /wndetQ^m) -1 G M 2 (Z) 
#m(f)(g,P,z) = I and 5 pmdet Q (m)- 1 G M 2 (Z) 

otherwise. 

V 

Proof. Combining Lemma 3.51 and 3.50 with (3.227) gives that (3.231) 
defines an action of E by endomorphisms of the reduced algebra eBe and 
hence of Ai- The equality 3.232 follows from (3.228) since elements / G A2 
are extended by zero on those (g,p,z) where either p £ M 2 (Z) or gp ^ 
M 2 (Z). □ 
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By construction $ m is an isomorphism with the reduced algebra by the 
projection v ( m )(e)- We let R m be the range of right multiplication by rh on 
M 2 (Z). The condition prrT 1 G M 2 (Z) is equivalent to p G M 2 (Z)m = i? m . 
By construction i? m is an open and closed subset of M 2 (Z) which is invariant 
under left multiplication by V. We can thus write explicitly 0j,( m )(e) as the 
function 

f o sgr 

(3.233) ^( m )(e)(5,P,^)= 1 . . 

where l# m is the characteristic function of R m C M 2 (Z). We let 

(3.234) e m{z2) (p, z) = l Rm (p) , V(p, z) G T\(M 2 (Z) x H) . 
It is the characteristic function of 

T\(R m xi) cr\(M 2 (Z) xH). 

Equivalently, this is the characteristic function of the subset of Q-lattices of 
the form (A, <fr o rh). 

To understand the O v i m \{e) and the e m r%2\, we can use the decomposition 
(3.217) to reduce to the case of m £ M 2 +(Z), where M 2 + (Z) is the semigroup 
of integral matrices with positive determinant. In fact, for m G S, we can 
write m = moao for uiq G M 2 + (Z) and ao £ GL 2 (Z). One has ^( m )(e) = 
^(m )(e) and e m(z2) = e mo(Z 2). For m G M 2 + (Z) we have 

(3.235) m = det(m) mT x G M 2 + (Z). 

The notation e m ^) suggests that it only depends upon the range m(Z 2 ). 
This is justified by the following result. 

Lemma 3.53. Let m G M 2 + (Z). The range R m C M 2 (Z) of right mul- 
tiplication by m and the projection e m ( Z 2) only depend on the subgroup 
mil?) C I?. 

Proof. If two elements mi,m 2 G M 2 + (Z) satisfy mi(Z 2 ) = m 2 (Z 2 ), 
then m 2 = mi7 for some 7 G V = SL 2 (Z). Thus, one obtains 

M 2 (Z)mi = M 2 (Z)m 2 . 

□ 

These projections satisfy the relations 

(3.236) e m ( Z 2)e m /( Z 2) = e m ( Z 2) nm /( Z 2), e Z 2 = 1. 

Let m G M 2 + (Z) and L = (A,4>) be a Q-lattice in the support of the 
characteristic function e m ( Z 2). Then we can define 

(3.237) L o m- 1 := (A, o m" 1 ). 

This transformation preserves commensurability and it corresponds to the 
endomorphism $ m using (3.235). 



(3.238) p [n] (g,p,z) 
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In order to describe how the symmetries will act on KMS states of the 
GL2-system (A2, ct), we need to identify which part of the symmetries de- 
scribed above is inner. 

Consider for n G N the isometry 

'l geT-[n] 
otherwise. 

The elements [X[ n j are multipliers of the algebra A2, 

(3.239) p [n] G M(A 2 ). 
Lemma 3.54. The p^ satisfy 

(3.240) ^ n] */x [n] = l, 

(3.241) M[n]*M[„] 



71V 



where ir n is the characteristic function of the set of Q-lattices divisible by 
n. Moreover, the py n ^ are eigenvectors of the time evolution, namely they 
satisfy 

(3.242) <r t (/i[n]) = A[4 
Proof. One has 

f 1 G T • fnl -1 and n I p 

(3.243) tf n] (g,p,z) = \ ^ 

I U otherwise. 

The result then follows by a direct calculation. □ 

We have then the following result about the endomorphisms #[ n j. 

Proposition 3.55. For all n G N C M£(Z), the endomorphism 0/ 
^2 *s implemented by the multiplier p^ in the form 

(3.244) #[„](/) = A*[n]//i[„], V/€A 2 . 

Proof. Both endomorphisms 0[ n ] and (O/^Li have range the reduced 
algebra by ej n ]. Thus one needs to evaluate )U[ n ] * / * p* n ^(g,p, z) assuming 
n I gp and n \ p. It is given by 

(3.245) J] M[n] (^- 1 ,^,^))(/*^[ n] )(^P^), 
Aer\GL+(Q) 

where the expression can be nonzero only for the value 

h = [n]- l g G T\GL+ 
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For this value we have hp G M^i^) since we are assuming that gp is divisible 
by n. Thus, we get 

M[n] * f * V[ n] (g,P,z) = (/*Atf„])(M~ 1 fl , >P>*) 

f < K[ n ' 1 \9s' 1 ,sp,s{z))p\ n] {s,p,z). 

ser\GL+(Q) 

Here the only possible value for s is [n\~ l G r\GL^"(Q), so that we obtain 

M[n] */*^[„](5,P^) = f(g, p[n] _1 ,z), 

which is the same as #[„](/) (<7, /0, z). □ 

Combining the results of this section we can identify the following sym- 
metry group that acts on KMS states of the system (A2, ct)- 

Theorem 3.56. Proposition 3.52 gives an action of the group 

(3.246) Q*\GL 2 (A QJ ) 

as symmetries of KMS states of the system (A2,&t)- 

Proof. We have seen in Section 2.3 above that symmetries of KMS 
states are given by the symmetries (by automorphisms or endomorphisms) 
of the system (A2, <Jt) modulo the inner ones. Thus, Proposition 3.49, using 
for G the group of transformations of KMS states, shows that one gets an 
action of the group Q+\GL2(Aqj). But Remark 3.48 shows that it passes 
to the quotient by -1 G Q*. □ 

We are going to describe in Section 7.4 below the explicit action of the 
symmetries (3.246) on KMS states of (A2,o-t). In particular, one sees then 
that the action is nontrivial on (some) KMS states, so that indeed the only 
inner symmetries are the ones described here in Proposition 3.55. 

6. The modular field 

Before discussing the arithmetic properties of the GL/2-system (A2, &t), 
we need to review some background material on the field of modular func- 
tions (cf. e.g. [269], [199]). For each positive integer N the congruence 
subgroup T(N) is defined as 

(3.247) T(N) = {7 g T = SL 2 (Z) : 7 = 1 modiV}. 

We use the standard 'slash operator' notation for the action of GL^(IR) on 
functions on the upper half plane, 

' az + b\ k 



(3.248) f\ k a(z) = det(a) fc / 2 / (^^) (cz + d)" 

with 

<.-(« ^)«EGL 2 +(R). 
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6.1. The modular field of level N = 1. 

We begin by describing modular functions of level one. Let r\H be the 
quotient of the upper half plane EI by the action of T = SL/2(Z). We write 
the quotient map as p : H — > r\H. Modular functions of level one are 
functions on r\H such that 

(3.249) /op is a holomorphic function on H 
and such that the estimate 

(3.250) \f(p(z))\ < Ce mz 

holds for some C < oo and k < oo and for — > +oo. 

Let then /(g) = f(p(z)) where g = e 27rjz . This is well defined for |g| < 1, 
q / and gives a holomorphic function of g in the punctured disk D* = 
D \ {0}. Condition (3.250) shows that q n f(q) is bounded near q = for 
some n and thus that f(q) has an expansion of the form 

oo 

(3.251) f(q) = a„ n q- n + a_ {n _ 1)q -^ + • • • + a + £ a n (?" 

n=l 

Notice that if a modular function / is bounded then it is constant. In 
fact, the quotient r(2)\H is the Riemann sphere P 1 (C) with three points 
removed and any bounded function holomorphic on P 1 (C)\{ three points } 
is constant. This implies that the pullback of / to HI is constant, hence so 
is /. 

The fundamental example of a modular function of level one is the Jacobi 
modular function j. In fact, over C the ring of modular functions of level 
one can be identified with the ring of polynomials C[j] . The field of fractions 
is called the modular field of level 1 (over C) and is identified with the field 
of rational functions C(j). 

The function j(r) is obtained as follows (cf. [263]). Given a lattice 
A C C and z £ A one lets, with A* = A \ {0}, 

(3.252) ^)4 + E(^-^)- 

One has 

(3.253) (z + 7)~ 2 - l' 2 = E(-l) n (n + 

71=1 7 

so that the Taylor expansion of p(z) near z = is of the form 

j oo 

(3.254) p A (z) = ^ + J2( 2 k + l)e 2k+2 (A)z 2k , 

z k=i 
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where the coefficients e2fc(A) are given by 

(3.255) e 2k (A) = £ ^ 2k . 

Comparing the pole part of the two sides then yields the equality 

(3.256) p = Ap 6 - g 2 p - g 3 , with g 2 = 60e 4 , and g 3 = 140e 6 . 

The discriminant of the equation 4a; 3 — g 2 x — g 3 = is given by (a — (3) 2 ((3 — 
7) 2 (7 — a) 2 , where a, (3, and 7 are the roots, and one gets for its value 

(3-257) Ifo! - 27 g 2 ), 

using the symmetric functions 

a + /3 + 7 = 0, a/3 + /J7 + 7a = ~ ^> an d a /?7 = ~p 

It is more convenient to use the normalization, 

(3.258) A = g 3 2 - 27g 2 . 

One shows that C/A 3 z ^ (p(z), p'(z)) is an isomorphism with the elliptic 
curve given by the projective algebraic curve of equation y 2 = 4x 3 — g 2 x — g 3 . 
Thus, the discriminant A does not vanish. One then lets 

(3.259) j = 1728^. 

We now recall how to compute its g-expansion. For m > 1, q = e 2mz , one 
has 

(3-) g(n + ,)-"' = (-!)''• ("I)"" 1 (f 1 ^) • 

which is obtained by differentiating X^nez( n + z ) 1 = 71 c °t = in^zj- We 
then view e 2 k as a function of r, by applying it to the lattice A = Z + Zr and 
dividing then by (2iri) 2k (which is the same as using the lattice 27ri(Z+Zr)). 
The double sum (3.255) can then be expressed as 

00 

(3.261) e 2fc (r) = {2vi)- 2k 2 ((2k) + 2 £ i? 2fe (<f ) 

n=l 

with 

(3.262, *.(,) = ^ 

One has 

00 

(3.263) (m - 1)! ^(g) = (-l) m £ V, 

n=l 
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so that the (/-expansion of C2k is given by (cf. [263] VII, Proposition 8): 

(3 - 264) «» - ^"m + (2*31), J>*-.M<r. 

where a r (m) = *}2 d \ m d r and the are the Bernoulli numbers. With this 
normalization one obtains 

(3.265) A = q - 24 q 2 + 252 q 3 - 1472 g 4 + 4830 q 5 + • • • 
and 

(3.266) j = - + 744 + 196884 q + 21493760 q 2 + • • • 

9 

We can now recall the following result about modular functions of level 
one. 

Proposition 3.57. Let f be a modular function of level one as above. 
Then the following conditions are equivalent. 

a) All the coefficients a n of (3.251) satisfy a n G Q. 

b) All a n for n ^ belong to Q. 

c) There exists a polynomial P with rational coefficients such that f = 
P(j), where j is the Jacobi modular function. 

Proof. We have seen that j{z) is a modular function with 

^ oo 

(3.267) j(q) = - + Y;inq n , with j n G Q, VnGNU{0}. 

^ n=0 

Clearly a) =>■ b). Assuming b) we take f — a- n j n . Then the order of the pole 
in q is at most n—\. Thus, we can find P by induction, noting that f—a- n j n 
still fulfills b). We then get f — P(j) having no pole part. It is then bounded 
near q = 0, hence bounded, and must be constant. Moreover this constant 
is rational. Thus b) =>• c) and since c) =>■ a) we get the equivalence. □ 



6.2. Modular field of level N. 

We first work over C and define modular functions of level N as holo- 
morphic functions of r E HI such that 

(3.268) / | 7 = /, V 7 G T(N) = {7 G T | 7 = 1 mod N} 
and such that the estimate 

(3.269) \(f\l)(r)\<Ce k ^ 

holds for all 7 G r(iV)\r and for Qr — > 00. 

These functions form an algebra over C and the field of quotients Fjy(C) 
is obtained by replacing the condition that / is holomorphic with the re- 
quirement that it be meromorphic with a finite number of poles in r(iV)\H. 
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One can compactify the quotient r(7V)\H by adding finitely many cusps 
(cf. [269] §1.5). The cusps are given by the points of the finite set 

(3.270) r(JV)\Pi(Q). 

One sets HI* = HUPi(Q) and obtains a compact Riemann surface as the quo- 
tient S^r = r(iV)\HI*. By construction, F/v(C) is the field of meromorphic 
functions on the Riemann surface Sjy. 

The group SL 2 (Z / 7VZ) / '{±1} acts on F N (C) on the right by 

(3.271) f»f\l=-r, V/eFMC). 

Thus, we have a finite group of automorphisms Hn = SL2(Z/iVZ)/{±l} 
of the field F N (C) and the fixed field F N (C) H » is just the field C(j) of 
meromorphic modular functions of level one. Thus by a general fact of 
Galois theory (Appendix Proposition 1.18) we obtain the following result 
(cf. [269]). 

Theorem 3.58. The field F N (C) is a finite Galois extension of C(j) 
with Galois group Hn = SL2(Z/iVZ)/{±l}. 

We now recall the construction of explicit generators f u of Fjy(C) over 
C(j) using the coordinates of torsion points of an elliptic curve with j- 
invariant j(r) = j. One first rescales x and y in the equation y 2 = Ax 3 — 
g2X — g% as follows 

(3.272) X = Xx, Y = ^X 3 / 2 y, and A = -2 7 3 5 g 2 g 3 /A, 

so that the elliptic curve is defined over the field Q(j') by the equation 

(3.273) Y 2 = X 3 - 3 j (j - 1728) X + 2 j ( j - 1728) 2 

and the discriminant is 186624 (j — 1728) 3 j 2 . In fact this rescaling only 
works if 52 53 / and becomes singular at the two points g 2 = 0, where 
j = and 53 = 0, where j = 1728. 

We consider the elliptic curve E{j) given by (3.273), with origin the 
triple point (X,Y,Z) = (0,1,0) in homogeneous coordinates. The opposite 
of (X, Y) = (X,Y, 1) is (X, —Y), with respect to the group law where the 
addition is computed using 

A+B+C=0 

t 

(A,B,C) on the same line 

Let r G H be such that j(r) = j and A = Z + rZ the corresponding 
lattice. The map z G C/A ^ (Xp(z), \ \ 3 / 2 p'(z)) is an isomorphism C/A — ► 

m- 

Then, given N, one considers the labeling of the TV-torsion points of C/A 
given by 

(3.274) A M = a-6rG 1 A/A 
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for all u = (a, b) G (-^Z/Z) 2 . The function f u gives the X coordinate of the 
torsion point of E(j) associated to X u , u ^ 0. 

We start by writing the g-expansion of weight two Eisenstein series, 
which give the values of the p-function at torsion points. We use (3.260) to 
get, for > 0, 



(3.275) V . - = (2vri) 2 V n e 2ninu 



n=l 

We divide the Eisenstein series by (2-jri) 2 , which gives, with q = e 2mT ', z 

p 2niu 

{^i)- 2 \Y- ( — 1 — y 



(n,m)^(0,0) V ' 




m>0n>0 



In general, for (a, b) £ {0, 1, . . . , N- l} 2 / (0, 0), we let z = e 2ni % qJ / 
1 and define 

(3.276) E^q) = 1 + ( ^ + £ + " 2 ) 
and the Fricke functions 

(3.277) f-A)(r)= -2 7 3 5 ^£ (i 9 = e 2 ^ . 

\N> N> A N' N> 

PROPOSITION 3.59. T/ie function f u is in F^(C) and its q-expansion 
has all its coefficients in Q(e 27Tt / N ). The f u , u G (-^Z/Z) 2 , u / 0, generate 
F N (C) overC(j). 

Proof. Since 6 G {0, 1, . . . , N— 1}, the term in z rf g n contains a positive 
power of q even for d = n. Thus, the series (3.276) makes sense first as a 
formal power series with coefficients in Q(e 2m ^ N ). In fact, it is a series in 
q 1 ^ and the coefficient of the n-th term is O(n'), so that it is convergent 
for \q\ < 1. The fact that E,a_ b_s is a modular form of weight 2 and level 

N follows from the way SL2(Z) acts through its action on the labels (a, b). 
This makes it possible to check the behavior at all cusps and the T(N)- 
modularity. Once multiplied as in (3.277), one gets a modular function with 
no pole in H since A has no zero there. Also, the g-expansion still has 
coefficients in Q(e 27Ti / N ). 

That the f u generate -F/v(C) over C(j) follows from Theorem 1.21 of the 
appendix, and the fact that no element g £ Hn, g ^ 1 acts trivially on the 
f u since it acts by a non-trivial permutation of the labels (a, b). □ 
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We now define and analyze the modular field Fjy of level N as a subfield 
of F N (C). 

Definition 3.60. Let F N C F N (C) be the subfield generated over Q by 
j and the f u for u G (^Z/Z) 2 , u^O. 

Notice that, if N is even, we do not need j, since at level 2 it is a simple 
function of the f u , since the X coordinates of 2-di vision points are the zeros 
of Y and their symmetric functions give j. In fact, one has 

3 = 256(1 -/ + / 2 ) 3 /(/ 2 (l-/) 2 ), 
where (cf. (3.296) below) 

/ = (f(i,i)-f ( o,i))/(f(i I o)-f(o,i))- 

By construction Fjv is a countable field which contains the field Q(j) of 
rational functions of j as a subfield. The Galois group 

H N = SL 2 (Z/NZ)/{±1} 

of F/v(C)/C(j) leaves Fn globally invariant since it fixes j and permutes the 
f u . One might think at first sight that the Galois group of Fn/QU) will be 
the same as for F N (C)/C(j) but it is finer in that H N = SL 2 (Z/iVZ) /{±1} 
gets replaced by GL2(Z/iVZ)/{±l}. This is easy to understand in terms of 
the automorphism group of the abelian group of iV-torsion points of elliptic 
curves (cf. [269]), as briefly recalled below. The main point is the deter- 
mination of the fixed field F^ N as the field Q( j, e 2ni / N ) and one needs in 
particular to show that Fn contains a primitive JV-th root of unity (cf. [269] 
Theorem 6.6). We do this concretely, using ^-functions, i.e. after identifying 
E(j)c with C/A with A = Z + Zr, we use ^-functions to write explicitly an 
elliptic function with a given divisor. We first recall the following standard 
properties of ^-functions. 

Lemma 3.61. Let q = e 2nir and set 

oo 

(3.278) 0i (z) = 2 ^/ 8 ^(-l) fe S in((2fc + 1)ttz). 

fc=0 

Then the following hold. 

• 0i(z + l) = -6i(z) 

• e 1 {z + T) = -q" 1 ' 2 e^ iz 9i{z) 

• 6\ (z) vanishes exactly for z G A with simple zeros. 

Proof. The first two properties are easy to check. For the third prop- 
erty one uses the product formula 

oo 

(3.279) 0i(z) = 2Asin7rz JJ(1 - q k cos 2vrz + q 2k ) 

k=l 

with A = g 1 / 8 n&li(l — 1 k )- This makes it possible to check the property of 
the zeros directly. □ 
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Then, for any t with N 2 1 G Z, one lets, with the notation (3.274) 
E° N = {X (JL A) |a,6€{0,...,JV-l}}, 



Lemma 3.62. The function h t (z) of (3.280) satisfies the following prop- 
erties. 

(1) ht(z) is an elliptic function of z G E = C/A. 

(2) Let a = TVt. Tnen /i< is the unique (up to multiplication by C*) 
elliptic function on E which has simple zeros on {z G E , Nz = a} 
and simple poles on Ejq = A/A. 

(3) For all s G A one /ias /^(z + s) =ujh t (z), where u> is an N-th 
root of 1. 

(4) One /ias 

(3.281) /i 1/Jv2 (z - r /JV) = e 2 ™' N h 1/N 2 (z) . 

Proof. (1) First notice that h t (z + 1) = h t (z). Next, for h t (z + r), one 
gets for each of the terms in the product a multiplicative factor or e~ 2mt . 
Thus, one gets an overall factor of (e- 27 ™*)^ 2 = ^ s i nce JV 2 i G Z. 

(2) By Lemma 3.61 the formula (3.280) shows that h t satisfies the stated 
condition on zeros and poles. The ratio of any two elliptic functions fulfilling 
these conditions is an elliptic function without pole and hence a constant. 

(3) By the above the action of translations by the group En admits ht as 
an eigenfunction and the associated character % : E jy — > C* takes its values 
in the group of TV-th roots of 1. 

(4) We fix t = -fiz and s = — r. Using the notation (3.274) one has 
A, _6n + s = A, for b < N — 1 and X, n-i \ + s = Xr a \ — r. Thus 

l a > JV / v ' JV > V a i jv / v » y 

ht{z + s) / ht{z) simplifies except for the boundary terms in (3.280) involving 
the transition A^ jv-i ^ + s = A( a ) — t. This gives a multiplicative factor 

TJ e 27ri(t+z+A (a , 0) )^-J-j- e 27ri(z+A (a , 0) ) = ^TriiVt = ^Tri/iV _ 
a a 

which proves (3.281). □ 

Recall now that j : T\M -> C is a bijection (cf. [263]). We let r G H be 
such that the value j = j(r) is a transcendental number. The field inclusion 
Q(j) C C is well defined. For a given N G N, we then let Fn(j) be the 
subfield of C generated by the coordinates X of the (non zero) A^-torsion 
points (X, Y, 1) of the elliptic curve E(j). 

Lemma 3.63. The field F^(j) is a finite Galois extension of and 
its Galois group injects in the quotient by ±1 of the group of automorphisms 
of the abelian group of N -torsion points of E(j). 
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Proof. First, using the p- and p'-functions to identify E{j)c with C/A, 
we get iV 2 points P of E(j)c such that N ■ P = (iV-torsion points). Let 
a G AutQ(j)C be any automorphism of C fixing j. The action of a on the 
coordinates preserves the condition N • P = and the group law in the 
finite set Em of A^-torsion points which is rational over Q(j). This shows 
that Fjv(j) is a finite Galois extension of Q(j) with Galois group G obtained 
by restrictions of the a G Autq^C and only depending on the associated 
group automorphism a of En — (Z/A^Z) 2 . The knowledge of the action of 
a on the X coordinate determines a up to sign, since a group automorphism 
such that a(P) G {±-P} for all P is ±1. Thus one gets an injection of G in 
Knt{E N )/{±l}. ' □ 

We then have the following result. 

Lemma 3.64. The field Fm{]) contains a primitive N-th root of 1. 

PROOF. Given a G EmU), there is by Lemma 3.62 a nonzero elliptic 
function 

R a G C(x, y)/{y 2 = x 3 -3j (j - 1728) x + 2j(j- 1728) 2 }, 

unique up to multiplication by C*, which has simple zeros on {z G E , Nz = 
a} and simple poles on Em- The quotient R a (z + j3)/R a (z) only depends 
on the projective class of R a and is therefore uniquely determined by a, (3 
in EmU)- Thus, by Galois theory it belongs to the field generated by j and 
the coordinates of a and (3. In fact, if one changes a i-> —a and [3 i— > — /3, 
the corresponding root of unity, constructed as above, does not change, 
as one can see using the ^-functions description. Thus it is fixed by any 
automorphism a G Aut^^C and belongs to F/v(j). By Lemma 3.62 one 
can choose a and (3 so that the above quotient is a primitive AT-th root of 
1. Thus the field Fm{j) contains a primitive N-th root of 1. □ 

To summarize one gets (cf. [269] Theorem 6.6): 

Theorem 3.65. The field Fm has the following properties. 

(1) Fm is a Galois extension of Q(j) with Galois group 

GL 2 (Z/ATZ)/{±1} 

acting on the f M by permutation of the labels. 

(2) F N contains e 2lTi / N G C. 

(3) Q(e 2nt ^ N ) is algebraically closed in Fm- 

(4) Let t G H be such that j(r) G" Q. Then there exists an isomorphism 
e T of Fm with Fm(j) C C uniquely determined by e T (j) = j{r) and 

£r(f«) = fu(T). 

Proof. (1) First, notice that Fm is a countable field of meromorphic 
functions in M. Thus, we can find a point To so that (4) holds for r = To- 
Thus, Lemma 3.63 implies that Fm is a finite Galois extension of Q(j) with 
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Galois group given by G C GL2(Z/iVZ)/{±l} acting explicitly by permuta- 
tions of the labels of f u . By construction C G and the fixed field F^ N 
contains the field Q(j, e 2ni / N ). It follows that G = GL 2 (Z/iVZ)/{±l} since 
the product of the degrees of the extensions Fn/F^ n and Q(j, e 2nt / N ) /Q(j) 
is the order of GL 2 (Z/iVZ)/{±l}. It follows that F^ N = Q(j,e 2ni / N ). 
(2) and (3) follow immediately. 

(4) For fixed (a, 0, 7) G Q* 3 with Card{a, /3, 7} = 3 and for N > 2, the 
element 

^ ? = a ^o)+/5f(oX)+7f (M ) 

is a generator of Fjy over Q(j). Indeed, using the first terms in the q- 
expansion of the f u one checks that the subgroup of the Galois group that 
fixes £ is trivial, hence £ is a generator. One can then write the symmetric 
functions of £ and the corresponding equation 

(3.283) P(aAi)&j) = °- 

with coefficients in Q(j). Its degree is the order of GL/2(Z/iVZ)/{±l}. 

If j(r) ^ Q, then the map R(j) £ Q(j) — > R{j{r)) G C is an isomorphism 
of fields with image a subfield of C. The convergence of the series for f u (<?) 
shows that £(t) is a solution of (3.283) in C for j = j(r). Thus, we get a 
morphism 

(3.284) F N - FjvOXr)) 

uniquely determined by the conditions £ T (j) = j(r) and e T (f«) = fu(<?)j 
q = e 27TiT . □ 

We finally recall (cf. [269] Proposition 6.9) the characterization of ele- 
ments of Fjv among modular functions of level N in terms of the coefficients 
of their g-expansion. 

Theorem 3.66. Fn is the subfield of Fjy(C) of all elements whose ex- 
pansion in powers of q l l N has all its coefficients in the cyclotomic field 
Q(e 2wi / N ). 

Proof. Let F' N denote the subfield of F N (C) of all elements whose 
expansion in powers of q l l N has all its coefficients in the cyclotomic field 
®(e 2 ^ N ). It is easy to see that F' N is a subfield, since the inverse is com- 
puted in simple rational terms. However, it has no reason a priori to be 
invariant (globally) under the action of SL^Z/iVZ) on modular functions, 
since it is defined using a specific choice of a cusp. By construction and 
Proposition 3.59 one has Fjy C F' N . We need to show the equality. The 
field F/v V C generated by Fn and C is equal to Fjv(C), since the latter is 
a Galois extension of C(j) = Q(j) V C and no element of SL 2 (Z/iVZ) /{±1} 
fixes all the f u . Thus, we can write any p 6 F' N in the form 
(3.285) 

p= K x^j I (^^PrUr^j , with X r ,p r G C and x r ,y r £ F^. 
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This gives Y l^rUrP — Y X r x r = 0. 

We can consider both C and Fn or F' N as vector spaces over Q(e 2m ^ N ). 
We need to show the injectivity of the natural morphism 

(3.286) C ® Q(e 2w^) F'n Fn(C) 

given by p(X <£> p) = Xp. Suppose given Aj G C, linearly independent over 
Q(e 27ri /iV), and p . G Then the equa iity ^A^pj = implies that the 

coefficient of q^/^ in the ^-expansion is for all k. The coefficient of q k / N 
for pi is in q{e 27ri / N ). Moreover, Y x i°i = with q G Q(e 2?ri / Ar ) implies 
Cj = for all i. Thus, all coefficients of the ^-expansion of pi vanish, so that 
Pi = 0. 

Now, in the relation Y PrVrP = Y we can express p r and Aj in 
terms of a basis (£ r ) of C over Q(e 2nl ^ N ) and get an equality of the form 
Y^rZrP = Y£rtr with z r ,i r G F/v- It follows that z r p = t r and both are 
non-zero for some r. This gives p = t/z £ F^. □ 



6.3. Modular functions and modular forms. 

Let An denote the subring of Fn of functions that are regular in H, 
i.e. whose only poles are at the cusps. By construction An contains all 
polynomials in j as well as the f u , but these do not suffice to generate it as 
a ring. A more precise description of the elements of An is given by the 
following result. 

Theorem 3.67. Let An be the ring defined above. 

(1) Let ijj be a modular form of level N and weight 12k, whose q- 
expansion has all of its coefficients iijQ(e 2l, ' iV ). Then the function 
f = uj/A k is an element of An- 

(2) Every element of An is of the form described in (1) for a suitable 
k. One obtains in this way a filtration of An by weight. 

PROOF. (1) By construction, / is a modular function of level N. By 
Theorem 3.66 it belongs to Fn- Since to is regular on H and A has no zero 
on H, one gets that / is regular on H, hence / G An- 

(2) Suppose given / G An- Let q~ k be the largest negative power of q 
arising in the ^-expansion of / at all cusps, k G ^ N. Let kl > k, k' G N. 
Then to = A k ' f is a modular form of level N, since no pole part remains at 
any of the cusps, and the T(N) invariance follows from that of /. Moreover, 
all coefficients of the g-expansion of uj are in Q(e 2m / N ) as required. The 
filtration is in fact that by the maximal order of poles at the cusps. □ 

Corollary 3.68. Letoj be a modular form of level N whose q-expansion 
has all of its coefficients in Q(e 2m ^ N ) for some cusp. Then the same holds 
at all cusps. 
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PROOF. Let u be of weight 2k. Letn,meNU{0} with 2n + 3m + k = 
mod 6. Then, upon replacing uj by e\ e™LO, we can assume that Q\k, and 
12|2fc. Then / = ui A~ fc / 6 G F w and so does / | 7, for 7 £ T. This gives the 
result. □ 

For each N, let Ai ah (N) denote the ring of modular forms of level N 
whose (/-expansion has all of its coefficients in Q(e 2m ^ N ). Let 

(3.287) M ah = {jM 3 - h (N). 

N 

Let 77 be the Dedekind rj- function satisfying rj 24 = A. This defines a map 
from .M ab to modular functions by 

(3.288) =I>2fc?7" 4fe , 

where W2fc has weight 2fc. 

Proposition 3.69. The map rj of (3.288) is a surjective homomorphism 
from M ah to the algebra Of = UnAn- 

Proof. Notice that rf is of level 6. By construction the map 77 of 
(3.288) is a homomorphism and is surjective by (2) of Theorem 3.67. □ 

We now describe the kernel of the map rj of (3.288). 

Lemma 3.70. The kernel of the map rj of (3.288) is the ideal generated 
by 1 — rj 4 . 

Proof. Let J\ be the kernel of the map rj of (3.288) and let J2 the 
ideal generated by 1 — rj 4 . One has J2 C J±. Moreover, modulo J2 one has 
uj ~ uj rj 4k . Thus, if uj = Yl ^2k & Ji, then ^ rj 4 ( n ~ k ^ uj 2 k = and ^ ui 2 k ~ 
modulo J2 so that J\ = J2. □ 

Remark 3.71. Notice that the ideal J = Kerr/ is stable under the Ra- 
manujan derivation X: 

^ ^ 2iri dz 12m dz^ ^ ^ 2ni dz 2ni dz^ ^ ^ 

where Y stands for the grading operator 

(3.290) Y{f) = kf, V/GMft 

Thus, X descends to the algebra Of- In fact, it is simply the derivation 

< 3 ' 291 > x w-h**,> v/e °" 

where rj 4 dz is an invariant form under T(6). 

In the level 1 case Proposition 3.57 gives a simple characterization of the 
elements of A\ C F± as polynomials in j with rational coefficients. 
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Proposition 3.72. Let f G F N . Then f e An if and only if f is 
integral over Ai, i.e. if it satisfies an equation of the form 

n 

(3.292) /" + E P k(j)f n ' k = 0, for P k € Q[X], 

k=l 

Proof. If / satisfies (3.292) then / G An- Indeed, for r G H, let v T be 
the valuation on Fn which assigns to / € Fn its order at r. The latter is 
equal to —k if / has a pole of order k. This satisfies 

(3.293) v T (f + g)>M{v T (f),v T (g)}, and v T (fg) = v T (f) + v T (g). 

so that for v T (f) = a < one gets na > inf{(n — 1)q, . . . , a, 0}, which gives 
a contradiction. 

Conversely, let / G An- We first view it as an element of An(C), i.e. 
as a modular function of level N. For all 7 G SL2(Z/iVZ)/{±l} one has 
/ I 7 G .4 at. Then all the symmetric functions s& of the / | 7 belong to 
the intersection of F N with *4n> which is the ring of polynomials 

Q\j,e 2 ™/ N ]. Indeed, the fixed field is Q(j)[e 27ri / N ] and the regularity on H 
then implies that these elements are actually in the ring <Q[j, e 2m l N \. Thus 
one obtains the answer using the Galois group of the cyclotomic extension. 

□ 



6.4. Explicit computations for N = 2 and N = 4. 

The field Fn for N = 2 is generated by the division values at points of 
order 2. In terms of the elliptic curve (3.273) with coordinates X and Y, 
this corresponds to points with — P = P, i.e. with Y = 0. This gives the 
three zeros of the resulting polynomial in X. 

Let a = pA (5), b = pA (|) and c = pA ("4r)' w ^ tn ^ = ^ + The 
homogeneous functions of degree zero in a, b, c generate Fn=2- In fact, one 
has 

f3 294) X- C ~ b -k 2 - 92(0)4 

where the functions are taken relative to the modulus q 1 / 2 . This means 
that, for instance, one has 

(3.295) 9 3 (z) = q^e 27rinz . 

One then gets Fn=2 = Q(A), the field of rational fractions in A. The 
subfield Q(j) is generated by 

(3.296) j = 256 (1 A ; (1 A + A A } 2 2 )3 . 

The Galois group of Fn=2 over Q(j) is geometric, given by SL2(Z/2Z) 
acting as the dihedral group S3 of order 6, generated by the transformations 
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A h> 1 - A and A i— > 1/A. It corresponds to the ambiguity in the cross ratio 
of four elements (a, b, c, d) of P 1 (C). Once this ambiguity is lifted, one gets, 
instead of (3.273), the equation 

(3.297) y 2 = (1 - x 2 )(l - k 2 x 2 ), with k 2 = A, 

which is parameterized by x = sn(u) and y = cn(u) dn(u), in terms of the 
Jacobi elliptic functions 

sn{u) = k -V2 9 M OT («) = jfe- 1 /V 1/2 ^ > and dn{u) = k' 1/2 ^ 
6i{u) v&{u) v±{u) 

where k l l 2 = ||jjjy and k' 1 ^ 2 = g^jy- This leads us to the case of level 
AT = 4. 

In the discussion above both k and k! are of level 4 and they fulfill the 
equation k 2 + k' 2 = 1. This is better parameterized by t with 

k' 1-t 2 , 2/ 

so that re = ^, and re = 



1 + fc' 1 + i 2 ' 1 + t 2 ' 

One gets Fjv=4 = Q(t, i)- The Galois group of Ftv=4 over Q(j) is 

Gal(F N=A /Q(j)) = GL 2 (Z/4Z)/{±1}, 

which has order 48. It contains the normal subgroup SL2(Z/4Z)/{±1} ~ 54, 
which acts geometrically, with the Klein subgroup acting by altering the 
signs k i-> ±k and k' 1— > ±fe'. The division values f„ of order four are 
given by explicit rational functions of t, but with coefficients in Q(i). The 
remaining part of the Galois group action is the cyclotomic action on the 
coefficients through the determinant. 

6.5. The modular field F and Q-lattices. 

The modular field F is defined as 

(3.298) F = U N F N . 

It is by construction a countable field of meromorphic functions of r £ H*. 
We show in the next result how to describe all embeddings F ^ C in terms 
of invertible Q-lattices. 

Proposition 3.73. Let F = UnFn be the modular field defined above. 

(1) Let L = (A, 99) be an invertible Q-lattice such that j(A) £ Q. Then 
there exists a unique embedding F C, such that 

(3.299) i L {U) = -2 7 5 3 ^ (A)p A (¥>(a)), 

for all a G Q 2 /Z 2 , a / 0. 

(2) All embeddings 1 : F C are of the form (3.299). 
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PROOF. (1) The f a , for a G Q 2 /!?, generate F, since j is a function of 
the 2-torsion values. Thus, the uniqueness follows. To get the existence one 
can assume that A is of the form A = Z + rZ and ip(a) = pi (a) — Tp 2 (a), 
for some p G GL 2 (Z) C M 2 (Z). Since j(r) = j(A) ^ Q, the evaluation at r 
defines an embedding 

(3.300) I T : F C. 

On the other hand, the Galois group of F/Q(j) is the compact group 
GL 2 (Z)/{±1} = hmGL 2 (Z/NZ)/{±l} , 

N 

acting by permutations of the labels. Upon replacing I T by I T o a where a 
is the Galois automorphism of F/Q(j) such that a(f a ) = f p ( a ) f° r au ° one 
gets the required embedding. 

(2) Let t : F <^-> C. Then since the restriction of t to Q(j) is injective 
one gets ^ Q. Consider a point r G H such that = j(r). Then 
^(i 71 ) = I T {F) as subfields of C, since both are obtained as the fields of 
X-coordinates of torsion points in the elliptic curve E(j) given by (3.273), 
E(j) ~ C/A with A = Z + Zr. Then I^ 1 ot e Aut(F/Q(j)), and this 
determines p G GL 2 (Z)/{±1}, as well as the required invertible Q-lattice 
(A,<p). ' ! □ 

Lemma 3.74. (1) As a field of meromorphic functions on H, F is 
stable under f t— ► / | 7 /or any 7 G GL^ (Q). 
(2) Let L = (A, ip) and L' = (A', (p r ) be invertible Q-lattices that are 
in the same orbit for the right action o/GL 2 (Aq)j) on the quotient 
GL 2 (Q)\GL 2 (A Q ). Then, if j (A) g Q, 

^) = ^(f)cC. 

Proof. (1) This is clear for 7 G T = SL 2 (Z). Also, by looking at the 
o-expansion for — > 00, one sees that it holds for 7(7-) = ^tj-^- Thus, it 
holds in general since these two subgroups generate GL 2 (Q). 

(2) The range ll{F) is independent of the labeling ip of the torsion points 
and only depends upon the lattice A. The hypothesis implies that the two 
lattices A and A' are commensurable. With A = Z + rZ one can choose for 
A' a basis (cr + d,ar + b) with a, b, c, d G Q and 

7 =(« ^GLJ(Q). 

Let t' = ^g. Then J T /(F) = / T (F), using (1), so that i L ,(F) = i L {F). □ 

We then have the following result of Shimura [269] with slightly different 
notation. 

Theorem 3.75. There exists a homomorphism a^Gal(a) o/GL 2 (Aqj) 
to Autq(F) such that 

a) For a G GL+(Q), one has Gal(a)(/) = / | a -1 , for all f G F. 
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b) For a G GL 2 (Z), one has Gal(a)f a = f a ( a ) ; for all a G Q 2 /Z 2 , 
a / 0. 

PROOF. We view the label u as a column vector and act on it by a G 
GL 2 (Z) accordingly. Notice that our notation for the f u differs from the 
standard one f a used in Shimura [269]. They are related by 

(3.301) fn = f( sn )*, with s = ^ ^ . 

Indeed in [269] one uses the row vector u* = (01,02) and the corresponding 
torsion point is 

(3.302) u* • Q = air + a 2 = A ^_° 2 J = \(su) 

By [269] there exists an antihomomorphism r from GL 2 (Aqj) to the Galois 
group Aut(j(F) such that the following basic formulas hold ([269], cf. 6.2.1 
p.147 and 6.6.1 p.149): 

(3.303) f a r W = f att , Vu G GL 2 (Z), and / r ( a ) = / | a, Va G GL+(Q). 

Here t((7i<7 2 ) = r(g 2 ) r(<7i). Thus, we prefer to compose r with the 
antihomomorphism from GL 2 (^4j) to itself given by 

(3.304) a = a -1 det(a). 
One then obtains 



— Q21 an / \1 y yai2 a 22 y y-1 0, 
We then set 

(3.305) Gal(a) = r(a). 
For a G GL^(Q), one has 

Gal(a)/ = r (a) = / I r(a), 

but the scalar deta plays no role in this composition and one gets / | a -1 
as in (a). 

For a G GL 2 (Z), one obtains 

f r(a) _ f 
I (sa) t _ I (sa) t a- 

Since (sa)* = a* s* and a = sa*s _1 , while signs do not matter, one has 
(sa) l a = a t s t sa t s~ l and obtains f( sa )«a = f( saa )*) which corresponds to 
a 1 ^ aa. □ 

In order to get a better formulation of the case (b) , we first consider the 
special case of elements of GL 2 (Z) that are of the form 

(3.306) a v = ( V Q °X for v G GLi(Z). 
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For these elements we have the following result. 

Lemma 3.76. Let f = ^ n a n q n t N G F/v and let v and a v be as in 

(3.306) . Then the series Y2 n Gal(v) (a n )q n ^ N defines an element in F/v which 
is equal to Gal(a„) /. 

PROOF. Here we let GLi(Z) act on the cyclotomic field Q ab as the Galois 
group Gal(Q ab /Q). Thus, with p N (v) = v N G (Z/iVZ)*, one gets 

(3.307) Gal(w) e 2?ri/JV = e 2 ™W^. 

The map a n q n / N i-> ^ n Gal(i>)(a n ) g n / JV is an automorphism of the field 
of formal series with coefficients in Q ab , which is the identity on Q(j). The 
map Gal(a^) is an automorphism of F/v over and F/v is generated 

by the f«. Thus, it is enough to check that those two maps agree on the 
generators f u . Thus, we can start with 

(3.308) U = ("2 7 3 5 °f) [ 1 + -— 2 + E E ^ + ^ " 2 )^) 

\ y ' n d\n j 

and z = e 2nia / N q~ b ' N . 

The first map acts on f u by replacing z = e 2ma / N q~ b / N with 

= Gal(«)(e 2 ™/ JV ) (f^ = e 2™W* q~ b/N . 

This amounts to replacing a by own and gives f a „( u ), which is the action of 
Gal(a%) on the generator f M . □ 

Theorem 3.75 is due to [269]. It is worthwhile to give the explicit con- 
struction in the above notations. We let GL^Aqj) denote the subgroup 
of GLi2(Aqj) specified by the condition 

(3.309) det p G GL+ (Q) C GLi(Aqj). 

The density of SL^Q) in SL2(Aqj) implies the density of GL^Q) inside 
GL2(Aqj)°. This gives an extension by continuity of the action /•—>•/ | 7 _1 
of GL^~(Q) on F to an action Gali of GL2(Aqj)°, since the isotropy group 
of a given / G F contains the open subgroup of GL^Aqj) associated to 
the closure Y(N) of T(N). 

Now a given g G GL2(Aqj) can be written as g = pa u = a u p' , where 
u G GLi(Z) gives the GLi(Z) component of det g and p, p' G GL2(Aqj)°. 
One needs to show that, with the above notation, we have 

(3.310) Gali(p) Gal(a u ) = Gal(a„)Gali(//) 

where Gali is the natural action of GL^Aqj) . 

Let us first take p = 7 £7', where 7,7' G SL2(Z) and 5 is diagonal. 
The effect of Gali (5) on the (/-series of / is to replace q by q r , where r is 
a rational number. This operation commutes with the action of Gal(a n ), 
so that Gali(5)Gal(a u ) = Gal(a u )Gali(5). We let 7 M = a~ x ^a u and j' u = 
a~ 1 7 / a u . We also have Gali(7)Gal(a u ) = Gal(a n )Gali(7 M ), which follows 
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from the form of the Galois action of GL2(Z) on F by permutations of the 
f u . It then follows that 

Gali(p)Gal(a u ) = Gali( 7 )Gali(<5)Gali( 7 ')Gal(a u ) 



= Gali( 7 )Gali(5)GalK)Gali( 7 ;) 

= Gali( 7 )Gal(a u )Gali(<5)Gali( 7 ;) 

= Gal(a u )Gal 1 ( 7u )Gal 1 (5)Gal 1 ( 7 ;) 

= Gal(a u )Gali(p') 



since p' = a u l pa u = 7 «5 7 „. The general case then follows. □ 



7. Arithmetic of the GL2 system 



We can now describe the arithmetic properties of the quantum statistical 
mechanical system (A2,crt). A fundamental step is the construction of an 
arithmetic algebra „4 2 ,<Q that will play a role analogous to the arithmetic 
subalgebra Aiq of the Bost-Connes system described in Section 4.4. In the 
GL(2) case, the algebra A2,q will not be a subalgebra of A2 but a suitable 
subalgebra of an algebra of unbounded multipliers of A2 ■ We will see that the 
extremal KMSqo states of (A2, ct) extend to this algebra «4 2) q of unbounded 
multipliers and, for a generic choice of an extremal state <p £ £00, the values 
¥>(«4-2,q) generate a subfield F v cC isomorphic to the modular field F. 

7.1. The arithmetic subalgebra: explicit elements. 

To construct the arithmetic algebra A2,q we use the well known analogy 
between trigonometric functions and elliptic functions explained in [298]. 
We view the description of §4.4 of the arithmetic subalgebra Al,q of the 
Bost-Connes system as the trigonometric case and pass to the elliptic case. 
This gives natural candidates for elements of A2,q which we describe in this 
section. In the next section §7.2 we shall abstract their properties and define 
•A 2) q implicitly from algebraic conditions on its elements. 

As in the one-dimensional case, we first deal with functions f(g, p, r) 
that vanish except for g G V. By construction these are functions on the 
space 



of 2-dimensional Q-lattices up to scaling. 

These functions can be considered as functions of weight zero using the 
following analogue of Definition 3.26. 

Definition 3.77. A function f on the space of 2-dimensional Q-lattices 
is homogeneous of weight k if it satisfies 



(3.311) 



r\(M 2 (Z) x H) ~ (Space of Q-lattices in C)/C* 



(3.312) 



/(A(A,0)) = A- fe /(A,0), VAeC*. 
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To obtain explicit elements of A 2j q we start with Eisenstein series and 
view them as functions on the space of 2-dimensional Q-lattices. They are 
labeled by a G (Q/Z) 2 and given for k > 1 by 

(3.313) E 2Ka (AA) = ^i)- 2k y~ 2k - 

As in the one-dimensional case this is undefined when <p{a) G A. We show 
below how to deal with this problem (cf. (3.319)). By construction E 2ka 
is homogeneous of weight 2k. Recall that to a pair (p, r) G M 2 (Z) x HI we 
associate (cf. (3.165)) a Q-lattice given by 

(3.314) L(p, r) = (A, 0) , A = Z + rZ , 0(a) = Pl (a) - rp 2 (a) G QA/A, 

where p.,(a) = ^PjfcC *;) ^ Q/^j f° r a = ( a ij«2) G (Q/^) 2 - This allows us 
to view E 2 k, a as a function of (p, r), 

(3.315) E 2k:a (p,T) = (27ri)- 2k Yl y~ 2k > (^,<f>) = L(p,T). 

yeA+4>(a) 

For 7 g T = SL 2 (Z) we have 

^2fc,a(7P, 7t) = (cr + d) 2k E 2kA (p, r). 
This follows from the homogeneity of weight 2k since one has 

(3.316) L{ 1P , 1 {r)) = {cz + dr l L{p,T), V 7 = ( " J) G SL 2 (Z) 

as can be checked directly since 

(api + bp 2 )(cr + d) - (cpi + dp 2 )(ar + 6) = pi — rp 2 • 
The analogue of the function c of (3.79) is given by the function 

(3.317) c(r) = -2 7 3 5 ^ 

which has weight —2 and no pole in H. Thus, the functions <?2fc,a = c fc -^2fc,a 
are homogeneous of weight zero, and are natural arithmetic functions of Q- 
lattices, but we still need to define their value when (j)(a) G A. We proceed 
as in the one-dimensional case and first consider the limit case k = 1. For 
k = 1 we let, with (A, (ft) = L(p, r), 

(3.318) X a (p,r) = (2Tri)- : 

This makes sense when (j){a) ^ A and is just the evaluation of the Weierstrass 
p-function on 4>(a) as in (3.276). We let X a (p,r) = if 4>{a) G A. In (3.318) 
the notation A* stands for A \ {0} and the sum is convergent after grouping 
the terms corresponding to the same element of A*. We let X a := cX a . 
It is a continuous function on T\(M 2 (Z) x H). The T-invariance follows 
from (3.316) since the product cX a is of weight zero. The continuity of X a 
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as a function of p comes from the fact that it only involves the restriction 
pN £ M 2 (Z/7VZ) of p to iV-torsion elements when the label a fulfills Na = 0. 

Proposition 3.78. There exists a unique normalization 

(3.319) E 2k {p,T) = u 2k {r) if tp(a) G A, 

such that the following relation holds for all m (with E 2 , a — e 2 '■= X a ): 

(3.320) #2m,a = X a (E2m-2,a ~ e 2m - 2 ) + ^ _ ^ 2 ) ) 62m 

\ - 2k + l\ . . 

— I 2A; / e2fe+2 V- fc 2m-2fc-2,a ~ e 2m -_ 2 £;_ 2 J • 

k=l ^ ' 

Moreover v 2k is a modular form of weight 2k. One has v 2k £ Q[e4, ee] and 
the first values are 

45 

(3.321) z/ 4 = -5e 4 , i/ 6 = -14e 6 , f 8 = — e\ , . . . 

Proof. By equation (3) Chapter V of [298] with the pair (n, m) there 
given by (2, 2m — 2) one gets (using e k = for k odd) that (3.320) holds as 
long as (p{a) ^ A. Since we want the same relation to hold for 99(a) G A and 
have X a = in that case, we obtain an inductive relation on the v 2 k( T ) of 
the form 



V2m = I 1 - ( ^ ) ) e 2m 



(3.322) 



V 2 

m _ 2 /2/c + l\ 

l^k=l \ 2k I e2k+2 V l/ 2m-2fc-2 — &2m-2k-2) ■ 



Using (3.322) one gets that u 2k is a modular form of weight 2k which is a 
polynomial with rational coefficients in the e 2n . Moreover the e 2n for n > 2 
are in the ring Q[e4,ee] (cf [298]) thanks to the relation 

j m-2 

(3.323) -(m - 3)(4m 2 - l)e 2m = V (2r - l)(2m - 2r - l)e 2r e 2m _ 2r . 
d 2 

□ 

We now obtain the analogue of Lemma 3.27 in the two-dimensional case. 

Proposition 3.79. Let X a := cX a and £ 2k , a = c h E 2k>a . There exist 
polynomials P n in two variables, with rational coefficients, such that 

(3.324) £2k,a = P k (Xa,j). 
The first ones are given by 

P2 = X 2 -j(j- 1728) 

P 3 = X 3 - | Xj(j - 1728) + - 1728) 2 
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Proof. Since (3.320) is homogeneous it can be written in the form 

£2m,a = Xa(£2m-2,a ~ C™ 1 e 2m _ 2 ) + (l - ( 9 J ) C™ e 2m 



m—2 , n 

(3.325) ^ ( fc 2 + J c fc+1 e 2fc+2 (£: 2m - 2fc - 2 , a - c^ 1 e 2m _ 2fe _ 2 ) 

fc=i ^ ' 



Moreover using (3.323) one shows by induction that c m e 2m is in the ring 
Q[c 2 e4, c 3 eo\. A direct computation gives 

c 2 e 4 = | J (j - 1728), and c 3 e 6 = j (j - 1728) 2 . 

Thus c m e 2rrt G Q[j]. The proof of the proposition then follows by induction 
on k. □ 



For the BC system Theorem 3.30 shows that the arithmetic subalgebra 
Ai t Q is generated by the Eisenstein series ei <a and the p n , p* n . The generators 
[i n are essential in order to implement the commensurability relation of Q- 
lattices. 

In the case of two-dimensional Q-lattices, the commensurability relation 
is implemented by the following arithmetic elements T ri >r2 for rj G , with 
r±\v2, associated to the classical Hecke correspondences. We let C ri . r - 2 C 
ryGL^ (Q) be the finite subset given by the double coset class of 



n o 

r 2 



We then define 

(3.326) T rur2 (g,p,r) 



er\GL+(Q)/r. 

1 g G C rur2 , with gp G M 2 (Z) 
otherwise. 



As will be shown below in Proposition 3.82 the T ri)T2 will define elements 
of the arithmetic subalgebra »4 2 ,q and by Proposition 3.87 fulfill the relations 
of the Hecke algebra H(GL 2 f (Q),r) of double cosets, provided ?r,r 2 are 
restricted to vary among positive integers. 



7.2. The arithmetic subalgebra: definition. 

Let U 2 C GL+(Q) x M 2 (Z) x H be as in (3.194) and U 2 = {T x T)\U 2 
be its quotient by the action of T x T as in (3.195). Let / G C{U 2 ) be 
a function with finite support in the variable g G T\GL 2 f (Q). Any such 
function / defines an unbounded multiplier on the C*-algebra A 2 using the 
convolution product (3.196). 

The arithmetic algebra A 2t Q will now be obtained as a subalgebra of 
this algebra of multipliers. The X a , £ 2m , a and the T rijr2 of §7.1 are the basic 
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examples of arithmetic elements. By construction, the T rijT2 are T x T- 
invariant functions on lA<i- The X a and £2m,a are continuous functions on 
r\(M2(Z) x H) but we extend them to V x T- invariant functions on IA2 by 

(3.327) X a (-y,p,T):=X a (p,T), V 7 G T , * ( 7 , p, r) = , V 7 $ T 

and similarly for the <?2m,a- 

Our first task is to abstract the arithmetic properties fulfilled by these 
specific functions. We first define the notion of level of a function / G C(U2)- 
Let pn '■ Mi{Z) — > M2(Z/iVZ) be the canonical projection. It is a ring 
homomorphism. 

Definition 3.80. ^4 function f G C(W 2 ) /ias /ewe/ N iff f(g,p,z) only 
depends upon 

(g, PN (p),z) G GL+(Q) x M 2 (Z/iVZ) x H. 

In this case, specifying / with finite support in the variable g G T\GL 2 f (Q) 
amounts to assigning the finitely many continuous functions f g . m G C(H) 
with m G M2(Z/iVZ), where we write 

f(9,P,z) = fg,p N (p)(z)- 

The invariance condition 

(3.328) f(li9l2,P,z) = f(g,T2PMz)), 

for all 7j G T, V5 G GL+(Q) and for all (p, z) G M 2 (Z) x H, then shows (cf. 
Lemma 3.42) that 

(3.329) / fl , ro | 7 = / 9 , m , V 7 G T(N) n 5-^5, 

with standard notations for congruence subgroups and for the slash opera- 
tion in weight 0. 

As above, we denote by F the modular field, i.e. the union of the fields 
Fjv of modular functions of level N rational over Q(e 2m / N ). 

Lemma 3.81. Let f G CiJA?) have level N and assume that fg <rn G F for 
all (g,m). For any a G SL 2 (Z) one has 

(3.330) f g>am = Gal(a)/ fl /, m 

where got = a'g' is the decomposition of get as an element in the product 
GL 2 (Z)GL 2 (Q). 

PROOF. Notice that the decomposition a'g' is not unique, and one can 
replace the pair (a' ,g') by (a' 7 , ~i~ l g') for any 7 G V. But the left invariance 
(3.328) implies 

/( 7 -V,P,r) = /(</, p,r) 
for all 7 G r so that the condition (3.330) is well defined. Consider the map 

(3.331) (g, a) G GL+(Q) x GL 2 (Z) ^ g'(g, a) G T\GL+(Q) 
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where g' is the unique class with ga = a'g' for some a' G GL2(Z). One has 

^(5, a) =p{ga) 

where p is the projection of GL^Aqj) onto the quotient 

GL 2 (Z)\GL 2 (A Qi/ ) ~ T\GL+(Q). 

Since p is continuous for the discrete topology of r\GL^~ (Q), so is the map 
g' . It follows in particular that for fixed g G GL^(Q) there are only finitely 
many possible values of g'(g, a) when a varies in the compact space GL/2(Z). 
This shows that both sides of (3.330) depend continuously on a and by the 
density of T in SL2(Z) it is enough to prove (3.330) for a = 7 G T. Then we 
have g' = 57 and 

fg,am{T) = f(g,jm,T) = /(flry, m, 7 _1 (t)) 

and 

fg,am — fg',m\^f 

Thus one obtains the required condition using Theorem 3.75 a). □ 

We now show that the basic examples X a , £2m,a an d T ri)T2 of arithmetic 
elements fulfill a condition finer than (3.330) in that SL^Z) is replaced by 
GL 2 (Z). 

Proposition 3.82. T/ie -Y a; £ 2 fc,a a^d i/ie T riir2 /uZ/iZZ t/ie following 
"arithmetic" conditions 

• f has finite support in the variable g G T\GL^"(Q). 

• / has finite level in p G M2(Z) 

• The functions f g , m {z), for m G M^i^L/NI), fulfill 

(3.332) f 9jjn G F V(g,m). 

• Let a G GL 2 (Z) and g a = a' g' be the decomposition of g a as a 
product in GL 2 (Z)GL2(Q), then 

(3.333) f g ,am = GsLl{a)fg',m Va G GL 2 (Z) . 

Proof. Let us first consider the X a (the case of the E^k a ls similar). 
The support in the variable g G r\GL^"(Q) of the function / = X a defined 
by (3.327) has one element. For a G (^Z/Z) 2 , f = X a has level N since it 
only depends upon p{a) i.e. on the restriction pn(p) of p to iV-torsion. The 
corresponding functions f g ^ rn are of the form f u by construction of the X a . 
In fact, one has 

(3.334) f hm = f m(a) Vm. 

Thus, Theorem 3.75 b) allows one to check the last condition for the X a . 
Notice that (3.334) only holds if m{a) / and we still have to handle the 
case when m{a) = 0. In that case one has am{a) = and both sides vanish 
by construction of X a . In the case of the <?2fc,a both sides are equal to z^fc 
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but the latter is invariant under the Galois action of GL2(Z) on F so that 
one gets the required equality. 

Let us now deal with the T rijJ . 2 . One just needs to check that the func- 
tions (3.326) fulfill (3.333). This 'follows since the map (3.331) fulfills: 

(3.335) g'(g, a) = g in T\GL+(Q)/r , \Jg G GL+(Q) . 

To prove (3.335) one can assume that g is diagonal since every double class 
contains a diagonal element. One can further factorize a as 

a = 5a Q , ^> = q 1 ) ' a ° G ^L 2 (Z) . 

This allows one to assume that a G SL2(Z), in which case (3.335) follows by 
the density of V C SL 2 (Z). □ 

We can now define "arithmetic" requirements that characterize / G 
^2,Q- Namely we require the following. 

Definition 3.83. A function f G C(U 2 ) is arithmetic if and only if it 
satisfies the conditions of Proposition 3.82. We let A 2t Q be the linear space 
of arithmetic elements f G C(U 2 ). 

Remark 3.84. The condition (3.333) of Proposition 3.82 is automatic 
on SL2(Z) C GL 2 (Z) by Lemma 3.81. It is however crucial to impose the 
stronger condition in this form. In particular (3.333) shows that functions 
on r\(M 2 (Z) x H) extended as above by outside F x M 2 (Z) x H and which 
are independent of the variable p G M2(Z) are arithmetic iff they belong 
to F and are invariant under GL2(Z) and hence iff they belong to Q[j]. 
Elements of F fixed under SL2(Z) coincide with Q ab [j], where Q ab is the 
cyclotomic extension of Q. 

In fact, as we have seen in §6 above (cf. [269]), the modular field Fjy 
of level N contains a primitive iV-th root of 1. Thus, the condition (3.332) 
alone would allow the algebra A 2j q to contain the cyclotomic field Q ab C 
C. However, this would prevent the existence of any intertwining between 
a Galois action on values of states and the action of symmetries on the 
algebra, which is one of the main goals of this quantum statistical mechanical 
formulation. 

In fact, the existence of an intertwining 

6 : S = Q*\GL 2 (A QJ ) ^ Gal( VQ) 

with 

(3.336) ao^(f) = i P o0- 1 ( a )(f) 1 Vq G Gal(F^/Q), V/ G A 2 ,q 

implies that any / G A 2 ,q PI C is fixed under the Galois action and hence 
belongs to Q. This follows immediately from the C-linearity of the functional 
ip. The condition (3.333) on the elements of the arithmetic algebra A 2: q has 
the effect that, if the spectrum of an element of »42,Q> contains a root of unity, 
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then it also has to contain all of its Galois conjugates, so that, in particular, 
no such element can be a scalar ^ Q. 

We now show that the arithmeticity condition (3.333) of Definition 3.83 
can be formulated as a consistency condition on the roots of unity that 
appear in the coefficients of the g-series, when p G M2(Z) is multiplied on 
the left by a diagonal matrix. 

Consider elements g G GL^Q) and a G GL2(Z/iVZ), respectively of the 
form 

(3.337) g = r (^™ J ^ and a = ( q 1 ) ' 

with k prime to N and n\N. 

Lemma 3.85. An element f £ C(U2) is arithmetic if and only if it sat- 
isfies the first two conditions of Proposition 3.82 and the following property. 
If f is of level No, then for any multiple N of No and any pair (g, a) as in 
(3.337) we have fg, m G Fn f° r all m £ M2(Z/iVZ) and the q-series of f g ^ am 
is obtained from the q-series for f g ^ m by raising to the power k the roots of 
unity that appear as coefficients. 

PROOF. Let / fulfill the condition of the Lemma. One has / 9)?n G Fn C 
F so we only need to check the covariance condition (3.333). By Lemma 
3.81, the only nontrivial part of (3.333) is the case of diagonal matrices 



with u £ GLi(Z). To prove (3.333) we can assume that g = goj, with go 
diagonal as in (3.337) and 7 G T since every double class contains a diagonal 
element. Let then 7a = 5a\ with 5 as above and 07 G SL2(Z). One has, 
using the condition of the Lemma, 

fgo,Saim = Gal(<5) fg 0: ctim 

since, by Lemma 3.76, Gal(5) acts by raising the roots of unity that appear 
as coefficients of the g-expansion to the power k, where u is the residue of 
k modulo N (cf. [269] (6.2.1) p. 141). One then has, using g = go7 and 
7a = Sai, 

fg,am = fgo,^fam\^f = Gal(7 )fg ,^am = Gal(7 5) fg ih a 1 m 

and by Lemma 3.81, with goai = we get 

f g ,am = G&l(<y~ 1 5a 1 ) f g > 0}m = Gal(a) f^ m . 
Moreover, one also has 

ga = g^ a = g Sai = Sgooti = Sa[g , 
which shows that g' = g' . One then checks the converse similarly. □ 
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We now show that A2,q is a subalgebra of the algebra of unbounded mul- 
tipliers and there is an induced action on the algebra A2 ; q of the symmetries 
of (A2, ct) analyzed in §5.4. 

Proposition 3.86. The space «4 2 ,<Q> is a subalgebra of the algebra of 
unbounded multipliers of the C* -algebra A2, which is globally invariant under 
the action of the symmetry group S = Q*\GL/2(Aqj) of (A2, 0t). 

Proof. We say that a point r € H is generic if j'(r) is transcendental. 
We have seen that, for each generic r 6 H, the evaluation map h 1— > I T (h) 6 
C which is given by I T (h) = h(r) on regular elements gives an isomorphism 
of F with a subfield F T C C and a corresponding action Gal T of GL^Ay) 
by automorphisms of F T , such that 

(3.338) GaLr(g)(I T (h)) = I T (Gal(g)(h)). 

The convolution product in A2 and on multipliers is given by 
(/1 * fa)(g,P,r) = ^2 fi (ggi 1 , gi p, gi(r)) fa(gi, p,r) . 

g 1 er\GL+(Q):g 1 peM 2 (Z) 

which means, in terms of the fj g as in (3.200), 

{h*h)g= Yl fi,gs-A a hs- 
ser\GL+(Q) 

It follows using Lemma 3.74 that if /1 and f 2 are arithmetic elements 
then (fi * f2)g,m £ F (compare with Proposition 2 of [93]). It remains to 
show that condition (3.333) is stable under convolution, i.e. that for any 
two elements f\ and fa in »42,Q the convolution product fa * fa still fulfills 
(3.333). Recall that given a 6 GL2(Z) and g G GL2(Q) there are elements 
g' G GL2(Q) and (3 G GL2(Z) such that ga = fig' . By definition, one has 

{fi*fa){g,ap,T)= Y /i(55 r r 1 '5 , iap,5i(T))/ 2 (5i,ap,T)- 

gi er\GL+(Qy.g ia peM 2 (z) 

We let g\ a = a'g[ be the decomposition of g\a as above. We then use 
(3.333) to write the right hand side as 

(fa* fa)(g,ap,T) = J2fi(99l 1 ,giap,gi(T))Gal T (a)(fa{g' 1 ,p,T)), 

with Gal T as in (3.338). The result then follows from the equality 

(3.339) fa(ggT\giap,gi(T)) = Gal T («)(/i( 5 Vr 1 ,5ip,5i(r))), 

which we now prove. The equality g± a = a'g[ together with (3.333) shows 
that 

M99T 1 , 9i<*P, 9i(t)) = Gal gi{T) (a')(fa(g , g , f 1 ,g , l p,g 1 (T))), 

using gg^a' = gg^igiag'f 1 ) = gag'f 1 = Pg'g' 1 ~ 1 . 
For any h £ F, one has 

J fll(T) (Gal(a» = / 9l(T) (Gal( 5l )Gal(a)Gal( 5 / r 1 )(^)) 
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and, by construction of the Galois action (cf. Theorem 3.75 a)), we have 

(3.340) / 5l(T) oG%) = l T) V<7iGGL+(Q), 
so that in fact we obtain 

Gal gi{T) (a')I giiT) (h) = Gal r (a)/ g / (r) (/i). 

This proves (3.339) and it shows that A 2 ,q is a subalgebra of the alge- 
bra of unbounded multipliers of A 2 - To prove the invariance under S = 
Q*\GL2(Aqj) is straightforward, since the endomorphisms are all acting 
on the p variable by right multiplication, which does not interfere with con- 
dition (3.333). □ 

Proposition 3.87. The map 

, / f€M+(Z) 
Z(f)(g,P,T) := < 

[ (J otherwise 

defines an isomorphism 

(3.341) Z:H{M+{Z),T)^A 2 ,q 

of the standard Hecke algebra W(M 2 + ffil-X) of T -bi-invariant functions with 
r -finite support on M^Z), with a subalgebra H C Ai^- 

Proof. The convolution product in the Hecke algebra is given on T-bi- 
invariant functions with T-finite support by 

(3.342) {h*h)(g) = £ h{gg?)h{gi) 

9 ier\M+(z): ra - 1 eM+(z) 
One has (£(/i) * t,(f2))(g, P, t) given by the expression 

Zif^iggl 1 , gip, si(t))£(/2)(si, p, t). 

9 iGr\GL+(Q): 3l peM 2 (Z) 

The term in the sum vanishes unless gi G M 2 + (Z) and gg^ 1 G M^"(Z). 
This implies g G M^Z) so that the support of £(/i) * £(/2) is contained in 
M 2 + (Z). One can thus assume that g G M 2 f (Z) and restrict the sum to the 
subset of g x G T\M^(Z) with gg^ 1 G M£(Z). Notice that the condition 
gip G M2(Z) in the convolution product is now automatically satisfied, so 
that £ is a homomorphism. □ 



7.3. Division relations in the arithmetic algebra. 

We now describe the algebraic relations fulfilled by the X a as extensions 
of the division formulas of elliptic functions. These extend the division 
relations of elliptic functions from invertible Q- lattices to arbitrary ones. 

In order to obtain the division formulas for the Eisenstein series -E^r^a 
we need to control the image of (-^Z) 2 = ^Z 2 under an arbitrary element 
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p G M 2 (Z). This is done as follows using projections q A indexed by sub- 
lattices A C Z 2 associated to the closed and open subsets mM 2 (Z) for 
m G M^"(Z). As in Lemma 3.53 the subset L m = mM 2 (Z) only depends 
upon the subgroup m(Z 2 ) C Z 2 and we let 

(3.343) qA = l Lm , VmeM+(Z), m(Z 2 ) = A. 
One has, for any m G M^~(Z) with A = mZ 2 , 

(3.344) q A (p) = 1 ^ m _1 p G M 2 (Z) . 

Note that the q A are not T-invariant on the left. In fact one has 

(3.345) q A ( 1P ) = g 7 -i A (p) , V 7 G T , p G M 2 (Z) . 
One has 

(3.346) AcA'^ 9A <to'. 

Indeed mZ 2 C m'Z 2 shows that (m')~ 1 mZ 2 C Z 2 and m = m'm" for some 
m" G M 2 + (Z) so that L m C L m >. 

The projections commute and for any pair of lattices A, A' C Z 2 one 

has 

(3.347) q A q A > = q AnA < • 

This follows from the second part of the next lemma: 

Lemma 3.88. Let N G N, and p G M 2 (Z). 

(1) There exists 7 6l, dj \ N with d\ \ d 2 and p G GL 2 (Z) such that 

(3.348) p = 7 ^ °J n modulo iVM 2 (Z) 

(2) Let AcZ 2 with A D iVZ 2 . One /mm 

(3.349) g A (p) = 1 P(^ 2 ) c ]y A modulo Z 2 . 

Proof. (1) The statement only depends on the projection pn(p) = 
pN G M 2 (Z/iVZ). Thus one can lift p to an element of M^Z) and write 
the latter as a product 

71 U a 2 J 72 

where 7j G T and ctj G N, a,j > with a\ | a 2 . One has dj Z/iVZ = djZ/NZ 
for some unique divisors | iV, G {1, . . . , N} and d\ | d 2 by construction. 
Thus one can lift aj modulo N in the form djUj, where Uj G GLi(Z). This 
gives the required lift of p of the form (3.348). 

(2) Let A with iVZ 2 C A C Z 2 be such that q A (p) = 1. Let us show that 
p(^Z 2 ) C ± A. Let m G M+(Z) be such that A = ml?. Then q A {p) = 1 
implies that p = mp for some p G M 2 (Z). Thus p(-^Z 2 ) C m(-^Z 2 ) = ^A. 
Conversely let A', iVZ 2 C A' C Z 2 be defined by p(^Z 2 ) = ± A' modulo 
Z 2 . We need to show that q A '(p) = 1, i.e. that there exists m' G M^(Z) 
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such that A' = m'Z 2 and m'~ 1 p G M2(Z). By the first part of the lemma, 
one can assume that p is of the form (3.348). One then takes 



and checks that A' = m'Z 2 while m! 1 p belongs to MiiJL). □ 
Given an integer N > 1, we let Sjy be the set of lattices 

(3.350) NI? cAcZ 2 . 

This is the same as the set of subgroups of (Z/iVZ) 2 . For each A G Sat we 
define a projection 7r(iV, A) by 

(3.351) vr(iV,A)=g A J] (1 - q A ,) . 

A'eS N :A'cA 

By Lemma 3.88 the range of tt(N, A) is exactly the set of p G M2(Z) such 
that 

(3.352) p ( JV 2 ^ = n A modul ° ^ 2 • 

The general form of the division relations is then as follows. 

Proposition 3.89. There exist canonical modular forms ujn,a,k of level 
N and weight 2k, such that for all k and (p, r) G M^^E) x M they satisfy 

(3.353) ^ Xa(p,r)= £ tt(JV, A)(p) WjV)A)fc (r) , 

7Va=0 AG5]v 

and 

(3.354) ^iv,A,fe(7r) = (cr + d) 2k u N „-i A)fc (r) , V 7 G T , 

which implies that Wjv,A,fc is of level N. 

PROOF. We prove the result first for = 1 and then we proceed by 
induction on k. 

The division formulas in weight 2 involve the 1-cocycle on the group 
GL^"(Q) with values in Eisenstein series of weight 2, given in terms of the 
Dedekind rj- function by (cf. [93]) 

(3.355) , 7 ( T)= _L| log ^, 

where we used the standard 'slash operator' notation (3.248). Since /U 7 = 
for 7 G T, the cocycle property 

(3.356) n llj2 = /x 7l I72 + /i 72 

shows that, for m G (Z), the value of n m -i only depends upon the lattice 
A = m(Z 2 ). We shall denote it by p A . 



_ , nq nm 
12 ^ H 

m,n>0 
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We let, with q = e 2nir , 9r > 0, 

(3.357) e2 ( r ) = _l +2 

With the notations of [93] one has 

e 2 = (2m)~ 2 G* 2 , 
so that by [93] (3.11) one gets, for any 7 G GL+(Q), 

(3.358) M7 (r)= -2 (e 2 | 7 (r) - e 2 (r)) - - ^— , V 7 = f " J 

7r cr + o yea 

The case fc = 1 is taken care of by the following lemma. 

Lemma 3.90. For any integer N, the X a with a G Q/Z fulfill the relation 

x « = -\ n2 E ^.A)/iA. 

Afa=0 AeSjv 

PROOF. By construction, the projections 7r(iV, A) with A G SV form a 
partition of unity, namely 

E 4^A) = l. 

Aesw 

Thus, to prove the lemma it is enough to evaluate both sides on a p in the 
support of ir(N, A). 

We can then use the equality 

(3.359) M 7 -ia = A*a|7, V7 G T 

to assume, using Lemma 3.88, that A and p^ are of the form 

(3.360) A=(* «)*, and w = (* » 

where dj | and d\ | d 2 . Let d 2 = ndi. The order of the kernel of pn is 
d\d,2- Recall that X a (p,r) is defined by (3.318) where the Q-lattice L(p,r) 
is given by (3.314), i.e. 

L(p, r) = (A, (f>) , A = Z + rZ and <p{a) = pi{a) - rp 2 (a) G QA/A . 

Thus with the above notations we get, 

diai d 2 a 2 ai a 2 1 2 

^ (a) = ^r-lv- T ' Va = ( iv']v )G iv z • 

For a G (-^Z 2 /Z 2 )/Ker pjv the cosets 0(a) + A are disjoint and 

A / = U a (0(a)+A) = ^(Z + nrZ) 
Thus the computation of ^2 Na=0 X a (p, t) gives 

(2vri)- 2 did 2 ^ y~ 2 - Af 2 e 2 (r) , 
A'\{0} 
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using (3.318) even for (f)(a) £ A just by removing the term y~ 2 for y = from 
the sum. This gives iV 2 (n e2(nr) — e2(r)) = — \N 2 p& using (3.358). □ 

This proves, using (3.359), the proposition for k = 1. For the general 
case, we can proceed by induction using (3.320) to express X k as E2k, a plus 
a polynomial of degree < k in X a with coefficients in Q[e4,eg]. Thus, we 
only need to prove the equality 

(3.361) E ^,a= <N,A)a NAk , 

Na=0 AeS N 

where the modular forms ctN,A,k axe given explicitly as 

(3.362) a NAk = det(m) (N 2k n k e 2k \m- 1 - e 2k + v 2k ) , 

with m € M^"(Z) such that A = m(Z 2 ), and (d\, d 2 ) = (d, dn) associated to 
A as above (cf. Lemma 3.88). One checks that 

(3.363) a Nt A,kh = a AT, 7 -i A,fe , V7GT. 

Thus one can proceed as in the proof of Lemma 3.90 and obtain (3.361), 
by evaluating both sides on arbitrary p £ tt(N, A) with p and A as in (3.360). 
One has 

Y E 2k , a (p,T)=d 1 d 2 ((27riy 2k Y y' 2 * -^k{r)+v 2k {r)) 
Na=0 A'\{0} 
N 2k 

= det(m) (-^2Fe 2fc (nr) - e 2 fe(r) + v 2k {r)) 

where we took care of replacing the contribution of the coset A C A' 
corresponding to <p(a) G A by the value dictated by (3.319). One has 
det(m" 1 ) fc = dr 2k rT k . Thus one gets (3.362). □ 

One can rewrite the relation (3.353) in terms of the weight elements 
X a = cX a as 

(3.364) £ X k (p,r)= £ 7r(N,A)(p)(3 NAk (r), 

Na=0 AeS N 

where the /3jv,A,ifc = c fe a;jv,A,ifc fulfill 

(3.365) PnaA'Y 1 ') = Pn^-i A,k( T ) ' v 7 G T • 

Note that the terms n(N,A) Pn,a,h are n °t invariant under the left action 
of T on M 2 (Z) x H and hence do not make sense as elements of «42,Qj but 
the sum 

(3.366) a k = Y K(N,A)(3 NAtk 

AeS N 

is T- invariant since one has, using (3.345), 

(3.367) 7 r(iV,A)( 7/ 9) = 7r(iV, 7 - 1 A)(p). 
By construction one has fiN,A,k ^ ®F- 
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Theorem 3.91. Let N £ N. Then the subalgebra of A2,q generated by 
the X a for Na = is reduced and finite dimensional over Q[j]. 

Proof. Let us start with the algebra generated by the a^ of (3.366), 
for 1 < k < N 2 . To show that it is finite-dimensional over Q[j] it is enough 
to show that each of the generators au is integral over Q[j]. By Proposition 
3.72 the (3N,/\,k are integral over Thus there exists a monic polynomial 
P{X) with coefficients in Q\j] such that 

for any eA G {0, 1}. It follows then from (3.366) that P{(Jk) = 0. By 
(3.364) the symmetric functions of the X a for Na = are polynomials in 
the <7fc and are thus integral over Q\j]. We thus get that the generators X a 
are integral over Q[j] and it follows that the subalgebra of A2,q generated 
by the X a for Na = is finite-dimensional over Q[j']. It does not contain 
nilpotent elements since it is by construction a subalgebra of the algebra of 
complex- valued continuous functions on M2(Z) xl. □ 

7.4. KMS states. 

In this section we describe the structure and arithmetic properties of 
KMS states of the system («42,ot) introduced in §5. We first review some 
terminology. 

Definition 3.92. A positive energy representation of a quantum sta- 
tistical mechanical system {A, at) is a covariant representation (Definition 
3.1) 

tt:A^ B(H) 

of the C* -algebra A as bounded operators on a Hilbert space 7i such that the 
time evolution at is implemented: 

a t (TT(a)) = e itH Tr(a)e- itH , 

by a positive Hamiltonian H with discrete spectrum. 

Before proceeding to the classification of low-temperature KMS states of 
the system, we need some preliminary results. The following lemma shows 
that, in essence, invertible Q-lattices are ground states of the system. 

Lemma 3.93. (1) Let s : Q 2 /Z 2 — »■ Q 2 be a section of the projection 
it : Q 2 -> Q 2 /Z 2 . Then the set of elements 

(3.368) s(a + b)-s(a)-s(b), o,6gQ 2 /Z 2 

generate Z 2 . 

(2) Let L = (A, 4>) be an invertible Q-lattice. If L' = (A',<fi') is a 
Q-lattice commensurable to L, then A C A'. 
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PROOF. (1) Let I C Z 2 be the sub group generated by the (3.368). If 
X / Z 2 , we can assume, possibly after a change of basis, that there is a 
prime number p such that ICpZ©Z. Thus, if we restrict s to the p-torsion 
in Q 2 /Z 2 and multiply it by p we obtain a map 

(a, b) £Z/pZ@Z/pZ^ a{a,b) =ps(^,^) £ Z 2 

since s(p> p) £ (|, |) + Z 2 . This map gives a group homomorphism 

cr : Z/pZffiZ/pZ^Z/p 2 ZffiZ/pZ, 
which is a section of the projection 

Z/p 2 Z © Z/pZ -► Z/pZ © Z/pZ 

but this is impossible since in Z/p 2 Z any element of p-torsion maps to 
under the projection Z/p 2 Z — > Z/pZ. 

(2) Let s and s' denote, respectively, a lift of modulo A and of (ft' 
modulo A'. Since by commensurability (f> — <p' = modulo A + A' we have 
s(a) — s'(a) £ A + A' for all a £ Q 2 jZ 2 . Thus, it is possible to correct s 
modulo A and s' modulo A' so that s = s' . Then, for all a, b £ Q 2 /Z 2 , one 
has s(a + b) — s(a) — s(b) G A n A'. By the first statement of the lemma and 
the invertibility of (f> we obtain that A n A' = A. □ 

We give a general characterization of KMS states for the system (A2, 
which shows that they are given by measures on the space of 2-dimensional 
Q-lattices up to scaling. We then show that, for sufficiently low-temperature, 
these measures are supported on the commensurability classes of invert- 
ible Q-lattices. This will be the key result for the classification of low- 
temperature KMS states. 

We have the following preliminary result. 

Lemma 3.94. Let X = T\(M 2 {Z) x H) and Y = M 2 (Z) x M, with 
pr : Y — > X the quotient map. Let C denote the closed subset of X given 
by C = pr({(0, z)\z G H}). Consider g G GL^"(Q), such that g ^ T and an 
element x G X, with x ^ C. There exists a neighborhood V of x with the 
property that 

(3.369) Pv {gp- 1 {V))r\V = % 

Proof. The subset {{0,z)\z G H} C M 2 (Z) x M is closed and V- 
invariant, thus C is closed. The map y gy in Y does not define a map 
in X but a correspondence which assigns to a point x G X a finite subset 
of X. This correspondence is described in terms of a finite cover Xq of X 
and two maps pj from Xq to X. Let To = T n g~^g and Xq = Tq\Y. For 
xq G Xq, the projections pi(xo) = pr(y) and ^2(^0) = Pr(gy) are indepen- 
dent of the representative y £ Y with xo = Toy. Moreover, if pi(xo) G' C 
then P\{xq) 7^ ^2(^0) by Lemma 3.45. By construction Tq is of finite index 
n in T and the fiber Pi 1 (x) has at most n elements. Let then W C Xq be a 
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compact neighborhood of p^ 1 (x) in Xq such that x ^ P2{W). For z £ V C X 
sufficiently close to x one has Pi 1 {z) C W, hence P2{P\ 1 (z)) C V c which 
gives the result. □ 

We can then obtain the following preliminary step in the characterization 
of KMS states of the GL2 system (A2,o-t). 

Theorem 3.95. For any given (3 > 0, let ip be a KMSp state for the 
system (A2, c*)- Then there exists a probability measure p, on T\(M2(Z) xH) 
with the property that 

(3.370) ¥>(/)=/ f(l,p,z)dfi(p,z), VfeA 2 . 

ir\(M 2 (z)xi) 

PROOF. Recall that elements / G A C {U 2 ) are functions with compact 
support on the quotient of the space U2 of (3.195) by the action (3.193) of 
r x T. Let g G GL+(Q) and / € A C {U 2 ) be such that 

(3.371) f(g,p,z) = 0, yg^Tg T. 

Any element / 6 A c (p(2) is a finite linear combination of such functions. 

It is then enough to show that we have <p(f) = whenever / G A C {IA2) 
satisfies the condition (3.371) with go ^ T. 

The formula 

(3.372) $(f)(g,z):=f(g,0,z) V/ G A2 

defines a homomorphism of (A 2 ,o- t ) to the quantum statistical mechanical 
system (B 2 ,crt) which is obtained by specialization of the algebra to p = 0, 
with convolution product 

(3.373) fi*f2(g,z)= Yl fi(9h- 1 ,h(z))f 2 (h,z). 

/ier\GL+(Q) 

Notice that here there is no restriction on the summation, like in the case 
of the algebras considered in [93] . 

Consider the isometries //[„] defined in (3.238) above, and their image 

(3.374) u [n] := $(/x [n] ). 

The zA„j are unitary multipliers of the algebra B2 and are eigenvectors of the 
time evolution 

(3.375) o- t (u [n] ) = n 2 %j 

since the /U[ n ] are eigenvectors as in (3.242). 

The KMS condition shows that, in the presence of unitaries that are 
eigenvectors of the time evolution as in (3.375), the system (2?2,0t) cannot 
have any KMS/3 state. In fact, any such functional would satisfy 

which is impossible for f3 > 0. This shows that the pushforward of a KMS 
state (p of (A2,o-f) under the map $ vanishes identically. 
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Note that the above proof does not really depend upon the use of multi- 
pliers. One can proceed directly and consider for any function t G C c (r\H) 
and integer n / 1 the element s of £>2 which vanishes for g £ [n]T and fulfills 
s([n], z) = t(z) for zGi. The above argument applied using the KMS^ con- 
dition for s and s* shows that 92 vanishes on the subalgebra C c (r\H) C B2 
which gives the result since this subalgebra contains an approximate unit 
for B 2 . 

Recall the discussion on pushforward of KMS states in §2.5 above. Let 
C = pr({(0, z)\z G H}) be the subset of r\(M 2 (Z) x H) as in Lemma 3.94. 
Consider functions h n G C C (X) with values < h n (x) < 1 and with support 
disjoint from the set C. Assume that the h n converge pointwise 

lim h n (p, z) = 1 

n^oo 

in the complement of the set C. Consider then the elements u n G A2 defined 
by 

(3.376) u n (l,p, z) := h n o p r (p, z) and u n (g, p, z) = 0, Mg T. 
By Proposition 3.16, we obtain 

(3.377) <p(f) = lim <p(f*u n ). 

n 

Thus, to prove that ip(f) = 0, we can replace / by / * u n and since 
(/ * u n )(g,y) = f(g,y)h n o pr(y), this means that we can assume that 
f(d,y) = unless p(y) G K, where K C r\(M2(Z) x H) is a compact 
subset disjoint from the set C. Let x G K and V as in Lemma 3.94 and let 
h G C C (V). We have 

(3.378) ho Pr (gy) ho Pr (y) =0, Vy G Y 

by Lemma 3.94. We then apply the KMS^ condition to the pair a, b with 
a = f and 

(3.379) b(l,p,z) :=hop T (p,z) and b(g, p, z) = 0, V ff $ Y. 
By (3.379) we have <Jt(b) = b hence the KMS condition gives 

v (b * f) = (p(f * <Tip(b)) = (f(f * b). 

One has (6 * f)(g, y) = ho pr(gy) f(g, y)- Applying this to / * b instead of 
/ and using (3.378), we get ip(f * b 2 ) = 0. This gives <p(f) = 0, using a 
partition of unity on K. □ 

In the case of the BC system the relevant information to perform the 
classification of KMS states is obtained from averaging such states under 
the compact symmetry group G. Equivalently this amounts to studying the 
restriction of such states to the fixed subalgebra under G. For the system 
(A2, (Tt) there is a similar subsystem that will play an important role in the 
classification. It is obtained by considering functions which are invariant 
under right multiplication by GL2(Z) and are independent of the variable 
zGl 
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Consider the determinant map det : M 2 (Z) — > Z, namely the continuous 
map 

(3.380) M 2 (Z) 9 ^ ^ i-f ad - 6c € Z. 

For each n G N = Z>o, the composition 7r„ o det defines a projection ir'(n), 
which is the characteristic function of the set of Q-lattices whose determi- 
nant is divisible by n. Following (3.241) we denote by 7r(n) the projection 
associated to the characteristic function of the set of Q-lattices which are 
divisible by n, i.e. with [n]^ 1 /? G M 2 (Z). If a Q-lattice is divisible by n, 
then its determinant is divisible by n 2 . One controls divisibility using the 
following family of projections ir p (k, I). Given a prime p and a pair (k, I) of 
integers k < I, we let 

(3.381) 7T p (k, I) := (n(p k ) - ir(p k+1 ))(Tr'(p k+l ) - it' (p k+l+1 )) . 

This corresponds, when working modulo N = p b , b > I, to matrices in the 
double class of 

(3.382) ^ ^ , ^p(a) = k and v p (d) = /, 

where v p is the p-adic valuation. 

Lemma 3.96. (1) Let tp be a KMSp state for the system (A2,(Jt). 
Then, for any prime p and any pair (k,l) of integers k < I, one has 

ip(TT P (k,i)) = p -(*+o/y-* (i +P- 1 ) {i-p- p ) (1 -P 1 ^), 

while for k = I one has 

^ p {l,l))=p-^{l-p^){l-p 1 ^). 
(2) For distinct primes pj one has 

PROOF. (1) For each n G N we let v n G M{A) be given by 

(n 0\ 

Vn(9, P, z) = 1 Vo G T I Q 1 I r and i/ n (g, p, z) = otherwise. 
One has atiy-n) = n lt v n for all t G R. The double class 

is the union of the left F-eosets of the prices {' ",1 where a d = „ and 



^0 d 

gcd{a, b, d} = 1. The number of these left cosets is 

w(n):=n Q (1+jcT 1 ) 

p prime, 
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and 

(3.383) v**v n (l,p,z)=u(n), V(p, z) G M 2 (Z) x H. 
One has 

i/ n * i/*(l,p,z) = ^ v n (h~ l ,hp,h(z)) 2 . 

/ier\GL+(Q),/i P eM 2 (z) 

The right hand side is independent of z G EI and only depends upon the 
SL 2 (Z/nZ)-GL 2 (Z/nZ) double class of p n = p„(p) G M 2 (Z/nZ). 

Let us assume that n = p' is a prime power. We can assume that 
pn = Pn(p) is of the form 

Pn= Co p 6 ) ' °<«< 6 < z - 

We need to count the number u;(a, 6) of left T-cosets Thj in the double class 

such that G M 2 (Z). A full set of representatives of the double class is 
given by hj = (a*-) -1 , where the ctj are 

ao= (o l) a ^ = (o n) ' sG {O. 1 . !} 
and for x G {1, 2, . . . , Z — 1}, s G Z/p i_:E Z prime to p 

o 

The counting gives 

• u(a,b) = if 6 < I. 

• w(a, 6) = p a if a < I, b > I. 

• u(a,b) =p\l + p _1 ) if a> I. 

Let e p (i,j) for i < j be the projection corresponding to a > i, b > j. 
Then for i < j one has 

(3.384) Tv p (i,j) = e p (i,j) - e p (i + - e p (i,j + 1) + e p (« + 1, j + 1) 
while 

(3.385) ir p (j,j) = e p (j,j) - e p (j,j + 1). 
The computation above gives 

l-i 

(3.386) v n * u*(l, p, z) = p\\ +p- 1 )e p (l, I) + J> fc (e p (fc, I) - e p (k + 1, 1)), 

o 

where, for simplicity of notation, we omit the variables (p, z) on the right 
hand side. 
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Let if be a KMS/j state, and o~(k,l) := <p(e p (k,l)). Then, applying the 
KMS/3 condition to the pair (fi [p] f, p*) for / G C(r\(M 2 (Z) x H)), one gets 

a(k,l) =p- 2kl3 a{0,l- k). 
Let a(k) = <r(0, k). Upon applying the KMS^ condition to (u n , i/*), one gets 

^(l+p^K'^^l+p-^-^+^/b-^^l-^-p-^+^^ll-fc-l). 

fc=0 

Since cr(0) = 1, this determines the a(n) by induction on n and gives 
a(n) = ap n ^-^ + (l-a)p- 2nl3 , 

with 

p/3 _ i 



a = (l+p) 



p i+f3 _ i • 

Combined with (3.384) and (3.385), this gives the required formulas for 
tp(ir p (k, /)) and the first part of the Lemma follows. 

(2) To get the second part, one proceeds by induction on the number m 
of primes pj . The function / = 1 ir Pj (kj,lj) fulfills 

f(h(p, z)) = f(p, z), V(p, z) G M 2 (Z) x H, and V/i £ T (*~* fj T, 

where n = p l m . Thus, when applying the KMS/j condition to (y n f, is*), the 
previous computation applies with no change to give the result. □ 

The main result of this section is the complete classification of low-tem- 
perature KMS states, which is obtained as follows. 

Theorem 3.97. Consider the quantum statistical mechanical system 
(A 2 ,o- t ). 

(1) Each invertible Q-lattice L = (A, <f>) determines a positive energy 
representation ttl of (A2,&t)- 

(2) The partition function of the system is 

(3.387) Z(/3) = C(/3)C(/9-l) 

(3) For (3 > 2, invertible Q-lattices L = (A, cf>) determine corresponding 
extremal KMSp states of the form 

(3.388) W (f) = Z(P)- 1 m,rnp,m(z))det(m)-P. 

mer\M+(z) 

(4) For all (3 > 2 the map L ipp^L as in (3.388) above gives an 
identification 

(3.389) Sp = GL+(Q)\(GL 2 (A QJ ) xl) = GL 2 (Q)\GL 2 (A Q )/C* 

between the set of extremal KMSp states and the set of invertible 
Q-lattices up to scaling. 
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PROOF. (1) We have seen that a Q-lattice L = (A,0) determines a 
representations ir y of A2 on the Hilbert space H y = £ 2 (T\G y ) as in (3.202), 
where y = (p,z) is the element in T\(M2(Z) x H) corresponding to the Q- 
lattice L. In this representation, the time evolution is implemented by the 
diagonal operator H y of the form 

(3.390) = log det(<7) £(</). 
Namely, we have 

(3.391) %(a t (/)) = e^ % (/)e- 1 ^, V/ G A 2 . 

In general, the operator H y is not positive. However, if the Q-lattice L = 
(A,</>) is invertible, i.e. if p 6 GL/2(Z), then = M^Z). In fact, in this 
case the basis elements of the Hilbert space 7i y are labeled by the lattices 
A'dA (by Lemma 3.93). Equivalently, the basis elements are labeled by 
the elements in the coset space r\M 2 + (Z). The eigenvalues of H y are then 
given by 

{logdetO/), g€G v = M+(Z)}, 

which shows that H y has positive spectrum. 

(2) By (1) the Hilbert space and the Hamiltonian are the same for all 
the positive energy representations associated to invertible Q-lattices. The 
dimension of the n-th eigenspace of the Hamiltonian is given by the cardi- 
nality of the sets {m 6 M^(Z) : det(m) = n} modulo the action of V. Any 
sublattice of Z 2 is uniquely of the form 

(3.392) (° h \l? 



d 

with a, d > 1 and < b < d (cf. [263] p. 161). Thus, the dimension of the 
n-th eigenspace is given by the cardinality of the set of matrices as in (3.392) 
with determinant n. This is given by the formula 

(3.393) (7i(n) = J^d. 

d\n 

Thus, one obtains that 

OO , s 

(3.394) Z(/3) = Tr(e"^) = ^ = C(PK(P ~ 1), 

n=l 

where C(P) 1S the Riemann zeta function. 
(3) The state (3.388) is of the form 

where ttl is the positive energy representation associated to the invertible 
Q-lattice L. Thus, it satisfies the KMS condition at inverse temperature [3 
for (A 2 ,(Tt). 
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(4) Let if be a KMS/j state. Theorem 3.95 shows that there is a proba- 
bility measure p on r\(M 2 (Z) x H) such that 

<f(f) = [ f(l, P ,z)d»( P ,z) VfeA 2 . 

Jr\(M 2 (Z)xM) 

Lemma 3.96 shows that the probability <^(e p (l,l)) = <r(l, 1) that a prime 
p divides p is p~ 213 . Since the series ^p~ 213 converges (/? > \ would suf- 
fice here), it follows (cf. [258] Thm. 1.41) that, for almost all (p, z) £ 
r\(M2(Z) xi), p is only divisible by a finite number of primes. Next, again 
by Lemma 3.96, the probability that the determinant of p is divisible by p 
is 

tp(e p (0,l))=a(l) = (l+p)p-P- p 1 - 2 ?. 

For (3 > 2 the corresponding series ((1 + p)p~^ — p 1 ^ 2 ^) is convergent. 
Thus, we conclude that with probability one 

p p £ GL2(Z p ) for almost all p. 

Moreover, since ^ <^(7r p (A;, ^)) = 1, one gets with probability one 

P P € GL 2 (Q P ) Vp. 

In other words, the measure p gives measure one to finite ideles (note that 
finite ideles form a Borel subset but not a closed subset). When p is a finite 
idele the corresponding Q-lattice is commensurable to a unique invertiblc 
Q-lattice. Then the KMS^ condition shows that the measure p is entirely 
determined by its restriction to invertible Q-lattices, so that, for some prob- 
ability measure v, we have 

f = J V(3,L du(L). 

It follows that the Choquet simplex of extremal KMS^ states is the space 
of probability measures on the locally compact space 

(3.395) GL 2 (Q)\GL 2 (A Q )/C* 

of invertible Q-lattices and its extreme points are the <pp,L- See e.g. [235] for 
the standard identification of the set of invertible Q- lattices with the double 
quotient (3.395). □ 



Proposition 3.98. The set Soo of extremal KMSoo states of the system 
{^2-,0-t) is identified with the set of invertible 2-dimensional ^-lattices up to 
scaling, that is, with the adelic quotient (3.395). 

Proof. In the limit j3 — ► oo the states (pp : L of (3.388) converge and 
their limits restrict to 

C C (T\(M 2 (Z) x H)) C A 
as characters given by evaluation 

(3.396) <foo,L(f) = f(p,z), V/ € C c (r\(M 2 (Z) x M)), 
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where the invertible Q-lattice L is identified up to scaling with the data 
(p,z) G GL 2 (Z) x r M. 

The characters (3.396) are all distinct, hence we get a bijection of the 
space 

GL 2 (Q)\GL 2 (Aq)/C* 
of invertible Q-lattices with the space £oo of extremal KMSqo states. □ 

7.5. Action of symmetries on KMS states. 

We can now describe explicitly the action of the symmetry group S = 
Q*\GL 2 (Aqj) on the low-temperature KMS^ states, with j3 > 2. 

The following result describes the induced action of the endomorphisms 
T&m of (3.232), for m G M 2 (Z), on the extremal low-temperature KMS states. 

Proposition 3.99. For a given (3 > 2, let (pp^ L be the extremal KMSp 
state (3.388) associated to the invertible 2- dimensional Q-lattice L = (A, 0) 
specified up to scale by the element (p, z) G GL 2 (Z) Xpi. For m G M 2 + (Z), 
the pullback of the state (f/3,L under the action of $ m is of the form 

(3.397) ipp jL o*d m = (p/3,L(e mZ 2) (p/3 tL >, with l! = (p , m 1 ' 1 ^)), 

where pm = m'p' is the decomposition in M 2 + (Z) • GL 2 (Z) of the product 
pm G GL 2 (Aq)j) and e mZ 2 are as in (3.234). 

PROOF. One has pm G GL 2 (Aqj) = GL^ (Q) • GL 2 (Z), hence one can 
write pm = m'p', with p' G GL 2 (Z) and m' G GL^ (Q). In fact, one has 
m' G M 2 (Z), since p G GL 2 (Z). Since M 2 (Z) n GL+(Q) = M 2 +(Z), one 
obtains that m! G M 2 +(Z). 

The decomposition is not unique and one can replace (p',m') by 
(7p',m / 7 _1 ) for 7 G T. But this replacement does not change the Q- 
lattice L' = (A',4>') specified by (p',m'~ (z)). Notice also that det(pm) = 
det(m'p'). This gives 

(3.398) det m = det m' , and det p = det p' . 
Thus we obtain 

(3.399) pmdetim)' 1 = m' det(m') _1 p' = (^TV 
with m' as in (3.235). This gives 

(3.400) <pf, >L (0 m (f)) = Zp 1 Yl /(l,W" l det(m)- 1 , / um)(det^)-' 3 

ner\M+(z) 

where p G M 2 + (Z) is subject to the condition ppm det(m)- 1 G M 2 (Z). The 
other values of p a priori involved in the summation do not contribute, since 
they correspond to the orthogonal complement of the support C e m j2 of 
t? m (/). By (3.399) one has /9mdet(m) _1 = (rii/) -1 //. Therefore, since p' G 
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GL 2 (Z) the condition ppmdet{m)- 1 G M 2 (Z) holds iff ^(m')" 1 G M 2 (Z) 
i.e. iff n = urn' for some v G M+(Z) (since GL+(Q) n M 2 (Z) = M+(Z)). 
Thus, one can replace the sum in (3.400) by 

(3.401) z -i /(l,^m / / 9mdet(m)- 1 ,^m'(z))det(z/m')~ /3 - 

i/er\Af+(z) " ^ ' 

This is proportional to (^z/, since m'(z) = m! l {z). □ 

7.6. Low-temperature KMS states and Galois action. 

We can now state the main result on the arithmetic properties of the 
system (A 2 ,a t ). 

Theorem 3.100. Let L = (A,0) be a generic invertible Q-lattice, that 
is, an invertible Q-lattice represented by an element (p,r) with p G GL 2 (Z) 
and t G H a generic point (i.e. j{r) transcendental) . Let tpoo,L G £oo be the 
corresponding extremal KMS^ state on (.4 2 ,ot). TTie image <Poo,l(«42,(2) C 
C generates the specialization F T C C of the modular field F at the point r G 
H. TTie action of the symmetry group S = Q*\GL 2 (Aqj) of the dynamical 
system (.4.2, 0"t) is intertwined by (poo,L with the Galois group of the modular 
field F T by the formula 

(3.402) Vo0jL o a (/) = Gallop- 1 ) Vo0lL {f), 
for all a G GL 2 (Aqj) and all f G ^4 2 ,q. 

Proof. One has 

(3.403) ¥'oo,l(/) = /(1,P,t) V/G.4 2 , q , 

where the invertible Q-lattice L = (A, </>) is represented by the point (p, r) G 
GL 2 (Z) x H. 

By Definition 3.83 one has </?oo,l(>4 2i q) C F r . Let X a G «4 2 ,q be as in 
§7.1. Up to a permutation of the labels the ipoo,L(Xa) are the f u (r) and thus 
generate F T . As we have seen in §6, it already contains Q(j) at level 2 and 
it in fact contains Q ab (j). 

Let us now show the intertwining equality (3.402). It is enough to prove 
(3.402) for a G GL 2 (Z) and for a G GL+(Q). 

For a G GL 2 (Z), the state </2oo,L ° is given simply by (3.219) i.e. 

(<A»,l o4)(/) = f(l,pa,r), V/e .42,Q, 

and for L = (p, r) as above. Using the property (3.333) of elements / G 4. 2j q 
one gets (3.402) in this case since 

/(I, pa, t) = Gal r (pa/? _1 ) f(l, p, r) = Gal r (pap _1 ) <Poo,l(/) • 

Consider then the case of a G GL^"(Q). In fact one can assume by 
Theorem 3.56 that a is an element m G M^(Z). The state </?oo,L ° m is 
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more tricky to obtain. In fact, it is not given by straight composition, but 
through the warming up/cooling down process described in §2.4. Indeed, 
the range of the transformation d m of (3.232) is the reduced algebra by 
the projection e m (y?\, on which any of the zero-temperature states vanishes 
identically. This makes it impossible to define the pullback #^(<£>oo,-l) as 
in (3.23). A non-trivial action is obtained by taking the weak limit of the 
KMS/3 states obtained by the action of # m on the KMS/j state (fp t L, 

tfrnCvW) = Jim 0m(V/3,L). 

where d^ipp^) = ¥p,L{ e m7?)~ ll Pf3,L ° $m as in (3.23). 
By Proposition 3.99 we have for finite (3 

(3.404) ipp jL o-d m = <pf3, L (e mI 2) ipp jL ,, 
where V is given by 

(3.405) L' = (/9',m' _1 (r)), with pm = m' pi G M 2 + (Z)GL 2 (Z). 
Thus, we get 

(3.406) €^oo,L) = V?oc,L' • 

It remains to show that on ^2,Q we have 

foo,L'(f) = Gal T (pmp _1 ) o v?oo,l(/), V/ G ^ 2 ,q- 

Both sides only involve the values of / on invertible Q-lattices. There, 
by the property (3.333) of elements of A2,q one has 

/(l,a,r) = / T (Gal(a)/ (ljl) ) = Gal r (a)/ r (/ (1)1) ) , Va G GL(2,Z). 
Thus, if we let h = fnu G F we obtain 

VooMf) = f(hp,m'-\ T )) = / m ,- 1(r) (Gal(p» = I T (Gal(m'p')h). 
using (3.340) to get 

I g~ 1 {r) =i t° Gal(g) 
for g = m! . Since m'p' = pm, we obtain 

I T (Gal(m' p f )h) = Gal T (pmp~ 1 )Gal T (p)I T (h) = Gal T (pmp^ 1 )ip 00jL (f) 
as required. □ 



7.7. The high temperature range. 

The fact that the partition function Z{(3) = (((3)C(P — 1) of the system 
(A2, &t) b as poles at [3 = 1 and (3 = 2 suggests the presence of a more 
complicated pattern of phase transitions than in the case of the BC system 
A±. In fact, we encounter a new phenomenon, which did not occur in the 
case of 1-dimensional Q-lattices, namely, at sufficiently high temperatures 
there are no KMS states at all (cf. [86]). 



544 3. QUANTUM STATISTICAL MECHANICS AND GALOIS SYMMETRIES 

Proposition 3.101. The system (A2,a t ) has no KMSp state for any 
(3<1. 

Proof. The result follows directly from Lemma 3.96. Indeed the value 
of ip(ir p (k,l)) provided by the lemma is strictly negative for (3 < 1. □ 

Remark 3.102. It was wrongly asserted in [86] that there is no KMS/3 
state for (3 = 1. While it is true that the values (p{-K p {k,l)) all vanish for 
(3 = 1, this does not suffice to conclude that the measure is carried by the 
subset {0} x H and in fact, it was shown in [193] that there are KMS/3 states 
for (3=1 with support on singular matrices. 

The existence of KMS^ states in the range (3 £ (1,2] and the unique- 
ness for (3 = 2 were suggested in [86] Lemma 8.13, and a definitive result 
on the KMS states of the system (A2,0t) m the range (3 G (1,2] was ob- 
tained recently by Laca-Larsen-Neshveyev [193]. They show the following 
uniqueness result. 

Let (3 > 1 and vp :P be the Haar measure on GL 2 (Z P ) normalized to give 
total mass 

(3.407) ^ )P (GL 2 (Z p )) = (1 - p-P)(l - p'^ 1 ) 

and let fj,p ;P be the unique extension of vp tP to GL 2 (Q P ) such that for all 
g £ GL 2 (Q P ) one has, 

(3.408) Hfo(g1C) = I det( 5 )g Hfo(K) for compact K C GL 2 (Q P ) . 

Theorem 3.103. ([193]) For any (3 G (1,2], the set of KMS 'p states 
of the system (A2,o~t) consists of a single state (pp. This is given by a V- 
invariant measure up on M 2 (Aqj) x H satisfying 

^(r\(M 2 (Z) x H)) = 1 and np{gK) = det( 5 )-^/i(/C), 

for all g 6 GL^ (Q) and all compact K, C M 2 (Aqj) x H. The measure is of 
the form yip = [ipj x /ijj, with /x H as m (3.207) and fipj = H p Hp, p . 

Note that the above normalization (3.407) no longer makes sense when 
(3 < 1. Theorem 3.103 allows one to improve the result obtained in [86] 
Lemma 8.13 on the convergence of the KMS^ states <pp,L when (3 — > 2+, 
independently of the invertible Q- lattice L. This convergence is now seen to 
hold on all continuous functions / G C(r\(M 2 (Z) xH)). Another interesting 
result of [193] Remark 4.10 is the description of the classification of KMS^ 
states for n-dimensional Q-lattices modulo scaling by M* + . One gets that for 
(3 < n — 1 there are no KMS^ states except when (3 is a positive integer. 
Next in the interval (3 G (n — 1, n] there exists a unique KMS^ state, and for 
(3 > n the extremal KMS^ states are parameterized by invertible Q-lattices 
modulo scaling. 
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7.8. The Shimura variety of GL 2 . 

We have seen in Theorem 3.97 and Proposition 3.98 that the set of 
extremal KMS states for any 2 < (3 < oo is identified with the adelic quo- 
tient (3.395). This identification, together with the description of the set of 
two-dimensional Q-lattices up to scaling given in Proposition 3.39, yields a 
description of the system (A2, &t) an d its low-temperature KMS equilibrium 
states in terms of Shimura varieties, as we discussed in the case of the BC 
system in §4.8 above. We follow [91]. 

We consider here the Shimura variety associated to the data (GL 2 , H 1 * 1 ), 
where M^ 1 denotes the upper and lower half planes 

(3.409) H ± = GL 2 (R)/C*. 

Namely, the Shimura variety 5/i(GL2, M^) is given by the quotient 

(3.410) Sh(GL 2 , H±) = GL 2 (Q)\(GL 2 (A QJ ) x M ± ). 

As in the GLi-case the zero-dimensional Shimura variety Sh(GLi, {±1}) 
was associated to the cyclotomic tower, here the Shimura variety (3.410) is 
associated to the modular tower, which here means the tower of modular 
curves. More precisely, for JV £ N, let Y(N) = r(7V)\HI be the modular 
curve of level N, where T(N) is the principal congruence subgroup of V = 
SL 2 (Z). We denote by X(N) the smooth compactification of Y(N) obtained 
by adding the cusps r(A^)\P 1 (Q). In the compact version, the modular 
tower has V\ = P 1 over Q and Vn = X(N), over the cyclotomic field Q(Ctv) 
(cf. [226]). In the noncompact version, one has the affine line V\ = A 1 , and 
Vn = Y(N). Notice that GL 2 (Z/./VZ)/±l is the group of automorphisms of 
the projection Vn = X(N) — > X(l) = V\, so that one has 

(3.411) limAuty^Fjv) = GL 2 (Z)/{±1} = fim GL 2 (Z/iVZ)/{±l}. 

N N 

This recovers the part of the symmetries of low-temperature KMS states of 
(„4 2 ,<7t) that comes from automorphisms of the system. The endomorphism 
action of M^(Z) does not correspond to symmetries of the tower, in fact, 
the action of the 9 m does not preserve levels. 

The result of Proposition 3.39 shows that, set-theoretically, the commen- 
surability classes of 2-dimensional Q-lattices up to scaling are parameterized 
by the points of the quotient 

(3.412) 5/i nc (GL 2 ,H :t ) := GL 2 (Q)\(M 2 (A QJ ) x M ± ). 

At a more refined level than just the set-theoretic identification, the quotient 
(3.412) is treated as a noncommutative space whose algebra of coordinates 
is (Morita equivalent to) the convolution algebra «4 2 , just as in the case of 
1-dimensional Q-lattices. The Morita equivalence is realized by compression 
with the characteristic function of M 2 (Z) in M 2 (Aqj). 

The quotient (3.412) can be regarded as a noncommutative version of 
the Shimura variety (3.410), obtained by adding to (3.410) "noncommutative 
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boundary strata" that correspond to the commensurability classes of non- 
invertible Q-lattices. 

We can view the classical Shimura variety (3.410) as the set of classi- 
cal points of the noncommutative space (3.412), through the identification 
of Sh(GL2, M^) with the set of low-temperature extremal KMS states of 
(A2,c?t) obtained in Theorem 3.97 and Proposition 3.98, 
(3.413) 

£oo = ,S/ i (GL 2 ,H ± ) = GL 2 (Q)\(GL 2 (A Qj/ ) x U*) = GL 2 (Q)\GL 2 (A Q )/C*. 



7.9. The noncommutative boundary of modular curves. 

Under the Gelfand-Naimark correspondence, unital C*-algebras corre- 
spond to compact spaces. Thus, we can define a notion of "Morita-compact- 
ification" for noncommutative spaces as follows. 

Definition 3.104. A noncommutative space described by a, C* -algebra 
A is "Morita- compact" if the algebra A is Morita equivalent to a unital 
C* -algebra. 

Consider then the quotient 



(3.414) S/i nc (GL 2 ,H±) = GL 2 (Q)\M 2 ( 
with 

M 2 (Aq)' = M 2 (Aqj) x (M 2 (R) \ {0}). 
Lemma 3.105. There is an identification 

(3.415) GL 2 (Q)\M 2 (Aq)7<C* = GL 2 (Q)\(M 2 (A QJ ) x P 1 ^)), 
with P X (C) = H ± U P 1 (R) the compactification o/H ± . 

Proof. Consider the right action 

(3.416) m i— > m ■ A 

of C* on M 2 (M) determined by the inclusion C* C GL 2 (M) as in (3.170). The 
action of C* on M 2 (M) \ {0} is free and proper. To obtain the identification 
consider the map 



/ *(i)=m (c,d)^(o,o) 

p(a) = < with a 

1 oo (c,d) = (0,0) 



a b 
c d 



€ M 2 (M)\{0} 



It defines an isomorphism 

(3.417) (M 2 (R) \ {0})/C* P\C), 

equivariant with respect to the left action of GL 2 (M) on M 2 (R) and the 
action of GL 2 (M) on P X (C) by fractional linear transformations. Moreover, 
this maps M^(IR) to the closure of the upper half plane 

(3.418) H = MUP 1 (R). 
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The rank one matrices in M2(M) map to P 1 (M) C P 1 (C). In fact, the isotropy 
group of m £ M2(R) for the right action of C* is trivial if m / 0, since 
m ■ A = m only has nontrivial solutions for m = 0, since A — 1 is invertible 
when nonzero. This shows that M2(M) \ {0} is the total space of a principal 
C*-bundle. □ 

Thus, we can regard (3.414) as a noncommutative space whose alge- 
bra of coordinates is Morita equivalent to the convolution algebra of the 
partially defined action of GL/2(Q) on the compact space M2(Z) x P 1 (C), 
hence as a Morita compactification, in the sense of Definition 3.104, of the 
noncommutative Shimura variety (3.412), or equivalently of the algebra Ai- 

As we discussed in §7.8 above, the classical compactification of the mod- 
ular curves Y(N) is given by X(N) = Y(N) ur(A^)\P 1 (Q). This is obtained 
by replacing the upper half plane H by 

(3.419) H Q := IUP 1 (Q). 

While the quotient Y(N) = T(N)\M parameterizes elliptic curves with level 
structure, the points r(A r )\P 1 (Q) correspond to degenerating the elliptic 
curve to G m . The Morita compactification described above, however, is 
obtained by replacing H with the compactification H of (3.418), which uses 
the full F 1 (R) instead of F 1 (Q) as in (3.419). This corresponds to the non- 
commutative compactification of modular curves 

(3.420) X(N) nc = T(N)\m = T(N)\(M U F 1 (R)) 
studied in [219] and [77], where the noncommutative space 

(3.421) T(iV)\(P 1 (R) \P X (Q)) 

parameterizes degenerations of elliptic curves to noncommutative tori. 

In fact, we can give the following description of the space (3.414) in 
terms of Q-lattices. 

Definition 3.106. A Q-pseudolattice in C is a pair (A, <i>), where A = 
j(Ij 2 ) is the image of a homomorphism j : Z 2 — > i, with I C M? = C a real 
1- dimensional subspace, and with 4> a group homomorphism 

cj) : Q 2 /Z 2 -► QA/A. 

The Q-pseudolattice is nondegenerate if j is injective and is invertible if (f> 
is invertible. 

Pseudolattices account for replacing GL2(M) by matrices \ {0}, 

which corresponds to degenerating the lattices to pseudolattices in the sense 
of [216]. In more geometric terms, this corresponds to degenerations of 
elliptic curves to noncommutative tori. 
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Proposition 3.107. Let dY := M 2 (Z) x P^M). The map 

(3.422) (p,0) ^ {A,4>), A = Z + 9Z, <j>{x) = pi(x) - 6p 2 (x) 
gives an identification 

(3.423) T\dY ~ (Space of Q-pseudolattices in C) /C* . 

This space parameterizes the degenerations of 2-dimensional Q-lattices 

(3.424) X(y) = (A, <j>) where A = h(Z + iZ) and 4> = h o p, 

for y = (p,h) G M 2 (Z) x GL 2 (M) and h = ^ 1 det(/i), when h G GL 2 (R) 
degenerates to a non-invertible matrix in M 2 (M) \ {0}. 

PROOF. Q-pseudolattices in C are of the form 

(3.425) A = A(Z + 0Z), 0(a) = Api(a) - A0p 2 (a), 

for A G C*, 6» G P^M) and p G M 2 (Z). The action of C* multiplies A, while 
leaving 8 unchanged. This corresponds to changing the 1-dimensional linear 
subspace of C containing the pseudolattice and rescaling it. The action 
of SL 2 (Z) on P 1 (M) by fractional linear transformations changes 9. The 
nondegenerate pseudolattices correspond to the values 9 G P 1 (M) \ P : (Q) 
and the degenerate pseudolattices to the cusps P 1 (Q). 

For y = (p,h) G M 2 (Z) x GL 2 (M), consider the Q-lattice (3.424), for 
h = h~ 1 det(h). Here we use the basis {ei = l,e 2 = — i} of the M-vector 
space C so that GL^"(]R) acts on C as M-linear transformations, as in (3.170). 
These formulae continue to make sense when h G M 2 (M), li / and the 
image A = h(Z + iL) is a pseudolattice, i.e. when the matrix h is no longer 
invertible, cf. Lemma 3.105. □ 

Unlike the quotient r\(M 2 (Z) x H), which is a classical space, here the 
space r\9Y should be treated as a noncommutative space, whose algebra of 
coordinates is given by the crossed product 

C{dY) x r. 

The "invertible part" 

(3.426) GL 2 (Q)\(GL 2 (A / ) xP'fl)) 

gives the noncommutative modular tower considered in [77], [219], and 
[241], so that the full space S'/i nc (GL 2 , M^) accounts for degenerations of 
invertible Q-lattices to either a non- Archimedean component (non-invertible 
Q-lattices) or at the Archimedean place (pseudolattices). 
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7.10. Compatibility between the systems. 

Up to Morita equivalence, the noncommutative spaces of Q-lattices mod- 
ulo commensurability (but not scaling) in dimensions n = 1, 2 are described, 
respectively, by the crossed product C*-algebras 

(3.427) C (A/ x GLi(R)) x GLi(Q), 
and 

(3.428) C (M 2 (A / ) x GL 2 (R)) x GL 2 (Q). 

In the case of the classical Shimura varieties, the relation between the 
varieties <S7i(GL 2 , HI 1 * 1 ) and S7i(GLi, {±1}) is given by "passing to compo- 
nents". Namely we have (cf. [226]) 

(3.429) 7r (5/i(GL 2 , H ± )) = Sh{GU, {±1}). 

The operation of taking connected components is realized explicitly by the 
map 

(3.430) sign x det : Sh(GL 2 ,M ± ) -► S7i(GLi, {±1}). 

We showed in [91] that the map (3.430) extends to a correspondence be- 
tween the noncommutative Shimura varieties »S/i nc (GLi,{±l}) and 
S'/i nc (GL2,BI ± ), compatible with the time evolutions and the arithmetic 
structures. The result is obtained as follows (cf. [91]). 

We consider the map a : GLi(Q) — > GL 2 (Q) of the form 

(3.431) «(»■)=( J J)" 

We take ir to be the determinant map from M 2 (A/) xGL 2 (M) to A/xGLi(R) 
given by: 

(3.432) (p, u) i ^ ir(p, u) = (det(p), det(u)). 

Proposition 3.108. Let a and it be defined as in (3.431) and (3.432). 
Then the following holds. 

(1) The pair (ir, a) induces a morphism 

T : C (A f x GLi(R)) x GLi(Q) M(C (M 2 (A / ) x GL 2 (R))) x GL 2 (Q), 

where M(Co(M 2 (Aj) x GL 2 (R)) is the multiplier algebra of the 
algebra C (M 2 (A / ) x GL 2 (R). 

(2) The restriction of T to homogeneous functions of weight induces 
a morphism 

(3.433) T : C (A f x {±1}) x GLi(Q) -► M(C (M 2 (A / ) x M ± )) x GL 2 (Q). 

(3) The morphism T yields a correspondence Ti 2 from the GLi-system 
to the GL 2 -system, compatible with the time evolutions and the 
rational subalgebras. 
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Proof. (1) Given two crossed product algebras Cq{Xi) xTj, a morphism 
Cq(X±) xTi — > Cb(X 2 ) xT 2 is given by a proper continuous map ir : X2 — > Xi 
and a proper group homomorphism a : Ti — > T 2 , with the property that 

(3.434) vr o a(flf) = g o vr V5 G Ti. 
This determines an algebra homomorphism 

(3.435) Co(Xi) x ri 9 J] / p ^ o n)U a{g) G C (X 2 ) x T 2 . 

If the map 7r fails to be proper, the map of (3.435) only defines a homomor- 
phism to the multiplier algebra 

(3.436) Cb(Xi) x ri M(C (X 2 ) x r 2 ). 

In the case we are considering, the map ir given by the determinant satisfies 
(3.434) since det a(r) = r, is continuous, but it is not proper, hence it gives 
rise to a morphism T to the multiplier algebra M(Co(M 2 (Aj) x GL 2 (M))) 
as in (3.436) and (3.435). 

(2) The extension T of T to multipliers gives a morphism 

f : C(A f x GLi(R)) x GLi(Q) -► C(M 2 (A f ) x GL 2 (R)) x GL 2 (Q). 

One obtains To by restricting T to homogeneous functions of weight for 
the scaling action of RI on GLi(IR). The image of such a function is homo- 
geneous of weight for the scaling action of C* on GL 2 (M) and only depends 
upon the sign of the modulus in H 1 * 1 as in the diagram 



GL 2 (M) >M ± = GL 2 



(3.437) 



det 



sign 



GLi(R) >{±1} = GLi 



(3) One can restrict To to Ai = C(Z) x N and one gets a morphism 

(3.438) C(Z) x N -> M(C (M 2 (A / ) x H)) x GL+(Q). 

One then combines (3.438) with the Morita equivalence between 
C (M 2 (A/) x H) x GL,[(Q) and Ai. This Morita equivalence is given by the 
bimodule £ of functions of 

(3.439) (g, p,z)€V = GL+(Q) x M 2 (Z) x H 
invariant under the T action 

(3.440) (g, p, z) ^ (ff7 -1 , 7p, 7(2)). 

To obtain the right module structure over A2, one uses the convolution 
product 

(3.441) (Z*f)(g,P,z)= £ t{gs-\sp,s{z))f{s, P ,z). 

ser\GL+(Q) 
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For (g,p, z) G V, both gp G M 2 (Af) and g{z) G H make sense, and this can 
be endowed with a left action of Cb(M2(A/) x H) on £ given by 

(3.442) (/ * (g, p, z) = f(gp, g{z)) fo, p, z) . 

This action is GL^ (Q)-equivariant for the left action of GL^ (Q) on V given 
by 

(3.443) h(g,p,z) = (hg,p,z) Mh £ GL^(Q) 

and turns £ into a left C (M 2 (A f ) x H) x GLj (Q) module. 

The left action of Co(M2(A/) x H) extends to its multipliers and one 
can use (3.438) to obtain on £ the required structure of left C(Z) x N- 
module and right ^-module. One checks that this is compatible with the 
time evolutions at- It is also compatible with the rational subalgebras Aiq 
and A 2 ,Q- This compatibility can be seen using the cyclotomy condition of 
57.2. □ 



8. KMS states and complex multiplication 

In this section we present a construction of a quantum statistical me- 
chanical system that generalizes the Bost-Connes system in the case where 
instead of the field Q one considers an imaginary quadratic field K. The 
main purpose is to recast the explicit class field theory for imaginary qua- 
dratic fields in the context of quantum statistical mechanics in much the 
same way as the Bost-Connes system does for the explicit class field theory 
of Q. As we are going to see in the following, there is a very interesting inter- 
play between the GL2-system (A2,crt) discussed in the previous section and 
the systems for imaginary quadratic fields, which mirrors the distinction be- 
tween general elliptic curves and elliptic curves with complex multiplication. 
For this section we follow very closely the two papers of Connes-Marcolli- 
Ramachandran [90] and [91]. 

We write O for the ring of algebraic integers of the imaginary quadratic 
field K = Q(y/—d), with d a positive integer. We can write the ring of 
integers in the form O = Z + Zr, and the imaginary quadratic field as 
K = Q(t), where we fix the embedding K ^ C so that r is in the upper 
half plane H. As in §4.5, we denote by Ar the adeles of K and by Ak,/ the 
finite adeles Ak,/ = Aqj ®q K. We have Ak = Ak,/ x C. We denote here 
the maximal compact subring of Ak,/ by O instead of R as in §4.5. This is 
given by O = O ®i Z. Moreover, we use the notation A K = Ak,/ x C*. 



8.1. 1-dimensional K-lattices. 

We introduce a generalization of the notion of Q-lattices that we worked 
with in the previous sections, by considering an analogous definition of K- 
lattices. 
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Definition 3.109. Let K be an imaginary quadratic field. A 1-dimen- 
sional K-lattice (A, cp) is a finitely generated O-submodule A C C such that 
A 00 K = K, together with a morphism of O -modules 

(3.444) <j> :K/0 KA/A. 

A 1- dimensional "K-lattice is invertible if 4> is an isomorphism of O-modules. 

Two 1 - dimensional K-lattices (Ai,4>i) and (A2,^>2) are commensurable 
if KA\ = KA2 and 4>i = <p2 modulo A\ + A2. 

The proof that commensurability is an equivalence relation follows as in 
Lemma 3.18. 

Here we can regard C as a K-vector space and in particular as an O- 
module and we assume that the O-module structure of A is compatible with 
the embeddings of both O and A in C. 

Lemma 3.110. As an O-module, A is projective. 

Proof. As an O-module A is isomorphic to a finitely generated O- 
submodule of K, hence to an ideal in O. Every ideal in a Dedekind domain 
O is finitely generated projective over O (cf. [231] Lemma 1.5). □ 

Lemma 3.111. Up to scaling by some A G C*, any "K-lattice A is equiv- 
alent to a "K-lattice A 1 = AA C K C C. The lattice A 1 is unique modulo 
K*. 

Proof. The K-vector space KA is 1-dimensional. If £ is a generator, 
then £ -1 A C K. The remaining ambiguity is only by scaling by elements in 
K*. □ 

PROPOSITION 3.112. For invertible 1-dimensional K-lattices, the ele- 
ment of Ko(0) associated to the O-module A is an invariant of the com- 
mensurability class up to scaling. 

Proof. Two invertible 1-dimensional K-lattices that are commensu- 
rable are in fact equal. This is a special case of a stronger result proved 
below in Lemma 3.121 (1). The scaling of K-lattices does not alter the 
isomorphism class of the O-module A. Thus, the corresponding O-module 
class is well defined. □ 



There is a canonical isomorphism Kq(0) = Z+C1(0) (cf. Corollary 1.11, 
[230]), where the Z part is given by the rank, which is equal to one in our 
case, hence the invariant of Proposition 3.112 is the class in the class group 
Cl(O). In contrast to Proposition 3.112, every 1-dimensional K-lattice is 
commensurable to a K-lattice whose O-module structure is principal. This 
follows, since every ideal in O is commensurable to O. 
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8.2. K-lattices and Q-lattices. 

We can write the ring of integers of the imaginary quadratic field K in 
the form O = Z + Zr, where r is a point in the upper half plane HI. The 
field can then be written as K = Q(r). The choice of such a generator rGl 
determines (cf. [269] Proposition 4.6) an injective ring homomorphism 

(3.445) q T :K^M 2 (Q). 
In fact one has more precisely: 

Proposition 3.113. ForO = Z + Zr as above, let q T (k) be the matrix of 
multiplication by k G K acting on the right on row vectors in the basis {r, 1}. 
Then q T : K <^-> M 2 (Q) is an injective ring homomorphism (embedding) such 
that 

(3.446) q T (K*) = {g G GL+(Q) : g(r) = r} . 

There exist only two embeddings K <—> M 2 (Q) fulfilling (3.446). The second 
one q' T corresponds to the matrix of multiplication by k G K acting on the 
left on column vectors in the basis {1, — r}. 
They are related by 

(3.447) q' T (k) = sqrikfs' 1 = q T (k) , Vk G K , 

where s = ^ ^ ^ and k ^ k is the automorphism of EC given 6y complex 
conjugation. 

PROOF. Since r is a quadratic algebraic integer, it satisfies an equation 
of the form 

(3.448) r 2 - ar + (3 = , 
where a, /? G Z. One has by construction 

?r(^ + ry) = ( X + ay , Vx , y G Q , 

and one checks that provided x + ry 7^ one has g = q T (x + ry) G GL^~(Q) 
and y(r) = r. One has by construction 

q' T {x + ry) = ( X ^ V Vx , y G Q . 

One checks similarly that provided x + ry / one has </ = g^(x + ry) G 
GL^"(Q) and y'(r) = r. Moreover the equality q' T (k) = sq T {k) t s^ 1 follows 
from a direct computation and just reflects the change of basis, and use of 
column vectors versus row vectors. 

Finally any embedding q : K M 2 (Q) satisfying (3.446) has range 
q T (K) and is therefore of the form q = q T o a for an automorphism a G 
Aut(K), which gives the last equality of (3.447) and the required uniqueness. 

□ 
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For g = q T (x) with i 6 K*, we have 

(3.449) det( 5 ) = n(x), 

where n : K* — ► Q* is the norm map. 

The relation between 1-dimensional K-lattices and 2-dimensional Q- 
lattices is then explained by the following Lemma. 

Lemma 3.114. A 1-dimensional K-lattice is, in particular, a 2-dimen- 
sional Q-lattice. Two 1-dimensional K-lattices are commensurable iff the 
underlying Q-lattices are commensurable. 

Proof. First notice that KA = QA, since QO = K. This, together 
with A <S>o K = K, shows that the Q-vector space QA is 2-dimensional. 
Since MA = C, and A is finitely generated as an abelian group, this shows 
that A is a lattice. The map 

(3.450) (a, b) G Q 2 /Z 2 -► a - br G K/O 

provides an identification of Q 2 /Z 2 with K/O, so that we can view <p as a 
homomorphism of abelian groups (f> : Q 2 jl? — > QA/A. The pair (A, <fi) thus 
gives a two-dimensional Q-lattice. 

The second statement holds, since for 1-dimensional K-lattices we have 
KA = QA. □ 



8.3. Adelic description of K-lattices. 

As we have seen in the case of Q-lattices the noncommutative spaces that 
appear as algebras of observables of the corresponding quantum statistical 
mechanical systems are obtained as adelic quotients. This principle was 
systematically exploited in [159] to produce a large class of such systems 
associated to classical adelic quotients, namely Shimura varieties. In the case 
we are now considering of imaginary quadratic fields, it is also very useful to 
reformulate the notions of K-lattices and commensurability in adelic terms. 

Proposition 3.115. The data (A,(f>) of a 1-dimensional K-lattice are 
equivalent to data (p,s) of an element p G O and s G Aj^/K* ; modulo 
the O* -action given by (p,s) i— > (x~ 1 p,xs), x G O* . Thus, the space of 
1-dimensional K-lattices is given by 

(3.451) 6 x d . (A£/K*). 

PROOF. Up to scaling, the O-module A can be identified with an ideal 
in O. These can be written in the form sjO n K where Sf G O n Ajjj j (cf. 
[269] §5.2). Thus, given a K-lattice (A,0), A can be described in the form 
A s = s^(sfOnK), where s = (s/, Soo) G Ajjj. This satisfies Ak s = A s for all 
k G (O* x 1) K* C Ag. If A s = A s ', then s'^s^ G K* and one can assume 
that s'qq = Sqo. Thus one is reduced to the condition SfO n K = SjOnK, 
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which implies s'^Sj 1 G 6*. The data (f) of the 1-dimensional K-lattice can 
be described by the composite map 4> = s^-(sf o p) 

K/O - — > K/O > K/(s f d n X) 

(3.452) = = = 
Ak,//0 -^-> Akj/6 — A KJ /s f O. 

where p is an element in O. By construction the map (p, s) i— > (A s , s^(sf o 
p)) passes to the quotient 0x^, (Aj^/K*) and the above shows that it gives 
a bijection with the space of 1-dimensional K-lattices. □ 

Notice that, even though A and O are not isomorphic as 0-modules, on 
the quotients we have K/A ~ K/O as O-modules, with the isomorphism 
realized by Sf in the diagram (3.452). 

Proposition 3.116. Let A K = A K ,/ x C* be the subset of adeles ofK 
with non-zero Archimedean component. The map @(p,s) = ps, 

(3.453) 8:Ox 6 , (A£/K*) - A K /K*, 

preserves commensurability and induces an identification of the set of com- 
mensurability classes of 1-dimensional K-lattices (not up to scale) with the 
space Aj^/K*. 

PROOF. The map is well defined, because ps is invariant under the action 
(p, s) i ^ {x~ l p, xs) of x € O*. It is clearly surjective since Arj = OK*. It 
remains to show that two K-lattices have the same image if and only if they 
are in the same commensurability class. First we show that we can reduce 
to the case of principal if -lattices, without changing the value of the map 
0. Given a K-lattice (A, </>), we write A = AJ, where J C O is an ideal, 
hence A = A(«/6nK), where A = s^ 1 £ C* and s f £ 6(1 A^ f . Then (A,<£) 
is commensurate to the principal K-lattice (XO,(p). If (p, s) is the pair 
associated to (A,</>), with s = (s/,Soo) as above, then the corresponding 
pair (p',s') for (XO,(j>) is given by p' = sjp and s' = (1,Sqo)- Thus, we 
have @(A,(j)) = 0(A0,</>). We can then reduce to proving the statement 
in the case of principal K-lattices (s^O, s^fp). In this case, the equality 
(p, Soo) = k(p' , s'^), for fc G K*, means that we have Sqo = ks'^ and p = kp' . 
In turn, this is the relation of commensurability for principal K-lattices. □ 

Thus, we obtain the following result for 1-dimensional K-lattices. 

Lemma 3.117. The map defined as T : (A, (p) ^ p £ O/K* for principal 
K-lattices extends to an identification, given by T : (A, </>) i— > Sf p G Ajjj/K*, 
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of the set of commensurability classes of 1 -dimensional K -lattices up to scal- 
ing with the quotient 



8.4. Algebra and time evolution. 

We now describe the noncommutative algebra of coordinates of the space 
of commensurability classes of 1-dimensional EC-lattices up to scaling. We 
show that it is given by the convolution C*-algebra of the groupoid of the 
equivalence relation. 

We first consider the groupoid of the equivalence relation of com- 
mensurability on the space of 1-dimensional EC-lattices. 

By construction, this groupoid is a subgroupoid of the groupoid Qi 
of commensurability classes of 2-dimensional Q-lattices described in §5.2. 
Namely, we have the following result. 

Lemma 3.118. The groupoid of the equivalence relation of commen- 
surability of 1-dimensional ¥L-lattices is a subgroupoid of the groupoid Q2 of 
commensurability of 2- dimensional ^-lattices. Its structure as a locally com- 
pact etale groupoid is inherited from the embedding. 

Proof. This follows directly from Lemma 3.114. □ 

The groupoid corresponds to the quotient space A K /EC*, hence its 
C*-algebra is given, up to Morita equivalence, by the crossed product 



When we consider 1-dimensional EC-lattices up to scaling and the com- 
mensurability relation on this set, the construction of the corresponding 
convolution algebra is more delicate. Passing to 1-dimensional EC-lattices up 
to scaling corresponds to taking the quotient (?i,k/C* on the groupoid of the 
commensurability relation. 

In the case of the GL2-system, we encountered a problem in considering 
the analogous quotient Q2/C* , because, as we have seen in Remark 3.41, the 
quotient Q2/C* is no longer a groupoid. This made it necessary to define 
the resulting convolution algebra not as a groupoid C*-algebra for Q2/C* 
but as a subalgebra of homogeneous elements of degree zero with respect to 
the C*-action in C*(Q2), as discussed in §5.2. 

In the case of 1-dimensional EC-lattices, the situation is better, and closer 
to the case of 1-dimensional Q-lattices. In fact, we have the following result. 

Proposition 3.119. The quotient <?i,k/C* is a groupoid. 

Proof. The simplest way to check this is to write Q\ t K as the union 
of the two groupoids = Go U Q\ corresponding respectively to pairs of 
commensurable EC-lattices (L,L') with L = (A,0),L' = (A',0) and (L,L') 
with L = (A,<j> ^ 0),L' = (A',0' / 0). For A £ C* one has AA = A iff 



(3.454) 



O/K* = A KJ /K*. 



(3.455) 



C (A K ) x EC*. 
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A G O* is an invertible element of O. Thus the scaling action of A G C* on 
t/o is the identity for A in the finite group O* of invertible elements of O 
and the corresponding action of C*/0* is free on the units of Go- Thus the 
quotient Qo/C* is a groupoid. Similarly the action of C* on Gi is free on the 
units of Q\ since for A G 0*, A / 1 the element A — 1 G IK is invertible, so 
that \<p / <j). Thus the quotient Qi/C* is a groupoid. □ 

The quotient topology turns £/i,k/C* into a locally compact etale group- 
oid. The C*-algebra of coordinates Ai : k = C*(Gi,k/C*) is obtained from the 
convolution algebra of functions on Gi,k that are of weight zero with respect 
to the C*-action. Namely, one obtains elements in the algebra A\ k from 
functions of pairs (A, </>), (A', <fi') of commensurable 1-dimcnsional K-lattices 
satisfying 

/(A(A, 0), A(A', <f>')) = /((A, 0), (A', 0')) VA G C*. 

Unlike the convolution algebra Ai of the GL2 system, the algebra A\^ 
is unital and resembles more closely the Bost-Connes algebra A\. 

Lemma 3.120. The algebra Ai ; k is unital. 

Proof. The set (Gi,k/C*)^ of units of the groupoid Gi,k/C* is the 
quotient of O (Aj^/K*) by the action of C*. This gives the compact 
space 

(3.456) (£i,k/C*)(°) = 6 x a . (A^/X*). 

Notice that AJ, x O*) is the class group Cl(O). Since the set of units 

of the groupoid £/i,k/C* is compact the convolution algebra is unital. □ 

There is a homomorphism n from the groupoid Gi^ to given by the 
covolume of a commensurable pair of K-lattices. More precisely, given such 
a pair L = (A, 0) ~ V = (A', <p'), we let, as in (3.57), 

This coincides with the order of the quotient L/V when L' C L. It is 
invariant under scaling, hence it descends to the quotient groupoid ^i,k/C*. 
This defines a time evolution on the algebra Ai^k by 

(3.458) a t (f)(L,L') = \L/L'\ u f(L,L'). 

Up to scale, we can identify the lattices in a commensurable pair with 
ideals in O. For L = (A, 4>) ~ V = (A',(f>') as above with A = XI and 
A' = A J, the covolume is given by the ratio of the norms of the ideals as 

(3.459) n(L,L') = ^. 

(recall that the norm n(J) of an ideal J is the cardinality of O/J, which 
gives (3.459) for A = I = O and A' = J an ideal). 
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In order to construct representations of the algebra Aik, we adopt the 
same technique described in §4. Namely, we use the fact that, for an etale 
groupoid like our Gi,k/C*, every unit y G (Gi,k/C*)^ defines by (3.43) a 
representation ir y by left convolution of the algebra of Gi,k/C* in the Hilbert 
space H y = £ 2 ((Gi,K/C*) y ), where (Gi,K/C*) y denotes the set of elements of 
the groupoid (?i,k/C* with source y. As in the GL2 case, this defines the 
norm on the C*-algebra Ai : k as 

(3.460) ||/||= sup || % (/)||. 

i/6(ei,K/c*)(°) 

8.5. K-lattices and ideals. 

The following result gives a description of the commensurability class of 
an invertible 1-dimensional K-lattice in terms of ideals in O. 

Lemma 3.121. (1) Given an invertible 1-dimensional "K-lattice 
(A, 4>), the map 

(3.461) (A, <jt) i-f J = {x € C\xA' C A} 

gives a bijection of the set of 1-dimensional K-lattices up to scale 
commensurable to (A, <p) with the set of (nonzero) ideals in O. 

(2) // L is an invertible 'K-lattice, the corresponding representation ttl 
of the algebra Ai,k has positive energy. 

(3) The partition function Z^((3) is the Dedekind zeta function of the 
imaginary quadratic field K, 

(3.462) Z K {f3) = Ck(/3). 

Proof. (1) We use the result of Lemma 3.93, by which we know that, 
if A is an invertible 2-dimensional Q-lattice and A' is commensurable to 
A, then A C A'. Since 1-dimensional K-lattices are also 2-dimensional Q- 
lattices, the result applies. 

The map (3.461) is well defined, since J C O is an ideal. Moreover, 
J A' = A, since O is a Dedekind domain (one can assume that A and A' are 
ideals in O and use the definition of Dedekind domains of [231]). The map 
is injective, since J determines A' as the O-module {x £ C\xJ C A} and the 
corresponding 4> and cf) 1 agree. This also shows that the map is surjective. 

We introduce the notation 

(3.463) J- 1 (A,0) = (A,,A). 

(2) For an invertible K-lattice L, we have obtained in this way an iden- 
tification of (£7i,k/C*)l with the set Jo of (nonzero) ideals J C O. We let 
ej be the basis vector associated to (J~ 1 L, L) G (Gi,k/C*)l- The covolume 
of the pair (J _1 L, L) is then given by the norm n(J) of the ideal. The 
representation (3.43) is of the form 

M/)6(<?)= E f (91^(92). 

9192=9 
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Thus the time evolution (3.458) is implemented by £(g) — ► n(g) lt £(g) and 
the corresponding Hamiltonian is of the form 

(3.464) Hej = logn(J) ej, 

with non-negative eigenvalues. Thus, the representation has positive energy. 

(3) The partition function of the system (Ai^, o~t) is then given by the 
Dedekind zeta function 

(3.465) Z(0) = Tr(e-P H ) = £ n(J)^ = &(/?). 

JeJo 

□ 

We give a more explicit description of the action of ideals J G Jo on 
K-lattices described in the proof of Lemma 3.121 above. 

Lemma 3.122. Let L = (A, </>) be a 1- dimensional K-lattice and J C O 
an ideal. If L is represented by a pair (p,s) £ O x^* Ajjj/K*, then the K- 
lattice J~ 1 L is represented by the commensurable pair (sjp, s^s), where sj 
is a finite idele such that J = sjO n K. 

Proof. By [269] §5.2, there is a finite idele sj such that we can write 
the ideal J in the form J = sjO D K. The pair (sjp,Sj 1 s) defines an 
element in O Aj^/K*. In fact, first notice that sj is in fact in On AJ^ j, 

hence the product sjp € O. It is well defined modulo O*, and by direct 
inspection one sees that the class it defines inOx^, Ajj^/K* is that of J V L. 
In fact with s = (s/,Soo) the lattice A s is s^(sfO n K) and the lattice 
A s -i fi is s^(sj 1 SfO n K) which agrees with J -1 A S . Moreover s^-(sfop) = 

s^(sfSj 1 osjp). By Proposition 3.116, in order to check that the K-lattices 
(p, s) and (sjp, Sj 1 s) lie in the same commensurability class, it is sufficient 
to see that 6(p, s) = ps = @(s jp, sj 1 s). □ 

8.6. Arithmetic subalgebra. 

The choice of an arithmetic subalgebra Ai t K.,Q f° r the system (.Ai.k, <7t) 
is obtained using the fact that the system can be embedded as a subsystem 
of the GL2-system (A2,ct), hence one can restrict the arithmetic algebra 
^2,Q of the GL2-system to the subgroupoid Qi^ C G2 of commensurability 
classes of 1-dimensional K-lattices. 

In fact, we have the following result. 

Lemma 3.123. The time evolution (3.458) on the C* -algebra A\ t K is the 
restriction of the time evolution on A2 to the subgroupoid Qi^ C <?2- 

Proof. This is clear from Lemma 3.114 and from Lemma 3.118 above, 
together with the description in (3.206) of the time evolution of the system 
(A2,o~t) in terms of covolume of 2-dimensional lattices, or equivalently the 
description (3.449) of the norm map. □ 
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Thus, we have shown that the system (Ai Kj °"t) is a subsystem of (A2, o~t) 
obtained by restricting the functions of A2 to Gi,k and with the induced time 
evolution. 

We denote by A,K,Q the algebra obtained by restricting elements of A,Q 
to the groupoid £i,k/C*. The algebra Al,k,q obtained in this way is defined 
over Q. To have later the correct Galois properties, we need to consider as 
arithmetic algebra for the system (A,K 5 0t) the algebra over K 

(3.466) Ai, K ,Q ®Q X. 

Since A,K is unital, one sees easily that A,K,Q®C is a subalgebra of Ai : k, 
even though the arithmetic algebra A.Q is only an algebra of unbounded 
multipliers of A- 

The relations described in §7.3 that hold in the arithmetic algebra A2 q 
induce corresponding relations in the algebra A,K,Q <8> X. Even though the 
relations described in §7.3 did not give a complete set of relations for A,Qj 
these are sufficient to show that the abelian part of the algebra A\ k q ® K 
yields an interesting AF algebra, like in the Bost-Connes system. This will 
become relevant in the following chapter in the context of endomotives. 

8.7. Symmetries. 

Let (A,K 5 ft) be the system introduced above, for K an imaginary qua- 
dratic field. We have the following symmetries ([90]). 

Proposition 3.124. The semigroup On Ajjjj acts on the algebra A,K 

by endomorphisms. The subgroup O* acts on Al,k by automorphisms. The 
subsemigroup O x acts by inner endomorphisms. 

Proof. Given an ideal J C O, consider the set of K-lattices (A, 4>) such 
that 4> is well defined modulo J A. Namely, the map <j) : K/0 — > KA/A 
factorises through K/0 — > KA/JA — ► KA/A. We say, in this case, that the 
K-lattice (A, (j>) is divisible by J. This condition gives a closed and open 
subset Ej of the set of K-lattices up to scaling. We denote by ej G A,K the 
corresponding idempotent. Let s 6 On ^k/- Let J = sO n K. Then for 
(p, t) G x^, (Ajj^/K*) (cf. Proposition 3.115) the associated 1-dimensional 
K-lattice (A, </>) is divisible by J iff s~ 1 p G 0. We denote the K-lattice 
corresponding to (s _1 /9, t) G (Aj^/K*) simply by (A, s _1 ^>). This 
map preserves commensurability and defines an isomorphism of the etale 
groupoid (7i,k/C* with its reduction by Ej. 

Given a commensurable pair (A, </>) and (A', </>'), and an element / G 
Ai,Kj we define 

(3.467) W)((A, 0), (A', 0')) = /((A, a" V), (A', s" V)) 
if both K-lattices are divisible by J and 

8 (f)((A,<j>), (A',0')) = otherwise. 
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Formula (3.467) defines an endomorphism of Aik with range the algebra 
reduced by ej. It is, in fact, an isomorphism with the reduced algebra. 
Clearly, for s G O*, the above defines an automorphism. For s £ O x , the 
endomorphism (3.467) is inner. In fact, for s € O x , let fi s e Aik be given 
by 

f 1 A = s _1 A' and 0' = 

(3.468) /i s ((A,0),(A',0')) = 

[ otherwise. 

Then the range of fi s is the projection ej, where J is the principal ideal 
generated by s. Then we have 

e 9 (f) = v.sgo\ 

The action of symmetries OnA*^ j is compatible with the time evolution, 

9 s a t = a t e s , VseOnA^WGR. 
The isometries fi s are eigenvectors of the time evolution, namely 

0t(// a ) = n(s)*Vs- 

□ 



The induced symmetries of KMS states of the system are then described 
by the following results. 

Proposition 3.125. The quotient Ck/Dk of the idele class group Ck 
of K by the connected component of the identity acts as symmetries of 
the KMS states of the system (Ak,^)- The action of the subgroup 0*/0* 
is by automorphisms. 

Proof. Recall that Ar,/ = OK*. Thus, we can pass to the corre- 
sponding group of symmetries, modulo inner, which is given by the group 
Aj^/K*, which is isomorphic to C K /D K (cf. [269] §5, [6] §9). We have an 
exact sequence of groups 

1 0*/0* -► A^j/K* -► Cl(O) -► 1, 

where Cl(O) is the class group of the ring O, with #CI(0) = /ir, the class 
number of K. □ 

This shows that, in the very special case of class number /ir = 1, symme- 
tries are given only through an action by automorphisms, as in the original 
case of the Bost-Connes system. In the case where h%_ ^ 1, the nontrivial 
elements of Cl(O) have representatives in Ajj^/K* that act by endomor- 
phisms. 

Notice that we can consider isometries jjlj £ Aik with range ej, the 
characteristic function of the set of K-lattices divisible by J. This isometry 
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is of the form 

(3.469) MJ ((A,£),(A',0')) = 



1 A = J- 1 A' and 
otherwise. 



This is similar to equation (3.468) and it reduces to (3.468) in the case where 
J is principal (generated by s). Thus, this would seem to imply that it is not 
only the subsemigroup O x that acts by inner endomorphisms, but in fact a 
bigger one, obtained by using the inner action of the isometries [ij 6 A\ k- 
To see why this is not the case, one needs to compare the endomorphism 
/ l— ► ^jftfj with the endomorphism 6 S . In the first case one gets 

(3.470) fijfn*j((A, 0), (A', (p')) = f((J A, </>), (J A', <f>')) 
if both K-lattices are divisible by J and 

/ijj>}((A, 0), (A', 0')) = otherwise, 
while in the second case one gets the formula (3.467) i.e. 

(3.471) W)((A, <P), (A', 00) = /((A, s~ V), (A', s~ V)) 
if both K-lattices are divisible by J and 

8 (f)((A,<j>), (A',0')) = otherwise. 

The key point here is that the scaling is only allowed by elements of K* and 
the scaling relation between lattices (sA,<fi) and (A, s~ l (j)) holds only for 
sGl*, but not for more general ideles. Thus, even though the isometries fij 
always exist for any ideal J, their inner action implements the endomorphism 
9 S only in the case where J is principal. 

Corollary 3.126. The symmetries of the system (A\ t K,^t) preserve 

the arithmetic algebra Al,k,<Q> <8> IK- 
PROOF. This follows from Proposition 3.86. In fact, one can see that 

these symmetries are induced by symmetries of the system (A2,o~t), through 

the diagram with exact rows 



1 ► K* ► GLi(A K ,/) > C K /D K ► 1 

(3.472) i'r 

1 >Q* ► GL 2 (Aqj) > S = Q*\GL 2 (A Qi/ ) > 1. 

More precisely, the symmetry 9 S of the system (Ai,K,o~t), associated to s G 
GLi(Akj) is the restriction of the symmetry $ g (cf. (3.52)) of the system 
(A 2 ,cr t ) for 

(3.473) g = qU*- 1 ) G GL 2 (A QJ ) . 

This follows, comparing the definition (3.467) of 6 S with (3.52) and using 
the defining property (cf. Proposition 3.113) of q' T (s~ 1 ) as the matrix of 
multiplication by s -1 in the basis {1, — r}. □ 
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8.8. Low-temperature KMS states and Galois action. 

The main result on low-temperature KMS states of the system (A\ t K, &t) 
is the following ([90]). 

Theorem 3.127. The extremal KMS states of this system satisfy: 

• For (3 > 1, extremal KMSp states are parameterized by the invert- 
ible K-lattices, 

(3.474) £ p ~ Alj/K* 

with a free and transitive action o/Ck/-Dk — A^ //^* as symme- 
tries. 

• In this range, the extremal KMSp state associated to an invertible 
K-lattice L = (A, (f>) is of the form 

(3.475) W (f) = Ck(P)- 1 Yl /( J_lL ' J_lL ) 

JeJo 

where (k((3) is the Dedekind zeta function, and J~ l L defined as in 
(3.463). 

• The set of extremal KMS^ states (as weak limits of KMS p states) 
is still given by (3.474). 

• The extremal KMS^ states ifoo,L of the CM system, evaluated on 
the arithmetic subalgebra Ai : k,q <8> K, take values in K ab , with 

¥>oo,l(Ak,Q ® X) = K ab . 

• The class field theory isomorphism (3.127) intertwines the action 
o/AjJj ^/K* by symmetries of the system («4k, 0"t) and the action of 
Gal(K ab /K) on the image of .Ai j k,q<8>K under the extremal KMS^ 
states. Namely, for all (^oo,L £ £oc and for all f G «4i,k,q <8> K, 

(3.476) a(Voo,L(/)) = (</W o ^ 1 («))(/), Va G Gal(K ab /K). 

Proof. The partition function Z K ((3) of (3.465) converges for j3 > 1. 
We have also seen in the previous section that invertible K-lattices L = (A, <p) 
determine positive energy representations of Ai,k on the Hilbert space TL = 
Z 2 {J) where J is the set of ideals of O. Thus, the formula 

r ,, 7 ~ ,„ (f s Tr(vr L (/)exp(-/3g)) 

(3 - 477) = Tr(exp(-/3tf)) 

defines an extremal KMS/? state, with the Hamiltonian of (3.464). These 
states are of the form (3.475). It is not hard to see that distinct elements in 
Ak,//K* define distinct states ippL- 

This shows that we have an injection of Ak,//K* C £p. We need to show 
that, conversely, every extremal KMS^ state is of the form (3.475). 

We proceed in two steps. The first shows (Proposition 3.130 below) that 
KMS/3 states are given by measures on the space of K-lattices up to scaling, 
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as in (3.478) below. The second shows that, when (3 > 1, this measure is 
carried by the commensurability classes of invertible K-lattices. 

Let p denotes the projection from K-lattices to their class p(L) modulo 
scaling, namely 

p : 6 x d . (Afc/K*) - 6 x a , (A* KJ /K*). 

We obtain the following result. 

Lemma 3.128. Let 7 = (L, L') G Qi jK with 

p(L)=p(L')€dx 6 , (A^j/K*). 

Then either L = L' or <f> = <j)' = 0. 

Proof. We first describe the elements 7 G <?i,k/C* such that s(7) = 
r(7), i.e. 7 = (L,L') G ^i,k such that the classes of L and L' modulo 
the scaling action of C* are the same elements of the set ({7i,k/C*)(°) of 
units as in (3.456). Modulo scaling, we can assume that the lattice Acl. 
Thus, since L and L' are commensurable, it follows that A' C K. Then, by 
hypothesis, there exists A G C* such that XL = L' . One has A G K* and 
<fi' = \(f>. By the commensurability of the pair one also has cj)' = 4> modulo 
A + A'. Writing A = |, with a, b G 0, we get a<p = 60 and A = 1 unless 
= 0. □ 

We let S be the finite closed subset of O x^, (Ajjj j/K*) given by the set 
of K-lattices up to scaling such that = 0. Since A^j/(D*K* = Cl(O), its 
cardinality #E = /ijj is the class number of K. The groupoid £?i 5 k/C* is the 
union Qi^k/C* = GoUQi of the reduced groupoids by S C O (Aj^ j/K*) 
and its complement. 

Lemma 3.129. Let 7 G £?i\{5f ) ' > . There exists a neighborhood V of 7 m 
{?i,k/C* stic/i i/iai 

r(F)ns(y) = 
where r and s are the range and source maps of Q\^/C* . 

Proof. Let 7 be the class modulo scaling of the commensurable pair 
(L, L'). By Lemma 3.128 one has p(L) / p(L') G x a » (AJ^/K*). Let 
c(A) and c(A') denote the classes of A and A' in A"o(0) (cf. Proposition 
3.112). If these classes are different, c(A) 7^ c(A'), then one can simply take 
a neighborhood V in such a way that all elements 71 = (L±, L^) G V are in 
the corresponding classes: c(Ai) = c(A), c(A / 1 ) = c(A'), for Li = (Ai,0i) 
and L' x = (A' 1; ^). This ensures that range and source are disjoint sets, 
r(V) n s(V) = 0. Otherwise, there exists A G K* such that A' = AA. Since 
A' 7^ A, one has A ^ O*. One has <p' = <p 7^ 0. Thus, one is reduced to 
showing that, given p G O, p 7^ 0, and A G K*, A ^ 0*, there exists a 
neighborhood W of p in O such that AVF n 0*W = 0. This follows, using a 
place v such that p v / 0. In fact, one has Xp v ^ 0*p v and the same holds 
in a suitable neighborhood. □ 
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We can now prove the following. 

Proposition 3.130. Let [3 > and let (p be a KMSp state for (Ai t K, <?t)- 
Then there exists a probability measure fi on O x^, (Aj^ j/K*) such that 

(3.478) <p{f) = / f(L,L)dfi(L), V/ G Ai,k ■ 

Proof. It is enough to show that <p(f) = provided / is a continu- 
ous function with compact support on Qi^/C* with support disjoint from 
(£i,k/C*)(°). Let h n G C{6 x 6 , (A* KJ /K*)) with < h n < 1 and with 
support disjoint from S and converging pointwise to 1 in the complement of 
S. Let u n G Ai,k be supported by the diagonal and given by h n there. 

The formula 

(3.479) $(/)(A,A'):=/((A,0),(A',0))) V/ G A 1>K 

defines a homomorphism of the system (Ai t K, o~t) to the C* dynamical sys- 
tem (C*(Qo), ot) obtained by specialization to pairs of K-lattices with <p = 
as in Theorem 3.95. 

Since there are unitary eigenvectors for at for nontrivial eigenvalues in 
the system (C*(Qq), at) it has no nonzero KMS^ positive functional. This 
shows that the pushforward of tp by $ vanishes and as in Theorem 3.95 that, 
with the notation introduced above, 

<f(f) = lim <p(/*u„). 

n 

Thus, since (f*u n )(j) = f(j) h n (s(~f)), we can assume that 7(7) = unless 
s(7) G £1, where 0, C O (Aj^j/K*) is a compact subset disjoint from 
E. Let L S fi and V as in Lemma 3.129 and let h G C C {V). Then, we 
apply the KMS/3 condition to the pair a, b, with a = f and b supported by 
the diagonal and equal to h there. We get ip(b * f) = <p(f * b). One has 
[b * /X7) = h(r("y)) 7(7). Applying this to / * b instead of / and using 
h{r{~f)) h{s{^f)) = for all 7 G V, we get ip(f * b 2 ) = and ip(f) = 0, using 
a partition of unity. □ 



Lemma 3.131. Let 92 be a KMSp state on (Ai,k, &t)- Then, for any ideal 
J C O one has 



Proof. For each ideal J we let /ij G Ai,k be given as above by (3.469) 

( 1 A = J" 1 A' and <jt = <j) 
otherwise. 



M j((A,#,(A',^)) = 



One has at(/J,j) = n(J) lt fi j for all t G R, while [ij = 1 and jitj /i} = ej. 
Thus the result just follows from the KMS condition. □ 



Given Proposition 3.115 above, we make the following definition. 
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Definition 3.132. A K-lattice is quasi-invertible if the p in Proposition 
3.115 is inOHA^j. 

Then we have the following result. 

Lemma 3.133. (1) A K-lattice (A, <fi) that is divisible by only finitely 
many ideals is either quasi-invertible, or there is a finite place v 
such that the component 4> v of <fi satisfies 4> v = 0. 
(2) A quasi-invertible K-lattice is commensurable to a unique invertible 
K-lattice. 

Proof. Let (p, s) be associated to the K-lattice (A, (f>) as in Proposition 
3.115. If p ^ Agj, then either there exists a place v such that p v = 0, or 
p v for all v and there exists infinitely many places w such that p" 1 ^ O w , 
where O w is the local ring at w. This shows that the K-lattice is divisible 
by infinitely many ideals. For the second statement, if we have p 6 Ajj^ j, we 
can write it as a product p = s'^p' where p' = 1 and s'j = p. The K-lattice 
obtained in this way is commensurable to the given one by Proposition 3.116 
and is invertible. □ 



We now complete the proof of the first two statements in Theorem 3.127. 
Let tp be a KMS/j state. Proposition 3.130 shows that there is a proba- 
bility measure p on O x^„ (A^^/K*) such that 

¥>(/)= / f(L,L)dp(L), VfeA 1>K . 

J6x 6 .(A^ f /K') 

With L = (A,<f>) = (p,s) e 6 Xp, (A^ f /K*), Lemma 3.131 shows that 
the probability ip(ej) that an ideal J divides L is n(J) - ' 3 . Since the series 
^n(J) _/3 converges for (3 > 1, it follows (cf. [258] Thm. 1.41) that, for al- 
most all L € O x 0„ (AJj //K* ) , L is only divisible by a finite number of ideals. 
Notice that the KMS condition implies that the measure defined above gives 
measure zero to the set of K-lattices (A, 4>) such that the component <p v = 
for some finite place v. 

By the first part of Lemma 3.133, the measure p gives measure one to 
quasi-invertible K-lattices, 

^((6nAyx a , (AJ^/K*)) = 1. 

Notice that these K-lattices form a Borel subset which is not closed. Then, 
by the second part of Lemma 3.133, the KMS^ condition shows that the 
measure p is entirely determined by its restriction to invertible K-lattices, 
so that, for some probability measure u, 



<P= <Pf3,Ldv(L). 
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It follows that the Choquet simplex of extremal KMS/3 states is the space of 
probability measures on the compact space O* x^, (Ajj^j/K*) = Ajjjj/K* 
of invertible K-lattices modulo scaling and its extreme points are the <pp,L- 
The action of symmetries Cr/Dk on £p is then free and transitive, as 
one can see from the fact that symmetries of (AiKi&t) are induced from 
symmetries of (A2, &t) an d the action of GL^(Q) on 2-dimensional Q-lattices 
has only fixed points at those Q-lattices (A, <p) with eft = 0, as shown in 
Lemma 3.45. 

Let L = (A,(f>) be an invertible K-lattice. For s € 0*/0* C AJ^/K*, 
the action is given explicitly by 

(<Pp,Lo9,)(f) = ZKiP)- 1 Y /((^ 1 A, S - 1 0),(^ 1 A, S -V))n(J)-' 3 

JeJo 

(3.480) = ^, ( a, s -V)(/), 

for / G Ai,k- More generally, for s £ 6 f~l A^j, let J s = s6 n K. One 

has 

(<Pp,Lo9 s )(f) = Z K {(3)- 1 Y ^(/)((J- 1 A,^),(J- 1 A,0))n(J)-' 3 

J a Jo 

(3.481) = Z K {f3)- 1 Y, fi{J~ l K a"V), (J-^, 8- V)) n( J)"' 3 

JcJ s 

= Z^/?)- 1 J] fiJ^L^J^L^niJJs)-? 
J a Jo 

for / G -4i,k, and with L s the invertible K-lattice ( J S " 1 A, s _1 0). To prove 
the last equality one uses the basic property of Dedekind rings that any ideal 
J C J s can be written as a product of ideals J = J'J S . 

This completes the proof of the first two statements of the theorem. Now 
we prove the remaining statements of Theorem 3.127 on the extremal KMS 
states at zero-temperature. 

The weak limits as (3 — > 00 of states in £p define states in Sqq of the form 

(3.482) V0OjL (f) = f(L,L). 

The action of the symmetry group A^^/K* on extremal KMS states at 
zero-temperature is given, as in §2.4, through the warming up/cooling down 
process described in (3.27). 

In fact, for an invertible if-lattice L, evaluating v?oo,L on 9 s (f) would 
not give a nontrivial action, while using (3.27) one obtains the action 

(3.483) @ s (<Poo,L)(f) = Jim {Wp{ Voo , L ) o 8 S ) (/), 

p— +00 

with Wp as in (3.27). This gives 

(3.484) ® s (<Poc,l) = <Poc,L s , 
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with L s as in (3.481). 

Thus the action of the symmetry group Aj^ y/X* is given by 

(3.485) L = (A, (f>)^L s = (J S _1 A, s~V), Vs G AJ^/K* . 

When we evaluate states <^oo,L on elements / G Ai k,q ® X of the arith- 
metic subalgebra we obtain 

(3.486) <p 0O , L (f) = f(L,L) = g(L), 

where the function g is the lattice function of weight obtained as the 
restriction of / to the diagonal. By construction of the arithmetic subal- 
gebra, one obtains in this way all the evaluations / /(z) of elements of 
the modular field F on the finitely many modules z G EI of the classes of 
K-lattices. 

Consider the subring B T of the modular field F consisting of those mod- 
ular functions / G F that are defined at r, where r G H generates the 
imaginary quadratic field K = Q(r). The theory of complex multiplication 
(cf. [269], §5) shows that the subfield F T C C generated by the values /(t), 
for / G B T , is the maximal abelian extension of EC (where we have fixed an 
embedding KcC), 

(3.487) F T = K ab . 

Moreover, the action of a G Gal(K ab /K) on the values f(z) is given by 

(3.488) a /( T ) = /^- 1 («- 1 )( T ). 

This is Shimura reciprocity (cf. [269] Theorem 6.31 §6.8). In this formula, 
the notation / i— > / 7 denotes the action of an element 7 G Aut(F) on the 
elements / G F. The map 9 is the class field theory isomorphism (3.127), 

9 : A^j/K* -► Gal(K ab /K). 

The map g r : Aj^ ^ GL2(Aqj) is the embedding determined by Proposi- 
tion 3.113. The map r is as in [269] Theorem 6.31, with the diagram with 
exact rows 

1 > K* GLi(A K>/ ) Gal(K ab /K) > 1 

(3.489) I- 

1 > Q* >• GL 2 (A Q>/ ) — >• Aut(F) > l. 

This result makes essential use of an important result of Shimura (cf. [269] 
§6.6) recalled above in Theorem 3.75 that characterizes the automorphism 
group of the modular field by the exact sequence 

1 -► Q* -► GL 2 (A Qj/ ) Aut(F) 1. 

In fact, using the notations of Theorem 3.75, the above equation (3.488) 
becomes 

(3.490) of(r) = (Gal^-V- 1 )))/)^), 
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where we used (3.305) and Proposition 3.113 to replace q T by q' T . 

Thus, when we act by an element a G Gal(K ab /]K) on the values on 
-4i,k,q ® K of an extremal KMSqo state we have 

= GaL-^-V- 1 )) W(/) 

and using Theorem 3.100 

(*<Poo,L(f)= <Poo, L o# g (f), g = q' T (0-\a- 1 )). 
Thus, using the relation (3.473) between the symmetry groups, we get 

(3-491) C C <Poo,L(f) = <Poo,L,(f), 

where s = 9~ l {a) G A| J /K*. 

This completes the result on the Galois properties of zero temperature 
KMS states. □ 



8.9. High temperature KMS states. 

The main result on the behavior of the system at high temperature (i.e. 
for (3 < 1) is given by the following ([90]). 

Theorem 3.134. The system (Ai^o't) undergoes a phase transition 
with spontaneous symmetry breaking at inverse temperature (3 = 1. In the 
range < (3 < 1 there is a unique extremal KMS state. 

PROOF. The proof follows along the lines of [237]. We first discuss 
uniqueness. By Proposition 3.130, one obtains a measure \i on the space 

X = 6 x d . (Alj/K*) 

of K-lattices up to scale. As in Lemma 3.96, this measure fulfills the quasi- 
invariance condition 

(3.492) / »jffidn = vi(J)-f ) I fdn, 
Jx Jx 

for all ideals J, where [ij is as in (3.469). To prove uniqueness of such a 

measure, for (3 £ (0, 1], one proceeds in the same way as in [237], reducing 

the whole argument to an explicit formula for the orthogonal projection P 

from L 2 (X, dfi) to the subspace of functions invariant under the semigroup 

action 

(3.493) L = (A, (f>) J l L, 

which preserves commensurability. As in [237] , one can obtain such a for- 
mula as a weak limit of the orthogonal projections Pa associated to finite 
sets A of non- Archimedean places. 

Let A be a finite set of non-Archimedean places. Let J a be the sub- 
semigroup of the semigroup Jq of ideals generated by the prime ideals in 
A. Any element J G J a can be uniquely written as a product 

(3.494) J=Y[J^, 
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where J v is the prime ideal associated to the place v £ A. 

Lemma 3.135. Let L = (A, (f>) be a ¥L-lattice such that <j) v ^ for all 
v £ A. Let J £ J a, J = n^eA Jv v be the smallest ideal dividing L. Let 
(p,s) £ O Aj^/K* be the pair associated to L. Then, for each v £ A, 
the valuation of p v is equal to n v . 

PROOF. Let (p, s) be as above, and m v be the valuation of p v . Then it 
is enough to show that an ideal J divides L if and only if J is of the form 
(3.494), with n v < m v . The map <j) is the composite of multiplication by 
p and an isomorphism, as in the diagram (3.452), hence the divisibility is 
determined by the valuations of p v . □ 

Definition 3.136. With A as above we shall say that a K-lattice L = 
(A, (f>) is A-invertible if and only if the valuation of p v is equal to zero for 
all v £ A. 

We now define basic test functions associated to a Hecke Grossencharak- 
ter. Given such a character x, the restriction of \ to om y depends on 
the projection on 0*b x = rLeB x ^tn f° r &x a finite se t of non- Archimedean 
places. Let B be a finite set of non- Archimedean places B D B x . We 
consider the function / = fB,x on ^ x o* ^k/^*' w bicb is obtained as 
follows. For (p,s) £ O A^/K*, we let / = unless p v £ &* v for all 

v £ B, while f(p,s) = x(p' s ), f° r an Y p' £ ^* such that p' v = p v for all 
v £ B. This is well defined, because the ambiguity in the choice of p' does 
not affect the value of x, since B x C B. The function / obtained this way 
is continuous. 

Let H(B) be the subspace of L 2 (X,dp) of functions that only depend 
on s and on the projection of p on Ob • Let us consider the map that assigns 
to a K-lattice L the smallest ideal J £ Jb dividing L, extended by zero 
if some <f> v = 0. By Lemma 3.135, the value of this map only depends on 
the projection of p on Ob- Thus, we can consider corresponding projections 
Eb,j in H(B), for J as above. By construction the projections Eb,j give a 
partition of unity on the Hilbert space H{B). Note that Eb,o = 0, since the 
measure p gives measure zero to the set of K-lattices with (j) v = for some 
v. 

Let Vjf(L) = f(J~ 1 L) implementing the semigroup action (3.493). For 
J £ Jb, the operator n(J)~P/ 2 Vj maps isometrically the range of Eb,o to 
the range of Eb,j- 

Lemma 3.137. The functions Vj fs, x span a dense subspace of H(B). 

PROOF. It is sufficient to prove that the fs, x form a dense subspace of 
the range of Eb,o- The image of O* in 0* B x A^/K* by the map u >—>■ (u, u~ l ) 
is a closed normal subgroup. We let 0* B x^» Aj^/K* be the quotient. This 
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is a locally compact group. The quotient Gb by the connected component 
of identity in Aj^/K* is a compact group. Then C(Gb) is identified 
with a dense subspace of the range of Eb,o- The characters of are the 
Grossencharakters x that vanish on the connected component of the identity 
and such that B x C B. Thus, by Fourier transform, we obtain the density 
result. □ 

Let A be a finite set of non- Archimedean places, and J a as above. Let 
Ha be the subspace of functions constant on ^-orbits, and let Pa be the 
corresponding orthogonal projection. The Pa converge weakly to P. 

Proposition 3.138. Let A D B be finite sets of non- Archimedean places. 
Let L be an A-invertible "K-lattice, and f € H{B). The restriction of Pa/ 
to the JA-orbit of L is constant and given by the formula 

(3.495) P A f\j A L = CkAPT 1 E < J )~ P f( J ~ lL )> 

JeJ A 

where (k,a(P) = T, Je j A n{J)~P- 

Proof. By construction, the right hand side of the formula (3.495) 
defines an element /a in Ha<~)H(A). One checks, using the quasi-invariance 
condition (3.492) on the measure p, that (fA,g) = (f,d) for all g € Ha, as 
in [237]. □ 

Let L be an invertible K-lattice and \ a Grossencharakter vanishing on 
the connected component of the identity D^. We define x(-^) as x(p s ), f° r 
any representative (p, s) of L. This continues to make sense when L is an 
A-invertible K-lattice and A D B x taking x(p' s ) where p' G O* and p' v = p v 
for all v £ A. 

Finally, we recall that to a Grossencharakter \ vanishing on the con- 
nected component of the identity Dk one associates a Dirichlet character 
X defined for ideals J in Jb^, where B x is the complement of B x . More 

precisely, given J 6 Jb c , let s j be an idele such that J = s j O n K and 
( s j)v = 1 f° r ah places v £ B x . One then define x{J) to be the value x{ s j)- 
This is independent of the choice of such sj. 

Proposition 3.139. Let A D B D B x and L an A-invertible K-lattice. 
The projection Pa of (3.495) applied to the function fs, x gives 

(3.496) P A f B J jAL = J^L £ n {J)^x{J)- 1 - 

Proof. Among ideals in Ja, those that have nontrivial components on 
B do not contribute to the sum (3.495) computing PaIb,x\ JaL- It remains to 
show that / B)X (J _1 L) = x(£)x(-0~\ for J G Ja\b- Let J = sjO nK and 
( s j)d = 1 for an places v £ B. Let L be given by (p, s). We have J~ l L given 
by (p sj, s Sj 1 ) using Proposition 3.122. Thus, for any choice of p' G O* with 



572 3. QUANTUM STATISTICAL MECHANICS AND GALOIS SYMMETRIES 



Pv = (psj)v for all v <E B one has /s, x (J 1 L) = %(p'ss /) = x{p's)x{J) 1 - 
Note that (sj)„ = 1 for all places v £ B. Thus the choice of // is governed 
by p^, = pt, for all v E B. Since L is A-invertible and A D B D B x we get 
x(p's) = x(L) for a suitable choice of p' . □ 

It then follows as in [237] that the PAfB,x tend weakly to zero for x 
nontrivial. The same argument gives an explicit formula for the measure, 
obtained as a limit of the PaJb,i, for the trivial character. In particular, 
the restriction of the measure to Gb is proportional to the Haar measure. 
Positivity is ensured by the fact that we are taking a projective limit of 
positive measures. This completes the proof of existence and uniqueness of 
the KMS/3 state for (3 £ (0, 1]. □ 

Notice that the structure of KMS states for the system (Ai,k, 0t) differs 
substantially from that of the system (A2,&t), even though (Ai t K,^t) is 
constructed as a subsystem of (A2,Pt)- 

So, the system (A2,Pt) has two phase transitions at (3 = 1 and (3 = 2 
with no KMS states at all in the high temperature regime < (3 < 1, a 
unique KMS state in the range 1 < (3 < 2 and a large set of extremal KMS 
states given by the points of the Shimura variety of GL2. On the other hand 
the system (Al,k, c<) has, like the Bost-Connes system, a unique phase 
transition at (3 = 1 with a unique KMS^ state in the range < (3 < 1 and 
extremal KMS states given by points of Aj^ ffK* for 1 < (3 < 00. 

This different behavior is not surprising, as the following general fact 
illustrates. 

Given an etale groupoid Q and a full subgroupoid Q' C Q, let p be a 
homomorphism p : Q — > . The inclusion Q' C Q gives a correspondence 
between the C*-algebras associated to Q' and Q, compatible with the time 
evolution associated to p and its restriction to Q'. 

The following simple example, however, shows that, in general, the KMS 
states for the Q' system do not map to KMS states for the Q system. 

We let Q be the groupoid with units given by an infinite countable 
set, and morphisms given by all pairs of units. Consider a finite subset of 
and let Q' be the reduced groupoid. Finally, let p be trivial. Clearly, 
the Q' system admits a KMS state for all temperatures given by the trace, 
while, since there is no tracial state on the compact operators, the Q system 
has no KMS states. 

8.10. Comparison with other systems. 

We have seen in (3.455) that the groupoid Q\,k corresponds to the quo- 
tient A K /K* viewed as a noncommutative space. Thus, its C*-algebra is 
given up to Morita equivalence by the crossed product Cq(A k ) x K* as in 
(3.455). In the case of the groupoid 5i x/C*j we are similarly looking at the 
quotient A^j/K*, with the noncommutative algebra of coordinates, which, 
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up to Morita equivalence, can be identified with the crossed product 



where O* is the finite group of units. 

We are going to show more precisely the Morita equivalence between 
this algebra and the convolution algebra Ai : k = C*(£?i,k/C*) discussed in 
the previous paragraphs. 

Let us compare the groupoid A^j/O* x K*/0* with the groupoid 
(?i,k/C*. The difference can be seen by looking at the case of K-lattices with 
<fi = 0. In the first case, this corresponds to the point G A^j/O*, which 
has stabilizer K*/0*. Thus, we obtain the group C*-algebra of K*/0*. In 
the other case, the corresponding groupoid is obtained as a quotient by C* 
of the groupoid Gi t K,o C Gi,k of pairs of commensurable 0-modules (finitely 
generated of rank one) in C. In this case the units of the groupoid (7i,k,o/C* 
can be identified with the elements of Cl(O). These elements are pairwise 
commensurable and the reduced groupoid by any of these units is the group 
K*/0* so that one obtains the required Morita equivalence on that part. 
The result below gives the Morita equivalence in general. 

Proposition 3.140. Let 4 #inc := C o (A K j/0*) x K*/0*. Let Ti 
he the space of pairs up to scaling ((A, (f>), (A', <f>')) of commensurable K- 
lattices, with (A, <fi) principal. The space Ti! is defined analogously, with 
(A', <fi') principal. Then Ti (resp. Ti! ) has the structure of AK,princ 
(resp. Ai,K-AK,princ) bimodule. These bimodules give a Morita equivalence 
between the algebras A~K, P rinc and A 1 , K = C*(g 1>K /C*). 

PROOF. The correspondence given by these bimodules has the effect of 
reducing to the principal case. In that case the groupoid of the equivalence 
relation (not up to scaling) is given by the crossed product A K x EC*. When 
taking the quotient by C* we then obtain the groupoid A K j/0* xK*/C*. □ 

In particular, this result gives an explicit Morita equivalence between 
the algebra Ai t K considered here and the algebra considered in [194]. 

Proposition 3.140 also gives the functoriality between the systems 
(•Ai,K) 0") for imaginary quadratic fields and the Bost-Connes system (Ai, at) 
for Q, which corresponds to the field extension. 

By Proposition 3.140, we can replace the C*-algebra Ai t K by the Morita 
equivalent AK, pr inc = Co(Ak,//C*) x K*/0*. We need to relate it to the 
BC system, which in turn is described up to Morita equivalence, using the 
crossed product algebra Co(Aqj) x GL+(Q). 

Let n : Ak,/ — > Aqj be the norm map. Its range n(K*) is a subgroup 
of GL^"(Q) and, with K = Q(y/—d), d a square-free positive integer, is 
determined by the conditions 



(3.497) 



C o (A K)/ /0*) x K*/0*. 



(3.498) 



p e n(K*) 44> (p, —d) p = 1 , V prime p 
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where (a, b) p denotes the Hilbert symbol ([263]). One checks that n(K*) is 
a free abelian group. Let then i : n(K*) — > W be a group homomorphism 
that gives a section of n : K* — > n(K*). 

PROPOSITION 3.141. The pair (n,i) induces a morphism 

g : Co(Aqj) x n(K*) - M(C (A KJ /O*) x K*/0*) = M(„4 K , prmc ) 

to i/ie multiplier algebra of AK,princ- 

PROOF. The argument is analogous to the one used in proving the func- 
toriality of §7.10. One checks that the condition (3.434) is fulfilled by con- 
struction. Note that, in the setup as above, n(K*) is a subgroup of GL^(Q) 
and, moreover, n(0*) = 1. The noncommutative space Aq j/n(K* ) , ob- 
tained as quotient of Aqj by n(K*), is an etale infinite covering of the space 
of one-dimensional Q-lattices up to scaling. □ 

9. Quantum statistical mechanics of Shimura varieties 

As we have seen, the system (A2,crt) 1S closely related to the geometric 
and arithmetic structure of modular curves. The modular curves are ob- 
tained as quotients r'\H of the uper half plane by a finite index congruence 
subgroup r' C SL 2 (Z), such as the congruence subgroups T(N). They form 
a tower of branched coverings as one varies the subgroup. The projective 
limit of this tower sits as a connected component in the adelic quotient 

(3.499) GL 2 (Q)\GL 2 (Aq)/C*. 

An important property of the space (3.499) is the fact that it is a moduli 
space. In fact, the space (3.499) along with its zero-dimensional space of 
components 

(3.500) GLi(Q)\GLi(Aq)/R; = 7r (GL 2 (Q)\GL 2 (AQ)/C*) 

underlying the Bost-Connes system belong to an important class of algebro- 
geometric moduli spaces, the Shimura varieties. These are moduli spaces of 
Hodge structures (cf. e.g. [229]). 

Roughly speaking (see [112] for a detailed treatment of the subject) a 
Shimura variety Sh(G, X) is constructed from data (G, X) of a reductive 
algebraic group G and a Hermitian symmetric domain X. For example, 
(3.499) is the Shimura variety S7i(GL 2 , H ± ), where M ± = GL 2 (R)/C* is the 
union of the upper and the lower half plane in P 1 (C), while (3.500) is the 
Shimura variety S7i(GLi, {±}), as we already discussed in previous sections 
of this chapter. 

In both systems (Ai,o~t) and (*4 2 ,<7i) the noncommutative space is ob- 
tained by replacing the adelic points G(Aqj) of the reductive group G in the 
Shimura variety with the adelic points M(Aqj) of an associated semigroup 
M, such that GcMis the set of invertible elements. In the case of ( Ai, at) 
this is obtained by replacing A^ j by Aqj, while in the case of (A2, o~t) one 
replaces GL 2 (Aqj) with 2x2 matrices M 2 (Aqj). 
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This observation was adopted in the recent work of Ha and Paugam [159] 
to systematically produce a large collection of systems (A, at) associated to 
Shimura varieties Sh(G, X). These generalize and unify all the cases treated 
in this chapter (the Bost-Connes system, the GL2-system, and the systems 
associated to imaginary quadratic fields) within the same general setting. 

For a Shimura variety Sh(G, X), given a faithful representation p : G — > 
GL(V) as above, there is an "enveloping semigroup" M, that is, a nor- 
mal irreducible semigroup M C End(V) such that M* = G. The data 
(G, X, V, M) then determine a noncommutative space 

Sh%{G, X, V, M) = G(Q)\M(A / ) x X . 

(This covers the case where Sh(G, X) = G(Q)\G(Aqj)xX but more general 
cases are also covered by the results of [159] .) The resulting noncommutative 
space can still be given a modular interpretation in terms of degenerations 
of the Hodge data. The noncommutative space Sh^(G, X, V, M) can be 
described by a convolution algebra. This involves some careful use of the 
theory of stacks to treat the presence of singularities (a phenomenon we 
already saw in the case of the GL2-system, which pervades systematically the 
higher dimensional cases). The resulting convolution algebra Ag,x,v,m has 
a natural time evolution at, so that one can associate to a Shimura variety a 
quantum statistical mechanical system (Ag,x,v,m, at)- These systems have 
partition functions that define a new class of zeta functions associated to 
Shimura varieties. The points of the classical Shimura variety Sh(G, X) 
appear as extremal low temperature KMS states of (AG,x,v,M,at)- 

In particular, as part of this general construction, the work of [159] 
also provides a natural generalization of the Bost-Connes system (Ai,at) 
to arbitrary number fields. This agrees with the system (Ai,K,at) of [90] 
in the case of imaginary quadratic fields. The general system for a number 
field K has partition function the Dedekind zeta function and symmetries 
given by the group C K /D K . 



CHAPTER 4 



Endomotives, thermodynamics, and the Weil 
explicit formula 

The spectral realization of the zeros of L-functions described in Chapter 
2 made little explicit use of the formalism of noncommutative geometry, 
except for the use of the quantized calculus in proving the semi-local trace 
formula. 

One of our goals in this chapter is to clarify the conceptual meaning of 
the spectral realization and in particular of the map (£ of Chapter 2 §6 in 
terms of noncommutative geometry and cyclic cohomology. This chapter is 
based on our joint work with Consani [74] , [75] . 

There are three essential ingredients in the conceptual understanding of 
the spectral realization: 

(1) Geometry 

(2) Thermodynamics 

(3) Cohomology and motives 

In the first step we extend the notion of zero-dimensional motive, i.e. of 
Artin motive, to the noncommutative set-up. The main examples of a non- 
commutative Artin motive we are interested in arise from endomorphisms 
of algebraic varieties. This is in fact the origin of the terminology "en- 
domotive" we use for these zero-dimensional noncommutative spaces. The 
reason for thinking of this class of noncommutative spaces as motives lies 
in the fact that we define morphisms as correspondences, generalizing the 
correspondences by algebraic cycles used in the theory of motives. 

We work over an algebraic number field EC and the absolute Galois group, 
i.e. the Galois group G of K/K, will act on the various objects we construct 
(cf. §2.3). Given an abelian semigroup S of endomorphisms of an algebraic 
variety Y and a point yo £ Y fixed under S, the projective limit X of 
the preimages of yo under elements of S admits a natural action of S and 
this gives rise to an endomotive (X, S). Such datum is best encoded as an 
algebraic groupoid Q = X x S and the associated convolution algebra Ak- 

We first recall in §1 the basic notions of morphisms for noncommutative 
spaces provided by Kasparov's KK-theoiy in the context of C*-algebras 
(§1.1) and by the abelian category of cyclic modules in the general algebraic 
context (§§1.2, 1.3). We describe the relation of the cyclic category to cyclic 
( co ) homology in §1.4. 
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We then present in §2 the construction of a category of endomotives 
that extends the notion of morphism given by geometric correspondences 
from the case of Artin motives to the noncommutative endomotives. We 
construct this category first at the purely algebraic level, i.e. dealing with 
zero-dimensional pro- varieties over K, in §2.1. We then give a construc- 
tion at the analytic level in §2.2, working with totally disconnected locally 
compact spaces. We show in §2.4 that under a "uniform" condition on the 
projective system that determines an endomotive, this comes endowed with a 
probability measure, which induces a state on the corresponding C*-algebra. 

We then show in Theorem 4.34 how the functor V that replaces a variety 
over K by its set of K points gives a natural relation between the categories 
of algebraic and analytic endomotives, cf. §2.5. Moreover, the Galois group 
G acts by natural transformations of V . 

In §2.6 we describe the construction of the endomotive associated to 
an abelian semigroup S of endomorphisms of an algebraic variety Y. We 
then show in §2.7 that the simplest example, i.e. the semi-group of endo- 
morphisms of the multiplicative group G m for IK — (Q|, gives an endomotive 
that coincides at the analytic level with the Bost-Connes system analyzed 
in Chapter 3. 

We discuss in §3 the problem of extending correspondences from endo- 
motives to noncommutative spaces in higher dimension, in a way that is 
compatible with the definition of correspondences in the algebro-geometric 
context in terms of K-theory. In §3.1 we recall the setting of geometric 
correspondences in i^i^-theory. In §3.2 we compare this with the cycle map 
defined using algebraic ii"-theory and we comment in §3.2.1 on the rela- 
tion between algebraic and topological K-theory and cyclic and Hochschild 
(co)homology. We also comment on the relation between motives and non- 
commutative spaces in the context of noncommutative tori and abelian va- 
rieties in §3.2.2. 

As a conclusion of this first step of the construction, we obtain from the 
data of a uniform endomotive a noncommutative geometric datum given by 
a pair (A, p) of an involutive algebra and a state, together with an action 
by automorphisms of the Galois group G. 

The second step then involves thermodynamics, which we develop in §4. 
As will become apparent in this chapter, a basic new feature of noncom- 
mutative spaces plays a dominant role in our interpretation: these spaces 
have thermodynamical properties and in particular they can be analyzed 
at different temperatures by classifying the KMS^ states for the modular 
automorphism group af, as we already did in in Chapter 3 for three basic 
examples discussed there. 

What we saw in Chapter 3 is that, by lowering the temperature, a given 
noncommutative space tends to become more and more commutative or 
classical, so that in good situations the extremal KMS^ states play the role 
of classical points of the space. The key feature of extremal KMS/j states 
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that can play the role of points is that the corresponding factor (obtained 
from the state by the GNS construction) is Morita equivalent to a point, i.e. 
it is of type I. 

After recalling in §4.1 Tomita's theory of the modular automorphism 
group af, we analyze the type I extremal KMS^ states in §4.2 and we show 
in particular (cf. Lemma 4.56) that such states persist at lower temperatures. 
Thus, cooling down the system by lowering the temperature has the effect 
of adding more and more classical points of the noncommutative space. 

The space f2 of classical points comes naturally equipped with a principal 
M^-bundle £1. In Theorem 4.85 we obtain a conceptual understanding of the 
map <£ of Chapter 2 §6 as the natural morphism tt of restriction from the 
dual system defined in §4.3 to the M^_-bundle f2 over the space of classical 
points, cf. §§4.5, 4.6, 4.7. We first deal with general systems in §4.8. We 
then specialize to the BC system in §4.9. 

We also explain in §4.4 why passing to the dual system is the analogue 
in characteristic zero of the unramified extension K ®v q ¥ q for a global field 
of positive characteristic. This gives a first indication for the interpretation 
of the scaling action on the dual system as a characteristic zero analog of 
the action of Frobenius that we go on to develop in the subsequent sections. 

The third step, in fact, provides a replacement in characteristic zero for 
the action of Frobenius on etale cohomology, given in terms of the scaling 
action on the cyclic homology of the cokernel of the above restriction map 
7r. This is described in §§4.8, 4.9, 4.10. The latter subsection relates the 
scaling action on the cyclic homology of the cokernel of the restriction map 
of the Bost-Connes endomotive to the spectral realization of zeros of the 
Riemann zeta function. 

It is for this analysis of the scaling action and the correct definition of 
the cokernel of the restriction map that one needs to work in an abelian 
category of motivic nature, so that one can make sense of the cokernel 
of a morphism of algebras. This abelian category is the category of A- 
modules, the central tool of cyclic cohomology, which was introduced in §1.2. 
Since traces Tr define cyclic morphisms Tr^ one can compose the restriction 
morphism it with the trace on trace class operators and obtain, using the 
results of §4.5, a cyclic morphism (Tr o ir)^ whose range is contained in the 
cyclic module of the commutative algebra C(f2). The cyclic homology of 
the cokernel produces a representation of the product G x W* + of the Galois 
group by the multiplicative group W + . The main result is then to apply 
this general framework to a specific object in the category of endomotives, 
which corresponds to the Bost-Connes system, and obtain a cohomological 
version of the Weil explicit formula as a trace formula. 

These results are then extended to an arbitrary global field K in §5. In 
§5.1 we describe in this generality the adele class space of a global field and 
its algebra of coordinates as a noncommutative space. In §5.2 we describe the 
corresponding cyclic module in the abelian category of A-modules and in §5.3 
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we give the general form of the restriction map corresponding to the inclusion 
of the idele class space as "classical points" of the noncommutative space 
of adele classes, as a cyclic morphism. We describe this more explicitly in 
the case of K = Q in §5.4. In §5.5 we return to the general case of global 
fields and we show how the cokernel of the restriction map can be thought 
of as a motivic H 1 with an induced action of the idele class group Cr. 
We show that this gives the spectral realization of the zeros of L-functions 
with Grdssencharakter. We show then in §5.6 that the action on this H 1 
of functions in the "strong Schwartz space" of Ck that are in the range 
of the restriction map vanishes identically. Finally, in §5.7 we give the 
formulation of the Weil explicit formula as a Lefschetz trace formula for 
the action on the H 1 of §5.5 of elements in the "strong Schwartz space" of 
Ck- We then show in §5.8 that, in terms of this Lefschetz trace formula, 
the Riemann Hypothesis becomes a statement equivalent to positivity of the 
induced trace pairing. 

We then begin with §6 and §7 a comparative analysis of the Weil proof of 
the Riemann Hypothesis for function fields and the noncommutative geom- 
etry of the adele class space, as in [75]. The aim is to develop a sufficiently 
rich dictionary that will eventually provide good noncommutative geome- 
try analogs for all the main algebro-geometric notions involved in the Weil 
proof, such as algebraic curves, divisors, linear equivalence, Riemann-Roch 
theorem, and Weil positivity. 

We begin in §6 by recalling the essential steps in the Weil proof of the 
Riemann Hypothesis for function fields. 

We continue the chapter by drawing some compelling analogies between 
the Weil proof of the Riemann Hypothesis for function fields and the setting 
of noncommutative geometry. 

In §7 we begin to build the corresponding noncommutative geometry 
notion, that will be summarized in the dictionary in §7.7. We begin by 
recalling in §7.1 the computation of the distributional trace of a flow on a 
smooth manifold. We then describe in §7.2 the periodic orbits of the action 
of Ck on the adele class space. This gives a natural definition of the scaling 
correspondence that parallels the role of the Frobenius correspondence in the 
Weil proof (cf. §7.3). We then show in §7.4 that the step in the Weil proof 
of adjusting the degree of a correspondence by trivial correspondences is 
achieved by correspondences coming from the range of the restriction map 
as in §5.6. A subtle failure of Fubini's theorem is what makes it possible to 
use these correspondences to adjust the degree in our case, as shown in §7.4. 
We then show in §7.5 that, in the case of function fields, one can recover the 
algebraic points of the curve inside the adele class space as classical points 
of the periodic orbits of the dual system. This leads us to refine in §7.5.1 
the notion described in §4.4 of passing to the dual system as an analog in 
characteristic zero of the unramified extension K <S>w q ^q- In fact, we now 
show that there is a natural way to associate to a noncommutative space X 
not only its set of "classical points", but in a more subtle manner the set 
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of all its classical points that can be defined over an unramified extension. 
This is obtained through the following basic steps: 

Dual System ~ Periodic Orbits v> Classical Points _ „ 

Ji. > A ► UA„ > Us B — £1. 

We also describe in §7.5.2, in the case of K = Q, the quantum statistical 
mechanical systems associated to the different valuations and how these 
classical points of the periodic orbits appear as low temperature KMS states 
for these systems. We describe the cyclic covering of the set of classical 
points of the periodic orbits in §7.5.3 and in §7.5.4 we obtain a global Morita 
equivalence that gives the valuation systems globally from the groupoid of 
the adele class space (in fact a groupoid that differs from it only in the part 
that belongs to which disappears upon "taking the complement" via the 
reduction map). We describe then in §7.5.5 an arithmetic subalgebra for 
the locus of classical points of the periodic orbits in terms of operators that 
behave like the Frobenius and local monodromy of the Weil-Deligne group 
at arithmetic infinity. 

We then use in §7.6 the geometry of vortex equations and moduli spaces 
to justify thinking of the step in the Weil proof that makes a correspondence 
effective by modifying it via linear equations using the Riemann-Roch the- 
orem in terms of achieving transversality (surjectivity) for a morphism of 
(7*-modules via a compact perturbation. We then assemble our tentative 
dictionary between the Weil proof and noncommutative geometry in §7.7. 

We conclude this last chapter of the book by drawing in §8 a broad anal- 
ogy between our approach to the Riemann zeta function and L-functions via 
the noncommutative geometry of Q-lattices and its thermodynamical prop- 
erties and the question of a good setup for quantum gravity in physics. 

Our starting point is a comparison in §8.1 between the role of spon- 
taneous symmetry breaking in the origin of masses from the electroweak 
phase transition in physics and the phase transitions that occur in our gen- 
eral framework of interaction between quantum statistical mechanics and 
number theory described in Chapter 3. We propose in §8.2 and §8.4 the 
existence of a noncommutative algebra of coordinates on a space of "spectral 
correspondences" between product geometries of the type used in Chapter 
1 in modelling particle physics, and a corresponding time evolution giv- 
ing rise to KMS states that yield, at low temperature, the usual notion of 
geometry. This possible approach shows that gravity described by classi- 
cal (pseudo)Riemannian geometry may be a low temperature phenomenon 
while geometry may disappear entirely in the high temperature regime, just 
as in the case of 2-dimensional Q-lattices there are no KMS states above 
a certain temperature. This last section is more speculative in nature and 
we hope it will open the way to some future developments of the material 
collected in this book. 
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1. Morphisms and categories of noncommutative spaces 

Noncommutative spaces are usually described in terms of some class of 
noncommutative algebras, although descriptions of noncommutative spaces 
are also possible via categorical or operadic constructions. It however soon 
becomes clear that morphisms of algebras (for instance *-homomorphisms 
of C*-algebras) are inadequate as a notion of morphisms for a category 
of noncommutative spaces. This appears very clearly when one considers 
specific examples, such as the noncommutative tori, for which Morita equiv- 
alences play the role of isomorphisms. This suggests that a good notion of 
morphisms for noncommutative spaces should be based on correspondences, 
which include the algebra homomorphisms as a particular case, but which 
also accommodate more general type of mappings, such as those obtained 
by tensoring with a bimodule. We describe here two constructions avail- 
able in the theory, which provide a way to embed a non-additive category 
of algebras in a pseudo-abelian category of noncommutative spaces. The 
first construction is Kasparov's KK-theory (cf. [178]) and the second is the 
abelian category of cyclic modules (cf. [65]). 

1.1. The .fT-fT-category. 

In this setting, we describe noncommutative spaces using separable C*- 
algebras. The category of C*-algebras with *-homomorphisms is not an 
additive category. However, one can introduce an additive category /C/C, 
whose objects are separable C*-algebras and with the morphisms given as 
follows. For A and B in Obj(/C/C), one has 

(4.1) Hom(„4, B) = KK(A, B), 

where KK(A,B) is Kasparov's bivariant K-theory ([178], cf. also §8 and 
§9.22 of [20]). 

We describe in more detail the way the morphisms (4.1) are obtained. 
First recall that a Hilbert module £ over a C*-algebra B is a right B- 
module endowed with a positive £>-valued inner product with 

(4.2) {x,x)>0, (xa,yb) = a*(x,y)b, \/x,y £ £, Va, b 6 B, 

with respect to which £ is complete for the norm given by ||x|| = 

One can then introduce Kasparov modules: they are "Morita type" 
correspondences that generalize *-homomorphisms of C*-algebras. 

Definition 4.1. Suppose given a pair A, B of separable C* -algebras. A 
(bounded) Kasparov module is a triple (£,4>,F), where 

• £ is a countably generated Hilbert module over B. 

• 4> is a *-homomorphism, (f> : A — > B{£), with B{£) the algebra 
of bounded linear operators on £. This gives £ the A-B bimodule 
structure. 
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• F is a bounded linear operator on £ with the properties that the 
operators [F, (f)(a)], (F 2 — l)(ft(a), and (F* — F)(ft{a) are in K,{£), 
the ideal of compact operators, for all a G A. 

In the even case one further requires that 

• £ is Z/2-graded, with grading operator 7 6 B(£) with j 2 = 1. 

• [(ft(a), 7] = for all a £ A. 

• F is odd i.e. -F7 = — jF. 

One can form direct sums of Kasparov modules 



(4.3) (£ ,<ft , Fo)e(£i, 01,^1) = (£0 ©£1, 0o ©01,^0 ©*i)- 



with 7 = 70 © 71 in the even case. 

Given separable C*-algebras A and B, consider the C*-algebra 



with the endpoints evaluations fi : IB — > B. Then on the set of Kasparov 
modules one introduces the homotopy equivalence relation in the following 
way. 

Definition 4.2. Two Kasparov modules 



are homotopy equivalent if there exists an element (£, (ft, F), which is a Kas- 
parov module for the C* -algebras A and IB, such that the element {£ ®f { 
B,fi o <p,fi(F)) is unitarily equivalent to (£i,(fti,Fi). That is, there exists 
an element in the space of bounded operators from £ ®^B to £{ which is a 
unitary intertwining the morphisms fiocft and <pi and the operators fi(F) 
and Fi. 

The .fT-fT-groups are then defined as follows. 

Definition 4.3. KK{A,B) is the abelian group obtained as the Grothen- 
dieck group of the semigroup of even Kasparov modules up to (even) homo- 
topy with the operation of direct sum (4.3). 

One usually assumes that the C*-algebra B is cr-unital, to avoid the 
possible problem of not having enough countably generated Hilbert modules. 
Moreover, in the cr-unital case, the different equivalence relations one can 
consider on the set of Kasparov modules all coincide (cf. e.g. [20] §17.2 and 



The element of KK(A, B) determined by a *-homomorphism of C*- 
algebras (ft : A — ► B is simply given by 



It also has a representative with F 2 = 1 of the form ([20], Example 17.1.2) 



IB = {/ : [0, 1] B | / continuous} 



(£ ,(fto,F ) ~ h (£i,c/>i,iq) 



17.3). 



(B,(ft,F = 0), with 7 = 1. 
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The composition of correspondences denned by Kasparov modules is 
given by the cup product 



These admit a simpler description in terms of unbounded Kasparov modules 
(cf. [12]). One modifies Definition 4.1 in the following way. 

Definition 4.4. Unbounded Kasparov modules are triples (£, <fi, D), with 
(£,<fi) as in Definition 4.1, where D is an unbounded regular self-adjoint 
operator D on £ such that 

• (1 + D 2 ) _1 / 2 (/)(a) extends to an element of K,{£), for all a € A- 

• [D, 0(a)] is densely defined and extends to an element of B(£) for 
all a in a dense subalgebra of A. 

The operator D(l + D 2 )^ 1 / 2 extends to a bounded operator F such that 
(£,4>, F) defines a bounded Kasparov module as in Definition 4.1 (cf. [20], 
Prop. 17.11.3). 

Then the external tensor product (4.4) is obtained ([12], cf. [68] §IV, 
Appendix A) by taking £\ ® £2 and D\ ® 1 + 7 ® D2 in the even case with 
Z/2Z- grading 7 and in the odd case 



Remark 4.5. The category K.K, whose objects are separable C* -algebras 
and whose morphisms are given by (4.1) is an additive category. 

In fact, the category K.K, obtained in this way is a universal enveloping 
additive category for the category of C*-algebras (cf. [20] §9.22.1). One can 
obtain a pseudo-abelian category, through the following general procedure. 

Given an additive category C, the pseudo-abelian envelope (Karoubian 
envelope) is the category whose objects are pairs (A, e), with A G Obj(C) 
and an idempotent e = e 2 G End(A) = Home (A, A). The morphisms are of 
the form 



The functor C -> that sends A i-> (A, 1) is fully faithful. 

Moreover, a recent result of Meyer and Nest [225] shows that the addi- 
tive category XX is in fact a triangulated category. The shift is obtained 
from the suspension A i-> T,A = Cq(M.) <g) A. This requires introducing more 
general objects of the form (^4, n) with A G Obj(XX) and neZ with 



(4.4) ® v : KK(A, V) ® KK(D, B) — > KK(A, B) . 
One also has external tensor products 

(4.5) KK{A, B) (g> KK(C, V) -► KK(A®C,B®V). 




Hom^ c ((^, e), (A 1 , e')) = e'Hom c (^, A')e. 



Hom((i,n),(S,m)) = lim Hom, GC (S' 1+ ^, S m+fe 6). 



ken 
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The shift then is of the form (A, n) i— > (A, n + 1). Given a *-homomorphism 
<fi : A — ► B, the mapping cone C(<p) is defined as 

(4.6) C(<f>) := {(a, /) € ^ x C ((0, 1), B) | 0(a) = /(l)}, 
and fits in a diagram 

(4.7) A C(0) A .A B 

of *-homomorphisms. The distinguished triangles are diagrams of the form 

££>' —>■ C' —> A' —> B' 
that are isomorphic to a cone diagram (4.7), namely 

££> ^— > C($ — ► A > B 



(4.8) 



/c 



fA 



fB 



T,B' 



-+A' 



-> B'. 



It is proved in [225] that the category obtained in this way is a triangulated 
category. The result in fact is proved there more generally in the equivariant 
case. 

We next discuss a way of embedding the non-additive category of non- 
commutative algebras in an abelian category, where one does not work with 
C*-algebras and functional analysis, but more generally with noncommuta- 
tive algebras over a field K. This construction is based on cyclic modules 
(cf. [65]). We first introduce the cyclic category (cf. [68], §111, Appendix 
A). 

1.2. The cyclic category. 

The cyclic category A is a refinement of the simplicial category (cf. [65]). 
Namely, one has one object [n] £ Obj(A) for each non-negative integer 
and the morphisms are generated by face and degeneracy morphisms <5j : 
[n — 1] — > [n] and Oj : [n + 1] — > [n] with relations 

(4.9) SjSi = 5iSj-i for i < j, ajai = GiGj+i, i < j 



(4.10) 



5iGj-\ i < j 



(TjSi = < 



J + l 



l n if i = j or i 
Si-iGj i> j + l, 

as in the case of the simplicial category, with additional morphisms r n : 
[n] — > [n] with relations 

T n &i = 5i-iT n -i 1 < i < n, T n S = 5 n 



(4.11) 



T n <?i = CFi-lT n+ l 1 < i < n, T n CT = <T n T% + i 



T n+1 _ -j 
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Remark 4.6. The classifying space of the cyclic category A satisfies 

(4.12) BA = BU(1) = CP°°, 

This result (cf. Theorem 10 of [65] and Proposition 7.2.7 of [211]) should 
be seen in contrast with the case of the simplicial category, whose nerve 
is a contractible space. Thus, the cyclic category can be thought of as a 
"discretization of the circle" and cyclic cohomology is closely related to S 1 - 
equivariant cohomology. 

The cyclic category has another equivalent description in terms of its 
cyclic covering. One defines a category A with objects of the form (Z, n) £ 
Obj(A). The morphisms (Z, n) — > (Z,m) are given by nondecreasing maps 
/ : Z — ► Z satisfying the periodicity condition f(x + n) = fix) + m. There 
is an action of Z on A by translations and the quotient A = A/Z gives back 
the cyclic category described above. 

Definition 4.7. Given a category C, a cyclic object in C is a contravari- 
ant functor A — > C. A cyclic object in the category VectjK is called a K(A)- 
module or a cyclic module. 

Proposition 4.8. The category of K(A) -modules whose objects are the 
cyclic modules, i.e. the contravariant functors A — > Vectg and whose mor- 
phisms are the natural transformations is an abelian category. 

PROOF. One can in fact construct a ring K(A) generated over K by 
idempotents e„, e n e m = for n / m, and symbols a™,5™,r ra fulfilling re- 
lations (4.9), (4.10) and (4.11), with e n instead of l n . One requires that 
5? = <5f e n _i = e n <5™, = a™ e n+1 = e n a™ while r n = r n e n = e„r n . A 
contravariant functor A — > Vectjc is then equivalently described as a right 
K(A)-module. Since the modules over a ring form an abelian category one 
obtains the desired result. □ 

The reason why this construction is useful in noncommutative geometry 
lies in the fact that algebras define corresponding cyclic modules, as the 
following result of [65] shows. 

Lemma 4.9. A unital algebra A over a field K determines a K(A) -module 
Proof. The contravariant functor A^ : A — > Vectu is defined on objects 

by 

(4.13) A* : [n] ^ A® {n+l) = A® A® ■■■®A 
and on morphisms by 

(4.14) A^ : 5i ^ (a <g> • • • <g> a n ) ^ (a <g> ■ ■ ■ (g> a^a^ 1 (g) • • • ® a") 

(4.15) ^ : o-j ^ (a ® • • • a n ) ^ (a ® • • • <g> a J ' ® 1 ® a J ' +1 ® • • • <g> a n ) 
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(4.16) A k : r„ ^ (a <g> • • • <g> a n ) ^ (a" ® a ® • • • <g> a™" 1 ). 

□ 

A morphism (j) : A — > ,6 of unital K-algebras determines a morphism 
^ : .4^ — ► ,8^ of the corresponding cyclic modules by 

<j>\a° ® • • • ® a n ) = 0(a°) ® ■ ■ • ® 0(a n ) . 

One obtains in this way an embedding of the (non-additive) category of 
unital algebras over K into the abelian category of K(A)-modules. 

When passing from algebras to the corresponding K(A)-modules, one 
obtains many more morphisms than those induced by algebra homomor- 
phisms. An important example of morphisms of cyclic modules that are not 
induced by morphisms of algebras are traces. Suppose given a trace 

(4.17) t:A^K 

on a unital algebra A over K. This is a linear functional with r(l) = 1 
satisfying r(ab) = r(ba). In the case of topological algebras, one requires 
r to be continous. Such a functional defines a corresponding morphism of 
cyclic modules 

(4.18) t^:A^K\ 
of the form 

(4.19) T\x°®---®x n ) = T(x°---x n ). 
In fact one has more generally, 

Proposition 4.10. Given unital algebras A, B, a trace on A determines 
a morphism of cyclic modules 

(4.20) T h = Tr : (B ® A)* -> & 

(4.21) Tr((x (8) t ) O • • • ® (x n ®t n )) =x ®-- ■ ® x n r(t ■ ••£„). 

Proof. For < i < n — 1 one has 
Tr Si((xo <8> to) <8> ■ ■ ■ ® (x n (g> t n )) = x <8> ■ ■ ■ <8> XiX i+ i ®---®x n r(t h ■■■ t n ) 
= 5i Tr((x (8) t ) ® (xi ® h) <g> ■ • • ® (x n ® t n )). 

Similarly, 

Tr 5 n ((x ®t )®---®(x n ® t n )) = x n x ® ■ ■ ■ ® x n _i r(t„ to h ■ ■ ■ t n _i) 

= 5 n (x ® ■■■ ®x n ) r(t ti • • • t n ) = 8 n Tr((x ® t ) ® ■ ■ ■ ® (x n ® t n )). 
In the same way, for < j < n, one has 

Tro-j((xo®to)®- ■ -®(x n ®t n )) = x ®- ■ -®Xj®l®Xj + i®- ■ -®x n r(t ti • • -t n ) 

= Gj(xo ®---® x n ) r(t ti • • • t n ) = o-j Tr((x ® to) ® • • • ® (x n ® tn))- 
Finally, one has 

TrT n ((x ® to) ® • • • ® (x n ® t n )) = x n ® x ® ■ ■ ■ ® x n -\ r(t ti ■ ■ - t n ) 
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= T n Tr((x <8> to) ® • • • <8> (Xn <8> 

□ 

Another important example of morphisms in the category of cyclic mod- 
ules comes from correspondences given by bimodules. 

Corollary 4.11. Let £ be an A-B bimodule, which is finite projective 
as a right B-module. Then there is an associated cyclic morphism 

^ G Hom(^,^). 

Proof. Since £ is finite projective it is a direct summand of the right 
module B n for some n, so that End s (£) C M n {B) = B <g> M n (C). Thus one 
obtains from the left action of A, which gives a homomorphism p from A 
to Endg(<5) and hence to B <8> M n (C). One then takes the composition of 
with the trace map from B <8> M n (C) to £> which is also a cyclic morphism 
as follows from Proposition 4.10 applied to the usual trace on M„(C). The 
obtained cyclic morphism is of the form 

(4.22) = Tr* o A* -> B*. 

□ 

Remark 4.12. Note that the above cyclic morphism depends upon the 
choice of a connection on the right B-module £, which is used in order to 
write £ as a direct summand of the right module B n for some n. 

1.3. The non-unital case. 

The construction of cyclic modules associated to unital algebras extends 
to the non-unital case. In fact, if we think of a non-unital associative algebra 
as a non-compact noncommutative space, one can consider various possible 
compactifications and then the associated cyclic modules. This means con- 
sidering a unital algebra ,A com P with the property that the non-unital algebra 
A is contained in it as an essential ideal A C „4 com P (cf. Chapter 3, Definition 
3.2). 

A particular case is the "one-point compactification" „4 com P = A ob- 
tained by adjoining a unit to A. 

To an inclusion A C „4 com P as above, one can associate a K(A)-module 
(A,A couip )* defined as follows. To an object [n] of A it associates the sub- 
space of the K-vector space (_4 com P)®( n + 1 ) Q f elements of the form 

qp (g> • • • (g> a n 

where at least one of the entries Oj 6 „4 com P belongs to A. 

In the case of the one-point compactification this means elements 

ao <8> ■ • ■ <8> a n , with a,j G A, such that e(«o) ■ ■ ■ e(«n) = 0, 

where e : A — > C is the augmentation with Ker e = A. 
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The images of the morphisms S n , a n , T n are defined as in (4.14), (4.15), 
(4.16). 

For instance, one can consider as a non-unital algebra the ideal C 1 of 
trace class operators on a Hilbert space (here K = C). This example will be 
useful later in §4.9 below. 



1.4. Cyclic (co) homology. 

The Ext functors (the right derived functors of Horn) in the abelian 
category of K(A)-modules, when applied to cyclic modules associated to 
algebras, give the cyclic cohomology, by the following result of [65]. 

Proposition 4.13. Let A be a unital associative algebra over a field K 
and A^ the corresponding K(A) -module. Then the cyclic cohomology of 'the 
algebra A is given by 



(4.23) 



HC n (A) = -E*& w (A\K*). 



The identification with Ext n (A\ K^) follows by constructing a double 
complex of projective K(A)-modules that is a resolution of the trivial K(A)- 
module (cf. [65]). 

Similarly, one obtains cyclic homology in terms of Tor functors (the left 
derived functors of <£)), namely 



(4.24) 



HC n (A) = ToT n (K\A*). 



See [67], [65], [211] for more details. This yields the following bicomplex 
whose total homology computes the cyclic homology for a unital algebra A. 
Let A\[n\) = *4® (n+1) as above with Ai(Si) : A\[n}) -► A\[n-1}), A^) : 
A\[n]) -> A\[n + 1]) and A\(T n ) : A\[n]) -> A\[n]) the corresponding 
morphisms as in (4.14), (4.15), (4.16). The bicomplex whose total homology 
computes the cyclic homology is then given by 



On + l 



"n+1 



5n + l 



A\[n\) 1 Xn > A\[n\) >A\[n)) 1 A " ) 



A\[n - 1]) 1 A "'') A\[n - 1]) — > A\[n - 1]) — ) 
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where we define b n , b' n : A\[n]) -> A\[n - 1]) by 

n n—1 

(4.25) b n = J>l)Vte), £ = 5>l)V4(fc), 

i=0 i=0 

and we set A n = (— l) n A n (T n ) and 

(4.26) ^n = E A «- 

i=0 

The horizontal and vertical differentials di, d<i defined in this way satisfy 
d\ = d\ = and d\d2 = —d2<l\. This bicomplex is closely related to the 
(b, B) bicomplex of Chapter 1 §10.4. 

Notice that, passing to the dual spaces by assigning to each integer n > 
the vector space C n of (n+l)-linear forms ip(x°, . . . , x n ) on .A, with the basic 
operations Si : C n ~ x — > C n and crj : C ,n+1 — > C n given by 
(4.27) 

(Si(p)(x° , . . . ,x n ) = <p(x°, . . . , x l x t+1 , . . . , x n ), i = 0, 1, . . . ,n — 1 
(<W)(a; , . . . , x n ) = ip(x n x°, x 1 , . . . , x"" 1 ) 

(<7 i¥ »)(x ,...,x n ) = ^(x°,...,x^l,^ +1 ,...,x™), i = 0,l,...,n 

(r n¥ >)(ar°,...,x n ) = x°, . . . , x"' 1 ). 

one obtains a covariant functor A$ : A — > Vectg. This, using the canonical 
isomorphism A ~ A op of [65], can be seen as a contravariant functor, i.e. 
a cyclic module. One obtains in this way a similar description of cyclic 
cohomology as 

(4.28) HC n {A) = Ext n (K tt ,A tt ). 



The formula (4.28) for cyclic cohomology can be compared with the 
proposed absolute cohomology for motives that we discussed in our brief 
overview of motives in Chapter 1. The absolute cohomology is computed 
also by an Ext functor 

(4.29) #: bs (M) = Ext£ (K) (l,M) 

in a triangulated category P(K) of mixed motives over the field K. The 
actual category of mixed motives would be obtained as the heart of a t- 
structure in this triangulated category. Notice how, in the case of cyclic 
cohomology, the Ext is instead taken directly in the abelian category of 
K(A)-modules. We like to think of cyclic (co)homology as a kind of absolute 
cohomology for noncommutative spaces. 



Remark 4.14. All of the discussion above, regarding the cyclic module 
associated to an algebra, extends to the context of locally convex topological 
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algebras. In that context one needs to work with topological tensor prod- 
ucts in the construction of A^ and of continuous multilinear forms in the 
construction of A^ . 

Moreover, an important issue arises, since the ranges of continuous linear 
maps are not necessarily closed subspaces. In order to preserve the duality 
between cyclic homology and cyclic cohomology we shall define the cokernel 
of a cyclic map T : A^ — > B^ as the quotient of B$ by the closure of the range 
of T. In a dual manner, the kernel of the transposed map T* : B$ — > A^ is 
automatically closed and is the dual of the above. 



2. Endomotives 

As we discussed already in the overview on motives in Chapter 1 , the case 
of Artin motives presents the simplest possible construction of a category of 
pure motives. It is sufficiently interesting though to recover the absolute 
Galois group as its motivic Galois group, as we already saw in Chapter 1 
§8. We recall here to begin with a few well known facts about Artin motives 
(cf. e.g. [2], [283]). 

In this chapter we work with motives over a field K, which we assume 
to be a number field, i.e. a finite algebraic extension of Q. In the following 
we fix an embedding a : EC ^ C and, for a variety X over K, we write X(C) 
for aX(C). We take K to be the algebraic closure of <j(IC) C C in C. 

Let Vj£ denote the category of zero-dimensional smooth projective vari- 
eties, i.e. finite dimensional reduced commutative algebras A over K. This 
means that X = Spec(^4) consists of a finite set of points. For X £ Obj(V^) 
we denote by X(K) the set of algebraic points of X. 

One has 

(4.30) X(X) = Hom A i gK (A,X). 

In fact, in general for any unital abelian K-algebra B the set of l?-points of 
X is the set of homomorphisms of unital abelian K-algebras 

(4.31) X(B) = Hom AlgK (A,B). 

The set X(K) as in (4.30) is a finite set on which G = Gal(K/K) acts 
continuously by x 6 A(K) ^ g o x f° r an 9 6 G. 
Consider the map 

(4.32) Obj«) 3Ih X(K) e Obj(S G ) 

that assigns to a zero-dimensional variety its set of algebraic points. The 
Grothendieck-Galois correspondence states that (4.32) is a functor that 
gives an equivalence of categories between the category and the cate- 
gory Sg of finite sets with a continuous action of G = Gal(K/lK). 

The category AA4k,e of Artin motives over K with coefficients in a field 
E of characteristic zero is the subcategory of the category -M numi E(IK) of pure 
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motives with numerical equivalence and with coefficients in E generated by 
the objects of V^. We simply write AMk for AMk,q. 

More explicitly, given X and Y in Obj(V^), one defines M(X,Y) to be 
the finite dimensional Q-vector space 

(4.33) M{X,Y) := Hom G (Q x « Q Y «) = (Q*(t)xY(K) )G _ 

An algebraic cycle, or a (virtual) correspondence, is therefore given by an 
element Z 6 M(X,Y), i.e. a formal linear combination of connected com- 
ponents of X x Y with coefficients in Q. These are identified with Q-valued 
G-invariant functions on X(1K) x Y(K) by Z = ^ (i{Zi ajl^./jQ, where 
lzi(K) i s the characteristic function, and the Zi are connected components 
of X x Y. 

In general, an element U 6 M(X, Y) is of the form U = J2i a i^i-, where 
the Zi are components in the product X x Y . The composition of corre- 
spondences is Q-bilinear and given as usual by the intersection product on 
the Zi. Suppose given components Z C X\ x X 2 and Z 1 C X 2 x X3. The 
composition 

o : M(X 1 ,X 2 ) x M(X 2 , X 3 ) -► M(X 1; X 3 ) 

is given by 

(4.34) ZoZ' = ir 13m (ir* 2 Z • ir^Z') 

with • the intersection product and 7rjj : Xi x X2 x J3 -t J; x Xj the 
projections. 

In the zero-dimensional case assigning such an element U 6 M(X, Y) is 
equivalent to the datum of the corresponding map f7* £ HoniG<(Q^( K ), Q y ( K )) 
and the composition (4.34) corresponds to the composition of the maps 

(4.35) {UoV)* = V*oU*. 

The category of Artin motives is the (pseudo)abelian envelope of the 
additive category with objects Obj(V^) and morphisms M(X, Y) ®q E. It 
is in fact an abelian category, since M num> ^,(K) is abelian. The choice of 
the equivalence relation is irrelevant in the case of Artin motives. In fact, 
in dimension zero there is no equivalence relation needed on the cycles in 
the product. The category AJAk is a neutral Tannakian category with fiber 
functor 

(4.36) uj : X ^ H°(X(C),Q) = Q x(£) . 

The fiber functor gives an equivalence of categories of AMk with the cat- 
egory RepG of finite dimensional Q-linear representations of the absolute 
Galois group G = Gal(K/K). (Here K is of characteristic zero.) This can 
be seen as a "linearized version" of the Grothendieck-Galois correspondence 
mentioned above. 
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The classical realizations of Artin motives are given by 

H B (aX) = Q x «, H ct (X) = Qf (£) and F dR (X) = A, 
for X = Spec(A), with A a finite dimensional reduced K-algebra. 

Remark 4.15. In passing from to the category AM-k one in general 
needs to add new objects, to obtain the (pseudo)abelian envelope. One can 
see this in a very simple example, for K = Q. Consider the field L = Q(\/2). 
Then consider the one-dimensional nontrivial representation of the Galois 
group G = Gal(Q/Q) that factors through the character of order two of 
Gal(L/Q). This representation does not correspond to an object in Obj(VQ) 
but can be obtained as the range of the projector p = (1 — cr)/2, where a 
is the generator of Gal(L/Q). Namely, this is a new object in Obj(AM<Q) 
which is not an object of Vq. 

An observation that will be useful in the following is that, if we view 
the objects in the category of Artin motives as reduced finite dimensional 
commutative algebras, then the correspondences defined above in terms of 
algebraic cycles in the product can be given an equivalent description in 
terms of bimodules. 

Lemma 4.16. For X and Y in Obj(V^), an element U G M(X,Y) 
defines a (virtual) bimodule E\j, compatibly with the composition. 

Proof. We have X = Spec A, Y = Speci?, for A and B reduced finite 
dimensional algebras over K. We can write the element U G M(X, Y) in the 
form U = Yli a iZi with a ; £ Q and Zi components in X x Y. One obtains 
a virtual bimodule £\j = Yli a i£z l where £z t is the actual A-B bimodule 
obtained from Zi C X x Y using the restrictions of the projection maps 
to get the bimodule structure on Cj, Z{ = SpecCj. More precisely, with 
/ = Px\zi 9 = Py\z 1 i the restrictions, and /, g the associated morphisms of 
algebras, the bimodule structure of C = Ci is given by 

(4.37) aib= f(a)Sg(b), Va G A , b G B , £ G C . 

By (4.35) it is clear that the composition (4.34) corresponds to the tensor 
product of bimodules 

(4.38) £z®b£z< -£zoZ>- 

□ 

In the following we construct a faithful embedding of the category 
»4A4k,e of Artin motives in an additive category of noncommutative spaces 
whose objects are given by projective systems of Artin motives with the 
action of semigroups of endomorphisms. We call such objects endomotives. 
We give two versions of the category of endomotives, one purely algebraic 
and defined over any field K, and another one which is analytic and uses the 
C*-algebra description of noncommutative spaces. We show that, for K a 
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number field, the category of algebraic endomotives embeds in the category 
of analytic endomotives. 

2.1. Algebraic endomotives. 

Let X a be a projective system of zero-dimensional varieties, that is, a 
collection {X a } a( zj of objects in V^, with a projective system of morphisms 
£ aj( g : X/3 — ► X Q , and a countable partially ordered indexing set /. We 
denote by X the projective limit 

(4.39) A = limA Q , 

a 

with maps £ a : X — > A" a . We view X as a pro- variety. Equivalently, we 
consider a directed system of algebras A a over K, with X a = Spec Ac,. The 
direct limit 

(4.40) A = l\mA a 

a 

is a commutative unital algebra over K, no longer finite dimensional. 

The graphs r(£ Q;/ g) of the morphisms of the projective system are G- 
invariant subsets of Xp(K) x X a (K). They define a compatible system of 
morphisms in M(X a ,XA, with respect to composition (4.34). 

Consider then a unital abelian semigroup S acting on A by algebra en- 
domorphisms p : A — > A. Notice that the endomorphisms in general need 
not preserve the levels A a . Also we do not assume that algebra endomor- 
phisms send the unit to itself. In fact, in general the image p{\) = e is an 
idempotent in the algebra, e 2 = e. 

We assume that the endomorphisms p £ S induce isomorphisms A ^ 
eAe, where the reduced algebra eAe is here the same as the range eA of the 
projection since A is commutative. This is equivalent to the condition that 
the elements p £ S induce isomorphisms x £ X e ^ x-p £ X, where X e C X 
is the subvariety associated to the idempotent e = p(l), i.e. corresponding 
to the compressed algebra eAe. The notation x-p for this action of S on X is 
convenient when viewing the points x £ X(K) as characters of the algebra 
A, since the action on points is then simply given by composition of the 
characters with the endomorphisms. For p, pj £ S the equality pp\ = pp2 
implies that p\ = p2 since p is an injective algebra homomorphism. Thus 
we can embed S as a sub-semigroup of the enveloping abelian group S. 

Definition 4.17. Let (X a , S) be the data of a projective system of Artin 
motives and a unital abelian semigroup S with the properties described above. 
An algebraic endomotive is a unital associative algebra over K of the form 

(4.41) A K = A x S, 
where A is the abelian K-algebra (4.40). 
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The crossed product algebra (4.41) has an explicit presentation obtained 
by adjoining to A new generators U p and U* for p G S, satisfying the 
relations 

u;u p = i, u p u; = P (i), v P es 

(4.42) u plP2 = u pl u P2 , u; 2P1 = u* pi u; 2 , v Pl , P2 g s 

U p a= p(a) U p , a U* p = U* p p(a) , Vp G S, Va G A. 

Lemma 4.18. (1) The algebra (4.41) is the linear span of the mono- 
mials U pi aU P2 , for a £ A and pj G S. 

(2) The product U s = U* 2 U Pl only depends upon the ratio s = p\/p 2 G 
S. 

(3) The algebra (4.41) is the linear span of the monomials aU s , s G S, 
a G A. 

Proof. (1) In fact, it is enough to show that we have 

(4.43) U* pi aU P2 U* p3 bU P4 = U* pip:i p 3 (a)p 2 p 3 (l)p 2 (b)U P2P4 , V Pj G S ,a,b G A . 

which follows from (4.42) since the semigroup S is abelian. To see this one 
first replaces p2p3(l) by the product U P2P3 U* 2P3 . One then has 

U p lP3 P3( a )U P2Pa = U pi aU P2 

using U p . A a = p 3 {a)U P3 and U*U P3 = 1. Applying the same procedure to 
the other terms yields (4.43). 

(2) For p G S one has 

J J* II — J J* J J* J J J J — J J* U 

This suffices to show (2). 

(3) One has U* = U*U p U* = U*p(l). Thus since p is an isomorphism 
with the reduced algebra eA, for e = p(l), we can write any product U*a = 
U*ea = bU* with b = p~ 1 (ae) G A. □ 

For s = pi/p2 G S the projections 

(4.44) E(s) = p^ l {p 2 {l) Pl {l)) and F(s) = p^\p 2 (l) Pl (l)) 

only depend on s and the map (p 2 ) 1 pi is an isomorphism of the reduced 
algebras 

(4.45) s = p 2 Vi : A E(s) A F(s) . 

For idempotents e, / in a commutative algebra we write e < f when 
ef = e. One has e < f\f 2 if and only if e < fj for all j. 

Lemma 4.19. Let E(s) and F(s) be the projections of (4.44). They 
satisfy 

(4.46) Eis- 1 ) = F(s) = s(E(s)) , F(s s') > F(s)s(F(s')) , Vs,s'g5. 
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PROOF. To prove the last inequality, let s = pi/p2, s' = p' ± / 1 p' 2 . Since 
P2P2 is injective it is enough to show that 

p 2 p f 2 (F(s)s(F(s'))) < P2p' 2 (F(ss f )) = (p 2 p' 2 (l))(p 1 p' 1 (l)) 

One has 

p 2 (F(s)s(F(s'))) = p 2 (l)p 1 (l)p 1 (F(s f )) = p 2 (l) Pl (F(s')) 
and the conclusion follows from 

p' 2Pl (F(s')) = pip' 2 (F(s')) = p 1 (p' 2 (l)p' 1 (l)) < • 

□ 

Moreover, the partial isomorphism is the inverse of s, and one has 

(4.47) U s a = s(a) U s , Va £ A E(s) . 

By Lemma 4.18 the following map is a linear isomorphism: 

(4.48) a = (a s ) e © sg5 A F(s) ^J2a s U s £A K - 

The linear isomorphism (4.48) allows one to interpret the product in Ak as 
the convolution product for a groupoid Q which is constructed as follows. 

Definition 4.20. As a space Q is the disjoint union 

(4.49) g = U s ^X F ^ 

which corresponds to the algebra (B^gAp^, which is the commutative al- 
gebra direct sum of the reduced algebras A F ( s y The range and source maps 
are given by the natural projection from Q to X and by its composition with 
the antipode S which is given, at the algebra level, by 

(4.50) S(a) a = s(o a -i), VsG5. 

The composition in the groupoid corresponds to the product of monomials 

(4.51) aU s bU t = as{b)U st . 

Thus, an algebraic endomotive Ak. can be equivalently described through 
the data of the associated groupoid Q = Q{X a , S). This is useful in order to 
define the notion of correspondence for endomotives. 

As we saw above the natural definition of correspondences in the context 
of motives [2] (cf. §8 of Chapter 1) is as algebraic cycles, that is, combinations 
of subvarieties in the product. In the context of KK-theory, one also has 
the notion of geometric correspondences as in [98] (cf. §3.1 below) obtained 
from smooth manifolds that project to the product. We shall now extend this 
notion to the framework of endomotives. In that framework one is not just 
dealing with spaces but one needs to also account for the presence of group 
actions. This is best done using groupoids because they generalize both 
the "space part" of the correspondence (the cycle) and the group action. 
Thus given algebraic endomotives (X a ,S) and (X' a ,,S'), with associated 
groupoids Q = Q(X a ,S), Q' = Q(X' a ,S') a geometric correspondence is 
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given by a (/-(/'-space Z where the right action of Q' fulfills a suitable etale 
condition which we now describe. 

Given a space such as Q, i.e. a disjoint union Z = SpecC of zero- 
dimensional pro-varieties over K, a right action of Q on Z is specified by 
a map g : Z — ► X and a collection of partial isomorphisms 

(4.52) ^^MH^.sej" 1 ^)) 

fulfilling the obvious rules for a partial action of the abelian group S. More 
precisely one requires that 

(4.53) g(z-s) =g{z) -a, z ■ (as') = (z ■ a) ■ a' on n s{F{s'))) 

where we denote as above by x i— > x • a the given partial action of 5 on X. 

One checks that such an action gives to the K-linear space C (for Z = 
Spec C) a structure of right module over A&. 

Definition 4.21. We say that the action of Q on Z is etale if the cor- 
responding module C is finite and projective over 

This notion immediately extends to left actions and we use the obvious 
terminology of Q-Q' space Z for a pair of commuting left and right actions 
on Z of the groupoid Q. 

Definition 4.22. Given algebraic endomotives (X a ,S) and (X' a , , S') , 
an etale correspondence is a Q(X a , S)-Q(X' S')-space Z such that the 
right action of Q(X' a ,,S') is etale. We define the Q-linear space of (vir- 
tual) correspondences M((X a , S),(X' a ,, S')) as formal linear combinations 
U = J2i a iZi of etale correspondences Zi modulo isomorphism and the equiv- 
alence Z U Z' ~ Z + Z' where Z U Z' is the disjoint union. 

The composition of correspondences is given by the fiber product over a 
groupoid. Namely, for algebraic endomotives (X a ,S), (X' a ,,S'), (X"„,S") 
and correspondences Z and W, their composition is given by 

(4.54) Z oW = Z x g ,W, 

which is the fiber product over the groupoid Q' = Q(X' a ,, S'). We can then 
form a category of algebraic endomotives in the following way. 

Definition 4.23. The category £V^ E of algebraic endomotives is the 
pseudo- abelian envelope of the additive category whose objects are algebraic 
endomotives (X a ,S) and with morphisms 

(4.55) Rom £V o E ((X a , S), (X' a „ S')) = M((X a , S), (X' a „ S')) ® Q E. 

It is a tensor category with the tensor product induced by 

(4.56) (X a , S) (X' a ,, S') = (X a xX' a ,,Sx S'). 
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2.2. Analytic endomotives. 

When we consider as above a projective system X a and the corre- 
sponding directed system of algebras A a , we can assign to the pro- variety 
X = limX a its set of algebraic points X(K). This is a totally disconnected 
compact Hausdorff space 

(4.57) X = X(K) = KmJT Q (K) 

a 

in the topology of the projective limit. Thus, by the usual Gelfand-Naimark 
correspondence, the space X is equivalently described by the abelian C*- 
algebra C(X). 

If (X a , S) are the data of an algebraic endomotive, then the semigroup 
S acts by homeomorphisms x £ ^ e H X ° P £ where X e = X e (K) and 
e = p(l). Thus, S acts on the C*-algebra C(X) by the endomorphisms 

P(f)(x) = if x(e) = , p(f)( X ) = fix o p) if x(e) = 1 , 
and one can consider the semigroup crossed product C*-algebra 

(4.58) C{X) * S. 

See [195] and [192] and the references therein for the general theory of 
crossed products by semigroups. 

This crossed product can be described equivalently as the groupoid C*- 
algebra C*(Q(K)) of the locally compact etale groupoid Q(K) corresponding 
to the it-points of the groupoid Q(X a , S) of (4.49). An element 7 of Q(K) 
is given by a pair (x, s) where s £ S and x is a character of the reduced 
algebra A F ^ i.e. a character of A such that = 1. The range and 

source maps are given by 

(4.59) range(x, s) = \ , source(x, s) = x s 

and both are elements of X(K). The composition 71 o 72 makes sense when 
the source xi s i of 71 is the range X2 of 72 and it is then given by 

(4.60) 71 072 = (xi,sis 2 ) . 

One has to check that Xi(F( s i s 2)) = 1, but F(sis 2 ) > F(si)si(F(s 2 )) by 
(4.46) and Xi s i = X2 which gives the required equality. One checks that 
one obtains in this way a locally compact etale groupoid Q(K). 

Using the chosen embedding a : K C, we can embed the algebra 
A = lim A a as a subalgebra A C C(X): 

(4.61) A^C(X), a^f a , f a ( x )=x(a), 

where we write f a £ C{X) for the locally constant function corresponding 
to the element a £ A. This embedding extends to the algebra Ac = A®^C 
Notice that A is not in general an involutive subalgebra for the canonical 
involution of C(X). It is true, however, that the C-linear span Aq C C(X) 
is an involutive subalgebra of C{X) since it is the algebra of locally constant 
functions on X. This can be seen since the C- algebra A a ®kC is the sum of 
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finitely many copies of C indexed by the characters of A a with values in K. 
The C*-algebra C(X) is an abelian AF algebra which is the C*-completion 
of the direct limit Ac = lim^4 Q (g>K C of finite dimensional abelian algebras. 
We obtain a corresponding subalgebra of the crossed product C*-algebra 

(4.62) i c = 4 8 C = i c ^C C(X) x S. 

We say in this case that the algebra Ak = A x S over K (the algebraic endo- 
motive) gives an arithmetic structure on the analytic endomotive described 
by the C*-algebra C(X) x S. 

Definition 4.24. Suppose given the data (X, S) of a totally discon- 
nected compact Hausdorff space X and a unital abelian semigroup S acting 
by homeomorphisms X e — > X as above. Then an analytic endomotive is the 
etale locally compact groupoid Q(X,S). 

To an analytic endomotive is associated the crossed product C*-algebra 

(4.63) C*(G) = C{X) x S. 

Note that since the semigroup S (and the group S) is abelian there is no 
distinction between the reduced and maximal norms so that the crossed 
product C*-algebra is unambiguously defined. The norm is obtained as 

(4-64) ||/|| = Sup x \\ir x (f)\\ 

where for each x £ X one lets tt x be the representation by left convolution 
in the Hilbert space £ 2 (Q X ) of the countable fiber over x € X of the source 
map. 

We construct correspondences of analytic endomotives in the same way 
as for algebraic ones but in the locally compact context. Given a totally 
disconnected locally compact space Z we define a right action of Q = Q(X, S) 
on Z as a continuous map g from Z to X and a collection indexed by s G S 
of partial isomorphisms as in (4.52), 

(4.65) z £ g^iF^s)) ^ zos £ g-\E(s)) 

fulfilling the obvious rules for a partial action of the abelian group S. More 
precisely one requires that 

(4.66) g(z o s) = g(z) o s , z o (ss) = (z o s) o s' on g^ 1 (F(s) D s(F(s'))) 

where we denote as above by x i— > x o s the given partial action of S on X. 

A right action of Q on Z gives on the space C C (Z) of continuous functions 
with compact support on Z a structure of right module over C C {Q) as in the 
algebraic case. When the fibers of the map g are discrete (countable) subsets 
of Z one can define on C C {Z) an inner product with values in C C {Q) by 

(4.67) {Z,n)(x,s)= &)il{z°s) 
We define the notion of etale action by 
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Definition 4.25. A right action of Q on Z is etale if and only if the 
fibers of the map g are discrete and the identity is a compact operator in the 
right C* -module £z over C*{Q) given by (4.67). 

This will be automatic if the action comes from an algebraic etale action 
since in that case the right C*-module £z over C*{Q) is finite and projective 
since it is induced by the finite projective module over Ak of Definition 4.21. 

Exactly as in the algebraic context we now obtain the notion of etale 
correspondence. 

Definition 4.26. Given analytic endomotives (X, S) and (X',S r ), an 
etale correspondence is a Q-Q' -space Z such that the right action of Q' is 
etale. The Q-linear space of (virtual) correspondences M((X, S), (X', S')) is 
given by formal linear combinations U = ^ Oj-Zj of etale correspondences 
Zi modulo isomorphism and the equivalence 2UZ' ~ Z + Z', where Z U Z' 
is the disjoint union. 

The composition of correspondences is given by the fiber product over 
a groupoid. Namely, for 

U e M{(X,S),(X',S')) and V G M((X', S'), (X", S")) 

with U = Yl a i^i an d V = bjWj we have 

(4.68) ZioWj = ZiX^Wj, 

the fiber product over the groupoid Q' = Q(X f , S'). 

The category of analytic endomotives is then obtained in the following 
way. 

Definition 4.27. The category C*V^ E is the (pseudo) abelian envelope 
of the additive category with objects the analytic endomotives (X, S) and 
morphisms 

(4.69) Hom c , v „ E ((^, S), (X' , S')) = M((X, S), (X' , S')) Q E. 

An important property of analytic endomotives is that, even though 
we are working with (7*-algebras, if the space X = X(K) comes from an 
underlying algebraic endomotive, then the analytic object inherits a Galois 
action of G = Gal(K/K), as we show in the next subsection. 

2.3. Galois action. 

Suppose given, as above, a projective system X a of zero- dimensional 
smooth projective varieties over a number field EC. Consider the pro-variety 
X = lim X a . The set of algebraic points X(¥L) has the equivalent description 
in terms of characters of the algebra A = lim^4 Q , as in (4.30) and (4.31), 



(4.70) 



X(K) = { X : A - X}. 
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Thus, we obtain an action of the Galois group G = Gal(K/K) on X(K) 
by composition, namely for g £ G and % £ -X'(K) we define g(x) = 9 ° X as 
the composite 

(4.71) A^UK^K. 

The following result then shows that we have a Galois action on analytic 
endomotives. 

Lemma 4.28. The action (4.71) of G = Gal(K/K) on X(K) defines 
a canonical action of G by automorphisms of the C* -algebra C(X) x S, 
preserving globally the abelian subalgebra C(X) and fixing the U p and U* 

PROOF. The action (4.71) gives an action of G by automorphisms of the 
algebra C(X) in the form 

(4.72) Ji/h/oj" 1 , VjeG, Vf€C(X). 

The action (4.71) commutes with the action of the semigroup S since the 
latter acts by precomposition on A. First, for p £ S, the idempotent e = p(l) 
belongs to A and for g G G and x £ -X"(K) we have 

g(x)(e) =9°x(e) = x(e) 
since xi e ) 6 {0, 1}- Thus e = p(l) is G-invariant. Moreover, we have 

(4.73) A-^ A^UK-^K, 

for all g G G and all p £ S, and for all x S X(K) = X, so that we have 

(9 ° X) ° P = 9 ° (x ° p) 
and the two actions commute. □ 

We obtain the following result on the intertwining of states and Galois 
action. 

Proposition 4.29. Consider algebras Ak = A x S and C(X) x S as 
above. Then for any pure state ip on the abelian C* -algebra C(X) the values 
<p(A) C K and the Galois action satisfies 

(4.74) g V (a) = <p(g- 1 (a)), Va £ A, Vg £ G. 

PROOF. An element x G -X'(K) = HomAi gK (^4, K) determines a pure 
state (p x on the abelian C*-algebra C(X) defined by evaluation 

(4-75) <Px(f)-=f(x), 

and all pure states of C(X) are of this form. The Galois action on X(K) 
gives a corresponding action on states by 

(4-76) 9^f) = ^9-\f)), 

where the action on C{X) is of the form (4.72). 
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For a G A and f a the corresponding locally constant function in C(X) 
we have 

(4.77) fx(fa) = faU) = X(o) G K 
and the Galois action is then of the form 

(4.78) 59 9 x (/ a ) = 5 o X ( ) = 5 ( X )(a) = / ( ff ( X )) = M0~7«)- 

□ 

In the case of normal abelian extensions we have the following stronger 
result on the intertwining of states and Galois actions. 

Proposition 4.30. Suppose given Ak = A» S and C(X) x S as above, 
with A = lim A a . Assume that the algebras A a are of the form A a = 
Y\ { L Qj j where the L a> j are abelian and normal field extensions of K. Then 
the subalgebras A and Ak are globally invariant under the action of G on 
the C* -algebra C(X) xi S and the states ip on C(X) x S induced by pure 
states ofC(X) fulfill the intertwining equation 

(4.79) i/¥>(a) = ¥>(%)(<*))> Va G -4k 5 G G ab = G/[G, G] , 
where 6(g) = g~ x . 

Proof. First notice that, by the assumption, the field L a j is a normal 
and abelian extension of EC. Thus an automorphism of the field Lq, j of the 
form 

(4-80) 9 = X' lo 9°X, 

with g G G, is independent of the choice of x £ HomAi gK (L Q , i j, K). We can 
then define an automorphism 5 G Aut(A Q ) such that 

(4.81) X°9 = 9°X, Vx G Hom AlgK (i Q ,lK) 
We then have 

(4.82) f §(a) ( X ) = X (~g(a)) = g( X (a)) = g-\f a )( X ) 

which shows that fg< a \ = g~ 1 (f a )- This shows that A C C(X) is globally 
invariant under the action of G. Thus, the algebra Ak ® C C C(X) x S is 
also globally invariant under G since the action of G fixes the U p and U*. 
Moreover, notice that g 1— ► ^(5) = induces a group homomorphism on 
the abelianization G/[G, G]. □ 

In the normal non-abelian case the global invariance of A no longer 
holds. One can define an action of G on A but only in a non-canonical 
manner which depends on the choices of base points. 
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2.4. Uniform systems and measured endomotives. 

Another piece of data that we want to consider for analytic endomotives 
is a measure. This will define a state on the resulting algebra. It will be 
evident in §4 why we want to have the data of an algebra together with a 
state. 

Given a probability measure space (X, /j.) and a map f : X y, the 
probability measure on y is defined by f*fi(A) = [i(f~ l (A)). Given a 
projective system X a with maps (, a ^ : Xp — ► X a , the Prokhorov extension 
of measures shows that the compatibility condition 

(4.83) fi a = {£ at p)*ni3 

is necessary and sufficient for the probability measures ji a on X a to deter- 
mine a probability measure (i on the projective limit X = lim^ X a satisfying 

(4.84) (£ Q )*/x = fi a , 

for the projection maps £ a : X — > X a . When condition (4.83) is satisfied 
we say that (X a , fi a ) is a projective system of probability measure spaces. 
Notice that the limit measure fi depends on the full projective system and 
not only on the projective limit X . 

Definition 4.31. Let X a be a projective system of objects in V^. Con- 
sider the finite sets X a = X a (K). We say that the projective system is 
uniform if the normalized counting measures fi a on X a form a projective 
system of measure spaces satisfying (4.83). We say that an algebraic en- 
domotive (X a ,S) is uniform if the X a form a uniform projective system. 

A uniform system X a determines a probability measure \x on X = 
Thus, we say that a uniform algebraic endomotive (X a , S) determines a mea- 
sured analytic endomotive (X, S, fj,), in the sense of the following definition. 

Definition 4.32. A measured analytic endomotive (X,S,(i) is an ana- 
lytic endomotive (X, S) together with a probability measure fi on X with the 
property that for all s £ S the Radon-Nikodym derivatives 



(4.85) 




are locally constant functions on X. 

To take into account the extra datum of the measure fx it is convenient 
to require that correspondences of measured analytic endomotives also have 
a compatibility condition with the measure. 

Definition 4.33. Let (X, S, n) and (X 1 , S', jj,') be two measured analytic 
endomotives. A correspondence in M((X,S,fx),(X',S',fi')) is an element 
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U = ^2 li a,iZi G M((X, S), (X' , S')) with the condition that under the left 
action of s G S on Z\ the Radon-Nikodym derivatives satisfy 

d{s*n Zi ) d(s*fi) 



(4.86) 



dpLZi dn 



where = 9*x'l i ' ^ s the pullback measure with the counting measure on the 
fibers. 

Thus, one can consider categories of endomotives, where one restricts 
to the subcategories generated by uniform algebraic endomotives and by 
measured analytic endomotives with the correspondences as in Definition 
4.33. 



2.5. Compatibility of endomotives categories. 

The following result relates the categories of analytic endomotives, al- 
gebraic endomotives, and Artin motives. It also describes how they map to 
the if K-category. 

Theorem 4.34. Let AMk,e, £Vke> C*Ve denote respectively the cat- 
egories of Artin motives, algebraic endomotives, and analytic endomotives, 
as above. 

(1) The map Q ^ Q{K) determines a tensor functor 

(4.87) V : £Vl E -+ C*V° 

from algebraic to analytic endomotives. 

(2) The Galois group G = Gal(K/K) acts by natural transformations 
of the functor V. 

(3) The category „4.A4k,e of Artin motives is a full subcategory of£V^ E . 

(4) The composite functor 

(4.88) koV: £V& )E -> XX ® E 

maps the full subcategory AMk,e of Artin motives faithfully to the 
category K,K.g,e of G-equivariant KK-theory with coefficients in E. 



PROOF. (1) The functor V defined by taking points over K maps 

(4.89) V :(X a ,S)^{X,S) 

where X = X(K) = lim^Xo^lK). If (X a ,S) is a uniform algebraic endomo- 
tive then 

V(X a ,S) = (X,S,fi) 

is a measured analytic endomotive with \x the projective limit of the nor- 
malized counting measures. On correspondences the functor gives 

(4.90) V : Z h-> Z = Z(K). 
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This is compatible with composition of correspondences since in both cases 
the composition is given by the fiber product over the middle groupoid (cf. 
(4.54) and (4.68)). 

(2) We know by Lemma 4.28 and §2.3 above that the Galois group G 
acts by automorphisms of the analytic endomotives V(X a ,S). This action 
is compatible with the morphisms. This shows that G acts on the functor 
V by natural transformations. 

(3) The functor J : AM K ,E -> £Vj£ jE determined on X £ Obj(V^) by 
J{X) = (X a ,S), where X a = X for all a and S = (1) is trivial, gives 
a faithful embedding of the category of Artin motives in the category of 
algebraic endomotives. The functor J is the identity on morphisms. 

(4) The functor k : C*V^ E — ► /C/C <8> E maps the analytic endomotive 
(X, S) to its C*-algebra C(X) x S. To see how it acts on morphisms, consider 
first an etale correspondence Z as in Definition 4.26. The functor k then 
assigns to the correspondence Z the i^i^T-theory class k(Z) = [£z,4>, 0] 
of the bimodule Ez (the morphism <p '■ C(X) x S — > End(Ez) is the left 
C{X) x S*-module structure) with the trivial grading 7 = 1 and the zero 
endomorphism F = 0. Since the correspondence is etale any endomorphism 
of the right C*-module Ez on C(X') x S' is compact. Thus in particular 
F 2 — 1 = — 1 is compact. This is exactly the reason why one had to require 
that the correspondence is etale. This is extended by E-linearity to a map 
of M((X, S), (X 1 , S')) <8>q E to /C/C E. 

Now consider the composite functor 

kopoj: AMk,e -> /C/C E. 

For I,7G Obj(V^), X = Spec(^4) and Y = Spec(B), two smooth projective 
zero-dimensional varieties over K, and U £ Hom_4_A/f K E (X, Y ) a correspon- 
dence, we know by Lemma 4.16 that U is a (virtual) A-J3 bimodule Ejj. 
Upon changing coefficients to C, one obtains a (virtual) Aq-Bq bimodule 
Ey ®k C. The algebras are abelian AF algebras of continuous functions 
on a totally disconnected space. In this case, the points of the space are 
uniquely specified by the corresponding linear forms Kq — ► Z, and the K$- 
group (ordered and pointed) completely determines the algebra. Elements 
in KK -theory can be specified by homomorphisms of Kq. Thus, such a 
(virtual) bimodule induces a morphism of their K-theory (tensored with E) 

(4.91) U, : K Q (C(X)) ® z E -► K (C(X')) ® z E. 

Since the correspondence is determined by the induced morphism 

K (A C )®E^ K (B C )®E, 
we obtain that the composite functor k o V o J is faithful. □ 
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2.6. Self-maps of algebraic varieties. 

We now present a large class of examples of uniform algebraic endo- 
motives and corresponding measured analytic endomotives, obtained from 
self-maps of algebraic varieties. 

Let (Y, yo) denote a pointed algebraic variety over K. Let S be a unital 
abelian semigroup of self-maps s : Y — > Y, with s(yo) = yo, that are finite, 
so that they have a well defined degree deg(s), and unramified over the point 
yo- We set 

(4.92) X s = {y£Y\ S (y)=y }. 

Lemma 4.35. The X s form a projective system of objects in V^. 

PROOF. First notice that the condition that the maps s € S are finite 
and unramified at yo implies that the preimages X s are smooth projective 
zero-dimensional varieties over K. 

Suppose given a pair s,s' £ S with s' = sr, for some r £ S. We then 
write s\s' , meaning that s divides s' in S. For any such pair we have a map 

(4.93) Cs,s' ■ X sr -> X s , given by X sr B y h-> £ SjS /(y) = r(y) £ X s . 

This defines a projective system indexed by the semigroup S itself with 
partial order given by divisibility. □ 

Let X = hm se5 , X s be the projective limit of a system as above with 

projection maps £ s : X — ► X s . We write as before X = for the set of 

algebraic points of X. With X s = Spec(A s ) and A = lim^4 s , an algebraic 
point of X is a character of A with values in K. 

Since the self-maps s £ S satisfy s(yo) = yo, the base point yo defines a 
component Z s of X s for all s £ S. We denote by e s £ A s the corresponding 
idempotent, and we view it as an idempotent in A = lim ^4 s . Its image in 

A s i for s\s' corresponds to the inverse image £~l,(Z s ) of Z s in X s >. It is 
a union of components of X s /. This procedure defines, for each s £ S, an 
open and closed subset X es = X es (K) of the projective limit X, obtained 
by taking the limit X Cs = ^ 1 (Z S ) = lim £7l,(Z s ). We still denote by e s 
the corresponding idempotent, i.e. the characteristic function of X Cs . 

Proposition 4.36. Let s £ S. The map (3 S defined by 

(4.94) £«A(aO = *£«(*), Vu£S,x£X, 

is an isomorphism (3 S : X — > X £s and the inverse map is given by 

(4.95) iuK\x) = U(x), \/u £ S , x £ X e " . 

The semigroup S acts on the projective limit X by the partial isomorphisms 

0s- 

Proof. Let us check that (5 S is well defined as a map X — ► X by (4.94). 
First, with x u = £ u (x) £ X u one has sx u £ X u since us(x u ) = su{x u ) = 
s(yo) = yo. Next the y u = sx u £ X u satisfy the compatibility condition 



2. ENDOMOTIVES 



607 



Vu = ry ur of the projective system, since y u = sx u = srx ur = rsx ur = ry ur . 
The range of (3 S is contained in X Cs since by (4.94) we have 

Let us check similarly that f3~ l is well defined as a map X Cs -> J by 

(4.95) . First, with x G A Cs one has £ S u(%) G -^u since u(x SM ) = x s = yo- 
Moreover the z n = x SM satisfy the compatibility condition z u = rz ur of the 
projective system, since z u = x su = rx rsu = rx sru = rz ur . Finally when we 
apply (3 S to z we get back x since sz u = sx su = x u . In the same way when 
we apply (4.95) to (3 s (x) we get z u = € au p s (x) = s£ su (x) = x u so that (4.95) 
gives the inverse of (3 S . The last statement follows from (4.94). □ 

At the algebraic level one gets an endomorphism 

(4.96) Ps : A - A es , p s (f)(x) = f{(3j\x)) Vx G . 

For f <E A u one has p s (f) € (A su ) es , which is uniquely determined by the 
identification 

(4.97) X% = {x G X su : = y } = X u . 

In other words for / G A u , p s (/) is the element of A su which is zero in the 
complement of e s and agrees with / using the identification X^ ~ X u of 

(4.97) . 

This result shows that a unital abelian semigroup S of finite endomor- 
phisms of a pointed algebraic variety (Y, yo), unramified at yo, determines an 
algebraic endomotive (X, S). The following result shows that the endomo- 
tives constructed in this way are uniform, hence they define corresponding 
measured analytic endomotives (X,S,fj,). 

Lemma 4.37. Suppose given a semigroup of self-maps of (Y,yo) as above 
and let X s be as in (4.92). Let p, s denote the normalized counting measure 
on the set X S {K). These satisfy the compatibility condition 

(4.98) k', s /x s = AV, Vs,s'eS. 

Proof. This simply follows from the fact that the self-maps are finite 
endomorphisms of Y, hence the number of preimages of a point where s is 
unramified is equal to deg s. □ 

2.7. The Bost Connes endomotive. 

A main example of an algebraic endomotive and corresponding mea- 
sured analytic endomotive produced by the method of self-maps of algebraic 
varieties gives the algebra of the Bost-Connes system [30] , [86] that we al- 
ready encountered in our discussion of quantum statistical mechanics and 
Q-lattices in Chapter 3. This example will also play a crucial role in the 
present chapter, because of its relation to the Riemann zeta function, which 
we already partly analysed in Chapter 2 and Chapter 3. 
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Theorem 4.38. Let (Y,yo) be the pointed algebraic variety with Y the 
affine group scheme G m (the multiplicative group) and yo = 1. Let S be the 
semigroup of endomorphisms of G m of the form u ^ u 11 for some n G N. 
The algebraic endomotive Aq = A xi S over Q obtained by applying the 
procedure of §2.6 above to these data is the arithmetic subalgebra A±,q of 
the Bost-Connes system and the corresponding analytic endomotive is the 
C* -algebra A\ of the Bost-Connes system. 

Proof. Consider the corresponding X n denned by taking the preimage 
of the base point 1 as in (4.92). One has by construction X n = Spec(^4 n ) 
where A n is the quotient of the algebra Q[u(n), u(n) _1 ] of Laurent poly- 
nomials by the relation u{n) n = 1. For n\m the map £ nj?n : X m — > X n is 
given by the algebra homomorphism that sends the generator u(n) G A n to 
u(m) a G A rn for a = m/n. Thus, one obtains an isomorphism 

(4.99) LAimA n ^Q[Q/Z], i(u(n)) = e(^), 

of the inductive limit algebra A with the group ring Q[Q/Z]. Here the 
{e(r)} re( Q/ z denote the canonical basis of the group ring. 

The algebra Al,q of the Bost-Connes system is the crossed product 

Q[Q/Z] x N, 

where the semigroup action is given on the basis elements e(r) by 

(4.100) Pn {e{r)) = - ^ 

n 

n£=r 

The C*-algebra Ai is the crossed product C*(Q/Z) xi N. 

To see that we obtain Ai : q as the algebraic endomotive Aq = A x S we 
need to compare the maps p n defined as in (4.94) with the semigroup action 
(4.100). 

We identify the projective limit X = X(Q) with the space of characters 

* = Hom AlgQ (Q[Q/Z],Q). 

The image £ m (x) under the projection map ^ m '. X — > X m is the restriction 
of x G X to the subalgebra A m = Q[Z/mZ]. The endomorphisms p n of 

(4.100) satisfy p n (A k ) C A nk and p n (l) = e n G A n , where 

(4.101) e n = X - e(£) ■ 

n£=0 

For x G X we have x{e n ) = 1 iff the restriction x\a„ is the trivial character, 
i.e. iff in{x) = 1. We have 

x(p n (e(r))) = ±Y, 

I i 

nt=r 

This is nonzero iff x{e n ) = 1. In that case one finds 

x(p n (e(r))) = x(e(£)), Vs, with nt = r , 
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and in particular 

(4.102) x ( Pn ( e (l ))) = x ( e (J_)). 

When k\m the inclusion X k C X m of (4.97) is given at the algebra level 
by the homomorphism 

(4.103) j k ,m ■ A m -> A k , jk,m(u(m)) = u(k). 
Thus, one can rewrite (4.102) in the form 

(4.104) x o p n oj kjHk = x\ Ank . 
Thus, one has 

Using (4.95) one then sees that the endomorphisms p n of (4.100) agree with 
those defined by (4.94), hence the result follows. □ 

Remark 4.39. The nonzero endomorphisms ofG m correspond to maps 
of the form u ^ u n for some non-zero n£Z. To obtain the Bost-Connes 
system we restrict to the semigroup of positive integers 5 = NcZ \ {0}. 

The intertwining properties of extremal KMSqo states of the Bost- 
Connes system discussed in Chapter 3 follows from Proposition 4.30 (up to 
a normalization replacing g ^ g^ 1 in the action of symmetries) and the fact 
(cf. [30]) that these states are induced from pure states of C(X) = C*(Q/Z). 

There is an important difference between the description of the Bost- 
Connes system in terms of commensurability classes of 1-dimensional Q- 
lattices up to scaling given in Chapter 3 and the one given here as an en- 
domotive. The groups Q/Z and Z are Pontrjagin dual, hence one has an 
isomorphism 

(4.105) C*(Q/Z)~C(Z) 

of C*-algebras realized by the Fourier transform. However, because the 
Fourier transform is not defined over Q, this is not an isomorphism at the 
level of the arithmetic structure, i.e. of the underlying algebraic endomo- 
tives. In other words, on the one hand we have the system (X n ,N) with 
X n = Spec(yl ra ) and A n = Q[Z/nZ] as above and the algebraic endomo- 
tive Q[Q/Z] xi N underlying the analytic endomotive (4.105). On the other 
hand, we can also construct a system (A^,N) with Spec(A^) = B n with 
B n the algebra of Q- valued functions on Z/nZ. This also gives a Q- algebra 
B xi N underlying the same analytic endomotive (4.105). However, these two 
arithmetic structures are not the same. In fact, in the first case, there is a 
nontrivial action of G = Gal(Q/Q) given on C{X) = Hom(Q[Q/Z], Q) by 
composition as in (4.71) and on the system by restricting to the subalgebras 
A n of Q[Q/Z]. On the other hand, the Galois action is trivial on the B n . 
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Here is a brief list of other cases that it would be interesting to investigate 
in terms of endomotives and self-maps of varieties as in the general procedure 
of §2.6 above: 

• An elliptic curve Y with base point yo = and with S the abelian 
semigroup N of endomorphisms of Y of the form x ^ nx. The 
space X then coincides with the total Tate module (cf. Chapter 3 
(3.177)). 

• An elliptic curve Y with complex multiplication by an imaginary 
quadratic field K, with base point yo = and with S the abelian 
semigroup of nontrivial endomorphisms of Y. The algebraic en do- 
motive A x S, obtained as above, defined over the Hilbert class field 
of K, gives an arithmetic structure to the C*-algebra Ai hl of the 
system of [90] , cf. Chapter 3 above. The normal abelian hypothesis 
of Proposition 4.30 is fulfilled in this case too. 

• Endomotives obtained by an analogous procedure from abelian va- 
rieties with complex multiplication. 

• The quantum statistical mechanical systems for number fields ob- 
tained in the context of Shimura varieties in [159]. 

• Some positive characteristic examples, such as the analogs of the 
Bost-Connes system for function fields of [172] and [104]. 

• The space constructed in [118] from a characteristic zero lift of 
an elliptic curve over a finite field with the endomorphism group 
generated by the Frobenius; see also [205]. 

3. Motives and noncommutative spaces: higher dimensional 

perspectives 

The compatibility of correspondences given by algebraic cycles for mo- 
tives and by correspondences in the sense of Kasparov modules or of mor- 
phisms of cyclic modules for noncommutative spaces is much more subtle 
in higher dimension than it is for the zero-dimensional case of Artin mo- 
tives and endomotives. One main reason is that in the zero-dimensional 
case one does not have to deal with the subtleties involved in the choice of 
the equivalence relations on cycles. We show here that, in the higher di- 
mensional case there is a natural way to compare correspondences given by 
algebraic cycles and those given by Kasparov modules defining elements in 
if if -theory, using a description of if if -theory due to Connes and Skandalis 
[98]. We then discuss various questions related to finding an appropriate 
setting where motives and noncommutative spaces can be compared. 

3.1. Geometric correspondences. 

In the topological setting, one considers smooth manifolds X and Y. 
Recall that the Gysin map f\ : K*(X) — > K*(Y) in topological if -theory is 
defined for If -oriented maps / : X — > Y (cf. [10]), where a if -orientation of 
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/ : X — > Y is specified by an element of the form k + 2c, with c € H 2 (X, Z) 
and 

k = ^(-X") - /*w 2 (y) mod 2, 
with w 2 the Stiefel-Whitney class, satisfying ff +2c (E) = f, K (E ■ L c ), for the 
line bundle with Chern class c±(L c ) = c. 

In fact, as in [98], one only needs to assume that Y is a smooth manifold 
while X is only a locally compact parameter space. 

Definition 4.40. A geometric correspondence is a set of data 
(Z, E, fx, gy) where Z is a smooth manifold with maps fx ■ Z X and 
gy : Z — > Y , where fx is continuous and proper and gy is continuous and 
K-oriented, and with E a complex vector bundle over Z. 

Notice that, unlike correspondences given by cycles in the product as in 
the case of motives, in this setting one does not require that Z C X xY . On 
the other hand, one has an extra piece of data given by the vector bundle 
E. (This extra datum should perhaps be compared with some notions of 
anabelian motives.) 

Definition 4.41. The composition of two given geometric correspon- 
dences (Zi,E±, fx,gy) and [Z 2 , E 2 , fy, gw) is given in this setting by tak- 
ing the fiber product Z = Z\ Xy Z 2 and the bundle E = i:\Ei x ir^E 2 , with 
■Ki : Z — > Zi the projections. 

Notice that one needs to assume transversality conditions on the maps 
gy and fy in order to ensure that the fibered product is a smooth mani- 
fold. In the smooth setting transversality can always be achieved by a small 
perturbation (cf. §111, [98]). This will no longer be the case in the algebraic 
setting, as we discuss below. 

Given X\ and X 2 smooth manifolds and a continuous oriented map 
/ : X± — ► X 2 , there is an element /! 6 KK(Xi,X 2 ) that gives the Grothen- 
dieck-Riemann-Roch formula 

(4.106) ch(F /!) = /-(Td(/) U ch(F)), 
for all F G K*(X±), with Td(/) the Todd genus 

(4.107) Td(/) = Td(TXi)/Td(/*TX 2 ). 

Geometric correspondences describe KK-theory classes in the following 
way (cf. Theorem 3.2 of [98]). 

Proposition 4.42. [98] The data (Z,E, f x ,gy) define an element 

(4.108) k(Z,EJ x ,gy) = (fxU(E)®(g Y y.) 

in KK(X,Y), where (E) is the class of E in KK(Z,Z) and the element 
(gyV- ^ KK(Z,Y) satisfies (4.106). Moreover, the Kasparov product in 
KK-theory is given by the composition of correspondences 

(4.109) k(Z 1 ,E 1 , f x ,gy) ° k(Z 2 , E 2 , fy, g w ) = k{Z, E, f x ,gw), 
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withk(Z,E,f x ,g w )eKK(X,Z). 

3.2. Algebraic cycles and if-theory. 

In order to compare correspondences given by algebraic cycles with 
the geometric correspondences described above, as in [74], we are going 
to rephrase the first in i^-theoretic rather than (co)homological terms. This 
can be done by considering the maps induced by algebraic cycles on K- 
theory (cf. [214]). 

Let X and Y be smooth projective algebraic varieties and let Z = 
Y2i n iZi be an algebraic cycle in X x Y, that is, an element of the free 
abelian group generated by closed irreducible algebraic subvarieties Z{ of 
1x7. (See the section on motives in Chapter 1 above.) 

For simplicity, assume that Z = Z{ is an irreducible subvariety oi X xY . 
We denote by px and py the projections of X x Y onto X and Y, respectively, 
they are proper by construction. We denote by fx = Px\z and gy = py\z 
the restrictions to Z. Notice that, in the case of complex algebraic varieties, 
the complex structure also determines a if-orientation. 

To an irreducible subvariety T ^ 7 we associate the coherent Oy- 
module uOt- For simplicity of notation we write it as Ot- We use a similar 
notation for the coherent sheaf Oz, for Z <^-> X x Y as above. 

The map on sheaves that corresponds to the cap product on cocycles is 
given by 

(4.110) Z : O t ^ (p x ), (p* Y T ®o XxY O z ) ■ 
The result is a coherent sheaf, since px is proper. 

The functor /] is right adjoint to /*, i.e. f*f\ = id, and that it satisfies 
the Grothendieck-Riemann-Roch formula 

(4.111) ch(/ ! (F)) = /,(Td(/)Uch(F)). 

We have the following compatibility result between algebraic cycles and 
geometric correspondences. 

Lemma 4.43. To a correspondence of the form (4.110) one can associate 
a geometric correspondence V(Z) = (Z, E, fx, gy) in such a way that the 
composition (for cycles in general position) is compatible with the composi- 
tion of geometric correspondences. 

Proof. First notice that, using (4.111), we can equally compute the 
intersection product of (4.110) by first computing 

(4.112) O t ®o x {py)\O z 

and then applying p Y . Using (4.111) and (4.106) we know that we can 
replace (4.112) by Ot ®o x (®z <8> (pyV-) with the same effect on if -theory. 
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Thus, to a correspondence in the sense of (4.110) given by an algebraic 
cycle Z C X x Y we associate the geometric correspondence (Z, E, fx,9y) 
with fx = Px\z and gy = py\z and with the bundle E = Oz- 

Now we consider the composition of correspondences. Suppose given 
smooth projective varieties X, Y, and W, and (virtual) correspondences 
U = J2 a i z i and V = £ CjZ'j, with C I x 7 and Z'- (Z Y x W closed 
reduced irreducible subschemes. The composition of correspondences is then 
given in terms of the intersection product 

(4.113) UoV= (7r 13 )*((7r 12 )*C/ • (vr 23 )*y), 

with the projection maps -K\2 : XxYxW^XxY, ir 2 3 : X x Y x W — > 
Y xW, and 7ri3 : X xY xW ^ X xW. For simplicity, again assume that U 
is given by a single subvariety -Zi C X x Y and F by a single Z2 C Y x W. 

We are assuming a transversality condition in the algebraic setting, 
namely the hypothesis that [tsy2)*Z\ and (^23)*^ are in general position in 
X x Y x W. 

Recall that, if two closed subschemes Ti, T2 C X are in general position, 
and denote the corresponding structure sheaves, then their product in 
K*(X) agrees with the intersection product ([214], Theorem 2.3) 

(4.114) [G Tl ] ■ [0 T2 ] = [0 Ti .t 2 ]. 

Using (4.114) we write the composition (4.113) in the form 

(4.115) Z 1 o Z 2 = (TnsMbrkOzJ ■ [^Oz 2 ]). 

Notice that, for Z\ C X x Y and Z2 C Y x W the intersection in X x Y x W is 
exactly the fiber product considered in [98], tt^ ZiDtt^ Z2 = Z = Z±Xy Z2, 
with Oz = n^Ozr ®TT2 3 Oz 2 - Moreover, we have 7Ti 3 = (fx,9w) '■ Z —> X x 
W, where both fx and gw are proper, so that we can identify (fx)*(Oz <8> 
(gwV-) with (7ri3)*(7r 12 Oz 1 (8> ^23^ z 2 ) as desired. In fact, Theorem 3.2 of 
[98] shows that (fx)*(O z ® (gwV-) represents the Kasparov product. □ 

Remark 4.44. In the case of the product of cycles that are not in general 
position the formula (4.114) is modified by Tor corrections and one obtains 
([214], Theorem 2.7) 

(4.H6) [o Tl ] • p T2 ] = j^i-iy 

i=0 

3.2.1. Algebraic versus topological K-theory. 

We have encountered so far different type of correspondences: Kasparov 
modules and their .fT-fT-theory classes, algebraic cycles and their i^-theoretic 
version, morphisms in the category of cyclic modules. It is clearly necessary 
to establish more precise relations between these different settings. 

A first observation is that often in cases of interest (like the scaling action 
that we will concentrate on later in this chapter) the "primary" invariants 



Tor^(0 Tl ,0 T2 ) . 
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obtained by the Chern character map from if-theory to cyclic cohomology 
are trivial (in the case of the scaling action because it is an action of a 
continuous group). Thus, to accommodate such cases, one needs to develop 
a setting where secondary invariants also appear. 

Moreover, the comparison described above between the correspondences 
given by algebraic cycles (viewed through the if -theoretic description) and 
the geometric correspondences and their induced if if -theory classes shows 
that one needs a more refined setting that combines algebraic and topological 
if -theory. 

It seems to be relevant to this effect (for both of the considerations listed 
above) to recall a result of Connes and Karoubi [81] that gives a relative 
version in the fibration relating algebraic and topological if -theory. 

Proposition 4.45. [81] By viewing both algebraic and topological K- 
theory in terms of homotopy groups of corresponding classifying spaces, one 
obtains a fibration and a corresponding long exact sequence. This sequence 
is related to the long exact sequence for Hochschild and cyclic cohomology of 
[67] through the Chern character ch* and a regulator map D*, so that one 
has a commutative diagram with exact rows 

K%{A) > K™\A) > K*(A) > K*P(A) > K^{A) 



D n /n\ 



ch n 



Cn n-1 



HC n+1 (A) -U HC n -i(A) -A HH n (A) -U HC n (A) — ^ HC n - 2 (A). 

In a related perspective, motivic cohomology can be described in terms 
of the higher Chow groups of Bloch (cf. [22], [287]). It was shown in [239] 
that one can formulate a version of the higher Chow group complex that is 
modelled on the (6, i?)-bicomplex of cyclic cohomology and obtain an analog 
of the exact sequence relating Hochschild and cyclic cohomology. 

3.2.2. Abelian varieties and noncommutative tori. 

A good setting in which to see an interesting interplay between motives 
and noncommutative spaces that goes beyond the zero-dimensional case of 
endomotives will be obtained by looking at the case of curves. 

Motives are designed to be a universal cohomology theory. Since all co- 
homologies for a smooth projective curve factor through the Jacobian of the 
curve, it is clear that pure motives of curves are Jacobians. However, when 
one considers the subcategory of the category of pure motives spanned by 
the motives of curves, one also finds more general abelian varieties. In fact, 
the subcategory of the category of pure motives generated by the motives 
of curves is that of abelian varieties. 

In the simplest example of the elliptic curves, it is possible to view the 
noncommutative tori of [64] as degenerations of elliptic curves, by viewing an 
elliptic curve through its analytic model (Jacobi uniformization) E = C* /q^ 
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for \q\ < 1 and taking a limit q -> e 2 ™ 9 with 9 € R \ Q (cf. §2.3 of [221] 
and [219]). At the algebraic level, noncommutative tori can be described 
through the algebraic noncommutative space obtained by Polishchuk [245] 
from the holomorphic bundles of [96] . 

Thus, it seems interesting to extend the category of motives of abelian 
varieties by at least including noncommutative spaces such as (higher-rank) 
noncommutative tori. Notice in particular that there is no good construction 
of noncommutative spaces (in the analytic sense) that correspond to higher 
genus Riemann surfaces. A motivic viewpoint can in fact solve this problem 
by defining the motives of noncommutative curves (i.e. their Jacobians). 
This amounts to an analog for noncommutative tori of the classical Schottky 
problem of recognizing Jacobians among abelian varieties. The Schottky 
problem admits a solution that completely characterizes Jacobians in terms 
of a hierarchy of differential equations (KP soliton equations) satisfied by the 
theta functions, [270]. This hints at a possible characterization of motives 
of noncommutative curves in terms of theta functions of noncommutative 
tori (cf. e.g. [215]). 

4. A thermodynamic "Frobenius" in characteristic zero 

We have seen in Section 2 above that the data of a uniform algebraic 
endomotive (X a , S) over K yield the following objects: 

• A C*-algebra A = C(X) x S of the corresponding analytic endo- 
motive. 

• An action of the Galois group G = Gal(K/K) on it. 

• An arithmetic subalgebra Ak = A x S given by the algebraic en- 
domotive. 

• A state ip on A, induced by the measure \x on X. 

In this section we give a general construction, obtained using operator 
algebra techniques and quantum statistical mechanics, that starting from 
the data of a unital involutive algebra Ac an d a state (p on a C*-completion 
A of Ac yields a cohomology with a representation of the multiplicative 
group M*i_. In this general procedure the algebra need not be an endomotive 
(in particular the procedure applies as well to higher dimensional cases), 
but we will be especially interested in applying it to endomotives and in 
particular to the case of the Bost-Connes algebra. 

Here are some main features of the construction we describe in this 
section applied to endomotives in comparison to the case of curves over ¥ q : 

• Passing to the "dual system" of a quantum statistical mechanical 
system associated to the data (A, <p) gives an analog in character- 
istic zero of passing from ¥ q to its algebraic closure ¥ q . 

• Taking a cokernel D(A, (p) of a suitable map of noncommutative 
spaces in the abelian category of A-modules (a procedure we call 
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"distillation") yield something comparable to a motivic H^ hs (cf. 
(4.28) and (4.29) above). 
• The scaling action of on cyclic homology HCo(D(A,<p)) pro- 
vides a replacement for the action of Frobenius on £-adic cohomol- 
ogy 

We discuss these various aspects in detail in the remainder of this chapter. 

4.1. Tomita's theory and the modular automorphism group. 

Let Ac be a unital involutive algebra over C. We assume that Ac has a 
countable basis (as a vector space over C) and that the expression 

(4.117) ||a|| = sup ||vr(a)||, 

with 7r ranging over all unitary Hilbert space representations of Ac, defines 
a finite norm on Ac- We denote by A the norm completion of Ac with 
respect to (4.117). It is a unital C*-algebra. 

For instance, this applies to the case where Ac = Ak <8>k C is obtained 
from an algebraic endomotive defined over a number field K, with the re- 
sulting C*-algebra given by the analytic endomotive C(X) x S. 

Given a state ip : A — > C, i.e. a linear form such that <p(l) = 1 and 
ip(a*a) > 0, for all a & A, we consider, as in Proposition 3.5 of Chapter 3, 
the associated GNS representation ix^ with Hilbert space Hp, given by the 
completion of A/X v in the sesquilinear form 

(4.118) {a,b) = <p(a*b), Va, b £ A, 

with I v = {a : (p(a*a) = 0}. The vector £ = 1 + I V is cyclic separating for 
7r, f (A). We let Mip denote the von Neumann algebra obtained as the weak 
closure of n<p(A), i.e. the double commutant 

(4.119) M v = n v (A)". 

In particular, we consider states with the following property. 

Definition 4.46. A state ip on a C* -algebra A is regular if the vector 
£ = 1 +2"^, £ Tiip is cyclic also for the commutant ir v (A)' . 

For regular states, the subspaces M. v £, C Hp and M!^ C Tip are dense 
in Hp and one can define antilinear operators 

Sp : Mp£ -> Mp£, a£ h-> SJag) = a*£ 

(4.120) 

S; : M'^ - M% a't ^ S;(a'0 = a'*£. 
These are closable operators, hence they admit a polar decomposition 

(4.121) S v = J^J 2 , 
where Jp is a conjugate linear involution satisfying 

(4.122) Jp = J* = j- 1 
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and A v = S^S^ is a positive self-adjoint operator satisfying 
(4.123) J^A^ = S^S* = A" 1 . 

An important result of Tomita [280] (cf. Appendix §1.3) shows that the 
following two properties hold: 

J^M^Jp = M' 

(4.124) 

A«M v Aj t = M v> . 

In particular this makes it possible to introduce the modular automor- 
phism group 

(4.125) a* : M Aut(A^), af (a) = A~**aA^. 

The next important result, which is due to Takesaki, is the fact that the 
state ip satisfies the KMSi condition with respect to the time evolution o~f. 
We reproduce here the simple proof of this fact. 

Lemma 4.47. The state if satisfies the KMS\ condition for the time 
evolution of . 

Proof. We can write the state in the form <p(a) = (£, a£) with £ = 
in Tdp. Moreover, we have A^,£ = £. We then get, assuming for simplicity 
that z i ^ af(b) extends to the strip G [0, 1], 

<p(af(b)a) = (£,6A;*<) = (b%A$at) = (JA 1 ^, JA^J 2 a*0 

= (A^aXA^bO = (taAl-%0 = <f(aaf +i (b)) . 
The general case follows by weak density of the algebra of elements b fulfilling 
the above analyticity requirement for the one-parameter group at- It gives 
the KMSi condition of Definition 3.6 of Chapter 3. □ 

Thus, we have seen that, given the data of a C*-algebra A and a state if, 
one obtains a natural time evolution af on the von Neumann algebra M.^. 
In general this need not preserve the C*-algebra A nor the dense subalgebra 
Ac we began with, so we make the following additional requirement on the 
data (A, ip). 

Remark 4.48. We restrict to consider cases where the time evolution 
af of the modular automorphism group on M.^ globally preserves the unital 
involutive algebra Ac and the C* -algebra A. 

Let us follow all this in the specific example of the Bost-Connes endo- 
motive of §2.7. 

Lemma 4.49. Let Aq = A x S be the unital involutive algebra of the 
Bost-Connes (BC) algebraic endomotive, as in Theorem 4.38, and let A = 
C(Z) x N be the BC C* -algebra of the corresponding analytic endomotive. 
The state if on A induced by the measure fi on Z is of the form 

(4.126) ^{f)= ff(l,p)dfi(p), 

Jz 
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and the modular automorphism group restricts to the C* -algebra as the time 
evolution of the BC system. 

Proof. We identify elements in the algebra A with functions f(g, p) of 
elements p £ Z and g £ such that gp £ Z. We can extend the functions 
by zero to all of x Z so as to write the product in A simply in the form 

h * f2{g,p) = ^2h(gr~ 1 ,gp)f2(r,p). 

r 

The time evolution of the BC system (cf. Chapter 3) is of the form 

(4.127) a t (f(r,p)) = r u f(r,p). 

Consider now the state on A defined by (4.126). The measure p is the pro- 
jective limit measure on Z = lim Z/nZ induced by the normalized uniform 
counting measures on Z/nZ. This satisfies the scaling property 

(4.128) dp{rp) = r- l dp(p), 

for p £ Z and r £ Q* + with rp £ Z. The state (4.126) is KMSi with respect 
to the time evolution (4.127). In fact, we have 

¥>(/i * fi) = V / f 1 {r~\rp)f 2 {r, p) dp{p) 

r JZ 

= E / ^(r- 1 , rp)h{r, p) r' 1 dp{p) = <p{f 2 * a^h)). 

It follows that Gi extends to the one-parameter group of modular auto- 
morphisms af of the von Neumann algebra obtained from the GNS repre- 
sentation Tip of the state (4.126). We also refer to [30] where it was proved 
that (4.127) is indeed the modular automorphism group associated to the 
regular representation of the Hecke algebra A. The space of the state 
(4.126) is in fact the Hilbert space of the regular representation. In particu- 
lar, in this case the modular automorphism group preserves the C*-algebra 
A and the dense subalgebra Ac- The state (4.127) is of type IIIi (cf. [30]). 

□ 

Under the assumption of Remark 4.48, we have a time evolution af on 
the C*-algebra A and it is then a natural question to look at the structure 
of KMS,3 states for this same time evolution, but at other values of the 
thermodynamic parameter [3. 

4.2. Regular extremal KMS states (cooling). 

We have seen in the various cases of quantum statistical mechanical 
systems analyzed in Chapter 3 that typically one finds that, for sufficiently 
large values of (3 (sufficiently small temperatures) the system resembles more 
closely a classical space, in the sense that the KMS states pass from being 
type III at high temperatures (a very "non-classical" case) to being type 
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loo at sufficiently low temperature. While from the point of view of von 
Neumann algebra the type III case is more interesting, we have seen that, 
from a more number theoretic viewpoint, the low temperature states tend 
to have interesting values on suitable arithmetic subalgebras and a more 
interesting action of the group of symmetries of the system. Thus, it makes 
sense in our present context to investigate the KMS^ states for (A, af) for 
values (3 > 1. This general picture brings us to further restrict the class 
of data (A, <p) by an additional requirement on the existence of a phase 
transition from the typically type III state (p at /? = 1 to type Iqo states at 
sufficiently large (5 > 1. 

Remark 4.50. In the following we restrict our attention to data (A,ip) 
with the property that, for sufficiently large (3, all extremal KMSp states for 
the time evolution af on A are type 1^ factor states. 

This is the case for instance in the example of the BC system, by the 
analysis of KMS states of [30] discussed in Chapter 3. Physically, the as- 
sumption of Remark 4.50 can be regarded as a "typical behavior" of a quan- 
tum statistical mechanical system, exhibiting a more chaotic equilibrium 
state at high temperatures and more ordered phases at lower temperatures. 



Definition 4.51. Let £p denote the set of extremal KMSp states for the 
system (A, af). We denote by Up C £p the set of those extremal states that 
are of type Too an d are regular in the sense of Definition 4.46 above. 

The following result shows that states in Up can all be written in the 
Gibbs form (see (4.129)). This implies in particular that such states continue 
to exist at any lower temperature, as will be shown in Lemma 4.56 below. 

Proposition 4.52. Let e £ Up be a regular extremal KMSp state of type 
loo on (A, erf). Then there exists an irreducible representation ir £ of A on a 

Hilbert space Tii^ and an unbounded self-adjoint operator H on T~6 £ \ with 
e ~P H f trace class, such that 

T r(vr £ (q) e~^ H ) 
Tr(e- 

The operator H is the infinitesimal generator of the time evolution in the 
representation, namely 

(4.130) e itH TT £ (a) e~ itH = ir e (af(a)), Va G A. 

Proof. Let £ e = 1 + 1 £ G H £ be the cyclic and separating vector in 
the GNS representation associated to the regular state e 6 Sip. The von 
Neumann algebra M e generated by A is a type 1^ factor. This implies that 
one has a factorization 

(4.131) H £ = H { p ®Hf\ such that M £ = {T 1|T G C{H { p)}. 



(4.129) e{a)= ^Z > , Va € A 
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We let 7r £ denote the representation tt £ : A ^ C{TL £ ) induced by the action 
of A4 £ in the factorization (4.131), by a i— > vr e (a) (8> 1. The representation 
7r £ is irreducible since 7r £ (.A) is weakly dense in C{t6P). The state e on A 
extends to a state 

(4.132) e(a) = Va G M £ 

which is faithful since £ £ is cyclic for the commutant M' e and is normal by 
construction, hence it can be uniquely written in the form 

(4.133) e(T®l) = ((T®l)Z £ ,& ne =Tr nil) (Tp), 

for a density matrix p, that is, a strictly positive trace class operator on 
with Tr(p) = 1. 

We can write the density matrix in the form 

P ~ Tr(e-^) 

for some self-adjoint operator with Tr(e _/3 ^) < oo. Thus, (4.133) gives 
(4.129) and it also shows that the operator H has discrete spectrum bounded 
below. The normal state s on the type I factor M £ then clearly satisfies the 
KMS/3 condition with respect to the time evolution defined by 

4 1} (a) := e ltH ae-' ltH , Va G M. £ . 

We need to show that this agrees with the extension by continuity of the 
time evolution af to M £ . Let H be an infinitesimal generator for the time 
evolution af in the GNS representation on 7i £ , which makes sense since e 
is invariant under af. The factor M. £ is the weak closure of the C*-algebra 
A in C{H £ ) of the GNS representation, hence the extension (4.132) of the 
state e to M £ still satisfies the KMS^ condition for the time evolution 

d t (T <g> 1) = e itk (T ® 1) e~ itk , V(T <g> 1) G 7W £ 

that extends erf to A4 £ . This implies, by [280] Theorem 13.2, that the two 
time evolutions a[ 1 ^ and a t = af agree on n £ (A). □ 

Remark 4.53. As above let tt £ be the irreducible representation of A 
associated to a regular extremal state of type 1^, £ £ fig. The Hamiltonian 
H implementing the time evolution af as in (4.130) is not unique. It is only 
determined up to an additive constant 

(4.134) H^H + logX, for X G 

Remark 4.54. The states e G are uniquely determined by the cor- 
responding representation tt £ , due to the formula (4.129), which does not 
depend on the additional choice of H fulfilling (4.130). 
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Instead of the space Sip of regular extremal KMS^ states of type loo, it 
is in fact better to work with a principal M^-bundle (equivalently a real line 
bundle if written additively) over Sip, which takes into account this ambi- 
guity in the choice of a generator of the time evolution in the corresponding 
irreducible representation. 

Definition 4.55. The space Sip is given by all pairs 

(4.135) Sip = {(e, H)\ee Sip, n £ (af(-)) = e UH ir £ (.) e - UH }. 

It is a principal M^-bundle R\ — ► Sip — > Sip with the action 

(4.136) A (e, H) = (e, H + log A) VA e M* + 

The choice of a section by the condition Tr(e~P H ) = 1 gives a trivialization 

sip ~ sip x m* + . 

Finally, notice that the properties of type Iqo regular extremal KMS 
states are "stable" with respect to further lowering the temperature. In 
general, the size of Sip is a non- decreasing function of (3, as the following 
result shows. 

Lemma 4.56. For all /?' > 0, the formula (4.129) defines a canonical 
injection 

(4.137) cp^p : Sip Sip, 

which extends to an M* + -equivariant map of the bundles Sip — > Sip/. 

PROOF. The condition Tr(e~^ H ) < oo implies that, for all > ft, 
we also have Tr(e _/3 H ) < oo. Thus, the map cp> t p is well defined. It is 
straightforward that the state tp given by (4.129) for f3' is KMS^/. Notice 

that it is the restriction of the faithful normal state on Ai £ = C{TL^) which 
is given by the density matrix 



-P'H 

Tr(e=^) =A ^ 



with p as in (4.133) and A a normalization factor. One can thus obtain the 
GNS construction for the state ip on A as follows. The representation is 
a i — ^ 7r e (a) (g> 1 in the Hilbert space (4.131) which can be identified with the 

Hilbert space of Hilbert-Schmidt operators in TL^P . The cyclic separating 
vector £^ of the GNS construction is given by the Hilbert-Schmidt operator 
which is the positive square root of p'. Since the weak closure of A is the 
type I factor A4 e , it follows that ip is extremal of type Iqo and is regular 
since the extended state is faithful on M. e . The map cp^p is injective, since 
one recovers the original KMS^ state by the reverse procedure. The latter in 
general only makes sense for those values of j3 for which Tr(e~^ H ) < oo. This 
set of values is a half line with lower bound depending on the corresponding 
element of Sloo := lim ^ Sip. □ 



622 4. ENDOMOTIVES, THERMODYNAMICS, THE WEIL EXPLICIT FORMULA 



In [74] we refer to the process that assigns to the data (A, ip) the space 
Qp (or f2oo) as the "cooling process" (cf. also §4.8 below). It can be thought 
of as a way of extracting the "classical points" of the noncommutative system 
(A, af) by lowering the temperature and considering the resulting thermo- 
dynamical equilibrium states. 

4.3. The dual system. 

We now present another key step which is a general construction that 
assigns to a quantum statistical mechanical system (A, at) a dual system 
(A,9\), where the algebra of the dual system is obtained by taking the 
crossed product of A by the time evolution and it comes endowed with 
a scaling action 9\ : R* + — > Aut(„4). This general procedure originates 
from the theory of von Neumann algebras and factors as a duality between 
type III factors and type II factors with automorphisms scaling the trace 
introduced in Connes' thesis [63] in the classification of type III factors and 
formalized in general terms by Takesaki in [281] (cf. also [99]). 

Since we are especially interested in data (A, at) that come from an 
underlying uniform algebraic endomotive, we consider the case where the C*- 
algebra A is the norm completion of a dense subalgebra Ac with countable 
basis, which is preserved by the time evolution, and we construct the dual 
system at the level of the dense subalgebra. 

Definition 4.57. The Schwartz space S(R, Ac) is the direct limit 



of the Schwartz spaces S(R, V) of finite dimensional subspaces V C Ac- 

We assume as before that the unital algebra Ac has a countable basis 
as a C-vector space. The Schwartz space 5(IR,Ac) has the following algebra 
structure induced by the action of the time evolution on ,4c- 

Lemma 4.58. The Schwartz space S(R, Ac) is an algebra under the prod- 
uct 



PROOF. Since the vector space Ac has countable basis and the action of 
at is unitary, one can find a linear basis of Ac whose elements are eigenvec- 
tors for at and such that the corresponding characters are unitary. Indeed, 
writing Ac = Ui£ n with E n finite dimensional and taking a G Ac, the set 
F n = {t £ R : a t (a) £ E n ] is a closed subset of R and UF n = R. It thus 
follows that for some n the interior of F n is non-empty so that in fact, using 
the Taylor expansion at a point inside F n , the whole orbit at(a) is contained 
in a finite dimensional subspace E n which allows one to diagonalize the ac- 
tion of at- It follows, using the above linear basis of eigenvectors, that the 
associative product given by (4.139) leaves <S(M,w4c) globally invariant. □ 



(4.138) 



S(R,Ac) =]imS(R,V). 



v 



(4.139) 
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We denote by Ac the algebra given by <S(M, Ac) endowed with the prod- 
uct (4.139). At the level of C*-algebras, one can consider the crossed product 
A = A x a M by the one-parameter family of automorphisms a : R — > Aut (A) 
given by the time evolution. The C*-algebra A is the norm completion of 
continuous „4-valued functions on R with compact support with the convo- 
lution product (4.139). In other words, the elements of the algebra A can 
be written formally in the form 

(4.140) X= [ x(t)U t dt, 

where the {Ut}teR are unitaries, with product 

I x{t)U t dt ! y(r)U r dr= [ x(t)a t (y(r))U t+r dt dr 

^4 \^ •/k Jr. 2 

= / (x*y)(s)U s ds. 

Thus, the Schwartz space with the product (4.139) gives a dense subalgebra 
Ac C A of the crossed product C*-algebra. 

There is an action of by scaling on the algebra A obtained as follows. 

Lemma 4.59. There is an action 9 : — > Aut (^4) ^i?;en 6?/ 
(4.142) 9 X ( J x(t)U t dt) = j X u x(t)Utdt. 

It preserves the subalgebra Ac- 

Proof. It is clear by (4.141) and the definition (4.142) that 

6 : R* + -> Aut(A) 

is a continuous one-parameter group of automorphisms that restricts to Ac- 

□ 

Thus, we define the "dual system" in the following way. 

Definition 4.60. The dual system of a quantum statistical mechanical 
system (A, a) is the pair [A, 6) consisting of the algebra A = A» a ^ together 
with the scaling action (4.142). If Ac is a a -invariant dense subalgebra of 
A, then the smooth subalgebra of the dual system is given by Ac as above. 



4.4. Field extensions and duality of factors (an analogy). 

We discuss briefly an analogy between passing to the dual system in our 
context and passing to the algebraic closure ¥ q in the case of a curve defined 
over a finite field ¥ q . 

Suppose that C is a smooth projective, geometrically connected, curve 
over a finite field ¥ q . Then the function field K = ¥ q (C) is a global field of 
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positive characteristic. It has a family of unramified extensions that come 
from extensions of the field of coefficients, of the form 

(4.143) EC ®f, I*V and K®F,F g . 

If K is instead a number field (a global field of characteristic zero), one does 
not have a direct analog of these extensions. However, in the characteristic 
zero case, one finds an analog of these unramified extensions using Ac = 
Ak <8> C and then passing to the following crossed products 

(4.144) Ac x CTT Z and „4 C = Ac »a R- 
The reason behind this comparison is the following. 

Let K be a local field with | • | : K — ► the absolute value defined by 
the scaling of the Haar measure on the additive group K induced by the 
multiplication action of K* on K. In this way, one can associate to a local 
field K an invariant Mod (if) C W* + given by 

(4.145) Mod(-RT) = {|x| G M* + \ x G -ftT*}. 

This is a closed subgroup of M+. The local field is Archimedean iff Mod(-ff) = 
W + and is non-Archimedean otherwise. In the non- Archimedean case one 
has 

(4.146) Mod(K) = A z C R* + , 

for some prime power A = p e for some £ G Z, where is the cardinality of 
the residue field O/m of If L is an extension of K of degree n then for 
an element x £ K the value \x\l is then the n-th power of \x\k- 

In particular, consider a place u of the function field K = ¥ q (C). This 
defines a corresponding local field K = K v = F g m((u)), where u is a local 
coordinate (local uniformizer) with = 1. In this case the A in (4.146) 
is the cardinality of the residue field k v = O v /xn v = q de s( v ) . 

Let K be a global field. The scaling of the Haar measure on the additive 
group of adeles Ak, induced by the multiplication action of Aj^ on Ak, defines 
the module \x\ G M* + for any x G AJj. The module of the global field K is 
the invariant Mod(K) C given by 

(4.147) Mod(K) = {\x\ G M* + | x G A^}. 

This is a closed subgroup of R^_. 

Now, on the side of algebras, we see a similar pattern. Given the data 
(^4, <p) as above one obtains a corresponding von Neumann algebra M in the 
GNS representation. We have seen in the previous section the construction 
of the dual system A = A x CT K at the level of the C*-algebra and the dense 
subalgebra Ac- Working with von Neumann algebras, one can similarly 
consider the dual system 



(4.148) 



M = M*„<p M. 
CT t 
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It seems that this whole construction depends strongly on the datum of 
the state ip in the time evolution. However, an important result of Connes' 
thesis [63], (cf. Theorem 1.13 of the Appendix) which is at the basis of the 
classification of type III factors, shows that in fact the 1-parameter family 

(4.149) a v : M -> Aut(M) 

is independent of <p up to inner automorphisms of M.. Namely, there is a 
completely canonical time evolution on a von Neumann algebra M of the 
form 

(4.150) S:R^Out(M) = Aut(M) /lnn(M), 5 t = af mod Inn (M). 

It follows, in particular, that the crossed product (4.148) is independent of 
the choice of ip and one can show (cf. [99]) that the dual action 0\ on M is 
also independent of the choice of p. 

Moreover, in general for a factor M one can consider an associated 
invariant T(M) = Ker(<5), introduced in [63], which is the set of periods of 
the time evolutions af . Namely, for any T £ T(M) there exists a faithful 
normal state p on Ai such that the corresponding time evolution satisfies 
a % = 1. For such a periodic state, in the construction of the dual system 
the multiplicative group M*^_ gets replaced by its discrete subgroup A z C 
with A = exp(— 2ir/T). We shall return to this point later (cf. §7.5) when we 
discuss some aspects of the adele class space over a function field K = ¥ q (C), 
for which the corresponding von Neumann algebra is indeed a factor of type 
III A with A = 1/q. 

Moreover, another invariant of factors 

(4.151) Mod(M) C R* + 

was introduced in [63] , as a closed subgroup of defined by the equality 

(4.152) S(M) = P| Spec(A^) c R+, 

where p varies among (faithful, normal) states on M, with = S^S^ the 
corresponding modular operator as in (4.121). A finer definition of Mod(A^) 
was given in [99] (see also [63] ) as a virtual subgroup of in the sense of 
Mackey, i.e. an ergodic action of M.* + . All ergodic flows appear in this way. If 
we exclude the trivial case M = M n (C) of matrix algebras, and the fact that 
Mod(A^) does not distinguish between type Hi and IIoo, then Mod(A^) is 
a complete invariant for hyperfinite factors, namely one has M.\ isomorphic 
to M 2 iff Mod(Mi) = Mod(7W 2 )- 

The following statement, which follows from the results of [63], shows 
the analogy with the unramified extensions. 

Proposition 4.61. Let M be a factor of type Then the following 

holds. 
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• For A G (0,1) let T = — j^j- Consider the automorphisms ot '■ 
Z — > Aut(.M) o/ i/ie /orm n af(a) with t = nT. Then the von 
Neumann algebra 

(4.153) M T = M x CTt Z 
is a factor of type III\ with 

(4.154) Mod(M T ) = A z C R;. 

• There is a natural inclusion M. C .Mr <wid a ^wal action 

(4.155) 0:R;/A z ^Aut(7W T ) 

o/ i/ie group U{1) = W + / X z , which has Ai as fixed points subalgebra 

(4.156) At = {a <E Mt \ 0\{a) = a, VA G R^/A 2 }. 

Thus, for a type IIIi factor Ai and a given A £ (0, 1), we can think of 
the inclusions .Mr in the type IIIa factors (4.153) as analogs of the 

unramified extensions K <S>w q ¥ q n of a function field and of the dual system 
Ai xi o- M as the analog of the field extension K ®w q ¥ q . 

We can summarize these observations in the following way: 



Function field K 


IIIi Factor Ai 


ModK C R* + 


Mo&M C W + 




M ^ M xi CTT Z 


K^K® F? ¥ q 


X ^ M xj^R 



Notice that, as observed in Lemma 4.49 above (cf. [30]) the von Neu- 
mann algebra Ai associated to the Bost-Connes endomotive is a type IIIi 
factor, hence the results of Proposition 4.61 apply. Thus, the analogy illus- 
trated in this section will be especially relevant in the case of the BC system, 
on which we concentrate later in this chapter. 

4.5. Low temperature KMS states and scaling. 

As before, consider the data (A, </?) of a unital C*-algebra with a state 
ip and a dense subalgebra Ac- Let af be the time evolution obtained via 
Tomita's theory on the von Neumann algebra Ai associated to the GNS 
representation. We assume as before that af preserves the C*-algebra and 
the dense subalgebra. We also assume as before that, for sufficiently large 
(3 > 1, the extremal KMS/? states on A for the time evolution af are of type 



4. A THERMODYNAMIC "FROBENIUS" IN CHARACTERISTIC ZERO 627 

loo- We then consider the space dp as in Definition 4.55. The following result 
shows that the points (e, H) of dp determine irreducible representations of 
the dual algebra A. 

Proposition 4.62. Points (s,H) G dp determine representations of the 
algebra „4 = „4 xi ^ IR on the Hilbert space of the form 



e ltH dt. 



(4.157) ^,h( f x(t)U t dt) = [ ir e (x(t)). 

\JR J JR 

The representations tt £: h are pairwise inequivalent irreducible representa- 
tions of A. 

Proof. It is clear that (4.157) defines a representation of A by bounded 

operators on the Hilbert space T~6 £ \ By construction the representations ir £ 
of A are already irreducible, so that one obtains that the tt £ ^h are themselves 
irreducible. We then need to show that the unitary equivalence class of the 
representation n £j H determines the point (e, H) 6 tip. We know that the 
state £ is uniquely determined by the representation tt £ , cf. Remark 4.54. 
Consider then a unitary equivalence 

U*(J ir £ (x(t))e ltH dt)U = J Tr £ (x(t))e u(H+ ^dt. 

By the irreducibility of the representation ir £ of A we know that the only 
operators U that can intertwine the two sides are the scalar operators, which 
implies c = 0. Thus also H is determined uniquely. □ 

The construction of irreducible representations of A from points of Clp 
is nicely compatible with the scaling action, in the following way. 

Lemma 4.63. Let 9 : R* + -> Aut(^) be the scaling action (4.142). For 
all (e, H) G tip this satisfies 

(4.158) 7r ei tfO0 A = 7r A(e>fl) , VAGR;, 

with X(e,H) the - action on dp of (4.136) and tt £: h the representations 
(4.157). 

PROOF. We have 

KeMW J x(t)U t dt)) = tt £ ,h( J X u x(t)U t dt) 

= J n £ (x(t)) \ u e itH dt = j TT £ (x(t)) e it{H+Xo&x) dt. 

□ 

Next, we can show that, for elements of Ac where the function x(t) S 
<S(M,^4c) has better regularity properties, the operators ^( £t H)(J x{t)Utdt) 
have correspondingly nice spectral properties. This will be very useful in 
our main application to the case of the BC system. 
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We first identify a subalgebra of Ac which depends upon the inverse 
temperature (3. Let Ip = {z G C | ^sz G [0,/?]} denote the same strip in the 
complex plane that is used to define the KMS^ condition. Let dip = lUl/3 
be its boundary, with Rp = {z = t + i/3 \ t G M.}. 

Proposition 4.64. Let x G S(R,Ac)- Then x is the restriction to 
R C Ip of an element ofS(Ip, Ac) if and only if the the following properties 
hold : 

• The function x(t) has an analytic continuation x(z) bounded on the 
strip Ip. 

• The restriction x(t + i(3) of x(z) to the boundary is a Schwartz 
function in S(Rp,Ac)- 

Proof. From Definition 4.57 we can assume that x is in fact a scalar- 
valued function. Then x G S{Ip) means that all the functions of the form 
z n -j^ m x{z) are continuous, bounded and holomorphic in the strip Ip. This 
implies the above two conditions. Conversely, the three line interpolation 
Theorem [258] implies the required boundedness of z n -^ x(z) from the 
assumed bound on the boundary values. □ 

Definition 4.65. Let Ap C Ac denote the linear space of elements 
x G S(R,Ac) with S(Ip,A c ). 

Definition 4.65 determines a subalgebra of Ac- 

Lemma 4.66. The space Ap defined above is a subalgebra of Ac- It is a 
norm dense subalgebra of the C* -algebra A. 

Proof. The space S(Ip) is stable under the convolution product 
J R x(u + s)y(u)du since taking boundary values commutes with taking the 
convolution product and the Schwartz space S(R) is stable under convolu- 
tion. Using Definition 4.57 and the diagonalization of the action of at one 
is reduced to the case of eigenvectors and hence of scalar functions, thus 
proving the first statement. 

To show the second it is enough to show that one can approximate any 
element of x G C C (M.,A) by S(Ip,Ac) m the norm of A). The norm 

density of Ac in A and the uniform continuity of x allow one to assume 
that x G C C (R, E) where E C Ac is a finite dimensional subspace. The 
statement then follows from the density of S(Ip) in L 1 (M). □ 

Let £ l {7i) denote the ideal of trace class operators in the algebra of 
bounded operators on a Hilbert space H. We then have the following result. 



Proposition 4.67. For x G Ap, one has 
(4.159) 7r £ ,ff( / x(t) U t dt) G £\HP). 
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PROOF. For simplicity of notation, let us consider scalar-valued func- 
tions x € S(R, C) at first. In this case, we consider an element of the form 



(4.160) f x(t)e 



UH dt 



that plays the role of the element J R TT £ (x(t)) e ttH dt in the Ac-valued case. 
Let e{u) denote the spectral projections of the Hamiltonian H and let g(s) 
be the Fourier transform 



(4.161) g(s) = / x(t)e its dt. 
We can write the element (4.160) in the form 

(4.162) j x(t) e UH dt = g{H) = ^ g(u)e(u). 

We assume that the function x £ S(I/3,C). Thus, its Fourier transform g 
is also in the Schwartz space. The Fourier transform of x(t + i[3) is e l3s g(s) 
and is also in the Schwartz space. Thus, we have obtained 

(4.163) e? 8 g(s)€S(R,C). 

Then, upon writing J2 U 9( u ) e ( u ) = Ylu 9( u ) e ^ u e~^ u e(u) one obtains the 
trace class property, using (4.163) to give a bound on g(s) e@ s independent 
of s G R and then the fact that Ti{e^ ,3H ) < oo. 

The general case with x £ <S(R, Ac) is completely analogous. If x € 
5(7/3, Ac) we obtain 

(4.164) tt £ , h ( I x(t) U t dt) = ! ir £ (x(t)) e itu e(u) dt = Y, ^e{g{u)) e(u) 

J u u 

where, as above, the e(u) are the spectral projections of the Hamiltonian 
H. The same argument as above shows that the function g(s)e l3s is rapidly 
decaying so that one obtains an estimate ||g'(s)e^' 5 || < C independently of 
s£l. Then one can use the fact that £ e - /3s Tr(e(s)) = Tr( e -^) < oo to 
obtain the required trace class property. □ 

Given a C*-algebra B we follow [120] and let Primi? be the space of 
primitive ideals of B endowed with the Jacobson topology defined in [120] 
Definition 3.1.5. A primitive ideal is by definition the kernel ker7r of an 
irreducible Hilbert space representation tt of B. By [120] Theorem 2.9.7 
every closed two-sided ideal J of B is the intersection of the primitive ideals 
containing J. This set of primitive ideals defines a closed subset J C Prim B. 



Theorem 4.68. For any (s,H) £ tip the range of the irreducible repre- 
sentation it £: h is the algebra of compact operators. 

The map (s,H) ^ ker7r £) # gives an M* + -equivariant embedding 

(4.165) ^cPrimA. 
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PROOF. By Proposition 4.67 and the norm density (Lemma 4.66) of Ap 

in the C*-algebra A, we get that the range of ir £t H is contained in the algebra 
of compact operators. By [120] Corollary 4.1.10, and the irreducibility of 
7r £i ij, it follows that the range is the algebra of compact operators. The 
second statement follows from the second part of [120] Corollary 4.1.10. □ 

We can use the embedding 4.165 and induce the Jacobson topology of 
Primal on fl^. This however does not fully capture the required properties 
of the corresponding irreducible representations of A. This requirement is 
encoded by imposing the continuity of the functions, 

(4.166) (e,H)^Ti(g(H)) 

for any continuous function g on M. such that \g(s)e l3s \ < C for s — > +oo. 
We thus endow tip with the weakest topology for which these functions and 
the embedding (4.165) are continuous. We need to check that this topology 
is compatible with the action of on tip. This follows from the pointwise 
norm continuity of the scaling action 6 : — > Aut(„4) together with Lemma 
4.63. The space tip is endowed with the weak topology of the state space of 
the algebra A. 

Proposition 4.69. The projection tip -h> tip is continuous. 
For x G Ap, the function 

(4.167) /(£, H) = Tr(vr £ , H ( j x{t) U t dt)) V(e, H) G tip 

is continuous on tip. 

Proof. By Proposition 3.5.9 of [120] and the continuity of the embed- 
ding (4.165), one gets the lower semicontinuity of the function 

for x G A, x > 0. This implies that the set of x G A, x > for which this 
function is continuous forms a face F, and hence defines a two-sided ideal J 
of A by Lemma 4.5.1 of [120], such that F = J + is the positive part of J. 

In particular, the continuity of (e, H) ^ Tr(7r £i ^(x)) holds for any x G J. 
Using the continuity of the functions (4.166), one gets that J contains the 
g(H), provided that g G Go(M) and \g(s)e /3s \ is bounded for s — ► +oo. 

Similarly, the continuity of the functions (4.166) gives for (eo, Hq) G tip 
an open neighborhood W of (eo, -Ho) an d a constant c£l such that H > c 
for all (e,H) G W. It is in fact enough to use the continuity of (4.166) for 
g(s) = \s\ — s. Let then g G Cb(M), g > 0, which agrees with e~^ s for s > c. 
One has g{H) G J and xg{H) G J, for x G A. 

This gives the continuity of Tr(ir £: H(xe~P H )) at the point (eo, Hq) G tip 
and proves the continuity of the projection tip — > tip. 
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Using the ideal J and the proof of Proposition 4.67 one gets in the same 
way that for x 6 Ap one has x £ J, which gives the second statement. □ 

4.6. The kernel of the dual trace. 

The next results describe the behavior of the function f(s, H) of (4.167) 
on the fibers of the fibration — > £lp — > f^. 

We first consider, for simplicity, the case where x G <S(i^) is a scalar- 
valued function and we write as above g(s) = f R x(t) e lts dt for the Fourier 
transform. We then have 

(4.168) Tr (n E , H+c {^j x(t)U t dt^j = Tr(g(H + c)). 

We then have the following estimate. 

Lemma 4.70. Given x £ as above, for all N > the following 

estimate holds: 

(4.169) \Tr(g(H + c))\ = 0{e-P c c~ N ), when c^+oo. 
Proof. We write g(s) = e~ l3s h{s) with h £ S(R,C). One has 

\h{u + c)\ < Cc' N 

for u £ Spec(F), hence \g(u+c)\ < C e" /3c c~ N e~ f3u , for u £ Spec(H). This 
gives 

\Tr(g(H + c))\ < C e^ c c~ N Tr( e - fiH ). 

□ 

We then obtain the following result for the general case of x £ Ap. 
PROPOSITION 4.71. For any x £ Ap, the following estimate holds: 

(4.170) |Tr(7r £ ^ +c (x))| = 0(e-^ c c- JV ), for c - +oo. 

Proof. We have, as in Proposition 4.67, 

Tr(TT £ , H+c (x)) = Yl Tr(ir £ (g(u + c))e(u)). 
ueSpcc(H) 

The size of the expression above can then be estimated in terms of 

Y,\\g(u + c)\\Tr(e(u)). 

u 

As in Lemma 4.70 above, we estimate 

||s(u + c)|| < Ce-P c c- N e-P u , for u £ Spec(H). 

One then obtains the estimate (4.170) using, as in Proposition 4.67, the fact 
that 

Y Tr(e(n))e- /3u < oo. 
ueSpec(H) 

□ 
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Figure 1 . The KMS strip and the critical strip 



Notice that, in general, this does not control the behavior at c — ► — oo, 
due to possible singularities at zero. We see in §4.9 below how one can 
obtain estimates for the behavior at c — > — oo in the case of the BC system. 
In that case one gets 

(4.171) Tr(vr £ ^ +C (x)) = e- c t(x) + 0(\c\~ N ) , c -► -oo , ViV > 0, 

where r is the canonical dual trace (cf. [281]) on A which we are now recalling 
in general. This notion plays an essential role in the theory of factors in 
the continuous decomposition of type III factors (cf. [63], [281]). 

Let tp be a KMS/3 state for a dynamical system (A, at). The dual weight 
■ip on A is defined as 

(4.172) x(t)U t dt) = f i>(x(s))ds, 

Jr Jr 

where 

x(s) = I x(t) e its dt 
Jr 

is the Fourier transform with x G S(R,Ac) for x 6 <S(M,^4c)- If /? = then 
the dual weight is a trace. For (3 7^ 0, and for X = f R x(t) XJ t dt E Ap, let 

(4.173) X p := I x p (t)U t dt, 

Jr 

where xp(t) = x(t + i{3). The element Xp has the following property. 

Lemma 4.72. Let ir : A — > £(T~t) be a covariant representation of (A, at) 
such that the time evolution has the form Tr(at(a)) = e ltH ae~ ttH for a 
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Hamiltonian H . Let ttjj '■ A — ► C(J~l) be the corresponding representation, 
tth(X) = J" R 7r(x(t)) e ltH dt. Then the element Xp as in (4.173) satisfies 

(4.174) *H(Xp) = TT H (Xy H . 
Proof. We have 

TT H (Xp) = f Tt(x(t + i/3))e itH dt= f Tr(x(t)) e itH eP H dt = ■n H {X)e' )H . 
Jr Jr 

□ 

We obtain the dual trace in the following way (cf. [281]). 

Lemma 4.73. Moreover, for ip a KMSp state for (A,a), the functional 

(4.175) TlP (X) := $(X{i) 

is a trace on Ap C A X1 CT R satisfying the scaling property 

(4.176) M9 X (X)) =\-Pt^(X), 
for all X £ A/3 and all A 6 

Proof. We have by (4.175) 

(4.177) MX)= [ ^{x{s))e ps ds. 

Jr. 

The trace property can be seen by writing explicitly 

(4.178) MXY)= I ^(xTy(s))eP s ds, 

Jr 

with x * y as in (4.139), and using the KMS^ property of the state ip. The 
scaling property also follows from (4.177), since we get 

H (8 X X) = j j \ i{t+il5 ^{x{t + i(i))e its dtds = \~%(X). 

□ 

More generally, one finds that traces on A = A x a R with the scaling 
property (4.176) always arise from KMS/3 states on (A, a) as above. 

Definition 4.74. For data (A,<p) as above, with Ac C A a dense sub- 
algebra, let t v denote the trace on A = A » a v R dual to the KMS\ state ip 

as in (4.175). Let A^ C Ap be the cyclic module defined by Ker(r l)5 ). 

The expansion (4.171), in the particular case of the Bost-Connes system, 
shows why it is important to restrict to the kernel Ap T of the dual trace 
in order to obtain estimates for the behavior at c — > — 00. 
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Remark 4.75. We use the construction of the dual trace for the KMSi 
state ip, but it can also be applied to a KMS/? state e G Up. In that case the 
character of each irreducible representation 7r £i # yields a trace on Ap, 

(4.179) XeM x ) = Tr(vr £ , ff ( J x(t) U t dt)) . 
The dual trace r e is then given, assuming T^e - ^) = 1, by 

(4.180) r £ = f X e,H +c e pc dc. 

JR 

To get (4.180) one can write, at the formal level, 

/ X e,H+c(x) eP° dc= I Tr( / 7r £ (x(t)) e u ^ dt) e? c dc 
Jr Jr J 

= 27rTr(7r £ (x(z/3))e-^), 

while the dual trace t £ gives the same result, since one can rewrite (4.172) 
as 

(4.181) i>( [ x(t) U t dt) = 2vr ip(x(0)) 

Jr 

and apply the result for ip = e = Tr(7r £ (-) e~@ H ) and xp(t) = x(t + i(3). 
4.7. Holomorphic modules. 

We introduce the following algebra of multipliers of S(Ip). 

Definition 4.76. Let Ip = {z G C\Q(z) G [0,f3]}, as before. We let 
Hol^) denote the algebra of multipliers ofS(Ip), i.e. of holomorphic func- 
tions h in the strip Ip such that hS(Ip) C S(Ip). 

For such a function h G Hol(Ig) the restriction to the boundary com- 
ponent M. of dip = KU M.p is a function of tempered growth and there is a 
unique distribution h on such that 

(4.182) I h(X)X u d*\ = h(t), 

with d*X = \~ 1 d\ the multiplicative Haar measure on W^_. 

We then obtain the following general result that refines the result of 
Lemma 4.63 above. 

Proposition 4.77. LetRol(Ip) be the algebra of multipliers ofS(Ip) as 
in Definition 4.76. 

(1) For h G Hol(//3), the operator 

(4.183) 9(h) = [ h(\)6 x d*\ 

Jr* + 

acts on Ap. This turns Ap into a module over the algebra Hol(Ip). 
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(2) The map FoTro7r is a Hol(/g) -module map, where F is the Fourier 
transform F(g)(u) = f R g(c) e~ lcu dc. 

Proof. (1) One has 

0(h)(J x(t)U t dt) = [ I h(X)X it x(t)U t dtd*X 



(4.184) J f+ JK 

= / h(t) x(t) U t dt, 
Jr 

where hx £ S(Ip,Ac)- 

(2) The equivariance of tt proved in Lemma 4.63 namely the fact that 

(4.185) w £>H °0 X = 7r (£)i/+ i ogA) , V(e, H) £ Q p , 
gives 

(4.186) (Tro7ro^)(X) (£iif) = (Tr o 7r)(X) {£:H+log A) . 
Thus, for the function 

(4.187) f e (c) = Tt(tt £ , h+c (X)) 
one obtains 

(4.188) (Tr o ir o e(h))(X) {£jH) = [ h(X) / £ (log A) d*X. 

Jr^_ 

Replacing H by H + c one gets that the function g £ (c) associated to 0(h) (x) 
in the same way as in (4.187) is given by 

(4.189) 9e(c)= f h(X)f e (logX + c)d*X. 

JR^_ 

One then obtains the Fourier transform 



F(g £ )(u)= I ' g £ (c)e' lcu dc 
Jr 

(4.190) 



/ / h(X) f £ (logX + c)e~ icu dcd*X 
Jr Jr* 



f h(X) X iu d*X f f £ (a)e- iau da 
Jr* + Jr 

h(u)F(f £ )(u). 



□ 
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4.8. The cooling morphism (distillation). 

We have described in §4.5 the procedure that associates to the data 
(A, <p) the space tip and the dual system (A, 0\). We shall now explain how 
this gives rise to a morphism of A-modules, whose cokernel in the abelian 
category of A-modules defines a cohomology with an R* + action. This pro- 
cedure, called distillation ([74]), will be mainly illustrated in the case of the 
BC system in §4.9 and we shall give only a brief description of the general 
case in the present section. 

In the general case one is dealing with the field of elementary C*-algebras 

(4.191) C £ , H = tt £ , h (A) , (s, H) £ tip 

on Qp. By Theorem 4.68 the algebras C £i h are isomorphic to the algebra 
of compact operators in a Hilbert space. The Dixmier-Douady invariant 
(cf. [120] Theorem 10.8.4) gives, in general, an obstruction to the Morita 
equivalence between the algebra C(tip, C) of continuous sections of the field 
C of elementary C*-algebras C £t H and the algebra of continuous functions 
on tip. We denote by C 1 the functor defined on elementary C*-algebras by 

(4.192) C 1 (compact operators in H) = trace class operators in H . 

Definition 4.78. The cooling morphism is the canonical map 
Tr:Ap^C(tip,£\C)) 

(4.193) 

ir(x)(e,H) = K £ , H (x), V(£, H) £ tip. 
which defines an W + -equivariant algebra homomorphism. 

Proposition 4.69 ensures the continuity of the trace Tr(7r(a;)(e, H)) on 

tip. 

We then consider the cokernel of the cooling map as an object in the 
category of A-modules. Let be the morphism of cyclic modules associated 
to (4.193). The distilled A-module associated to the data (Ac, f) is defined 

as 

(4.194) D T (Ac, <p) = Coker(^) , 

where the domain of ir^ is the cyclic module Ag T defined by the kernel of 
the dual trace in Definition 4.74. We shall not discuss the exact definition of 
the range, but we shall see below in the case of the BC system the relevant 
decay condition to be imposed on the function Tr(7r(x)(e, H)). 

We then consider a corresponding cohomology theory provided by the 
cyclic homology 

HC*(D T (Ac,<p)) 
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of the distilled A-module. In the following, since we are mostly interested 
in the case of data (A, ip) that come from endomotives, which are zero- 
dimensional noncommutative spaces, we will restrict to considering only 
HC Q (D T (Ac,ip)). 

We shall now assume that the Dixmier-Douady invariant is trivial and 
in fact we shall simplify even further by assuming that the corresponding 
bundle of Hilbert spaces is trivial. This holds, for instance, in the particular 
case of the Bost-Connes system. In this case one has Qp = £p (all extremal 
KMS/3 states with (3 > 1 are regular) and the representations Tr £t H are all 

defined on the same Hilbert space 

We fix a separable Hilbert space TL and let, as in [120], Irr.A be the 
space of irreducible representations of the C*-algebra A in H endowed with 
the topology of pointwise weak convergence. Thus 

(4.195) TT a ^7T <=> (Z,ir a (x)ri) ->■ (£,7r(x)r/), V(,r) £ x G i. 

This is equivalent to pointwise strong convergence by [120] 3.5.2. By [120] 
Theorem 3.5.8 the map 

(4.196) 7r G Invi ker it G Prim„4 

is continuous and open. Indeed, by Definition 3.1.5 of [120], the topology 
on the spectrum, i.e. the space of equivalence classes of irreducible represen- 
tations, is defined as the pullback of the Jacobson topology of the primitive 
ideal space. 

We assume that the representations n £t H, for (e,H) G tip described in 
§4.5 can be continuously realized as representations tt £ ,h in i.e. more 
precisely that the injective continuous map (4.165) is lifted to a continuous 
map to Irr A such that 

(4.197) (e,H)^^ H (f(H)) 

is a continuous map from tip to C l = £ l (TL) for any / G S(Ia). This last 
condition corresponds to (4.166) in the definition of the topology of tip. We 
then show that these representations assemble to give an M^_-equivariant 
morphism. 

Lemma 4.79. Under the above hypothesis the map 

tt-.Ar^ Citip^ 1 ) 

(4.198) 

ir(x)(e,H) = it etH (x), V(e,H)etip. 
defines an W + -equivariant algebra homomorphism. 

PROOF. It is enough to show that for any a G Ac and / G S(Ip) the 
map 



(4.199) 



(e,H)~* e>H (af(H)) 
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is continuous from tip to C l {TL). The general result follows since linear 
combinations of these elements spans Ap. One can assume that / = f± * ji 
with fi e L^K), f 2 e S(Ip). The map (e,H) ^ 7r £)Jf (a fi(H)) is bounded 
and pointwise strongly continuous by (4.195). Thus by (4.197) we get the 
continuity of (4.199). The equivariance follows from Lemma 4.63. □ 

The morphism (4.198) agrees with (4.193). One can compose it with the 
trace on C^iTL) and obtain a morphism in the category of A-modules (cf. 
§1.2 above, and especially §1.3). 

Lemma 4.80. The morphism (4.198) induces a cyclic morphism 

(4.200) 5 : A\ T ^ C{tipf. 

PROOF. The result follows by applying the formulas of Proposition 4.10 
to define Tr' 5 which is then composed with ir^ for tt the cooling morphism 
(4.198). □ 

Notice that, in this case, because the algebra C(£lp) is commutative, 
the cyclic homology HCo(D T (A, (f)) is simply given by the cokernel of 5 
in degree 0. The advantage of describing this cokernel as an HCq lies in 
the Morita invariance of cyclic homology which, for instance, wipes out the 
distinction between an algebra and its tensor product with C 1 . This cyclic 
homology HCo(D T (Ac, (p) comes endowed with an induced representation 
ofR^. 

Lemma 4.81. The cyclic homology HCo(D T (Ac, V?)) carries an induced 
action 

(4.201) 6 : E; Aut(HC {D T (Ac, <p))). 

PROOF. The result is a direct consequence of the M^_-equivariance of the 
morphism 5 = (Tr o ir)\ which follows from Lemma 4.79. □ 

The spectrum of this representation on the cyclic homology of 
D(Ac, ( p) defines a very subtle invariant of the original non commutative 
space (.4, ip), as we are going to see in detail in the Bost-Connes case. 

4.9. Distillation of the Bost-Connes endomotive. 

In this section we concentrate on the case of the Bost-Connes endo- 
motive, applying the cooling and distillation procedures described in the 
previous sections. The main result is that the map 2; discussed in Chap- 
ter 2, which plays a crucial role in the spectral realization of zeros of the 
Riemann zeta function and in the (semi-local) trace formula of [71], ac- 
quires now a cohomological description as the cooling map (4.200) for the 
BC endomotive. 
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We first return to the geometric description of the BC system in terms 
of commensurability classes of Q-lattices, as discussed at length in Chapter 
3 (cf. [86]). Recall that we denoted by Gi the groupoid of the equivalence 
relation of commensurability on 1-dimensional Q-lattices, and by G\/M+ 
the quotient by the scaling action. By Lemma 3.21 of Chapter 3, Q\ is the 
etale groupoid of triples (k, p, A) G Q+ xZx such that kp G Z with the 
composition (3.34). By Proposition 3.22 of Chapter 3, Qi/R* + is the etale 
groupoid of pairs (k, p) G Qi. x Z such that kp G Z with the composition 
(3.37). The algebra Ai of the BC system ( Ai, at) is the convolution algebra 

(4.202) A 1 = c*(g 1 /m* + ), 

which we have identified in §2.7 above with the C*-algebra of the analytic 
endomotive obtained from the self-maps of (G m , 1). We also consider here 
the algebra C*(Q\) describing the noncommutative space of commensurabil- 
ity classes of 1-dimensional Q-lattices (not up to scale). This is related to 
the dual system A\ in the following way. 

Lemma 4.82. There is a C* -algebra isomorphism i : Ai — > C*{Qi) of 
the form 

(4.203) i(X) (k,p,X)= [ x(t) (k, p) X u dt 
for (k, p, A) G Q\ and 

X = j x(t) U t dt G Hi- 
proof. It suffices to check the compatibility of the convolution product 
(4.139) with the convolution product in the groupoid algebra C*{Q\). We 
have 

i(X 1 X 2 )(k,p,X) = J j\x 1 (t)*a t (x 2 ( S -t)))(k,p)X ts dtds 
= j j xi(t)(kr- 1 ,rp)at(x 2 (s-t))(r,p)X ls dtds 

= J J x l {t){kr' 1 ,rp)x 2 {s-t){r,p)r it X is dtds 

= L(Xi)(kr-\rp,rX)L(X 2 )(r,p,X). 

r,rp£Z 

The compatibility of the involutions follows similarly. □ 



We also have the following result. 
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Lemma 4.83. Let A be the algebra of the BC system and i : A — ► C*(Qi) 
be the homomorphism of (4.203). The range under i of the subalgebra 
<S(M, w4c) consists of functions f(k,p,X) with finite support in k G Q+, finite 
level in p G Z and rapid decay (Schwartz functions) in X £ . 

PROOF. The result follows from the definition of the subalgebra <S(M,./4c) 
of A as the direct limit (4.138) over finite dimensional subspaces of Ac and 
the fact that the dense subalgebra Ac of the BC C*-algebra A\ is given by 
the algebraic crossed product of the algebra of locally constant functions on 
Z by the partial action of Q* + . □ 

We can further refine the result of Lemma 4.83 above. As in Chapter 2 
(2.143) we use the bicharacter 

(4.204) fi(v, s) = v~ is , Vd6 1* + ,sG1, 

and let F M be the Fourier transform F M : L 2 {R\) — > L 2 (R) associated to p, 

/•oo 

(4.205) F„(/)(*) := / f(v) V - is d*v. 

Jo 

where d*v is the multiplicative Haar measure on R* + . 

Lemma 4.84. Let A be the algebra of the BC system and i : A — > C*(Qi) 
be the homomorphism of (4.203). The range under i of the subalgebra Ap 
consists of functions f(k, p, A) with finite support in k, finite level in p and 
such that the finitely many scalar functions 

(4.206) f k , p (X) = f(k, p, A), for X G R* + 
satisfy F /1 (/ fc>p )(u) G S(Ip) for all (k,p). 

PROOF. The Fourier transform F M in the variable A G corresponds 
to the usual Fourier transform in the variable s = log(A), so that we have 

F At (/ M )(«)= / [x(t)(k,p)X u dtX- m ^ 
= [ x(t)(k,p)e its e- ius dtds 

JRxR 

= 2irx(u)(k,p) 

Then, by Proposition 4.64, the condition F M (/fc p ) G S(Ip) is equivalent to 
X = J x(t)Utdt G Ap. This gives the characterization 

(4.207) fetAp^F^f^eSilp), \f(k, P ). 

□ 

The groupoid Gi describes the partial action of on Z x or equiva- 
lently of Q* on Z x W* (cf. the description in terms of the Shimura variety of 
G m in Chapter 3). We have seen that the quotient space of the commensu- 
rability relation on 1-dimensional Q-lattices is described in this way by the 
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quotient Aq/Q* , with Aq = Aqj x M*, where we describe the quotient as a 
noncommutative space via the convolution algebra C*(Qi). In fact, we can 
by a Morita equivalence pass from the quotient Aq/Q*, which corresponds 
to the algebra Co(Aq) x Q* to the algebra C*(Qi), where the Morita equiv- 
alence comes from the strict inclusion Z C Aqj of Z in finite adeles. The 
space Aq/Q* is however not the same as the adele class space Aq/Q* that 
we encountered in the discussion of the Riemann zeta function in Chapter 
2, Definition 2.45. Indeed, with respect to the adele class space Aq/Q* we 
are still missing the compact piece Z x {0} C Aq. Still, even though we are 
now working with the space Aq/Q*, we can give a description of the map (£ 
that we saw in Chapter 2, §6 and §9, in terms of the BC endomotive. 

Recall that we described the spectral realization of the critical zeros in 
Chapter 2 §9 from the cokernel of the following map, 

(4.208) <£(f)(g) = \g\^ 2 £ f(qg), \/g G Cq = Aq/Q*. 

which is equi variant in the sense of (2.357) with respect to the natural scaling 
actions of Cq, as we discussed in detail in Chapter 2 above. 

The following result recovers the map l£ in terms of the cooling map for 
the BC endomotive. 

Theorem 4.85. Let {A, a) be the C* -dynamical system of the Bost- 
Connes analytic endomotive. 

(1) For (5 > 1 there is a canonical isomorphism 

(4.209) ^-fxi;- Cq 

of tip with the space of invertible 1 - dimensional Q-lattices. 

(2) For X G A and f = i(X) G C*(G 1 ), the cooling map (4.200) takes 
the form 

(4.210) 5(X)(u,X)= f(hnu,nX), V(«, A) G Cq ~ hp. 

n&N=Z >0 

Proof. (1) We give explicitly the covariant irreducible representation 
of A associated to a pair (u, A) G Z* x R* + = Cq. The algebra acts on the 
fixed Hilbert space H = £ 2 (N) as 

(4.211) (ir (U:X) (x)0(n) = £ x(nm'\ mu)Z(m), Vx G A, V£ G ^ 2 (N), 

while 7Tf Uj x)(H) is the diagonal operator D\ on ^ 2 (N) with 

(4.212) (D A 0(n) = (logn + logA)£(n), V£ G ^ 2 (N), 
so that one has 

(4.213) Spec(£ A ) = {log n + log A} neN . 
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The classification of KMS^ states of the BC system ([30], [86], see Chapter 
3 above) shows that the map (u, A) — > tt( u ,\) gives an isomorphism of Cq = 
Z* x R* + with top, for all > 1. 

(2) By construction the function 5(x)(u, A), with (u, A) G Cq, is given 
as in (4.200) by 

(4.214) <5(x)(n,A) = Tr(7r (UiA) (o ; )). 
For X = J x{t)U t dt G A one has 

(4.215) tt ka) (X) = y vr (UiA) (x(t))e^^. 

Using the explicit description of the representation given in (4.211) we get 
the trace as the sum of the diagonal entries of this matrix, which gives 

(4.216) Yl [ x(t)(l,nu)e it ^° sn+losX Ut = ^ f(l,nu,nX), 

neN neN 

for / = i(X) G C*{g x ). □ 



One can compare directly the right hand side of (4.216) with the map 
(£ (up to the normalization by |j| 1//2 ) written as in (4.208) by considering a 
function f(p,v) = f(l,p,v) and its unique extension / to adeles obtained 
by setting / equal to zero outside of Z x M + C Aq. This then gives 

(4.217) J2f(l,nu,n\) = £ f(qj), where j = (u, A) G C Q . 

neN <?e<Q* 

Notice that, unlike in the case of [71], here we do not work with Hilbert 
spaces but with spaces of rapidly decaying functions. A reformulation of the 
results of [71] in the analytic setting of algebras of rapidly decaying functions 
and nuclear spaces was given by Ralf Meyer in [224]. Our cohomological 
formulation here uses the same analytic tools as [224]. 

In particular, in the case of the BC system, we can use the result of 
Theorem 4.85 above to improve the decay estimate of Proposition 4.71 in 
the following way. 

Let us return to the question of the behavior as c^—co of Tr(7r £) # +c (X)), 
after the general estimate for c — > +oo given in Proposition 4.71 above. As 
above, we write Tr(7r £ij f/ +C (A)) = Tr(g(H + c)) for X = f x(t) Utdt and 
g(s) = J R x(t) e lts dt. In the case of the BC system, we have 

(4.218) Tr(g(H + c)) = ^ g(log(n) + c), 
where Spec(if) = (log(n) | n G N = Z>o}. 
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Lemma 4.86. With the notation as above, let £{t) = g{\.og{t)) be extended 
to R as a continuous even function. Then for c — > — oo (i.e. for A = e c — > 0) 
the leading behavior ofTr(g(H + c)) is given by 

(4.219) J] £(Xn) ~ A^ 1 / £(t) <fe, /or A ->■ 0. 
nez ^ 

Proof. The function £(t) = g(log(t)) extended to R has £(0) = and, 
for A = e c , one can write from (4.218) 

(4.220) Ti(g(H + c)) = ± 1 £e(\n). 

With the appropriate normalization of the Fourier transform £ of £, the 
Poisson summation formula then gives 

(4.221) A^^(An) = ^^(A _1 n). 

This gives the desired estimate (4.219). □ 

Remark 4.87. Notice how the remainder is controlled by the decay 
of the Fourier transform £ at oo, i.e. by the smoothness of the function 
£{t) = <7(log(i)). Notice that the latter is not guaranteed by that of g itself, 
because of a possible singularity at zero. 

In fact, more precisely, we obtain the following result on the behavior at 
c — ► — oo, which gives more precise information on the divergent term and 
the remainder, and relates it to the kernel of the dual trace discussed in §4.6 
above. 

We first compute explicitly the dual trace for the Bost-Connes system. 

Lemma 4.88. Let (A,<p) be the data of the Bost-Connes measured en- 
domotive, with the state if as in (4.126). The dual trace on A = A x a v M is 
of the form 

(4.222) r v (X)= ! f(l,p,\)d f i(p)d\, 

for f = i(X) under the map (4.203), with X = J x(t)Ut dt G A. Here dp,(p) 
is the Haar measure on Z as in (4.126). 

Proof. By the general description (4.177) of the traces on A dual to 
KMS states on (A, at) the trace t v is of the form 

(4.223) t v (X)= f <f(x(t))e its e s dtds. 

JRxR 

We rewrite this in terms of A = e s G Ml as 



/ ( f x(t)(l, p) dn(p) J X u dtdX 
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/ ( / x(t)(l,p) X u dt ) dfl(p)d\. 

The right hand side agrees with the expression (4.222) by (4.203). □ 
We then have the following preliminary result. 

Proposition 4.89. Consider a function f{p,v) = f(l,p,v) such that 

f(P,v) = g{Pn{p),v) 

with g a map from "L/riL to S(W + ) and such that 

(4.224) / f{p,v)dpdv = 0. 
Then the estimate 

(4.225) S(/)(i) := £ f(qj) = O (|logtf|r") 

q eQ* 

holds for \j\ ^ and for all N > 0. 

Proof. In (4.225) we are extending the function f(p,v) = f(l,p,v) to 
adeles by zero as in (4.217). We can assume that there exists a character 
Xn of the multiplicative group (Z/nZ)* such that 

(4.226) g(ma,v) = Xn(m)g(a,v), Va G Z/nZ, and Vm € (Z/nZ)*. 
Let x = Xn ° Pn- We then obtain 

(4.227) f(ma, v) = x(m)/(a, u), Va G Z, Vm G Z*. 
In particular this gives 

(4.228) S(/)(mj) = X (m) S(/)(j), Vm G Z*, Vj G C Q . 

This shows that, in order to prove (4.225), it suffices to prove the estimate 

(4.229) |/i(A)| = 0(| log |A| p^), for A - 0, 
where 

(4.230) h(X)= I V(f)(mj) X0 (m)d*m, 

for all j with \ j\ = A, where Xo = X denotes the conjugate of x- We write 
the Fourier transform of h in the form F M over M* + as in (4.205), and we 
obtain 

(4.231) (F„/i)(t)=/ h(X)X- it d*X= f f(j)xoU)\j\ s d*j, 

JlBL* + JA* 

where s = —it and d*j is the multiplicative Haar measure on the ideles. The 
character xo is extended as a unitary character of the ideles, which we still 
denote in the same way. More precisely, we identify = Z* x R* + x Q* where 
Q* is embedded as principal ideles. We extend %o by 1 on xQ* c Aq. 
Thus xo becomes a unitary Grossencharakter. 
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We can then apply the result of Weil on homogeneous distributions, 
Lemma 2.52 of Chapter 2 ([297], cf. [71] Appendix I, Lemma 1). For / as 
above, this gives 

(4.232) / f(j) xoU) \j\ S d*j = L( X0 , s) (A'(s), f) , for »( s ) > 1, 

Q 

where A' = <8> A^ is an infinite tensor product over the places of Q of homo- 
geneous distributions on the local fields Q„ and L{xo,s) is the L-function 
with Grossencharakter xo- The identity (4.232) is a priori only valid for 
/ £ 5(Aq), but it remains valid for our / by the absolute convergence of 
both sides. 

In fact, we can assume that f(p,v) = fo(p)foo(v), where foo £ <S(M?j_). 
One then gets / = /o ® /oo an d 

(4.233) (A'(s)J) = {A' (s)J Q ){A' oo (s)J oo ), 
where by construction (cf. (2.364) of Chapter 2) one has 

(4.234) (A / 00 (s),/ 00 )= / /oo(A) X s d*X , d*X= dX/X. 

Using (4.207), one gets F(/oo) G S(Ip). Thus, the function 
t i ^ (A' 00 (— it), foo) is in S(Ip). The term (Aq(s),/o) is simple to com- 
pute explicitly and one obtains that the function t i— > (A' (—it), fo) is a 
holomorphic function on the strip Ip such that its restriction to the bound- 
ary dip is a tempered growth distribution, i.e. this function is in Hol(ig), 
as in Definition 4.76. 

Indeed, it is enough to do the computation when /q is a finite tensor 
product /o = ®v&sfp over a finite set S of primes, while f p is a locally 
constant function on Q p vanishing outside Z p and such that f p (ma) = 
x(m) f(a), for all a G Z p , m G Z*, using (4.227) for the restriction of x 
to Z*. One has 

(A' ( S ),f ) = H(A' p (s)J p ). 

s 

One can assume that 5 contains the finite set P of places at which x ls 
ramified, i.e. where the restriction of x t° 1S non-trivial. For p £ P one 
gets that f p vanishes in a neighborhood of G Z p , while 

(A;( s ),/ p )= / / p (x) X o(x)|x| s cZ*x, 

which, as a function of s, is a finite sum of exponentials p ks . For p ^ P, 
one has the normalization condition (A' p (s),lz p ) = 1 and the function f p 
is a finite linear combination of the characteristic functions x i— > l^ p (p fc 2;). 
It follows from homogeneity of the distribution A' p (s) that (A p (s), f p ), as a 
function of s, is a finite sum of exponentials of the form p ks . 
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Similarly, if xo is non-trivial, the function L(xo, —it) belongs to Hol^) 
and ((—it) = L(l, —it) is the sum of l/(— it— 1) with an element of Hol(ig). 
The presence of the pole at t = i for xo = 1 is taken care of by the condition 
(4.224). All of this shows that 

(4.235) F^h e S(Ip), and F^z) = Vz € Ip with L(xo, -iz) = 0. 

This shows in particular that h G <S(M+), which gives the required estimate 
(4.229) on | /i( A) |, for A ->■ 0. □ 

Remark 4.90. One could take instead of the extension / a more sym- 
metric choice where / is extended by outside ZxR* and one requires the 
parity 

(4.236) /(-«,-A) = /(«,A). 

This choice introduces a factor of 2 in £(/) and the above formulas remain 
valid provided one replaces (4.234) by 

(4.237) (A' 0O ( S ),/ 0O )= / /oo(A)xoo(A)A s d*A, 

JR* 

where Xoo is the restriction of xo to M*. This restriction is the character 
given by the sign of A when the value of xo on — 1 £ ^* is — 1 , in which case 
the function /oo is odd. 

We can then prove the following result. 

Theorem 4.91. Let (A, a) be the Bost-Connes system. For all (3 > 1 
and for X = J x(t) Ut dt E Ap, one obtains for c — ► — oo t/ie estimate 

(4.238) Tr(vr e , H+c (X)) = e ~ c r(X) + Oflcr"), ViV > 0, 

where r is the canonical trace on A dual to the KMS\ state tp on (A, a). 

Proof. If <p denotes the KMSi state (4.126) for the Bost-Connes sys- 
tem, then the dual trace r = is given by (4.222). Thus, we need to show 
that, for any m£Z* and any function f(k, p, A) in lAp, one has an estimate 
for A —> of the form 

(4.239) V/(l,nn,nA) = A- 1 / /(l, p, v) dpdv + 0(\ log(A) \~ N ), 

for all N > 0. We use Theorem 4.85 above, by extending the function 
f(p,v) = f(l,p,v) to adeles, and we write the left hand side of (4.239) as 
in (4.217). 

If the extended function / were in the Bruhat-Schwartz space <S(Aq), 
then one could use the Poisson summation formula 

IjiEmw) = e^«' _1 ), 

qe<Q qe<Q 

with h the Fourier transform of h, in order to get a better estimate with a 
remainder in OdAj^). However, in general one has / ^ «S(Aq), because of 
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the singularity at A = 0. At least some functions / with non-zero integral do 
extend to an element / G <S(Aq) and this allows us to restrict to functions 
of two variables f(p, v) = f(l,p, v) such that 



/ f(p,v)dpdv = 0. 



We know by Lemma 4.83 that the function has finite level in p G Z and 
rapid decay in v G M+. We can then apply the result of Proposition 4.89. 
That provides the estimate that completes the proof of the theorem. □ 

An immediate consequence of the estimate of Theorem 4.91 is the fol- 
lowing result. 

Corollary 4.92. Let (A, a) be the BC system. Let X = f x(t)U t dt be 
an element of A/3 with t(X) = 0, i.e. in the kernel of the dual trace. Then 
the Fourier transform 

(4.240) F(/ e )(«)= / f £ {c)e- lcu dc 

of the function f s (c) = Tr(ir £t H +c (X)) is holomorphic in the strip Ip, bounded 
and smooth on the boundary. In fact F(/ e ) G S(Ig). 

Proof. Combining Theorem 4.91 with Lemma 4.70, we obtain that, in 
the BC case and for x G A/3, t(x) = 0, the function f £ (c) = Tt(tt £ ^h +c (X)) 
satisfies, for all iV > 0, the decay conditions 

\f e (c)\ = 0(e-P°\c\- N ), for c - +00 

(4.241) 

\f £ (c)\ = 0(\c\- N ) for c^-oo. 

This is the correct decay at c — > ±00 in order to have a Fourier transform 
(in the variable c) that is holomorphic in the strip la. 

To show that this can be further improved to F(/ e ) G S(Ip), we use 
the general result of Proposition 4.77. This makes it possible to improve the 
estimate (4.241) for the BC system immediately. Indeed, the function h(s) = 
s belongs to Hol(i/?) and this shows that (4.241) holds for all derivatives of 

fe- □ 

Summarizing, the results on the decay estimates for the distillation of 
the BC endomotive combine to give the following result. 

Corollary 4.93. In the BC system (A, a), for any [3 > 1 and any 
element X G Ap tT = Ap fl Ker(r) one has 

(4.242) F o Tr o tt(X) G C(Qp, S(Ip)). 

When expressed in the variable A = e c , the regularity of the function 
Ttott(X) can be written equivalently in the form Tro7r(X) G C(Q/3,Sp(M.+)) 
where, with p(X) = A, VA G R?J_, we let 

(4.243) S/3(K)= n m u-"S(R* + ) 
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be the intersection of the shifted Schwartz spaces of R+ ~ R. 

Definition 4.94. Let S^(£lp) be the cyclic submodule of C(Vtp)^ whose 
elements are functions with restriction to the main diagonal that belongs to 
C(Qp,Sp(R+)) with Sp(R* + ) defined as in (4.243). 

We then obtain the following result. 

Proposition 4.95. Let (A,<p) be the Bost-Connes endomotive, with 
t = ^ the dual trace on A = A xi a f R. Let Ap T C A^ be the cyclic module 
defined by Ker(r) as in Definition 4.74. Then the map Tto-k defines a cyclic 
morphism 

(4.244) S:Ap jT ^S\Qp). 

Definition 4.96. We define the distilled A-module D T (A, f) as the cok- 
ernel of the cyclic morphism 5 = (Tro7r)^ of (4.244), namely 

(4.245) D T (A, <p) := Coker(<5 : A\ T -► S^Up)). 
4.10. Spectral realization. 

In this section we show how one gets the spectral realization of the zeros 
of the Riemann zeta function and of L-functions with Grossencharakter from 
the distillation of the Bost-Connes endomotive. 

The cyclic morphism 5 of (4.244) is equivariant with respect to the R?j_ 
action, as in Lemma 4.81. Thus, we consider the induced R?j_ representation 

(4.246) 6\ e Aut(HC (D T (A, if))), VA G R^. 

In fact, since we are dealing with the distilled system obtained from the 
Bost-Connes endomotive, we can refine (4.246) by taking into account the 
fact that endomotives are naturally endowed also with a Galois action, in 
this case of Gal(Q/Q) factoring through the abelianization, cf. §2.7 above. 

Proposition 4.97. Let (A, <p) be the EC endomotive. Let x be a char- 
acter of the compact group Z* . 

(1) The character \ determines an idempotent e x G End^yo c (Aq) 

(4.247) e x = f X (g)Z g dg 

in the (pseudo)-abelian category £Vq C of algebraic endomotives, 
where 

z g = {( x 9~ lx )} 
is the graph of g as a correspondence. 
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(2) The expression 

(4.248) V X = I 9X{g)dg 

J7L* 

determines an idempotent p x in EndA(D T (A, tp)) in the abelian cat- 
egory of A-modules. 

Proof. (1) Recall that, by Proposition 4.30, the algebra Aq = A x S of 
the algebraic endomotive of the BC system is globally invariant under the 
action of G = Gal(Q/Q) and this action factors through Gal(Q ab /Q). In 
particular, this means that we can consider the action of g £ Gal(Q ab /Q) 
on X = lim^ X a and the graph Z g of g as a correspondence in X x X. 
The action of G commutes with the semigroup action of S = N, hence Z g 
defines a correspondence in End^yo c (Aq) and so does (4.247). One has 

e x = Ji*x£* 99'x{gg') dgdg' = e x . 

(2) The Galois group C7 ab = IT acts on (A, a) compatibly with the 
time evolution. One obtains an action on A preserving Ap and the kernel 
Ker(r) since the state ip is G ab -invariant. Similarly, one has an action of 
G ab on KMS^ states Qg, which is compatible with the action as symmetries 
of (A, ip) by the intertwining property (cf. Proposition 4.30 and Chapter 
3 above). Thus, the induced morphism 5 : Ag T — > S^(£lg) is also G ab - 
equivariant and one obtains an induced linear action of G ab on D T (A,p). 
One can then form the combination p x as in (4.248) and one sees as above 
that p x = p x so that we have an idempotent in EndA(-D T (*4, ip)). □ 

Corollary 4.98. Let \ range over the characters of Z* . There is a 
corresponding direct sum decomposition of the representation (4.246) as 

(4.249) (B x HC (p x D T (A,p)). 

Proof. The result simply follows from Proposition 4.97 and the fact 
that the idempotents p x add up to the identity, namely 

(4.250) E^=Id- 

x 

□ 

We now show that the representation of on 

(4.251) £:=HC (p x D(A,p)) 

gives the spectral realization of the zeros of the L- function L x . More pre- 
cisely, we have the following result. 

Theorem 4.99. Let z e Ip be viewed as a character ofHol(Ip) and C z 
be the corresponding one dimensional module. One has 

(4.252) £ Bho!^) C z ± {0} <=> L x (-iz) = 0. 
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Proof. It follows from Proposition 4.89 and (4.235) that all elements 
h of the range of 5 in degree zero have Fourier transform F^h £ S(Ip) that 
vanishes at any z such that L(xo, —iz) = 0. 

Moreover, explicit choices of the test function show that, if we let Lq be 
the complete L-function (with its Archimedean Euler factors), then, for xo 
non-trivial, Lq(xo, —iz) is the Fourier transform of an element of the range 
of 6. 

When xo 1S trivial, the range of 6 contains £(z — |), where £ is the 
Riemann £ function (cf. Chapter 2 above and [255]) 

«<>H(Hr(i + i)*-*-MH 

Thus, we see that, for h in the range of 5 in degree zero, the set Z Xo of 
common zeros of the F^h is given by 

(4.253) Z X0 = {z£lp\ Lq{ Xo , -iz) = 0}. 

Using Proposition 4.77, one then gets the required spectral realization. 
In fact, Proposition 4.77 shows that the Hoi (Ip) -module £ of (4.251) is the 
quotient of S(Ip) by the Hol(/ / 3)-submodule M = {F^h \ h G 5(Ap)}. Let 
z £ Ip with Lq(xoj —iz) = 0. Then the map S(Ip) 3 f t— > f(z) vanishes 
on J\f and yields a non-trivial map of £ C^Hoi^) C 2 to C. Let z £ Ip with 
-k<Q>(xo> —iz) / 0. Any element of £ <8>Hoi(/0) C 2 is of the form / <g) 1, with 
/ G S{Ip). There exists an element £ = g® \ G N such that 5(2;) / 0. Thus, 
we can assume, since we work modulo M, that f{z) = 0. It remains to show 
that / (g) 1 is in S(Ip) ®Ho\(ip) Q?- To see this, one writes /(i) = (t — z) fi(t) 
and one checks that f\ £ S(Ip), while 

/ <g, 1 = (t - z) fi <g> 1 ~ fi <g> (i - z) = 0. 

□ 

5. A cohomological Lefschetz trace formula 

In the previous sections we developed the general formalism of the cool- 
ing map 

7T : Ap^ C(VLp,C v ) 
and the corresponding cyclic morphism 

(Tro7r)^:4^C(^ 

with the distilled A-module D(Ac, V 7 ) given by the cokernel of this morphism. 

In particular, we showed that, in the case of the Bost-Connes endomo- 
tive, the cyclic morphism 

(Tr o ^ : A% T ^ S\Qp) 
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gives the map G; of Chapter 2 §6 (cf. [71]) and gives a spectral realization of 
the zeros of the Riemann zeta function and L- functions with Grossencharak- 
ter from the scaling action of W + on the cyclic homology HCo(p x D T (A, (f )). 

We now show that the case of the Bost-Connes endomotive can be seen 
as a special case of a more general "restriction map" from the adele class 
space Ak/IK* of a global field to the idele class group Ck- The main 
result is a trace formula for the action of Ck on the HCq of the cokernel of 
the corresponding cyclic morphism, which recovers the Weil explicit formula 
and reformulates the RH as a positivity problem (in this context we are not 
working in the Hilbert space setting) . 

5.1. The adele class space of a global field. 

Let I be a global field, that is, either a number field (a finite algebraic 
extension of Q) or a function field (the field F 9 (C) of functions of a smooth 
projective curve over a finite field ¥ q ). Recall that we introduced in 
Chapter 2, Definition 2.45, the adele class space of K as the quotient Xk = 
Ak/K*. It is clear already by what we have seen in the case of Q that this 
quotient is better treated using the methods of noncommutative geometry, 
due to the ergodic nature of the action which makes the ordinary quotient 
ill behaved topologically. This means that we want to describe the ring of 
functions of the space Ak/K* using a noncommutative algebra. The natural 
choice of the algebra is the crossed product 

(4.254) C (A K ) x K* with the smooth subalgebra 5(A K ) x K*. 
Elements of the smooth algebra (4.254) are finite sums 

(4.255) J2^U k , with fk £ S(Ak), 

with the product rule specified by 

(4.256) (U k fU* k )(x)=f(k- 1 x), 

for / G <S(A K ), k £ K*, and x £ A K . 

Consider the groupoid law on C/k = ^* x Ak given by 
(4.257) 

(k, x) o [k 1 , y) = (kk' , y), V/c,fc'eK*, and Vi, j/ S Ak with x = k'y. 

The composition (4.257) is defined whenever the source s(k, x) = x agrees 
with the range r(k', y) = k'y. 

Lemma 4.100. The algebras (4.254) are, respectively, the groupoid C*- 
algebra C*(Gk) and its dense subalgebra <S((7k)- 
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Proof. The product in the groupoid algebra is given by the associative 
convolution product 

(4.258) (/i*/ 2 )(M)= E h(ks- 1 ,8x)f 2 (8,x), 

sew,* 



and the adjoint is given by f*(k,x) = f(k 1 , kx). 

The functions (on the groupoid) associated to / € S(Ak) and are 
given, respectively, by 

f(l,x) = f(x) and f(k,x)=0 \/k + 1 

(4.259) V 7 ^ 
l/ fc (A;,x) = l and U g (k,x) = Vg^k. 

One checks that the convolution product (4.258) gives 

(U k *f*U* k )(l,x) = f(k' 1 x), 

while the algebra isomorphism is obtained by the map, 

(4.260) /* u * ^ 9 € <S(£k) , g(k,x) = f k (kx), V(k,x)eG K . 
fceK 

□ 



5.2. The cyclic module of the adele class space. 

As in §1.2, we can associate to the algebra <S((7k) °f the adele class space 
an object in the category of A-modules. 

We consider the cyclic module S(Qk)^ and the two cyclic morphisms 

(4.261) ej : S(g K )^ C 
given by 

(4.262) e (J2 fkU k ) = h(0) and f k U k ) = f h(x)dx 
and in higher degree by 

(4.263) e)(a° • • • a n ) = ej(a° ■ ■ ■ a n ). 

The morphism E\ is given by integration on Ak with respect to the 
additive Haar measure. This is K* invariant hence it defines a trace on 
S(Qk)- I n the case of K = Q that we discussed in the previous sections, 
we have seen in Lemma 4.88 that this corresponds to the dual trace t v (cf. 
Lemma 4.73) for the KMSi-state ip associated to the time evolution of the 
BC system. The morphism £o here takes into account the fact that we 
are imposing a vanishing condition at G Ar. In fact, the A-module we 
associate to S(Gk) is given by 

(4.264) 5(gK)S:=KereSnKere}. 
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Since the algebra S(Gk) is non-unital our treatment of cyclic modules 
here follows the setting described in §1.3 above (cf. also the analogous situ- 
ation in §4.8). 

Remark 4.101. One can recover the norm \ ■ \ : Ck — ► from the 
range of the cyclic morphism e\ through 

(4.265) f /(7 _1 a;) dx = | 7 | f f(x) dx. 

JA K J A K 

The range of e gives the trivial representation o/Ck- 



5.3. The restriction map to the idele class group. 

Consider the ideles AJ. = GLq(Ak) of K with their natural locally com- 
pact topology induced by the map 

(4.266) Al3g^(g,g- 1 ). 

We can see the idele class group Ck = Aj^/K* as a subspace of the adele 
class space in the following way. 

Lemma 4.102. The pairs (k,x) G Gk such that x G A^ form a full 
subgroupoid of Qk which is isomorphic to K* X A^. 

Proof. Elements of Ar whose orbit under the K* action contains an 
idele are also ideles. Thus, we obtain a groupoid that is a full subcategory 
of Qk- □ 

This implies the existence of a restriction map. Consider the map 

(4.267) p : S(A K ) sf» /| A . . 

We denote by C p (Aj^) C C(A^) the range of p. 

Corollary 4.103. The restriction map p of (4.267) extends to an al- 
gebra homomorphism 

(4.268) p:S(g K )^C p (A^)xK*. 

PROOF. The map (4.267) induced by the inclusion Aj^ C Ar is contin- 
uous and K* equivariant, hence the map 

p(^2f k U k )= £ p{f k )U k 

keK* keK* 

is an algebra homomorphism. □ 

The action of K* on Aj^ is free and proper so that we have an equivalence 
of the locally compact groupoids K* x A^ and Ag/K* = Ck- We use the 
exact sequence of locally compact groups 

(4.269) 1 K* -► A* K C K 1 
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to parameterize the orbits of K* as the fibers p 1 (x) for x £ Ck- By con- 
struction the Hilbert spaces 

(4.270) n x = e 2 ( P -\x)) , Mx £ Ck 

form a continuous field of Hilbert spaces over Cr. We let C l (TL x ) be the 
Banach algebra of trace class operators in H x . These form a continuous field 
over C K . 

Proposition 4.104. The restriction map p of (4.267) extends to an 
algebra homomorphism 

(4.271) p:S(G K )^C(C^C\H x )). 

Proof. Each p~ l (x) is globally invariant under the action of W so the 
crossed product rules in Cp(Aj^) x K* are just multiplication of operators in 
TL X . To show that the obtained operators are in C 1 we just need to consider 
monomials fkUk- In that case the only non-zero matrix elements correspond 
to k = xy^ 1 . It is enough to show that, for any / G <S(Ak), the function 
k i ^ f(k b) is summable. This follows from the discreteness of bK C Ajj and 
the construction of the Bruhat-Schwartz space <S(Ak), cf. [71]. In fact the 
associated operator is of finite rank when / has compact support. In the 
general case the summability of the function k *— > f(kb) follows as in the 
proof of Lemma 2.51 of Chapter 2. □ 

In general the exact sequence (4.269) does not split and one does not 
have a natural Cg-equi variant trivialization of the continuous field 7i x . Thus 
it is important in the general case to keep the nuance between the algebras 
C(C K ,/: 1 (^)) and C(C K ). We shall first deal with the special case K = Q 
in which this issue does not arise. 

5.4. The Morita equivalence and cokernel for K = Q. 

The exact sequence (4.269) splits for K = Q and admits a natural contin- 
uous section which corresponds to the open and closed fundamental domain 
Aq = TL* x R*^ C Aq for the action of Q* on ideles. This allows one to 
construct a cyclic morphism between the cyclic module associated to the 
algebra C p (Aq) x Q* and a suitable algebra C p (Cq) of functions on Cq. 

Lemma 4.105. The composition dq o eQ of the maps 

(4.272) e Q : (k, hb) i-> (b, (k, h)) and dq(k, h) = (kh, h), 

with b 6 Aq and k,h £ Q* , gives an isomorphism of the locally compact 
groupoids 

(4.273) Q* x A^ ~ A Q x Q* x <Q>*. 

PROOF. The map eQ realizes an isomorphism between the locally com- 
pact groupoids 

Q* x Aq ~ Aq x (<Q>* x Q*), 
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where Q* ix Q* is the groupoid of the action of Q* on itself by multiplication. 
The latter is isomorphic to the trivial groupoid Q* x Q* via the map dq. □ 

We then have the following result. 

Proposition 4.106. The map 

(4.274) Y^fkUk^ M b (x,y) = f xy -i(xb), 

for x,y G Q* with k = xy~ l and b G Aq ; defines an algebra homomorphism 

to the algebra of matrix-valued functions on Aq. For any f G S(Gq) the 
element Mb obtained in this way is of trace class. 

Proof. We use the groupoid isomorphism (4.272) to write k = xy^ 1 
and khb = xb, for x = kh and y = h. The second statement follows from 
Proposition 4.104. □ 

Definition 4.107. In the number field case, the "strong Schwartz space" 
is defined as 

(4.275) s(c K ) = rv 6M/ As(c K ), 

where fi G C(Ck) «s the module morphism from Ck to /n i/ie function 
field case we let S (Ck) be the space of Schwartz functions with compact 
support. 

Let 7T be the composition of the restriction map p of (4.268) with the 
algebra morphism (4.274). Since the trace Tr on M^C) gives a cyclic 
morphism one can use this to obtain a morphism of cyclic modules (Tr 071")^, 
which we now describe explicitly. 

PROPOSITION 4.108. The map Tr o it defines a morphism (Tr o ir)^ of 
cyclic modules from S(Qq)q to the cyclic submodule S^(Cq) C C(Cq) 1 ' whose 
elements are continuous functions whose restriction to the main diagonal 
belongs to S (Cq). 

Proof. By Proposition 4.106 the map n is an algebra homomorphism 
from S(Qq) to C(Aq,C 1 ) ~ (^(Cq,^ 1 ). We need to show that the corre- 
sponding cyclic morphism using Tr^ lands in the cyclic submodule S^Cq). 

For simplicity we can just restrict to the case of monomials, where we 
consider elements of the form 

(4.276) Z = f k0 U k0 ® f kl U kl ® ■ ■ • ® f kn U kn . 

The matrix valued functions associated to the monomials f k . U kj as in 
Proposition 4.106 have matrix elements at a point b G Aq that are nonzero 
only for Xj+i = Xjk~ l and are of the form 

(4.277) f k . U kj ^ M b (xj,x j+1 ) = f kj (xjb). 
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Composing with the cyclic morphism Tr* gives 

(4.278) (Tro7r)"(Z)(6o,6i,--- ,b n ) = J] JjM 6 .(x j ,ar J -+i) 

where the Xj G K* and x n +i = xo- Let 70 = 1 and Jj+i = kjjj. Then we 
find that (Tr o ^(Z) = 0, unless f] • kj = 1, i.e. "f n +i = 1- In this case we 
obtain 

n 

(4.279) Tro7r(Z)(6o,6i,...,6n)= EII^^" 1 ^)' V6 i G A Q" 
When restricted to the main diagonal 6j = 6 this gives 

n 

(4.280) Troir(Z)(b,b,--- ,b)=J2Hf*M lkb )> V6 G Aq , 

fcGQ* j=0 

For n = the formula (4.279) reduces to the form 

n 

(4.281) S(/)(6) = J2 f( kb ^ V6 G Aq, / = J] / fc . [7 fej . 

fceQ* i=o 

One has / G 5(Aq)o (where 5(Aq)o = Kereo H Kerei C <S(Aq)) since 
£j(Z) = 0. Then S(/) is an element of S (Cq), by Lemma 2.51 of Chapter 
2. In general, (4.279) gives a continuous function of n + 1 variables on Cq, 
and its restriction to the main diagonal belongs to S (Cq). □ 

Since the category of cyclic modules is an abelian category, we can 
consider the cokernel in the category of A-modules of the cyclic morphism 
(Tro-7r)^, with ir the composite of (4.268) and (4.274). This works nicely for 
K = Q but makes use of the splitting of the exact sequence (4.269). 

5.5. The cokernel of p for general global fields. 

To handle the general case in a canonical manner one just needs to work 
directly with C(Cr, C^iTLx)) instead of C(Ck) and express at that level the 
decay condition of the restrictions to the diagonal in the cyclic submodule 
S ''(Cq) of Proposition 4.108. 

Definition 4.109. We define S \Ck, ^(Hx)) to be the cyclic submod- 
ule of the cyclic module C(Ck, £}{Ji.^)p, whose elements are continuous 
functions such that the trace of the restriction to the main diagonal belongs 
to S(C K ). 

Note that for T G C{C^C 1 {H X ))^ of degree n, T(xq, . . . ,x n ) is an op- 
erator in H Xo <8> ■ ■ ■ <8> T~ix n - Cm the diagonal, Xj = x for all j, the trace map 
corresponding to Tr* is given by 

(4.282) Tr* (T T x <g> • • • <g> T n ) = Tr (T T x ■ ■ ■ T n ) . 

This makes sense since on the diagonal all the Hilbert spaces H Xj are the 
same. 
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The argument of Proposition 4.108 extends to the general case and shows 
that the cyclic morphism p^ of the restriction map p lands in S ''(Ck, >C 1 ('H X )). 

Definition 4.110. We define H 1 (A K /K* ,C K ) to be the cokernel of the 
cyclic morphism 

■ S(G K )l^S\C K ,C\H x )) 

Moreover, an important issue arises, since the ranges of continuous linear 
maps are not necessarily closed subspaces. In order to preserve the duality 
between cyclic homology and cyclic cohomology we shall define the cokernel 
of a cyclic map T : A^ — > B^ as the quotient of B^ by the closure of the range 
of T. In a dual manner, the kernel of the transposed map is 
automatically closed and is the dual of the above. 

The choice of the notation H}{A^/W , Ck) is explained by the fact that 
we consider this a first cohomology group, in the sense that it is a cokernel 
in a sequence of cyclic homology groups for the inclusion of the idele class 
group in the adele class space (dually for the restriction map of algebras), 
hence we can think of it as giving rise to an H 1 in the relative cohomology 
sequence of an inclusion of Ck in the noncommutative space Ar/K*. 

When we discussed the cooling and distillation in §4.8 we introduced 
the cokernel D(Ac,f) of the cooling map in the abelian category of cyclic 
modules and its cyclic homology HCo(D(Ac,f))- We now proceed in a 
similar manner, using the description of [65] of cyclic (co)homology in terms 
of derived functors in the category of cylic modules, as in §1.4 above, and 
write the cyclic homology as 

(4.283) HC n {A) = Tor n (C^). 

Thus, we obtain a cohomological realization of the cyclic module 

WHAk/K'.Ck) 

by setting 

(4.284) H\k ¥ J^\C K ) :=ToT{C\n\k K /^,C ¥ )). 

As we observed before, we think of this as an H 1 because of its role as a 
relative term in a cohomology exact sequence of the pair (Ak/K*, Ck). 

We now show that ^(Ak/K*, Ck) carries an action of Ck, which we 
can view as the abelianization W^ 3 ~ Ck of the Weil group. This action 
is induced by the multiplicative action of Ck on Ak/K* and on itself. This 
generalizes to global fields the action of Cq = IT x on HCo(D(A,tp)) 
for the Bost-Connes endomotive. 

Proposition 4.111. The cyclic modules S(Gk)o and S I '(Ck,>C 1 (Hx)) 
are endowed with an action of AJj and the morphism p^ is A^-equivariant. 
This induces an action of Ck on ^(Ar/IK*, Ck)- 
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PROOF. For 7 G Ajj^ one defines an action by automorphisms of the 
algebra A = S(Qk) by setting 

(4.285) 0a(7)(/)O«O := /(7 -1 a0, for / G <S(A K ), 

(4.286) a ( 7 )( ^ A C/ fe ) := ^ tf a ( 7 )(A) £4 • 

feeK* fceK* 
This action is inner for 76I* and induces an outer action 

(4.287) C K 0ut(5(gR)) . 

Similarly, the continuous field 7i x = £ 2 (p~ 1 (x)) over Ck is Ajjj-equivariant 
for the action of Aj^ on Ck by translations, and the equality 

(4.288) (V(j)0(y) ■= £(7 _1 y), v y g p- x (7^) , £ e ^ W)) , 

V(7) 

defines an isomorphism 7^ — ► One obtains then an action of Aj^ on 

C{C K ,£ l {H x )) by setting 

(4.289) i? m ( 7 )(/)(x) := Vfr) f^ 1 x) V^ 1 ), V/ G C(C K , ^(W*)) • 

The morphism p is Aj^-equi variant, so that one obtains an induced action 
on the cokernel H 1 (A^/K* , C^) . This action is inner for 7 G K* and thus 
induces an action of Ck on ^(A^/K* , Ck). □ 

We denote by 

(4.290) Ck 3 7 - #m(7) 
the induced action on ^(Ak/IK*, Ck). 

One obtains a corresponding decomposition of H 1 (A^/K* , Ck) accord- 
ing to projectors associated to characters of Ck,i, as we saw in Proposition 
4.97 for the BC endomotive. We obtain in this way the following decompo- 
sition. 

Proposition 4.112. Characters x £ Cfc,i determine a canonical direct 
sum decomposition 

H\A K /K*,C K ) = tfi(A K /K*,C K ) 

(4.291) x K>1 

H^A K /K*, C K ) = {CI 4(7) £ = X(7) £, V7 G C K ,i}. 

where $ m ( 7 ) denotes the induced action (4.290) on ^(A^/K*, Ck)- 

Proof. The action of Aj^ on W 1 (Ak/IK*, Ck) induces a corresponding 
action of C K on i? 1 (A K /K* , C K ) . □ 

The same argument we described in §4.10 above for the distillation of 
the BC endomotive applies in this context and gives the following result. 

Proposition 4.113. The induced representation of Ck on 
H^Ak/K* , Ck) gives the spectral realization of the zeros of the L-function 
with x as Grossencharakter. 
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This result is a variant of Corollary 2 of [71] . There is a crucial difference 
from [71] in that all zeros (including those not located on the critical line) 
now appear due to the choice of the function spaces. To see what happens it 
is simpler to deal with the dual spaces, i.e. to compute the cyclic cohomology 
HC°. Its elements are cyclic morphisms T from 7Y 1 (Ak/IK*, Ck) to and 
they are determined by the map T° in degree 0. The cyclic morphism prop- 
erty then shows that T° defines a trace on S \Ck, ^(Tix)) which vanishes 
on the range of (r . The freeness of the action of K* on Aj^ then ensures that 
these traces are given by continuous linear forms on S (Ck) which vanish on 
the following subspace of S (Ck) which is the range of the restriction map, 
defined as follows. 

Definition 4.114. Let V C S (Ck) denote the range of the map Tr o p, 

i.e. 

(4.292) V = {h e S (C K )| h(x) = £(M> with Z e <S(A K )o}, 

keK* 

where 5(Ak)o = Kereo HKerei C <S(Ak). 

We have seen above in the case K = Q that the range of Tr o p is 
indeed contained in S(Ck). The general case follows from Lemma 2.51 of 
Chapter 2. Moreover, we have the following results about the action i? m (7), 
for 7 G Ck, on i/ 1 (Ak/K* , Ck). Suppose given / G S(Ck). We define a 
corresponding operator 

(4.293) ^m(/)= / /(7)^m(7)d* 7 , 

acting on the complex vector space -^(Ar/IK*, Ck). Here d*j is the mul- 
tiplicative Haar measure on Ck- We have the following description of the 
action of $ m (/)- 

Lemma 4.115. For f S S(Ck), the action of the operator $ m (/) of 

(4.293) on ^(A-^/K* , Ck) is the action induced on the quotient of S (Ck) 
by V C S (Ck) of the action o/i? m (/) on S (Ck) by convolution product 

(4.294) m (/)£(«) = / e(5"M/(5)d*5 = (/*6(«)- 

PROOF. One first shows that one can lift / to a function / on Aj^ such 

that 

]T f{kx) = f(x) 

keK* 

and that convolution by /, i.e. 

J f( 7 )U7)d*7 

leaves S(Q^) globally invariant. This means showing that that 5(Ak)o is 
stable under convolution by the lift of S (Ck). Then (4.294) follows directly 
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from the definition of the actions (4.289), (4.286), (4.290) and the operator 
(4.293). □ 

For / G S (Cr) and x the extension of a character \ G Ck,i to Ck as in 
Chapter 2 §8.3, we consider the Fourier transform (Chapter 2, (2.298)) 

(4.295) f(x,p)= I f{u)x{u)\u\»d*u. 

We let N 1 - := {z G C| X z = 1, VA G iV} as in Chapter 2, Definition 2.38, 
(2.300). 

The operators $ m (/) of (4.293) have the following properties, [75], which 
give the spectral side of the trace formula. 

Theorem 4.116. For any f 6 S(Ck), the operator $ m (f) defined in 
(4.293) acting on H 1 (A^/K* , Ck) is of trace class. The trace is given by 

(4.296) Tr(0 m (f)\H 1 (A K /K*,C K )) = £ /(x,p), 

P eC/A^|L(x,p)=0 

wi/i f(x,p) the Fourier transform (4.295). 

In the function field case the decomposition (4.291) of Proposition 4.112 
splits H 1 as a direct sum of finite dimensional spaces and there is no tech- 
nical difficulty in proving Theorem 4.116. Thus we shall concentrate on the 
number field case, and our goal will be to exhibit a tractable decomposition 
of H 1 as a direct sum of finite dimensional spaces. This will be done by 
constructing, for each character x £ Ck,i, a tempered sequence of idempo- 
tents U(N) for N G Z which split H*(A K /K*,C K ) as a direct sum of finite 
dimensional spaces. 

For definiteness we handle the case K = Q, with the trivial character 
X £ Cq 5 i, but the arguments apply in general. 

We let / be a vertical strip of bounded width containing {z\ $t(z) G 
[—1,2]}. We need to remove the pole and the trivial zeros of the zeta function 
without altering the polynomial growth of both |C(^)| and l/|C(z)| on the 
boundary dl. This is simply obtained by defining 

(4.297) 0(z) = (z-l) H (z + 2n)- 1 az). 

neN,-2ne/ 

We let Zq be the set (with multiplicity) of non-trivial zeros of C{ z )- 

Lemma 4.117. The following conditions are equivalent for f G S{I), 

(1) For any z$ G of order n one has f(z) = 0(z — zo) n . 

(2) There exists h G S(I) with f = (jh. 

(3) The function f belongs to the closure of the range ofS in S(I). 

Proof. (1) =^ (2). The function h = f/(j is holomorphic and is of 
rapid decay on the boundary dl of the strip since the function 1/Ci is of 
tempered growth on dl. 
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(2) =>• (3). By Lemma 2.50 of Chapter 2, the range of XI contains all 
functions of the form 

(4.298) C(*)Aoo(z)(fc) = C(*) [ k(x)\x\ z d*x, 

where k G <S(M) is an even function with k(0) = J k(x)dx = 0. By Propo- 
sition 2.24 of Chapter 2 §6.1 we can find, for any complex numbers ctj G C 
an element 5 of the range of X! such that g(—2j) = a,j for all j £ N with 
— 2j G I. Using this we can assume that the given function / G S(I) van- 
ishes at all these points and hence is of the form / = Qh with h(l) = 0. 
Thus it is enough to approximate h by functions of the form 



/ 



k(x)\x\ z d*x 



where k G S(R) is an even function with J k(x)dx = and k(x) = 0(x n+1 ) 
for x — > for all n G N with — n G /. 

(3) =>■ (1). This follows from Lemma 2.52 of Chapter 2, and the conti- 
nuity of the map from S(I) to the jet of a function at a point of Z^. □ 

We let J C S(I) be defined by the equivalent conditions of Lemma 4.117. 
It is a closed ideal by construction. 

Given a subset Z of / with multiplicity and a holomorphic function / 
on I we denote for each p G Z of multiplicity n p > by f^ np \p) the jet of 
/ up to 0(2 — p) Wp . The evaluation map on Z is defined by 

(4.299) S (I)3f^f\ z = (f^\p)) peZ . 

We let ~ O be the space of dimension n p of jets of order n p . 

Corollary 4.118. TTie evaluation on Z^ defines an injective map from 
the cokernel H 1 to the space of sequences 

peZ c ^ g{p) G 

Proof. The restriction map is well defined and, by Lemma 4.117, its 
kernel coincides with the closure of the range of XI in S(I). □ 

Definition 4.119. For any A G C \ {1}, £/(A) ^ we let 

(4.300) flA(2) =_!_(!_!!£) 

This function is regular at z = A and will play the role of the resolvent. 

Lemma 4.120. Let A G C, C/(A) / 0. 

(1) The multiplication by R\ agrees with the resolvent modulo the 
ideal generated by £/. 

(2) The multiplication by R\ is a multiplier ofS(I) preserving the ideal 
JcS(I). 

(3) Its size is controlled by j^vj]"- 
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Proof. (1) One has 

*M(A-.)-l-§$ 

and the second term belongs to the ideal generated by £/. 

(2) The function R\ is regular at z = A since it is of the form 

(4 , 01) * A(2) ._i_o(4^). 

It is holomorphic in the same strip as Ci{z) and its growth is tempered since 
this is the case for (i(z). Using the characterization of J given by Lemma 
4.117 (1), one gets that multiplication by R\ preserves J. 

(3) Using (4.300) one gets that the size of R\(z) on the boundary of a 
strip at distance > 1 of A is controlled by 

(4.302) \R x (z)\ < 1+ |C/(Z)I 



IC/(A)| • 

□ 

Lemma 4.121. Let N £ N and Z C 6* 1 = {z G C | \z\ = 1} a subset 
(with multiplicity) of cardinality N. Then there exists z £ S 1 such that 

(4.303) p{z) = ]J \z- A| > 1. 

xez 

One has, for c > log 2, 

(4.304) p(z) > 2 N e~ cN . 
except on a set of probability measure < l2£2_ 

Proof. One has (cf. [258] Lemma 15.17) 

(4.305) ±- l log|z-A|- = 0, 

2tt J s i z 

thus the average value of the function log p(z) is and since it is not constant 
it must assume a positive value, which gives the first statement. 

The function f(z) = — log p(z)+N log 2 is positive since 2 is the diameter 
of S 1 . Its integral is A^log2 and thus the measure of E c = {z G 6* 1 | f(z) > 
cN} is at most N ^f 2 = ^f^. On the complement of E c one has 

-logp(z) + iVlog2 < cN and log p(z) > N log 2 - cN. 

□ 

Lemma 4.122. Let N e N and Z c {z G C | |K(z)| < 1, \%(z)\ < §} 
a subset (with multiplicity) of cardinality N. Then there exists a G (— |, ^) 
such that 

(4.306) JJ |z - A| > (37r) -JV , Vz , 3(z) = a. 
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Proof. One has \z — A| > — 9(A) |, thus it is enough to show that 
there exists a G (— |, |) such that 

(4.307) r{a)= T\ \a - s\ > (3tt)~ n . 

The rescaled projection Z' = §9(Z) is a subset (with multiplicity) of [—1, 1] 
and has cardinality N. By the second part of Lemma 4.121 for c = 2 log 2, 
there exists (5 G (— |, |) such that 

J-J | e i^_ e * w «| > 2 - Jv . 

se|9;(z) 

The inequality 

| e «r/J_ e «w| ^^.^ 

which follows from |2 sin(7rw/2) | < 7r|it| gives 

n \p- s \>{2k)- n 

Taking a = §/? one gets (4.307). □ 
For each Telwe let 

(4.308) Z c (T) = {peZ i: \ |3(p)-T| <1}. 
By [240] Corollary 3.4, one has 

(4.309) Card Z C (T) = 0(log|T|) , \T\ oo . 
Let then C < oo be such that 

(4.310) Card Z C (T) < C(l + log+ |T|) , VTgl. 

Lemma 4.123. For any B£t, |£| > 2, t/iere exists Tel, |T-£| < | 
such that 

(4.311) g(z):= \z - p\> {M)' c \T\~ CXo ^ , 

P ez c (T) 

for all z with = T and — \ < ^t(z) < |. 
Proof. Let 

2 1 

Z 1 = {p G Z c \ \$$(p) -E\ < -} and Z = Z x - z.E - -. 

We let N be the cardinality of Z. By construction Z is a subset (with 
multiplicity) of {z G C | |»(z)| < 1, |9f(z)| < §}. By Lemma 4.122, there 
exists a G (— |, |) such that 

V[ \z - \\ > {3ir)- N , W, 3(z) = a, |»(z)| < 1. 
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Let T = a + E. One gets 

(4.312) J] \z- P \>$*)- N , 

for all z with = T and —\< < §. 

One has Zi C Z^(T) since |T - E\ < | and hence 

|3(p)-£| < ^|3f(p)-T| <1. 

Moreover for any element p G Z^(T) \ Zi one has — -E| > |, hence 

— T| > |. This, combined with (4.312), gives 

(4.313) Yl \z-p\> (37rr CardZ c( r ) , 
P ez c (T) 

for all z with = T and — | < < §. 

Using (4.310) then gives the required inequality (4.311). □ 

Now by [240] Theorem 3.3, there exists C < oo such that for any 
TeE, |T| > 1 one has 

(4.314) \t'(z)/((z)- Yl (s-pr^Ca + loglTl), 

P ez c (T) 

for all z with 9(z) = T and —\< < §. 

The absolute convergence of the Euler product gives Ci < oo such that 

(4.315) | log |C(3/2 + «T)|| < Ci , VT G R . 
We then let C2 be given by 

(4.316) C 2 = C log 2 + 2C" + d , 
which implies 

(4.317) (Clog2 + 2C ,, )(l+log|T|) + Ci < C 2 (l + log |T|) , 

for all T with |T| > 1. 

We let C3 < 00 be given by 

(4.318) C 3 = (Clog(3w) + C 2 ). 



Lemma 4.124. For any E G R, \E\ > 2, there exists T G R, with 
\T - E\ < |, suc/i that 

(4.319) |C(^)|>e- C3 |T|- c 3, 
/or a// z with = T and -\ < < |. 



5. A COHOMOLOGICAL LEFSCHETZ TRACE FORMULA 



665 




Figure 2. Contour 7^ 



Proof. We take T fulfilling the conclusion of Lemma 4.123. Take z 
with = T and -\ < < §. The horizontal segment [z,3/2 + zT] 
does not meet Z^. Integrating the inequality (4.314) along the segment, and 
taking the real part, gives (with q{z) as in (4.311)) 

|(Klog C(«)- log log C(3/2 + iT)- log 9(3/2 + »T))| 

(4.320) 

< 2C"(1 + log \T\) . 



Now one has 
and 

which gives 
(4.321) 



q(3/2 + iT)= 11 \3/2 + iT-p\ 

P eZ ( (T) 

2 -CardZ c (T) < ^3/3 + ^) < 2 CardZ <( T ) 



(4.322) 



I log q(3/2 + iT) I < Clog2(l+log|T|). 
It then follows from (4.320) that 

|(KlogC(z)-log9(z))| < (Clog2 + 2C")(l+log|T|) + C 1 

< C 2 (l + log \T\) . 
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We thus get using (4.311) that 

KlogC(^) > logq(z) - C 2 (l + log \T\) > -(Clog(37r) + C 2 )(l + log \T\) 
which gives the required inequality (4.319). □ 

We now fix a sequence of real numbers TV, N G Z, |iV| > 1, such that 

(1) For all iV one has |Tjv - JV| < |. 

(2) The inequality (4.319) holds for all T N . 

We then define operators H{N) as 

(4.323) n(AT) = -L f Rxd \, 

2m J 1N 

where 7at, for N > 1, is the rectangular contour (cf. Figure 2) with vertices 
at the four points 

13 3 1 

{-^+iT N , -+iT N , -+iT N+ i, -- + iT N+1 }. 

For N < —1 we let 7^ be the rectangular contour with vertices at the four 
points 

{-T^+iTN-i, t^ + iTn-i, ^+iT N , -^ + iT N }, 
while 70 has vertices 

r 1 3 3 1 



Lemma 4.125. The operators Tl(N) acting on H 1 have the following 
properties. 

(1) Each U(N) is an idempotent: Ii{N) 2 = U(N). 

(2) The sequence H(N) is of tempered growth. 

(3) The rank ofU(N) is 0(log \N\) for \N\ 00. 

(4) For any / G 5(1) i/ie sequence fH(N) is of rapid decay and 

(4.324) ^/II(iV) = / mod J. 

z 

Proof. (1) By Lemma 4.120 the multiplication by R\ agrees with the 
resolvent modulo the ideal J generated by (j. In particular, one gets 
the identity modulo J 

(4.325) R x R x , ~ (A' - A)" 1 ^ - Ry) , VA , A' £ Z , 
using 

(z - A)P(z - A') G J , P = F A i? v - (A' - A)" 1 (R x - R y ) , 
so that P G J, using P ~ R\(z — X)P(z — X')Ry modulo J. 
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Since R\ is a holomorphic function of A ^ Z, one can replace the contour 
7at used in (4.323) by a slightly smaller concentric rectangular path. Then 



J IN J l' N 

~ m& I \ (X-X)-HR\-Rx>)d\d\' 



'In J 1 N 
which gives n(JV), using 

f (X' - X)- 1 dX' = , f (X' - X)- 1 dX = -2iri . 

J~(' N J In 

(2) By Lemma 4.120, the size of R\ is controlled by ' so that the 
size of Il(iV) is controlled by sup 7jv ii. Using (4.297) one can, in order 
to show that this sequence is of tempered growth, replace (j by £ so that we 
need to estimate sup 7Ar ww- Thus we get the result, using the inequality 
(4.319) which holds for the horizontal part of 7jv. On the vertical part one 
uses the bound (4.315) for A = | + is and 

\c(-\+is)\ = \a-\ - w) 1 = lal+is^inl+i^/n-l-z^i, 

which follows from the functional equation. Since 

1— .,-3 5,,„, 1 S , 1 ,„,3 S . , 1 S , 1 1 1 5. 

r - + i- )/r( »-) = r(- + t-)/r( — +»-) = -- + *-, 

1 v 4 2 7/ v 4 2 71 1 v 4 2 7/ v 4 2 71 1 4 2 1 
one gets that sup 7jv j^yy has tempered growth and the same holds for 

su P7iv IC7IA7I and for U ( N )- 

(3) The equality (4.323) defines a function U(N)(z). Let z £ Z^ be 
a zero of zeta of order n > 0. The Taylor expansion of (i(z) at z = zq is 
0(z — zo) n . Thus (4.300) shows that, for A £ 7at, the Taylor expansion of 
R\(z) at z = zq agrees with that of (A — z)^ 1 up to order n, i.e. 

R x (z)-^— = 0(z-zo) n . 

A — Z 

Thus one gets 

(4 . 326) mw-^/^*-* 

while 

(4.327) -1- / -^dAJ! |° rZ in f de , ™' 
27U J lN X - z y tor z outside 7at. 

Thus, by Corollary 4.118, we get that in H 1 the operator H(N) is the pro- 
jection on the subset of zeros inside 7^. Since the cardinality of this set 
(with multiplicity) is O(logiV) one gets the desired result. 

(4) The equality (4.326) is unaltered if we replace the function Q( z ) m 
the construction of R\ by a function h £ J with the same zeros. Thus we 
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obtain the same operator n(iV) on H 1 after the replacement Ci h. For 
each N we take 

h N (z) = e^^ 2 d(z) 
and use instead of Ci so that the formula (4.323) becomes 



(4.328) 




Note that the lower bound on |0(A)| for A 6 7tv gives a similar lower bound 
on fojv(A) since |A — iN\ < 4 for A G 7at- Moreover, for z outside of the 
rectangle bounded by 7jv, the integral of vanishes and (4.328) gives 

v ' 2m J 1N (X-z)h N (X) 
We thus get an estimate of the form 

(4.329) \U(N)(z)\<CN k (l + \z\) k e-^ iz) - N)2 , Vz€/, 

where the constant C < oo and the integer k are independent of N. Let 
then / G S(-T). One has, for any m, a constant C m such that |/(z)| < 
C m (1 + |z|)" m , Vz G /. We thus get 

\f(z)U(N)(z)\ <CC m N k (l + \z\) k - m e-^ {z) - N)2 , \fz e I . 

Using, for q > 0, the inequality 

sup (1 + \z\y q e-^-^ 2 < (1 + N/2)~ q , ViV > 2g , 

one gets that the sequence p(/Il(A r )) is of rapid decay for any of the semi- 
norms p defining the topology of S(I), which can be taken explicitly of the 
form 

m ^ 

(4.330) p k , m (f) = Y,~, sup(l + \z\) k \d n f{z)\ . 

o n - 1 

The equality (4.324), valid modulo J, then follows from Corollary 4.118. □ 

Proof, of Theorem 4.116. The seminorms (4.330) are submultiplica- 
tive, i.e. 

(4.331) Pk,m(fg)<Pk, m (f)pk,m(g), Vf,g- 

Fixing (k, m) we get that the operator of multiplication by / in H 1 is the 
convergent sum of the operators of multiplication by /II(iV), where the 
sequence of rapid decay pk tm (fH(N)) controls the operator norm of fIL(N). 
The existence of Auerbach basis in finite dimensional Banach spaces implies 
the inequality N±(A) < rank^4||v4|| for the nuclear norm N\(A) of a finite 
rank operator A in a Banach space in terms of its operator norm ||^4||. Thus 
part 3 of Lemma 4.125 then shows that the sum (4.324) converges in the 
nuclear norm. It follows, writing / as the product of two elements of S(I), 
that the operator of multiplication by / is a binuclear operator (a product of 
two nuclear operators) so that its trace is well defined. The trace is obtained 
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as the sum of the traces of the finite rank operators fH(N). For each N 
the evaluation map (4.299) gives a surjection from S(I) to 

© C (np) , p £ Z{ , p inside 7jv 

where, as above, n p is the multiplicity of p and C ( -' lp * ) ~ C" p is the space of 
dimension n p of jets of order n p . The trace of the operator of multiplication 
by / acting on jets of order n p is n p f(p) since the matrix of the operator is 
triangular in the basis (z — p) k , with diagonal entries equal to f(p). Thus 
the trace of the finite rank operators / H(N) is 

Tr(/II(A0)= n P^P)- 

p inside 7jv 

This shows that for any of the seminorms Pk, m the operator of multiplication 
by / is a binuclear operator with trace given by 

Tr(f)=J2 n p f(p). 

P ez c 

Applying this result to the Fourier transform f(l,z) gives the expected 
formula (4.296). □ 

Remark 4.126. The map (8 considered in Chapter 2 involves a slightly 
different normalization than the map 5] considered here. This depended 
on the fact that, in working in the Hilbert space context, the result of the 
summation on K* was then multiplied by |x| 1//2 (cf. [71]). 

This introduces a shift of \ in the spectrum, using the following relation 
between the Fourier transforms 

(4.332) £(f)(x,p) = m)(x,P+l) 
where as above 

(4.333) HX,P)= ! h{u)x{u)\u\Pd*u. 

Jc K 

One has <£ = A 1 / 2 ^; where A z (f)(g) = \g\ z f{g) is defined for any z € C (cf. 
(4.350) below) so that A 1 / 2 relates the two different normalizations. Note 
that the representations # m (7) are then related by 

(4.334) ^(^ = 171-^(7), 

so that, at the formal level, the trace computation of Corollary 2.48 corre- 
sponds to that of Theorem 4.116. Indeed, from (4.334) we have 

(4.335) 1%(f)= f /( 7 ) ^(7)^*7 = A" 1 / 2 / %)<( 7 )^A 1/2 , 
where 

(4.336) h{ 1 )= | 7 | 1/2 /(7). 
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Thus, an equality of the form 
(4.337) Tr0*(h)= £ h{x,p) 

peC/N±\L(x,l+ P )=0 

corresponds to (4.296). Indeed, the Fourier transform h(x, p) satisfies 
Hx,p)= / h(u)x(u)\u\ p d*u 

(4338) = / f{u)x{u)\u\» +1 l 2 d*u 

= /(x,l/2 + p), 

where h and / are related as in (4.336). Thus, the shift by 1/2 in (4.337) is 
absorbed in (4.338) and this gives (4.296). 



5.6. Trace pairing and vanishing. 

The commutativity of the convolution product implies the following van- 
ishing result. 

Lemma 4.127. Suppose given an element f £ V C S (Ck), where V is 
the range of the reduction map as in Definition 4.114. Then one has 

(4-339) tf m (/)lifi(A K /K*A0=0. 

Proof. By Lemma 4.115, convolution by S (Ck) leaves V invariant, 
i.e. 5(Ak)o is stable under convolution by S(Ck). The result follows by 
showing that, for / G V, the operator ?? m (/) maps any element £ G S (Ck) 
to an element in V, and therefore the induced map on the quotient of S (Ck) 
by V is trivial. Since V is a submodule of S (Ck) for the action of S (Ck) by 
convolution we obtain 

where * is the convolution product of (4.294). □ 

This makes it possible to define a trace pairing as follows. 

Remark 4.128. The pairing 
(4.340) /i®/ 2 ~</i,/2>tfi :=Tr(^ m (/ 1 */ 2 )|^ 1 (A K /IK*,CK)) 

descends to a well-defined pairing on ^(A^/K* , Ck) <8> .H' 1 (Ak/IK*, Ck). 
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5.7. Weil's explicit formula as a trace formula. 

The fact that we do not work here with Hilbert spaces means, in par- 
ticular, that we do not have the restriction of unitarity in the setting of 
Theorem 4.116. Thus, we will be able to obtain a trace formula which is 
not only semilocal as in [71] . The RH will then be equivalent to a positivity 
statement. This is similar to what happens in [224], except that here we 
formulate the trace formula in a cohomological version, which is closer to 
what happens in the classical setting with the action of Frobenius on etale 
cohomology. 

We first introduce some preliminary notation. For a local field K = K„, 
one can choose an additive character ex, in the following way: 

• e M (x) = e- 27rix , for all x G R, 

• e c (z) = e ~ 27Ti( - z+z \ for all z G C 

• If K is a non- Archimedean local field with maximal compact sub- 
ring O, then the character ex fulfills Kerex = O. 

Suppose given a non-trivial character a of the additive group Ak, which 
is trivial on K C Ar. We write 

(4.341) a = Yl a v, 

for the decomposition of a as a product of its restrictions to the local fields 
at v = a\K v - 

The notion of a differental idele (cf. [294] Def. VII-2-4) extends the 
notion of the canonical class for an algebraic curve C, from the setting of 
function fields ¥ q (C) to arbitrary global fields K (cf. also §6 below for the 
role of the canonical class in the function fields case) . 

Definition 4.129. An idele a = (a v ) G A^ is called a differental idele 

if, for every place v G Sk> it satisfies 

(4.342) a v (x) = e Kv (a v x), \/x£K v 
In other words (4.342) means that we have 

(4.343) a(x) = ( ]J e Kv )(ax), Vx G A K . 

We recall also (cf. [294] Proposition VII-2-6) that a differental idele 
a = (a v ) satisfies 

(4.344) \ a \=q 2 - 2 9 or |a| = 

for a function field ¥ q (C) and for a number field, respectively, where in the 
number field case D denotes the discriminant of the field (which can be 
thought of as the volume of a fundamental region for the ring of integers C>k 
of X). 

We can then write the trace formula in the following way, [75], which 
gives the geometric side of the trace formula. 
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Theorem 4.130. For f e S (C K ) let i m (f) be the operator (4.293) act- 
ing on the space H 1 = H 1 (A^JK* , Ck) ■ Then the trace is given by 



TrOU/)^ 1 ) = /(0) + f(l) - (log M) /(l) 
(4.345) _ ^ /; „ \,„. 



Proof. Using the Riemann-Weil explicit formula (2.348) of Chapter 2, 
together with Theorem 4.116, one gets 

(4.346) TrGU/)^ 1 ) = /(0) + /(l) - £ /' <f «, 

where one uses the global character a to fix the local normalizations of the 
principal values in the last term of the formula. 

The fact that the terms 

(4.347) f f -^-\ oTu 

J(K*,a v ) I 1 - U\ 

depend on the global character a needs to be corrected if we want to really 
have "local" contributions that only use the information coming from the 
local field K v . This can be done via the following lemma, using differental 
ideles. 

Lemma 4.131. The principal values (4.347) can be computed in the form 



(4.348) /' f^l<fu=(log\a v \)f(l)+ f a* 

J(K* v ,a v ) I 1 ~U\ J(K* v ,e Kv ) |1 - U\ 



U. 



Proof. This follows from Proposition 2.11, (3) and (2.100) of Chapter 
2. □ 

This completes the proof of Theorem 4.130. □ 

Remark 4.132. It is quite important that Theorem 4.130 can be derived 
directly without using the Riemann-Weil explicit formula, following [71]. 
This was done by Ralf Meyer in [224]. 



5.8. Weil positivity and the Riemann Hypothesis. 

We introduce an involution for elements / G S (Ck) by setting 



(4.349) r(g) = f(g- 1 ). 

We also consider a one-parameter group z >— > A z of automorphisms of the 
convolution algebra S (Ck), with the convolution product (4.294), by setting 

(4.350) A z (f)(g) = \g\ z f(g), 
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for / £ S (Cfc) and z G C. Since (4.350) is given by multiplication by a 
character, it satisfies 

(4.351) A z (f -kh) = A z (f) *A z (f), V/,fc€S(C K ). 
We consider also the involution 

(4.352) /^/» = A- 1 r, with = M-TOP)- 

The reformulation, originally due to A. Weil (cf. [295]), of the Riemann 
Hypothesis in our setting is given by the following statement. 

Proposition 4.133. The following two conditions are equivalent: 

• All L-functions with Grossencharakter on K satisfy the Riemann 
Hypothesis. 

• The trace pairing (4.340) satisfies the positivity condition 

(4.353) (A -1 / 2 /, A -1 / 2 /*) > 0, V/€S(C K ). 

Proof. Let W(j) = \j\~^ 2 #m(7)- Then, RH for L-functions with 
Grossencharakter on K is equivalent, by [295], to the positivity 

(4.354) Tr(W%f*/*))>0, V/€S(C K ). 

Thus, in terms of the representation # m we are considering here we have 
W(f) = $ m (A -1 / 2 /) and using the multiplicative property (4.351) of A 2 
we rewrite (4.354) in the equivalent form (4.353). It is worth sketching the 
argument showing the equivalence. Consider an algebra B of holomorphic 
functions, endowed with the pointwise product, in a domain n C C with 
VL = fi. Assume that B is stable under the involution 

(4.355) /*(*)== M, Vzeft. 

Any element z £ 0, defines a self-adjoint linear form on B by 

(4.356) L z (f) = f(z) + m, V/eB. 

This linear form is positive, i.e. it fulfills L(ff*) > for all / G B as soon 
aszefinl. Indeed in that case one gets 

(4.357) L z (ff) = 2f(z) W) = 21/WI 2 > . 

This is enough to check the positivity (4.353) assuming RH. We refer to 
[295] for the converse. □ 

In terms of the involution (4.352) we can reformulate Lemma 4.133 in 
the following equivalent way. 

Corollary 4.134. The following conditions are equivalent 

• All L-functions with Grossencharakter on K satisfy the Riemann 
Hypothesis. 

• The trace pairing (4.340) satisfies (/, /") > 0, for all f 6 S (Ck). 
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Proof. In (4.353) we write A" 1 / 2 / = h. This gives 

A -l/2 f * = A-V2( A l/2^* = A -l h * = h » 

and the result follows, since A -1 / 2 is an automorphism of S (Ck). □ 

The vanishing result of Lemma 4.127, for elements in the range V C 
S (Ck) of the reduction map Tr o tt from adeles, then gives the following. 

Proposition 4.135. The elements /★/" considered in Corollary 4.134 
above have the following properties. 

(1) The trace pairing (/, /") vanishes for all / 6 V, i.e. when f is the 
restriction Tr o tt of an element of S(Qk)- 

(2) By adding elements ofV one can make the values 

(4.358) /*/«(!)= / \f(g)\ 2 \g\d*g<e 

/or arbitrarily small e > 0. 
Proof. (1) The vanishing result of Lemma 4.127 shows that 

£m(/)lfri(A K /K',Ck) = 

for all / G V. Thus, the trace pairing satisfies (/, h) = 0, for / G V and for 
all /i G S (Ck). In particular this applies to the case /i = 

(2) This follows from the surjectivity of the map l£ for the value 5 = 
(cf. Appendix 1 of [71]). □ 

Proposition 4.135 shows that the trace pairing admits a large radical 
given by all functions that extend to adeles. Thus, one is led in all cases to 
divide by this radical, hence to work with the cohomology ^(A^/K* , Ck) 
described above. 

We now proceed to compare the setting we have developed in terms of 
the noncommutative geometry of the adele class space with the classical 
algebro- geometric setting of the Weil proof of RH for function fields. 

6. The Weil proof for function fields 

We review the Weil proof of the Riemann Hypothesis for function fields, 
with the idea of gradually building a dictionary that will make it possible to 
rephrase some key notions in terms of the noncommutative geometry of the 
adele class space and transfer them to the number field case in this way. 
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6.1. Function fields and their zeta functions. 

Let K be a global field of positive characteristic p > 0. Then there exists 
a smooth projective curve over a finite field ¥ q , with q = p r for some r G N, 
such that 

(4.359) X = ¥ q (C) 
is the field of functions of C. 

As we discussed in the section on motives in Chapter 1 , the curve C over 
¥ q has a zeta function of the form 

(4.360) Z C (T) = exp (E t£&l j^j j 

with log Zc(T) the generating function for the number of points of C over 
the fields ¥ q n. One writes 

(4.361) (c(s)=Z c (q- s ). 



We denote by Er the set of places of EC. A place v G Sr is a Galois 
orbit of points of C(¥ q ). The degree n v = deg(u) is its cardinality, namely 
the number of points in the orbit of the Frobenius acting on the fiber of the 
natural map from points to places 

(4.362) C(¥ q ) - E K . 

This means that there are n v conjugate points defined over ¥ q n v , the residue 
field of the local field K v . 

The zeta function of the function field K is just the zeta function of C 
considered above 

(4.363) (k(s)=(c(s), 
which converges for 9i(s) > 1. 

Lemma 4.136. The zeta function (4.363) has an Euler product expression 
of the form 

(4.364) Ck(*)= II (l-^T 1 - 
Proof. One writes 



lognji-^ 3 )-^ EE 



oo 

n=l n v \n 




The expression J2n v \n n v 1S m f ac t precisely #C(¥ q ™) so that one gets (4.364). 

□ 
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It is useful to consider also an equivalent formulation in terms of divisors 
on C. Let Div(C) denote the abelian group of divisors on C, i.e. finite 
integer combinations of points. For a point P we let deg(P) be the degree 
of the residue field at P and for a divisor D = J2p n pP we ^ deg(-D) = 
^ p npdeg(P). We say that a divisor D = YltP n pP ls effective, or that 
D > 0, if it has n p > for all P. One defines the norm of a divisor D as 

(4.365) N(D)=q dc ^ D \ 



Lemma 4.137. For 9i(s) > 1 the zeta function (4.363) can be written 
equivalently as 

(4.366) Ck(s) = £ N(D)- S . 

D>0 

Proof. One can write N(D) = q de s( D ) = Up N (. p ) np - Tnis g ives 

oo 

I] £ N(P)- n - s = £ N(D)- S , 

P n P =0 D>0 

since for K(s) > 1 one has absolute convergence. By Lemma 4.136, the left 
hand side gives ( c (s) = ]] P (1 - NiP)- 3 )- 1 . □ 

For a divisor D on C one can consider the space 

(4.367) H°{D) = {/ £ K* div(/) + D > 0} U {0}. 
One denotes by £(D) the dimension of H°(D). One then has 

#H°(D) = ^ D \ 
The Riemann-Roch formula formula for the curve C states that 

(4.368) i{D) - £{k c -D) = deg(L>) - g + 1, 

where kc is the canonical divisor on C, which has degree deg(Kc) = 2g — 2, 
and h°(Kc) = g- 

Notice that, by (4.367), if deg(D) > 2g - 2 then £(k c - D) = so that 
by (4.368) one has ^(D) = deg(L>) - 5 + 1. 

Divisors can be considered up to the equivalence relation given by adding 
a principal divisor, 

(4.369) D~D' £>-£>' = div(/), 

for some / el*. The Picard group is the quotient Pic(C) = Div(C)/ ~. 
One denotes by Pic n (C) the classes [D] £ Pic(C) with deg[D] = n. 

Notice that both deg(D) and N{D) are well defined on the equivalence 
classes. We write deg[D] and N[D] for the resulting functions on Pic(C). 
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We then can write the zeta function as 

Ck(s) = ZZo *{ D > °> de g(^) = *} T ns 

= E[D] e Pic(c) #{D' € [D], D> > 0}N(D)s. 

The counting of {D' G [D], D' > 0} corresponds to the counting of points 
in the projectivized FH (D), hence one obtains 

(,K{S) - Z^[D]ePic(C) g-1 1 

4.370 

_ v^°° N" 3 1 n-sn 

— Z^n=0 Z^[D]ePic™(C) q-1 1 

Using in (4.370) the Riemann-Roch formula (4.368) and the fact that, 
for n > 2g — 2, one has £(D) = deg[P] — g + 1, one obtains that the zeta 
function Ck(s) can be written as a product 

< 4 ' 371 > Z * iT) - (1-TW-,TY 

where P(T) is a polynomial of degree 2g and integer coefficients 

2<? 

(4.372) P(T) = JJ(l-^T). 

i=i 

Equating (4.371) and (4.360) one obtains 

(4.373) #C(F q n) = q n + l-J2*j- 

3=1 

The Riemann-Roch formula (4.368) also implies that the zeta function 
(k(s) satisfies the functional equation 

(4.374) Ck( i_ s) = (? (i- 9 )(i-2,) Ck(s) . 



Another important reformulation of the zeta function can be given in 
terms of etale cohomology. Let C = C ¥ q , and let i be a prime t / p. 
Then one can consider the etale cohomology groups H l (C, Qe), for % = 0, 1,2. 
The Frobenius 

(4.375) Fr : C ->■ C 

has the property that Fr(P) = P iff P € C(F,) and Fr n (P) = P iff P G 
C(F g n). Thus, the coefficients #C(F g n) that appear in the zeta function can 
be rewritten as 

(4.376) #C{¥ q n) = #Fix(Fr" :C^C). 

The Lefschetz fixed point formula for etale cohomology then shows that 

2 

(4.377) #C(¥ qn ) = ^(-l) l Tr (Fr n | H\C, Q e )) . 

i=0 
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Thus, the zeta function can be written in the form 

2 / / oo 

(4.378) Ck(s) = n exp J>r(Fr"| H\C, 

i=0 \ \n=l 
Equivalently, one writes 

(4.379) Z C (T) = —^— with P i (T) = det(l-FrT\H i (C,Q e )). 

Comparing (4.379) with (4.371) shows that the numbers Xj are the eigen- 
values of the Frobenius acting on H l (C, Qg). 

The analog of the Riemann Hypothesis for the zeta functions (k(s) of 
function fields was stated in 1924 by E. Artin as the property that the zeros 
lie on the line 3ft(s) = 1/2, or equivalently that the complex numbers Aj of 
(4.372) satisfy 

(4.380) \Xj\ = y/q. 

The statement was proved in 1933 by Hasse in the case of elliptic curves 
and in 1940 by Weil for all smooth curves C over a finite field. This mo- 
tivated the formulation of an higher dimensional analog (the Weil conjec- 
tures), which in turn greatly stimulated the development of the theory of 
motives and of a great part of the landscape of modern algebraic geometry. 
The Weil conjectures were proved by Deligne in 1974. 

The Weil proof in the case of curves can be formulated either using 
etale cohomology, or purely in terms of the Jacobian of the curve, or again 
(equivalently) in terms of divisors on C X C. In the rest of this section 
we are going to analyze some aspects of the Weil proof following this last 
viewpoint. 

6.2. Correspondences and divisors in C x C. 

A correspondence Z in this setting is given by a divisor on C x C. Cor- 
respondences form a ring under composition given by the usual intersection 
product formula 

(4.381) Zi o Z 2 = (pi3)*(Pi2^i *Ph z 2), 

with pij : C x C x C — > C x C the projections. 
This ring has an involution given by 

(4.382) Z' = a(Z) 

where a is the involution that exchanges the two copies of C in the product 
C x C. 

We can assign two degrees to a correspondence Z given by the intersec- 
tion numbers 

(4.383) d(Z) = Z»(PxC) and d'(Z) = Z • (C x P), VP G C. 
We refer to them respectively as the degree d(Z) and the codegree d'(Z). 
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Lemma 4.138. The degrees (4.383) satisfy 

(4.384) d{Z') = d'{Z), and d{Z 1 o Z 2 ) = d{Z 1 )d{Z 2 ). 

PROOF. One has d(Z') = a{Z) • (P x C) = Z • (C x P) = d'(Z). More- 
over, d(Z\ o Z 2 ) is the degree of the divisor on C defined by the intersection 
of Z\ o Z 2 with P x C. The intersection p\ 2 Z\ n p 2 ?,Z 2 consists of points 
(P, Q = Z 2 (P), Z\{Q)) in C x C x C, which the pushforward along P13 maps 
to pairs (P, Zi(Z 2 (P))) with multiplicity given by Z 2 • (P x C) = d(Z 2 ), so 
that we get 

d(Zi o Z 2 ) = d{Z 2 ) Z 1 »(QxC)= d(Z 1 )d(Z 2 ). 

□ 

The correspondences PxC and C x P are called trivial correspondences. 
One can consider the abelian group Divj r (C x C) generated by these trivial 
correspondence and take the quotient 

(4.385) C(C) := Div(C x C)/Biv tr {C x C). 

This is still endowed with the ring structure given by composition. 

It is always possible to change the degree and codegree of a correspon- 
dence Z by adding a multiple of the trivial correspondences PxC and CxP, 
so that, for any element in C we find a representative Z G Corr with 

(4.386) d(Z) = d\Z) = 0. 

We also want to consider correspondences up to the linear equivalence 
relation on divisors in C x C. Namely, the equivalence 

(4.387) Zi ~ Z 2 Zi - Z 2 = div(/), 

where div(/) is a principal divisor on C x C. Thus, one can consider 

Pic(C x C) = Div(C x C)j ~ 

and its quotient 7 ? (C) modulo the classes of the trivial correspondences. 
This is still a ring under composition. 

A correspondence Z is effective if it is given by an effective divisor on 
C x C, namely if it is a combination Z = J2i n i^i °f curves Zi C C x C 
with coefficients rii > 0. We write Z > to mean its effectiveness. 

An effective correspondence Z > can be viewed as a multivalued map 

(4.388) Z:C^C, P *-> Z(P), 

of which the divisor is the graph. (With a slight abuse of notation we will 
use the same letter Z for the multivalued map and its graph.) 

In the case of effective correspondences, one has a product * given by 
the composition of multivalued maps 

(4.389) Z = Z 1 *Z 2 , Z 1 *Z 2 (P) = Z 1 (Z 2 (P)), VP G C. 
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Lemma 4.139. Notice that the composition (4.389) agrees with the usual 
composition (4.381), 

(4.390) Z 1 *Z 2 = ZioZ 2 . 

Proof. The value Z 2 (P) = Z\(Z 2 {P)) of the multivalued functions is 
given by the intersection product of their graphs as above. □ 

In the following, for simplicity, we just write Z\-kZ 2 (P) = Z\{Z 2 {P)) for 
the product of correspondences, regardless of their being effective. Lemma 
4.139 clarifies the meaning of this notation. 

Definition 4.140. The trace of a correspondence Z on C x C is the 
expression 

(4.391) Tr(Z) = d(Z) + d'(Z) - Z» A, 

with A the diagonal (identity correspondence) and* the intersection product. 

The formula gives Tr(Z) = for principal divisors and for trivial corre- 
spondences, hence it descends to the quotient. 

6.3. Frobenius correspondences and effective divisors. 

We discuss in more detail the step of changing a correspondence Z = 
a n ¥i n of degree g given by a combination of powers of the Frobenius to 
an effective correspondence through principal divisors. 

Lemma 4.141. Let C be a smooth projective curve over a finite field and 
let D be a divisor on C of degree one, which is contained in a given orbit 
of the Frobenius. In general, it is not possible to modify D to an effective 
divisor in such a way that the added principal divisor has support on the 
same orbit. 

Proof. We exhibit an explicit example, by considering the case of an 
elliptic curve. Then we have a pair Z = {u, u} of elements in S 1 = {z G 
C | \z\ = 1} such that 

(4.392) l + q-q 1 / 2 (u + u) = N, 

where N is the number of points of the curve with coordinates in ¥ q . 
Consider in particular the case of the curve C over F4 of equation 

(4.393) y 2 + y = x 3 + C, 

where ( is a non-trivial cubic root of 1 in F4. The homogeneous equation of 
the curve is 

(4.394) f(x, y, z) = y 2 z + yz 2 + x 3 + (z 3 = 0. 

One checks that C is non-singular. In fact, d x f = gives x = 0, d y f = 
gives z = 0, and at P = (0, 1, 0) one has d z f / 0. The point P is the only 
point at infinity. 
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Moreover, for z / no point of the curve is denned over F4. In fact, 
one has y 2 + y G F2 for all y G F4, hence y 2 + y + ( / 0. Thus, since the 
multiplicative group of F4 has order 3, the equation y 2 + y + ( = x 3 has no 
solution. (Since we work in characteristic two, signs are irrelevant.) 

Thus, the number (4.392) of points of the curve is TV = 1. One has 
1 + q — N = 4, hence 2{u + u) = 4, which implies u = 1. This gives for the 
number of points of the curve over ¥4™ the value 

(4.395) N(n) = 4 n - 2 x 2 n + 1. 

For instance, for n = 2 and n = 3, one gets 9 points of the curve over Fi6 
and 49 points over Fg4, respectively. 

One has to be careful about the normalization factor of q 1 ^ 2 = 2 when 
looking at the action of the Frobenius on the £-adic cohomology. Without 
this factor this action would have two eigenvalues equal to 1 and would be 
unipotent, while it cannot be trivial since we can view it as the action of the 
Frobenius on the torsion points of the curve. With the correct normalization 
factor one sees that in fact it coincides with multiplication by 2. 

This can be seen easily on the 9 points of the curve over Fi6- One can 
see that these are the 3-torsion points of the curve. On them the Frobenius 
action has to agree with the symmetry X ^ — X, since only the neutral 
element P is fixed. In fact, modulo three the multiplication by 2 is equal to 
this symmetry. Similarly one can check that the 49 points over F64 are the 
7-torsion of the curve while on them the Frobenius acts by multiplication 
by 2. 

Let Q be any of the 48 points over Fg4 different from the neutral element 
P. The orbit of the Frobenius acting on Q is {2 n Q} where the meaning of 
the multiplication by 2 is as above, i.e. 2Q = Q + Q where the addition takes 
place in the elliptic curve. Thus the orbit of the Frobenius here has three 
elements Q, 2Q, 4Q (one has 8Q = Q since Q is a 7-torsion element). 

Let D be the divisor of degree one 

(4.396) D = Y1 n i P i = 2 ' ( 2< 2) ~ 

3 

which is the difference of 2Q with coefficient 2 and Q with coefficient one. 
Then, by Abel's theorem, the only effective divisor linearly equivalent to D 
is the point 3Q but this point does not belong to the same Frobenius orbit. 
Thus D — (3Q), which is the principal divisor needed to make D effective, 
is not of the form a n Fi n {Q). □ 

The example described above shows that one usually cannot transform a 
correspondence Z = Yl «nFr n of positive degree into an effective correspon- 
dence by adding a principal correspondence that is also supported on the 
orbit of the Frobenius action. However, the following result shows that one 
can achieve effectiveness while remaining in the commutant of the Frobenius. 
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Proposition 4.142. A correspondence Z = ^ a n Fr n of degree g on a 
curve C over ¥ q can be made effective by adding a principal correspondence 
which is defined over ¥ q and which commutes with Ft. 

Proof. The Riemann-Roch theorem ensures that one can make Z ef- 
fective by adding a principal correspondence, over the field k(P), where k is 
the common field of definition of the correspondence Z and of the curve (cf. 
[279]) and P is a generic point. A correspondence of the form Z = «nFr ra 
is in fact defined over ¥ q , hence the principal correspondence is also defined 
over F q . As such it automatically commutes with Fr (cf. [293], p. 287). □ 



6.4. Positivity in the Weil proof. 

The main steps in the Weil proof of RH for function fields are 

(1) The explicit formula 

(2) Positivity 

We have talked about explicit formulae in Chapter 2 and in the previous 
sections of this chapter. We now concentrate on the issue of positivity. 
Weil positivity here consists of the following statement 

Theorem 4.143. Let Z be a correspondence on C xC modulo the trivial 
correspondences and up to linear equivalence. Then if Z is nontrivial it 
satisfies 

(4.397) Tr(Z*Z')>0. 

PROOF. The first step in the proof consists of using the Riemann-Roch 
formula on C to show that one can achieve effectiveness. 

Lemma 4.144. There is a representative Z in the class modulo trivial 
correspondences and linear equivalence that satisfies 

(4.398) Z > and d(Z) = g. 

PROOF. One first uses the trivial correspondences to adjust the degree to 
be d(Z) = g. This is always possible as the degree is additive and d(C x P) = 
1. One then uses the Riemann-Roch formula (4.368) for the curve C. This 
shows that if D is a divisor on C of degree deg(D) = g then £(D) > 0, i.e. 
there are / 6 K* such that div(/) + D > 0, which means that there are 
effective representatives in the linear equivalence class of D. 

The intersection of Z C C x C with P x C defines a divisor Z(P) on C 
with 

deg(Z(P)) = d(Z) = g. 

Thus, the argument above shows that there exists fp 6 IK* such that Z{P) + 
(fp) is effective. This determines an effective divisor Z + (f) on C x C. □ 
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We will now continue using the notation Z for the effective divisor on 
C x C obtained in Lemma 4.144. Since Z is effective, we can write is as a 
multivalued function 

(4.399) P ' ^ Z(P) = Qi + --- + Q g . 

Lemma 4.145. The product Z * Z' is of the form 

(4.400) Z*Z' = d'(Z)A + Y, 

where A is the diagonal in C x C and Y is the effective correspondence such 
that Y(P) is the divisor on C given by the sum of points in {Q £ C\Q = 
Q i (P) = Q j (P),i^j}. 

Proof. One sees from the description in terms of intersection product 
that it is given by the multivalued function 

(4.401) (Z*Z0(Q) = £ £ P, 
where 

Uij(Q) = {P€C\ Qi(P) = Qj(P) = Q}. 

One can then separate this out in the contribution of the locus where Qi = 
Qj for i / j and the part where i = j, 

{Z*Z'){Q) = U{Q)+Y{Q) 

Notice that 

(4.402) #{P e C\ Q = Qi(P), for some i = l,...,g} = d'{Z). 

Thus, for i = j we obtain that the divisor U(Q) = J2i J2peUu(Q) P 1S j us ^ 
d'(Z)A(Q), while for i / j one obtains the remaining term Y of (4.400). □ 

In the case g = 1, the effective correspondence Z{P) = Q{P) is single 
valued and the divisor (Z * Z'){P) of (4.401) reduces to the sum of points 
in U{Q) = {P G C\ Q{P) = Q}- There are d'(Z) such points so one obtains 

(4.403) Z*Z' = d'(Z)A, with Tr(Z * Z') = 2d'(Z) > 0, 

since for g = 1 one has A • A = and d'{Z) > since Z is effective. 

In the case of genus g > 1, the Weil proof proceeds as follows. Let Ko- 
be a choice of an effective canonical divisor for C without multiple points, 
and let {/i, . . . , f g } be a basis of the space H°(kc)- One then considers the 
function C — > M gxg (¥ q ) to g x g matrices 

(4.404) PhM(P), with M ij (P) = fi(Qj(P)). 
and the function i^T : C — > F g given by 

(4.405) K(P) = det(M(P)) 2 . 

Lemma 4.146. The function P ^ K{P) of (4.405) is a rational function 
with [2g — 2)d'(Z) double poles. 
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Proof. The function K(P) is a symmetric function of the Qj(P), be- 
cause of squaring the determinant. The composition P ^ (Qj(P)) K{P) 
is then a rational function of P € C. 

The poles occur (as double poles) at those points P G C for which some 
Qi(P) is a component of kq. The canonical divisor kq has degree 2g — 2. 
This means that there are (2g — 2)d'(Z) such double poles. □ 

This yields the following result. 

Lemma 4.147. For Z-kZ' = d'(Z)A+Y as above, the intersection number 
Y • A satisfies the estimate 

(4.406) Y • A < (4g — 4) d'(Z). 

PROOF. By Lemma 4.146, the rational function K(P) of (4.405) has a 
number of zeros equal to (4g — 4) d'{Z). On the other hand, Y • A counts 
the number of times that Qi = Qj for i ^ j. Since each point P with 
Qi(P) = Qj(P) for i / j produces a zero of K(P), one sees that Y • A 
satisfies the estimate (4.406). □ 

Notice that, for genus g > 1 the self intersection of the diagonal is the 
Euler characteristic 

(4.407) A.A = 2-2 5 = X (C). 
Moreover, we have 

(4.408) d(Z*Z') = d{Z)d'{Z) = gd'(Z) = d'(Z-kZ'). 

Thus using again the decomposition (4.400) and the definition of the 
trace of a correspondence (4.391), together with (4.407) and (4.408) one 
obtains 

Tr(Z ★ Z') = 2g d'(Z) + (2g - 2) d'(Z) - Y • A 

(4.409) 

> {Ag - 2) d\Z) - (4g - 4) d'(Z) = 2d'{Z) > 0. 
This completes the proof of Theorem 4.143. □ 

To end the proof of RH for function fields, one applies Theorem 4.143 
to a particular type of correspondences, namely those that are of the form 

(4.410) Z„, m = mA + nFr, 

for n, m 6 Z, with Fr the Frobenius correspondence. 

Notice that, while the correspondence depends linearly on n, m £ Z, the 
expression for the trace gives 

(4.411) Tr(Z n>m * Z' n>m ) = 2gm 2 + 2(1 + q - N)mn + 2gqn 2 , 

where N = #C(¥ q ). 

In particular, (4.411) depends quadratically on (n, m). In the process of 
passing from a correspondence of degree g to an effective correspondence, 
this quadratic dependence on (n, m) is contained in the multiplicity d'(Z). 
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In fact, one can see this in the following simple example, where one considers 
a correspondence Zo tm = mA. 

Corollary 4.148. On an elliptic curve C consider the correspondence 
Zo,m = m A. The codegree d'{Z) depends quadratically on m. 

PROOF. We change Zo,m to make it of degree one, without changing the 
codegree, by subtracting the trivial correspondence 

(m-l)CxO, 

where O is the origin of the elliptic curve. One then has 

Z = mA - (m-l)C x O, 

with d(Z) = 1. Modulo principal divisors, Z is equivalent to the correspon- 
dence P i— > Q{P) = mP, where mP stands for the sum of m copies of P in 
the abelian group law of the elliptic curve C. This map is m 2 to 1, so that 
d(Q') = d'(Z) is a quadratic function of m. □ 

One further remark is that the argument does not depend on the torsion 
part of the ring of correspondences. Namely, instead of working with the ring 
C of classes of correspondences modulo the trivial ones (or V modulo linear 
equivalence), which contains zero divisors, one can work with Cq = C ®% Q. 

7. A noncommutative geometry perspective 

This final section reflects our ongoing work with C. Consani aimed at 
building a dictionary between the main notions and steps involved in the 
Weil proof of RH for function fields and the noncommutative geometry of 
the adele class space. 

This is work in progress and much of it is still at a fairly speculative 
level. We collect here some actual results that identify some connections, 
and some speculations that give some heuristic justification for parts of our 
proposed dictionary, which we summarize at the end of the section. 

Roughly speaking, the idea is that the role that the geometry of the 
curve C plays in the Weil proof will be taken over by the complement of 
the idele class group Ck inside the noncommutative adele class space Ak/K* 
(more accurately described in terms of the cyclic module given by the coker- 
nel of the reduction map, i.e. by the motive W 1 (Aic/lK*, Ck) defined above. 
In the function field case, in fact, one can recover the curve C (up to a non- 
canonical identification of points in the fiber of the map (4.362) from points 
C(¥g) to places Sk) as the set of classical points of the periodic orbits for 
the action of Ck on the adele class space = A^/K*. This locus continues 
to make sense in the number field case and provides a replacement for the 
curve C itself. Correspondences on C x C, and especially the Frobenius cor- 
respondence, are replaced by operators implementing the C^-action. At the 
time of this writing, some key notions in this picture still need to be properly 
identified, such as the analog of principal divisors and linear equivalence. 
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7.1. Distributional trace of a flow. 

We present here the computation of the distributional trace of a flow on 
a smooth manifold, due to [156] which in turn can be seen as a generaliza- 
tion of the usual Atiyah-Bott-Lefschetz formula for a diffeomorphism of a 
smooth compact manifold [9]. We first define the distributional trace using 
the formulation of the functorial properties of distributions ([156] VI §1). 

Let us first recall the basic notion of generalized section of a vector 
bundle on a manifold. 

Definition 4.149. Given a vector space E over R ; &\m.E = n, a density 
p £ \E*\ is a map 

An 
E^C 

such that p(Xv) = |A| p(v) for all A £ I and for all v G /\ n E. 

Given a linear map L : E —> F we let \L*\ : \F*\ — > \E*\ be the corre- 
sponding linear map 

(4.413) p^pof\L. 

It depends contravariantly on L. A smooth compactly supported density 
p G C^°(M, |T*M|) on an arbitrary manifold M has a canonical integral 

(4.414) J p G C. 

Definition 4.150. One defines the space of generalized sections of a 
vector bundle L on M as 

(4.415) C-°°(M,L) = dual ofC™{M,L* ® \T*M\) 
where L* is the dual bundle. 

One has a natural inclusion 

(4.416) C7°°(M, L) C C _0O (M, L) 
given by the pairing 

(4.417) a G C7°°(M, L) , s G C C °°(M, L* |T*M|) -► ^ (s, a) 

where {s, a) is viewed as a density, (s, cr) G C^°(M, |T*M|) using the duality 
pairing of L and L* (i.e. if a = p then (s, a) = u(s)p). One has a similar 
notion of generalized section with compact support, denoted by C~°°(M, L). 

The Schwartz kernel theorem is the following statement. 
Theorem 4.151. Any continuous linear map 

(4.418) T : C™(Y) — > C~°°(X) . 
can be written as 



(4.419) (T£)(x) = J k(x,y)£(y) 



dy 
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where k(x, y) dy is a generalized section 

(4.420) k G C-°°(X x Y, pr* Y {\T*Y\)) . 

Under suitable transversality conditions the following distribution theo- 
retic trace makes sense: 

Definition 4.152. The distribution theoretic trace of 
T : C?{X) -► C-°°(X) 

is given by 

(4.421) Tr distr (T) = J k(x,x)dx. 

where k is the associated Schwartz kernel. 

One obtains ([156] VI §1) a generalized section from a submanifold and 
a symbol as follows. 

Lemma 4.153. Let L be a vector bundle on the manifold X, Z C X a 
submanifold, and 

(4.422) a £C°°(Z,L®\N Z \), 
where Nz is the normal bundle of Z. Then the equality 

(4.423) S z ,a(0 = J Vt£C™(X,L*®\T*X\) 

determines a generalized section Sz, a of the vector bundle L on the manifold 
X. 

Proof. The product o £\z is a density on Z, since it is a section of 
|T|| = \T\ \ <8> \Xz\- One can thus integrate it over Z. □ 

Lemma 4.154. Let (p : X — > Y be smooth and transverse to the subman- 
ifold Z C Y. The pull back ip* 5z,a of the distribution 5z,u makes sense and 
it is equal to ^-i(z),<^*ct; where 

(4.424) i P *o-(x) = \(<p*)- 1 \o-(cp(x)) e(<p*L) x ®\N x \, VxG^Z). 

Here | (</?*) _1 | is the inverse determinant of the isomorphism of normal bun- 
dles 

(4.425) <p* : N v -i {Z) ~ <p* N z . 

PROOF. We assume that tp is transverse to Z, so that for each x G X 
with y = (p(x) G Z one has 

(4.426) ^{T x ) + T (p{x) {Z) = T y Y. 
Let 

(4.427) t x = {X G T x , <^(X) G T y (Z)} . 
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Then (p* gives a canonical isomorphism of normal bundles 

(4.428) ^ : N x (<p-\Z)) = T x (X)/r x ~ T^rj/T^Z) = N v{x) (Z) . 

□ 

We next consider a manifold M with a vector field t> G C°°(M, Tm), and 
we assume the existence of the corresponding flow 

(4.429) Ft = exp(to) Vt G R. 

We get a one-parameter group of operators acting on C°°(M), 

(4.430) (UtO(x) = Z(F t (x)) V£ G C°°(M) , x G M, t G R. 

Since (F t )*fiv x = [xv x , the tangent map (i 7 *)* induces the Poincare return 
map 

(4.431) (F t )» : T^/R^ -► T^/R^ = N x 

Theorem 4.155. ([156] VI §1) Assume that the support of the test func- 
tion h is contained in the subset where the following transversality assump- 
tion holds 

(4.432) 1 - (F t )* : T x /Rv x -► T x /Rv x is invertible. 
Then the distributional trace is given by 

(4.433) Tr distr (J h(t) U t d *) = E / |l d * ^ ' 

where the sum is over the periodic orbits 7 (including the zeros x G M, 
^a: = 0j, 7 7 C R is the isotropy subgroup of any x G 7, and (fit is i/ie unique 
Haar measure in 7 7 suc/t t/iat i/ie covolume of I y is equal to 1. 

To be more precise, the normalization of is such that, for the unique 
Haar measure dfi of total mass 1 on R/I 7 and for any / G C£°(R), it satisfies 

/ f(t)dt= [ ( [ f(u + s)d*u) dfi(s). 

PROOF. Let us now consider a manifold M with a flow (4.429) and the 
corresponding map / given by 

(4.434) /:MxI^M, f(x, t) = F t (x) . 
The graph of / is the submanifold ZofY = MxRxM 

(4.435) Z = {(x,t,y)\y = F t (x)}. 
The Schwartz kernel k of the operator 

(4.436) (TO (x) =t(f(x)) V£ G C?(M) , 
is the distribution Sz, a = 5(y — f(x))dy on Y such that 

(4.437) J S(y - f(x)) dy = V£ G C c °° (M) . 
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We apply the above discussion with X = M x R, and the submanifold 
Z CY. One lets ip be the diagonal map 

(4.438) <p(x,t) = (x,t,x) , ip : X Y. 

The transversality condition ipfaz holds at (x, i) G X iff every element of 
T X M is of the form 

(4.439) {F t ) m X-X + iiv x , X£T x M,/i£R, 

and the transversality condition (4.432) means exactly that (4.439) holds. 
By definition, the left hand side of the distributional trace formula (4.433) 
is given by the pushforward 

(4.440) q*<p*(5(y-f(x))dy), 

where q is the projection q(x, t) = teR. The distribution ip*(8(y— f(x)) dy) 
on X is carried by the (x, t) G X = M x R such that y(x, i) G Z, i.e. such 
that Ft(x) = x. Thus, except for t = 0, it is carried by the union of periodic 
orbits. These correspond either to a zero v x = of the vector field, or a 
periodic orbit with period T*. 

In the first case, the transversality condition (4.439) becomes 

(4.441) 1 - (F t )* invertible at x . 

One has Ft(x) = x, for all ( £ 1, and the relevant component W of p~ 1 (Z) 
is {x} x R. The transverse space N(W) is identified with T x and the map 
p* : N(W) ~ N(Z) is given by 

(4.442) <p>* = 1 " (F t )* ■ 

Thus the symbol of (p*(5(y—f(x)) dy) is the scalar function |1 — (Ft)*\ _1 . The 
generalized section q* ip*(S(y — F t (x)) dy) is the function t <— > |1 — (F t )*| _1 . 
We can then write the contribution of the zeros of the flow as 

h(t) 



(4-443) ^ J Ff^ 



where h is a test function vanishing at 0. 

We then look at the second case i.e. the contribution of a periodic orbit. 
The corresponding part of p^ 1 (Z) is of the form 

(4.444) ^(Z) = VxTcMxR, 

where T is a discrete cocompact subgroup of R, while V C M is a one- 
dimensional compact submanifold of M. The computation of the contribu- 
tion of the component V x {T} of <p~ x (Z) to (4.440) gives 

(4-445) T* ) h(T), 

|± — {rT)*\ 

where T# is the length of the primitive orbit or equivalently the covolume 
of r in R for the Haar measure \dt\. We can thus write the contributions of 
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the periodic orbits as 

(4.446) E Covol ( r ) 1 1 h \ I h W > 

where the test function h vanishes at 0. When collecting the various contri- 
butions (4.443) and (4.446) one obtains the required formula (4.433). □ 



7.2. The periodic orbits of the action of Ck on 

We explain here the results of [71], Section VI and Appendix III. They 
generalize the analogous formula for flows on manifolds of [156] explained 
above in §7.1. 

We let K be a global field and = Ar/K* the adele class space. The 
action of the idele class group Ck on A% is given by the analog 

(4.447) m : Xk x Ck — > Xk , m(x, u) = ux . 
of the map / of (4.434). The graph of m is the subspace 

(4.448) Z = {(x,u,y) \ y = ux} . 

of Y = Xk x Ck x Xk. The diagonal map ip is given by 

(4.449) ip(x, u) = (x, u, x) , if : X K x C K -► Y . 
The periodic orbits are obtained from the pullback 

(4.450) ^ l (Z) = {(x,u) G X K x C K \ux = x} 

Proposition 4.156. Let (x,u) e tp~ x (Z), with u / 1. There exists a 
place v £ Sk such that 

(4.451) x £ X K>V = {x £ X K \ x v = 0} 

The isotropy subgroup of any x G Xk i?) contains the cocompact subgroup 

(4.452) K* v c C K , = {(fc w ) | ^ = 1 Vw + v} 

Proof. Let (x, u) G Xk x Ck with = x. This equality still holds for 
suitable lifts (x, u) G Ak x Aj^. Since u ^ 1 by hypothesis, one has it / 1 
and there exists a place v G Sk such that it„ 7^ 1. Then the equality ux = x 
shows that (u v — l)x v = and x v = 0. 

One has ux = x for any u G K* and any x G Xk ]8 . It remains to 
show that K* is cocompact in Ck- It is a closed subgroup since the group 
homomorphism K* — > Ck is proper as can be seen since it preserves the 
modules of these modulated groups. In fact the module of an idele (k w ) is 
the product Yl \ k w | • D 

Remark 4.157. This shows that the action of Ck on Xk has the peculiar 
property that the non-trivial isotropy groups always contain a cocompact 
subgroup I v = K*. In fact Proposition 4.156 shows that the I v = K* are the 
minimal non-trivial isotropy subgroups. They are cocompact and pairwise 
disjoint. 
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The transverse space to X^ v C X^ is identified with the transverse 
space of the closed K*-invariant subset of adeles A^ v C Ak, 

(4.453) A K ,„ = {a = (a w ) w( =^ x \ a v = 0}. 

and hence with the local field ¥L V . The action of the isotropy group I v = K* 
is simply the action of K* on K v by multiplication and the corresponding 
term in the trace formula (4.433) is given by 



(4.454) 




where the u 1 in the argument of h comes from the notation for the action 
of Ck on X K , 

(4.455) =Z(u~ 1 x), 

which differs from (4.430) by the presence of the inverse. 

7.3. Frobenius (scaling) correspondence and the trace formula. 

We begin by reformulating the geometric side of the trace formula given 
in Theorem 4.130 in more intersection theoretic language, so as to be able 
to compare the terms in the trace formula with the setup of §6.2 above. 

To the scaling action $a(7)(£)( x ) = £(7 _lx ) one associated the graph 
Z g given by the pairs (x,g~ 1 x). These should be considered as points in 
the product Ar/K* x Ak/K* of two copies of the adele class space. Thus, 
the analog in our context of the correspondences Z = ^ n a n Fr n on C x C 
considered in §6.3 above is given by elements of the form 

(4.456) Z(f)= [ f(g)Z g d*g, 

for some / G S (Ck). 

With this interpretation of correspondences, we can then make sense of 
the terms in the trace formula in the following way. 

Definition 4.158. For a correspondence of the form (4.456) we define 
degree and codegree by the following prescription: 

(4.457) d(Z(f)) := /(l) = f f(u) \u\ d*u, 

(4.458) d'(Z(f)):=d(Z(ft))= [ f(u)d*u = f(0). 

Jc^ 

Here the Fourier transform / is as in (4.295), with the trivial character 
X = 1. Notice that, with this definition of degree and codegree we find 

(4.459) d(Z g ) = \g\, and d'{Z g ) = l. 
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Thus, the term /(l)+/(0) in the trace formula of Theorem 4.130 matches 
the term d{Z) +d'{Z) in Weil's formula for the trace of a correspondence as 
in (4.391). The term 

(4.460) f f -^-\d*u 

J(K*,a v ) I 1 - U\ 

of (4.346) in turn can be seen as the remaining term Z • A in (4.391). In 
fact, as we saw in §7.2 the formula (4.460) describes, using distributions, the 
local contributions to the trace of the intersections between the graph Z{f) 
and the diagonal A. 

When we separate out, as in Lemma 4.131, the contribution log \a\ h{l) 
and we rewrite the trace formula as in Theorem 4.130. This corresponds 
to separating the intersection Z • A into a term that is proportional to 
the self-intersection A • A and a remaining term, where the intersection is 
transverse. 

To see this, we notice that the term log |a|, for a = (a v ) a differental 
idele, is of the form (4.344). Indeed one sees that, in the function field case, 
the term 

— log |a| = - logq 2 ~ 2g = (2g - 2)logg = -A • A logg 

is proportional to the self-intersection of the diagonal, which brings us to 
consider the value log \ a\ = — log D with the discriminant of a number field 
as the analog in characteristic zero of the self-intersection of the diagonal. 

In these intersection theoretic terms we can reformulate the positivity 
condition equivalent to the Riemann Hypothesis in the following way. 

Proposition 4.159. The following two conditions are equivalent: 

• All L-functions with Grossencharakter on K satisfy the Riemann 
Hypothesis. 

• The estimate 

(4.461) Z(f) . trans Z(f) < 2d{Z{f))d'{Z{f)) - A • A / * 
holds for all f G S (Ck). 

Proof. As in the Weil proof one separates the terms 

= d'(Z)A + Y, 

where Y has transverse intersection with the diagonal. Here we can write 
an identity 

(4.462) TrGU/*/")^ 1 ) =: Z{f).Z{f) = A.A/*/»(l)+Z(/). trail8 Z(/), 

where the remaning term Z(f) "trans Z(f), which represents the transverse 
intersection, is given by the local contributions given by the principal values 
over (K* v ,e Kv ) in the formula (4.345) for Tr(i? m (/ * f^H 1 ). 

The formula (4.345) for Tr(^ m (/ * f^H 1 ) gives a term of the form 

- log |o| /*/»(!), 
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with 

/*/"(!)= / \f(g)\ 2 \g\d*g. 
Jc K 

We rewrite this term as — A»A/*/"(l) according to our interpretation 
of log |a| as the self-intersection of the diagonal. This matches the term 
(2g - 2)d'{Z) in the estimate for Tr(Z * Z') in the Weil proof. 

The first two terms in the formula (4.345) for Tr(?? m (/ * f^)\H v ) are of 
the form 

(4.463) 777»(0) + 77/1(1) = 2/(0)/(l) = 2d'(Z(f))d(Z(f)). 

This matches the term 2gd'(Z) = 2d(Z)d'(Z) in the expression for Tr(Z*Z') 
in the Weil proof. 

With this notation understood, we see that the positivity 

TrGU/*/*)^ 1 )^ 
indeed corresponds to the estimate (4.461). □ 

7.4. The Fubini theorem and trivial correspondences. 

The first important step in the Weil proof, as we have seen in §6.2 
above, is the freedom to modify the degree by adding multiples of the trivial 
correspondences . 

In our setting, what plays the role of the trivial correspondences, in 
view of the vanishing result of Proposition 4.135 should be given by the 
correspondences Z(f) associated to elements / G V C S (Ck), in the range 
of the reduction map from adeles. Thus, we need to show that it is possible 
to arbitrarily modify the degree d(Z(f)) = /(l) of a correspondence by 
adding to / an element in V. 

This is possible (as we show in Lemma 4.160 below) only thanks to a 
failure of Fubini's theorem. In fact, at first sight it would appear that, if we 
consider an element £ € <S(Ak)o 5 since this satisfies the vanishing condition 

f £{x)dx = 0, 

one should also obtain that, for the function on Cr defined by f(x) = 
EfcgK* £( kx )i the integral 

(4.464) /(l) = f f(g)\g\d*g 

should vanish. Indeed, for local fields (but not in the global case) the relation 
between the additive and multiplicative Haar measures is of the form dg = 
\g\d*g. To see more clearly what happens, let us just restrict to the case 
where K = Q and take the function £(x) of the form 
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with j) G «S(R)o. We then have Cq = Z* x R* + and the function / is of the 
form 

(4.465) f(u, A) = ^( nA )' VA G R* + , ueZ*. 

We can thus write (4.464) in this case as 



ragN 



(4.466) /(!)=/ f(u,X)dudX= [ VVnA)dA 

Moreover since 77 G 5(M)o we have for all n, 

(4.467) / r7(nA)dA = 0, 



It is however not necessarily the case that we can apply Fubini's theorem 
and write 

(4.468) f ^( nA ) dX = I nin\)d\ = 

since as soon as rj / one has 



00 00 ^ 

£ / \v(n\)\d\ = ( \ V (X)\dX) 



= OO 

n 



so that Fubini's theorem does not apply and one cannot interchange the 
integral and the sum in (4.468). Thus, one can in general have /(l) 7^ 0, 
even though J2n lR r l( n X)dX = 0. In fact, we have the following result. 

Lemma 4.160. Given / G S (Cjj), it is possible to change arbitrarily the 
value of the degree d(Z(f)) = f(l) by adding elements ofV. 

Proof. It suffices to exhibit an element / G V such that /(l) 7^ 0, as 
then by linearity one can obtain the result. We only treat the case K = Q. 
We take r\ G <S(M)o given by 

r)(x) = -kx 2 (-kx 2 - ^) e" 7 ™ 2 

We get by Proposition 2.24 of Chapter 2 that £(1|> <8> rj) has the Riemann 
£ function of Chapter 2, Proposition 2.24 as its Fourier transform. This 
function does not vanish at ±| thus one gets that f(l) / 0. □ 



7.5. The curve inside the adele class space. 

In the case of a function field EC = F 9 (C), one can identify a locus inside 
the adele class space A^/K*, described as a union of orbits of the Ck action, 
which is (non-canonically) isomorphic to the algebraic points C(¥ q ). This 
locus can be defined in the same way for all global fields and provides a 
replacement for the curve C inside the adele class space in the case of a 
number field. As we show below in §7.5.1, it can also be described as the 
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set of classical points of the periodic orbits X^ jV of (4.451) parameterized 
by the places of K. 

Definition 4.161. Let K be a global field. For a place v £ Sk consider 
the adele 

(v) = (Jvh ,„u h „(«) = / 1 W^V 



(4.469) a (v) = (ttW), with a 



w 



w = v. 



The set of periodic classical points of the adele class space Ak/K* is defined 
as the union of orbits 

(4.470) E K := (J C K a^ . 

As before, we denote by C?k,i C Cr the kernel of the norm | • | : Cr — > Ml. 
In the function field case, we have the following (non-canonical) identifica- 
tion. 

Proposition 4.162. ForK = ¥ q (C) a function field, the orbits of Frobe- 
nius on C(¥ q ) give an equivariant identification 

(4.471) H K /C K ,i ~ C(¥ q ), 

between Hk/Ck,i with the action of q z and C(¥ q ) with the action of the 
group of integer powers of the Frobenius. 

PROOF. At each place v £ Sk the quotient group of the range N of the 
norm | • | : Ck — ► by the range N v of | ■ | : 1K„ — ► is the finite cyclic 
group 

(4.472) N/N v = q z /q nvZ ~ Z/n v Z, 

where n v is the degree of the place v G Sr, cf. §6.1 above. The degree n v is 
the same as the cardinality of the orbit of the Frobenius acting on the fiber 
of the map (4.362) from algebraic points in C(¥ q ) to places in Sk- Thus, 
one can construct in this way an equivariant embedding 

(4.473) C(¥ q ) — (Ak/K*)/C K) i 

obtained, after choosing a point in each orbit, by mapping the orbit of the 
integer powers of the Frobenius in C(¥ q ) over a place v to the orbit of 
Ck/Ck,i ~ Q Z on the adele aW. □ 



Modulo the problem created by the fact that the identification above is 
non-canonical and relies upon the choice of a point in each orbit, it is then 
possible to think of the locus Eg, in the number field case, as a replacement 
for C(¥ q ) inside the adele class space Ak/K*. It is very important to view 
the space as embedded in the adele class space Ar with the induced 
structure. In fact, it is the embedding Hjj C that provides the geometric 
set on which the Lefschetz trace formula of Theorem 4.130. This involves 
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Log2, Log3, Log5, ... ,Log p, 




Figure 3. The classical periodic points Sq/ Cq ; i of the adele 
class space. 

not only the space per se but it crucially involves the way this sits inside 
Xk- If we ignore the structure induced by X^, then the space would 
just be a disjoint union of orbits without any interesting global structure. 

The reduction to eigenspaces of Grossencharakters corresponds to in- 
duced bundles over the quotient (Ak/K*)/Ck i- Thus, we can in fact con- 
sider the quotient space Ek/Ck,i endowed with the action of the quotient 
group Cfc/Cfc,i. 

In the case of K = Q, the quotient Sq/ Cq 5 i appears as a union of periodic 
orbits of period logp under the action of Cq/Cq : \ ~ R, as in Figure 3. 

7.5.1. The curve and the periodic orbits. 

Each of the periodic orbits X^ v of Proposition 4.156 is still a noncom- 
mutative space. By construction the space of Definition 4.161 is a union 
over the set Sk of places of K of the subsets 



It is thus important to understand how one can deduce Hr^ in a natural 
manner from the noncommutative space X^ v . The space X^ v comes natu- 
rally with a measure, and hence an associated time evolution which we now 
compute. Indeed, by construction one has 



(4.474) 



C K aW C X l 



K,v ■ 



(4.475) 




,v — 



A K) „/K* 
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where Aj^ is the closed K*-invariant subset of Ajc defined in (4.453) by the 
condition a v = 0. This defines an "hyperplane" in Ajk and the additive Haar 
measure gives a natural measure. 

Proposition 4.163. The modular automorphism group of the additive 
Haar measure on the crossed product K* x A^ v is given by the time evolution 

(4.476) a v t (f)(k,x) = \k\^f(k,x), Vi G R, V/ G C*(K* x A k ,„) . 

Proof. We identify elements of C C (K* x Ak, v ) with functions /(<7, a) of 
elements g G K* and a G Ak,». The product is simply of the form 

fi * f2(g,a) = J2f 1 {gr- 1 ,ga)f 2 {r,a). 

r 

The additive Haar measure da on A^_ >v satisfies the scaling property 

(4.477) d(ka) = {k^da , VA; G K* , 

since the product measure da x da v on Ar = Ar :B x K„ is invariant under 
the scaling by A; G K*, while the additive Haar measure da v on K v gets 
multiplied by \k\ v : d{ka v ) = \k\ v da v . We then check the KMSi condition, 
for the weight ip associated to the additive Haar measure, as 

<p(fi *f'2) = Yl / /i( r_1 > ra )h{r, a) da 

= E / h{k-\kb)h{Kb)\k\- 1 db = v{h*o- i {f 1 )), 

using the change of variables k = r _1 , a = kb and da = (fc]" 1 db. □ 

In order to deal with states rather than weights, we replace the groupoid 
K* x Ak )S by the Morita equivalent groupoid obtained by restricting to the 
open subset 

(4-478) A« C A K) „ = [J K $ 

where for the local field K w we let K.ffl be the interior of {x G K m ; \x\ < 1}. 
We let K* x A^ be the restricted groupoid 

(4.479) G(v) = K* x Ag u = {( , a) G K* x A K ,„ | a and 5 a G A« } . 

We still denote by </? the restriction of the above weig ht to C*(K* x aJJ } J. 
It is a positive functional given by 

f (1, a) da. 

K,t> 

Proposition 4.163 shows that its modular automorphism group of is given 
by (4.476). 



(4.480) 



<f(f) 



/ 
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Lemma 4.164. Let K be a global field. Let W C Ak be a neighborhood 
of G Ar. Then for x G Ar one /ias K*x PI W / 0, unless x G Aj^ is an 
ide/e. For x G Aj^, the orbit Wx is discrete in Ak- 

Proof. One can assume that W is of the form 

W = {a = (a w )\ \a w \ < e Vw G S and \a w \ < 1 Vu> ^ S 1 }, 

for S a finite set of places and for some e > 0. Multiplying by a suitable 
idele one can in fact assume that S = 0, so that we have 

W = {a = (a w )\ \a w \ < 1 Vw G Sk}- 

One has < 1 except on a finite set F C Sk of places. Moreover, if x is 
not an idele, one can also assume that 

Y[ \x v \ < 5 

for any fixed 5. Thus, — logja^l is as large as one wants and there exists 
k G K* such that kx G W. This is clear in the function field case because of 
the Riemann-Roch formula (4.368). In the case of Q one can first multiply 
x by an integer to get \x v \ < 1 for all finite places, then since this does not 
alter the product of all |a;„| one gets |xoo| < 1 and x G W. The case of more 
general number fields is analogous. In the case of ideles, one can assume 
that x = 1 and then the second statement follows from the discreteness of 
K in A K . □ 

We now recall that, for an etale groupoid like Q{v ), every unit y G G(v)^ 
defines, by (3.43) of Chapter 3, i.e. 

(4-481) (%(/)0(7)= E /(7i)?(72), 

7i 72 =7 

a representation ir y by left convolution of the algebra of Q{v ) in the Hilbert 
space Hy = £ 2 (G(v) y ), where G(v) y denotes the set of elements of the 
groupoid Q{y ) with source y. By construction, the unitary equivalence class 
of the representation n y is unaffected when one replaces y by an equivalent 
z G G{v)(°\ i.e. one assumes that there exists 7 G G(v) with range and 
source y and z. Thus, we can think of the label y of ir y as living in the 
quotient space X^ v of equivalence classes of elements of Q(v)^ . 
The relation between and X^ v is then the following. 

Theorem 4.165. Lety G -^k,^; the representation n y is a positive energy 
representation if and only if y G ^k,v 

Proof. Let first y G Q{v )(°) n E KjV . Thus one has y G A{^, y w / for 
all w and | y w \ = 1 for all w G" S where S is a finite set of places. We can 
identify G(v) y with the set of k G K* such that ky G Aj^. We extend y 
to the adele y = y x 1 whose component at the place v is equal to 1 G ¥L V . 
Then y is an idele. Thus, by Lemma 4.164, the number of elements of the 
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orbit K* y in a given compact subset of Ajj is finite. It follows that log \ k\ v 
is lower bounded on Q{v) y . Indeed, otherwise there would exist a sequence 

k n G K* PiQ(v) y such that \k n \ v — ► 0. Then k n y & for all n large enough 
and this contradicts the discreteness of In the representation ir y the 

time evolution at is implemented by the Hamiltonian 

(4.482) (H y S)(k,y) = log\k\ v S(k,y). 
Namely, we have 

(4.483) %M/)) = d tH vv y {f)e- itH \ V/ G C c {G{v)) . 

Thus, since log \ k\ v is lower bounded on G(v) y , we get that the representation 
■K y is a positive energy representation. 

Let then y G ^(f)*- ^ \ Sk,«- We shall show that log|/c|„ is not lower 
bounded on Q(v) y , and thus that ti^ is not a positive energy representation. 
We consider as above the adele y = y x 1 whose component at the place v 
is equal to 1 6 K„. Assume that log is lower bounded on Q{v) y . Then 
there exists e > such that, for k G EC*, 

fcyeAW^|4> e . 

This shows that the neighborhood of 6 Ak defined as 

W = {a G A K ; |a„| < e , a w G K^ 1 ) , Vu; / w} 
does not intersect K*y. Thus by Lemma 4.164 we get that y is an idele and 

y e s K ,„. □ 



The specific example of the Bost-Connes system combined with Theorem 
4.165 shows that we can refine our recipe for taking "classical points" of a 
noncommutative space. The latter recipe only provides a notion of classical 
points that can be thought of, by analogy with the positive characteristic 
case, as points defined over the mysterious "field with one element" Fi (see 
e.g. [218]). To obtain instead a viable notion of the points defined over the 
maximal unramified extension ¥±, one performs the following sequence of 
operations. 

/ . . . n v Dual System ' Periodic Orbits -(> Classical Points „ 
^4.454^) A ► A ► UA, > U2„, 

which make sense in the framework of endomotives of §2. Note in particular 
that the dual system X is of type II and as such does not have a non-trivial 
time evolution. Thus it is only by restricting to the periodic orbits that one 
passes to noncommutative spaces of type III for which the cooling operation 
is non-trivial. In the analogy with geometry in non-zero characteristic, the 
set of points X(¥ q ) over ¥ q of a variety X is indeed obtained as the union 
of the periodic orbits of the Frobenius. 
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Remark 4.166. Theorem 4.165 does not give the classification of KMS/3 

states for the quantum statistical system (C*(K* ix A^), at). It only allows 
one to construct extremal KMSa states of the form 

(4.485) V/3,y(o) = TV( e -^ % (a))/Tr(e-^), Va G C*(Q(v)) . 
7.5.2. The valuation systems for K = Q. 

We analyzed in Chapter 3 several examples of quantum statistical sys- 
tems for which the structure of KMS/3 states stabilized at low enough tem- 
perature. In the present case of the valuation systems (C* (Q (v)) , a t ) a very 
interesting new phenomenon occurs already when K = Q and v is a finite 
place. Indeed, while the elements of Hg^ label extremal KMS^ states ipp y 
for (3 > 1, given by (4.485), it is no longer true that these states converge 
to a unique vacuum state ipoo,y for P - ► 00 and there is a finite degeneracy 
of the vacuum state. We now explain in detail what happens in this case 
K = Q. 

Definition 4.167. Let A^ p c A^ p be the subspace 

(4.486) Aq jP = {i£ Aq iP | \x w \ = 1 \/w ^p,oo and p^ 1 < |xoo| < 1}- 

As above Q(p) denotes the reduction (4.479) of the groupoid Q* ix Aq iP 
by the open subset A^ p C Aq jP , namely 

(4.487) G(p) = {(k, x) e Q* x A Q , p | x € A«, kx G A« }. 

Notice that the set Aq ' meets all the equivalence classes in Aq iP by the 
action of Q*. In fact, given x £ Aq iP , one can find a representative y with 
y ~ x in Aq )P /Q*, such that y G Z x R. Upon multiplying y by a suitable 
power of p, one can make j/qo as small as required, and in particular one can 
obtain in this way a representative in Aq . Let us assume that \y w \ = 1 
for all finite places w / p and that j/00 > 0. Then there exists a unique 
116NU {0} such that p n y £ A^ p . 

Given a prime p we define the function f p (X, 0) for A G (l,p] and /? > 1 

by 

(4.488) / P (A,/3) = ^c fc ^ 

where the G {0, . . .p — 1} are the digits of the expansion of A in base 
p. There is an ambiguous case where all digits are equal to for k > m 
while c m > 0, since the same number 

(4.489) \ = Y J C k p- k 

is obtained using the same Cj for j < m, c m — 1 instead of c m and Cj = p — 1 
for j > to. In that case, for (3 > 1, (4.488) gives two different values and we 
choose the value coming from the second representation of A, i.e. the lower 
of the two. 
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Lemma 4.168. The coefficients Ck of the expansion of X in base p are 
given by 

(4.490) c k = \Xp k -l] -plXp^-l], 

where \x\ = mf ne i{n > x} denotes the ceiling function. One has 

(4.491) f p (\, /3) = J2( r V s - ii - P iv -1 - 11 ) p- kp ■ 

Proof. Indeed, it is enough to show that 

k 

(4.492) \Xp k -l]=Y,CjP k - j ■ 

o 

Using (4.489), one has 

k oo 

\p k = cj p k - j + e , e = °k+n P~ n , 

1 

where e > since we exclude the case Cj = for all j > k. One has e < 1 
by construction, thus [e — 1] =0 and one gets (4.492) since Ylo Cj p k ~i is 
an integer. Then (4.491) follows. □ 

Note that, for (3 > 1, the function f p (X,f3) is discontinuous (cf. Figures 4 
and 5) at any point (A, (3) where the expansion of A in base p is ambiguous, 
i.e. A £ Np~ fe . Moreover for (3 = 1 one gets 

(4.493) / P (A,1) = A, VA€(l,p]. 



We then obtain the following result. 

Theorem 4.169. Let (C*(Q(p)),a%) be the C* -dynamical system asso- 
ciated to the groupoid (4.487) with the time evolution (4.476). Then the 
following properties hold. 

(1) For any y £ &-q p the corresponding representation n y has positive 
energy. 

(2) Let H y denote the Hamiltonian implementing the time evolution in 
the representation ir y , for y £ &-q p with y^ = A" 1 and X £ 
Then the partition function is given by 

(4.494) Z P (X, (3) = Tr(eT^) = 2 f P (X, 0) . 

(3) The functionals 

(4.495) ^ y (a) = Trie-?"* w y (a)) , VaGC*(5(p)) 

satisfy the KMSp condition for af and depend weakly continuously 
on the parameter y £ A™ . 
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Figure 4. Graphs of the functions f p (\,/3) as functions of 
P for p = 3, A = n/27. The gray regions are the gaps in the 
range of f p . 



\m\ < p 



fc+i 



Proof. (1) This follows from Theorem 4.165. For y G Aq p one has 
(4.496) r e Q*, £ A§], =► r = p" fc m, 

for some k > and some integer m prime to p and such that |ryoo| < 1. 
This implies 

(4.497) 

and one finds 
(4.498) 

In fact, the argument above shows that the spectrum of the Hamiltonian 
H y implementing the time evolution erf in the representation ir y is given by 

(4.499) Spec(H y ) = {klogp} kmu{0} , 

hence 7r y is a positive energy representation. 



\r\ p = p k > 1 and log \r\ p > 0, 



(2) We begin with the special case of y Q 



p 



Then A = p and 



f p (X,P) = ^p-p since all digits of A = p are equal to p — 1. We want to 



= p- 1 
i-p-t 

show that the partition function is given by 

(4.500) Tr(e-^) = 2 P ~}_„ . 

1 — p l P 

The multiplicity of an eigenvalue klogp of H y is the number of integers 



m / G Z that are prime to p and such that p k 
are assuming that = this gives \m\ < p k+1 . 



is just 2 (p 1 



fn\yoo < 1- Since we 
Thus, the multiplicity 



p ). The factor 2 comes from the sign of the integer m. 
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The factor (p k+l — p k ) corresponds to subtracting from the number p k+1 of 
positive integers m < p k+1 the number p k of those that are multiples of p. 

We now pass to the general case. For x > 0, fa; — 1] is the cardinality 
of (0, x) n N. The same argument used above shows that the multiplicity of 
the eigenvalue k log p is given by the counting 



2 (fAp* - 11 - fAp*" 1 - ll) . 



Thus 

oo 

(4.501) Tr(e-^) = 2 £ (\Xp k - 1] - \Xp k ^ - 1]) p~ k(3 . 

k=0 

One has the following equalities of convergent series: 

oo oo 

(rv - 1] - \\ P k ' 1 - li) P ~ ki3 = Y,\ x p k - x i (p~ k/3 -p- {k+t)P ) 

k=0 k=0 

so that, 



k=0 



oo 



(4.502) Tr(e-^) = 2(1- p' 13 ) £[Ap fc - 1] p~ kfi . 
Similarly 

oo 

£ (\x P k - ii - p \\p k ~ l - ii ) p- k ? = ^\x P k - il <p- kp -P P ~ (k+1) ") 

k=0 k=0 

which gives using (4.491) 

oo 

(4.503) f p (X, (3) = (1 - p 1 "?) £ \Xp k - 11 p-W . 

k=0 

Combining (4.502) with (4.503) gives (4.494). 

(3) It follows from (4.483) and the fmiteness of the partition function 
(4.494) that the functionals (4.495) fulfill the KMS/j condition. In terms of 
functions on the groupoid Q(p) one has 

(4.504) ^ y (f) = ^2f(l,np- k y)p' k ^ V/ G C c {Q{p)) 

where the sum is absolutely convergent. Each of the terms in the sum gives a 
weakly continuous linear form. Thus one obtains the required continuity. □ 



Remark 4.170. The partition function Z p (X, (3) is a discontinuous func- 
tion of the parameter A and this might seem to contradict the third state- 
ment of Theorem 4.169. It would if the algebra C*{Q{p)) were unital since, 
in that case, the partition function is given by evaluation on the unit and 
weak continuity implies that it is continuous. In our case C*{Q{p)) is not 
unital, and the partition function is expressed as a supremum of the form 

Z p (X,/3) = S up{^ y (a*a)\aeC*(g(p)), \\a\\ < 1}. 
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Figure 5. Graph of the function Z p (A, (3) as a function of A 
for p = 3, (3 = 1.2. 

In particular it shows that Z p {X,(3) is lower semi continuous as a function of 
A. 

The precise qualitative properties of the partition functions Z p (X,f3) are 
described by the following result 

Proposition 4.171. As a function of X E (l,p] the partition function 
Z P (X, (3) satisfies for (3 > 1: 

(1) Z p is strictly increasing. 

(2) Z p is continuous on the left, and lower semicontinuous. 

(3) Zp is discontinuous at any point of the form X = mp~ k with a jump 
of 2p~ k @ (for m prime to p). 

(4) The measure -gy- is the sum of the Dirac masses at the points X = 
mp~ k , m prime to p, with coefficients 2p~ k @. 

(5) The closure of the range of Z p is a Cantor set. 

Proof. (1) This follows from (4.502) which expresses Z p as an abso- 
lutely convergent sum of multiples of the functions \Xp k — 1] . The latter 
are non-decreasing and jump by 1 at A G Np _fc n The density of the 

union of these finite sets for k > shows that Z p is strictly increasing. 

(2) This follows as above from (4.502) and the semi-continuity properties 
of the ceiling function. 

(3) Let A = mp~ k with m prime to p. Then for any j > k one gets a 
jump of 2(1 — p~P)p~iP coming from (4.502) so that their sum gives 

oo 

2(1 -p- )^2p~ jP = 2p- k P. 
j=k 
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Z p (\, P) 




3 

1.4 1.6 1.8 2.0 2.2 

Figure 6. Graphs of the functions Z p {\,(3) as functions of 
(5 for p = 3, A = n/27. The gray regions are the gaps in the 
range. All these functions have a pole at (3 = 1. 

(4) This follows as above from (4.502) and from (3) which computes the 
discontinuity at the jumps. 

(5) Recall that when writing elements of an interval in base p one gets a 
map from the Cantor set to the interval. This map is surjective but fails to 
be injective due to the identifications coming from Ylo^iP - ^)p~ m = P- The 
connectedness of the interval is recovered from these identifications. In our 
case the coefficients Ck of the expansion in base p of elements of ( 1 , p ] are such 
that Co G {1, . . . ,p — 1} while G {0, . . . ,p— 1} for k > 0. This is a Cantor 
set K in the product topology of K = {1, . . . ,p— 1} x Hn {0> • • • >P~ !}■ ^ s 
shown in Figure 5, the discontinuities of the function Z p (X, (3) as a function 
of A replace the connected topology of (l,p] by the totally disconnected 
topology of K. □ 

Remark 4.172. One can use (4.501) to define Z p (\,(3) for any A > 0, 

as 

oo 

(4.505) Z P (X,P) =2j2(\*P k " 11 " [A/- 1 - l])p~ kl3 . 

— oo 
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This makes sense for »(/3) > 1 since \Xp k - 1] = for k < The 
extended function (4.505) satisfies 

Z p (pX,P)=p l3 Z p (X,P), 

which suggests replacing Z p (X,(3) with 

(4.506) C P (\,0) = \-PZ P (\,0) 
so that 

(4.507) ( p (pX,(3) = ( p (X,P). 

This replacement Z p ( p corresponds to the shift in the Hamiltonian H y 
by 

Hy I ^ -10g|yoo|. 

We can now refine Theorem 4.165 and consider the zero temperature 
KMS state of the system (C*(Q(p)), of ) corresponding to the positive energy 
representation ir y for y G Sq i p . 

Proposition 4.173. As (3 — > oo i/je vacuum states (zero temperature 
KMS states) of the system (C*(Q(p)),af) with Hamiltonian H y have a de- 
generacy of 2\X — 1], where y^ = A -1 . There is a preferred choice of a 
vacuum state given by the evaluation at y G Ajjj . 

PROOF. When we look at the orbit of y G Aq p , i.e. at the intersection 

Q*y n „ and label its elements by pairs (fc, m) as above, we find that all 
elements with k = give a ground state. This degeneracy of the vacuum 
reflects the fact that the limit of the partition function as the temperature 
goes to is not in general equal to 1. For instance, for y^ = p^ 1 , one finds 

lim Tr(e~ pHy ) = lim 2 P ~} a = 2(p - 1). 

More generally, one finds similarly the limit 

lim Tc(e~ pH «) = 2 f A — 1]. 

Among the 2 f A — 1] vacuum states, the state given by evaluation at y G Aq p 
is singled out, since my £ Aq p for m ^ 1. It is then natural to consider, for 
each finite place p G £q, the section 

(4.508) s p (x) = Q*x n A Q>p , Vx G C Q a (p) C Aq/Q* 

of the projection from Aq to the orbit Cqa^K □ 

Notice that s p is discontinuous at the boundary of the domain Aq^. 

Indeed when y^ crosses the value p _1 the class in Cqo^ varies continuously 
but the representative in Aq jumps discontinuously so that its Archimedean 
component remains in the interval [p^ 1 , 1). This suggests to consider a cyclic 
covering of Sq, which we now discuss in §7.5.3. 
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7.5.3. The cyclic covering Eq of Eq. 

By construction is a subspace of the adele class space Xj&. We shall 
now show, in the case K = Q, that it admits a natural lift Eq to a subspace 
of Aq which reduces the ambiguity group Q* to a cyclic group. One thus 
obtains a natural cyclic covering Eq C Aq of Eq. We already saw above, 
in Proposition 4.173, that it is natural to choose representatives for the 
elements of the orbit Cqcl^, for a finite prime p, in the subset of adeles 
given by 

(4.509) Hq iP := {y £ Aq| y p = and |^| = 1 for £ 7^ p, 00 and > 0}. 
We extend this definition at 00 by 

(4.510) Eq jOQ := {y G Aq| = 1 Vu> / 00 and y^ = 0}. 
Definition 4.174. The locus Eq c Aq is defined as 

(4.511) E ;: U ^Q.« c A Q 

We then have the following simple fact. 

Proposition 4.175. Let tt be the projection from Eq to Eq, with ir(x) 
the class of x modulo the action of Q* . 

(1) The map tt : Eq — > Eq is surjective. 

(2) Two elements in Eq >v have the same image in Cqa^ iff they are 
on the same orbit of the transformation 

(4.512) Tx = px , Vx G Hq iP , Tx = —x , Vx £ Hq ;00 

Proof. The first statement follows by lifting Cq inside Aq as the sub- 
group Z* x M^. Then any element of Cqa^ has a representative in 

(z* x i;) a w. 

The proof of the second statement is straightforward, since, for a finite 
prime p, the subgroup p z C Q* is the group of elements of Q* which leave 
Eq jP globally invariant. □ 

7.5.4. The global Morita equivalence. 

We obtained the valuation systems (C*(Q(v)), at) by reducing the group- 
oids K* x Ak ^, associated to the periodic orbits, to the subgroupoids 

It is important to be able to perform this reduction globally, by reducing 
the groupoid C/k to a suitable open set. The set A^ 1} of (4.513) that we use 
to reduce the groupoid Gk will only capture part of the subspace Cr, but 
since our main focus is on the geometry of the complement of this subspace 
(the cokernel of the reduction map), this will not be a problem. 
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Definition 4.176. Consider the open neighborhood of G Ak defined 

by 

(4.513) a£ } = J] K« C A K 

where for any place we let K.ff be the interior of {x G K w ; |x| < 1}. Let 
denote the reduction of the groupoid by the open subset A{^ C Ag of 
the units and S(Q^) denote the corresponding (smooth) groupoid algebra. 

The algebra S(g^) is a subalgebra of S(Gk) where one simply extends 
the function f(k, x) by zero outside of the open subgroupoid C Gk- 
With this convention, the convolution product of S{Q^) is simply given by 
the convolution product of S(Gk) of the form 

(fi*f 2 )(k,x)= Y, h(kh-\hx)f 2 (h,x). 

We see from Lemma 4.164 above that the only effect of the reduction to 
Q^P is to remove from the noncommutative space Ak/IK* all the elements 

of Ck whose class modulo K* does not intersect (i.e. in particular those 
whose norm is greater than or equal to one). 

The inclusion C A^ is K*-equi variant and proper, and yields an 
algebra homomorphism 

(4-514) p v : S(9$>)^S(gW) 

which plays the role of the restriction map to the periodic orbit X^ v . The 
modular automorphisms a'l of the valuation systems extend to the global 
algebra. 

Lemma 4.177. Let K be a global field and v G Eg a place. The map 

(4.515) d v (k, x) = log \k\ v G R 

defines a homomorphism of the groupoid to the additive group R and 
the time evolution 

(4.516) <%{f){k,x) = \k\*f{k,x), Vi G R, V/G5(4 1} ) 
generates a 1-parameter group of automorphisms of the algebra S(Q^). 

The following result shows that the nontrivial part of the dynamics 
concentrates on the algebra S(Q(v)) with Q(v) as in (4.479). 

Proposition 4.178. The morphism p v of (4.514) restricts to a o^- 

equivariant morphism S(Q^) — > S(G(v)). Moreover, the restriction of the 
one-parameter group a'1 to the kernel of p v is inner. 
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Proof. For the first statement note that the proper inclusion A^ v C 

restricts to a propei 
notice that the formula 



Ar restricts to a proper inclusion C A{^. For the second statement, 



(4.517) h v (x) = log \x\ v , Vx G a£ } , 

defines the multipliers e tthv of the kernel of p v . Indeed e lthv is a bounded 
continuous function on A^ \ A^. 

We can then check that the 1-cocycle d v is the coboundary of h v . In 
fact, we have 

(4.518) h v (kx)-h v (x) = d v (k, x ), y{k,x) eg^Kg{ v ). 

□ 

We then have the following symmetries for the algebra S(Q^). 

Proposition 4.179. Let J + denote the semigroup of ideles j G Ajjj- 

such that j'Ajjp C A^. The semigroup J + acts on the algebra S{Q^) by 
endomorphisms obtained as restrictions of the automorphisms of S(Qk) of 
the form 

(4.519) MMf)(k,x) = f(k,j~ 1 x), V(M)£&, 

Let K = Q and Cq C Cq be the semigroup Cq = {g G Cq\ \g\ < 1}. The 
semigroup Cq acts on S(Q^) by the endomorphisms 

(4.520) F(g) = # a (g), 

with g the natural lift of g G Cq to IT x . 

PROOF. By construction i? a (j) is an automorphism of S(Qk)- For a 
function / with support B in the open set the support of the function 
Mj)(f) ^ jB = {(k,jx)\(k,x) G B} C so that ^a(i)(/) still has 

support in ■ 

For EC = Q let g G TL* x be the natural lift of an element g G Cq. 
Then the Archimedean component <7oo is of absolute value less than 1, so 
that g G J + . The action of # a (<?) by endomorphisms of 5(£?q' ) ) induces a 
corresponding action of Cq . □ 

Remark 4.180. For m a positive integer, consider the element g = 
(1, m _1 ) G Cq . Both g = (1, to -1 ) and m = (m, 1) are in J7" + and have the 
same class in the idele class group Cq, since mg = rh. Thus the automor- 
phisms i? a (<7) and i9 a (m) of <S((?k) are inner conjugate. Since the open set 
Aj^ C Ajc is not closed its characteristic function is not continuous and does 
not define a multiplier of <S(£7k)- It follows that the endomorphism F{g) is 
inner conjugate to the endomorphism ?9 a (m) only in the following weaker 
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sense. There exists a sequence of elements u n of S{Q) L ') such that for any 
/ G S(G^) with compact support 

F(g)(f)=u n Urh)(f)u* n , 

holds for all n large enough. 

7.5.5. Arithmetic subalgebra, Frobenius and monodromy. 

We now describe a natural algebra of coordinates B on Sq. As we saw in 
Chapter 3, the BC system of Chapter 3 §4.1 ([30]), as well as its arithmetic 
generalizations of [86] and [90], have the important property that they come 
endowed with an arithmetic structure given by an arithmetic subalgebra. 

The general framework of endomotives developed in §2 shows a broad 
class of examples where a similar arithmetic structure is naturally present. 
We consider here the issue of extending the construction of the "rational 
subalgebra" of the BC system to the algebra S(Q^) of §7.5.4. 

In order to get a good geometric picture it is convenient to think in terms 
of Q-lattices rather than of adeles, as in Chapter 3 §4 ([86]). Thus, we use 
Lemma 3.21 of Chapter 3 to identify the set of 1-dimensional Q-lattices with 
Z x W + by the map 

(4.521) £:ZxR* + ^{Q- lattices} , £(p, A) = (A, 0) = (A _1 Z, A _1 p), 

which associates to an adele (p, A) G Z x IR+ C Aq the Q-lattice obtained 
using p to label the torsion points of M/A _1 Z. Replacing (p, A) by (np, nX), 
for a positive integer n G N, one obtains the pair (^A, </>), which is commen- 
surable to (A, (f>). Thus, the action of Q?j_ corresponds to commensurability 
of Q-lattices under the map i. Multiplying A by a positive scalar corresponds 
to the scaling action of W + on Q-lattices. 

Let us recall from Chapter 3, Theorem 3.30, the description of the "ra- 
tional algebra" Ai,q for the BC system, in terms of Q-lattices. We let, as 
in (3.83), 

(4.522) ei,a(A,0)= £ y~\ 

yeA+4>(a) 

for any a £ Q/Z. This is well defined, for (f)(a) / 0, using the summation 
lim/v^oo an d is zero by definition for (f>{a) = 0. The function 

(4.523) ¥>o(p,A) = ei, (*(p,A)), V(p, A) G Z x R* + , 

is well defined and homogeneous of degree 1 in A. Moreover, for fixed a G 
Q/Z with denominator m, it only depends upon the projection of p on the 
finite group Z/mZ, hence it defines a continuous function on Z x K_. Using 
the degree 1 homogeneity in A, one gets that (4.523) extends by continuity 
to on Z x {0}. 
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One gets functions that are homogeneous of degree zero by taking the 
derivatives of the functions <p a . The functions 

(4.524) ip a (p,X) = ^~~[^Pa(p, A), V( ft A)dxi;, 

are independent of A, hence they define continuous functions on Aq\ They 

are non-trivial on ^Q i0 o — ^* x {0} C Z x {0} and they agree there with the 
functions e\ „ of Chapter 3 (3.80). 

Proposition 4.181. Let B be the algebra generated by the ip a and ip a 
defined in (4.523) and (4.524) above. 

The expression 
defines a derivation N of B. 

The algebra B is stable under the derivation Y that generates the 1- 
parameter semigroup F(p) of endomorphisms of S{Q^) of (4.520) 
and one has, at the formal level, the relation 

F{p)N = pNF(p). 

For any element f E B one has 

a o f(x) = /(ax), Vx E H Qj00 and Va G Gal(Q c f d /Q), 

where a G Z* C Cq is the element of the idele class group associated 
to a G Gal(Q CJ/d /Q) by the class field theory isomorphism. 

Proof. (1) By construction N is a derivation of the algebra of functions. 
Moreover (4.524) shows that N(<p a ) = ip a , while N(ip a ) = 0. Thus, the 
derivation rule shows that B is stable under N. 

(2) The derivation generating the one-parameter semigroup F(p) is giv- 
en, up to sign, by the grading operator 

(4-528) Y (f) = X^f. 

By construction, any of the (p a is of degree one, i.e. Y(ip a ) = ip a and if) a is 
of degree 0. Thus, again the derivation rule shows that B is stable under Y. 

(3) This only involves the functions ip a , since by construction the restric- 
tion of ip a is zero on Sq i0O . The result then follows from Chapter 3, (3.137) 
in Theorem 3.32. In fact, all these functions take values in the cyclotomic 
field Q cyd c C and they intertwine the action of the discontinuous piece Z* 
of Cq with the action of the Galois group of Q cycl . □ 

This is in agreement with viewing the algebra B as the algebra of coordi- 
nates on Sq. Indeed, in the case of a global field K of positive characteristic, 
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the action of the Frobenius on the points of C(¥ q ) (which have coordinates 
in F q ) corresponds to the Frobenius map 

(4.529) Fr:u^u q , VueK 

of the function field EC of the curve C. The Frobenius endomorphism u q 
of K is the operation that replaces a function / : C(¥ q ) — ► ¥ q by its q- 
th power, i.e. the composition Fr o / with the Frobenius automorphism 
Fr G Gal(F,/F g ). For / € X, one has 

(4.530) Fr o / = f = / o Fr, 

where on the right hand side Fr is the map that raises every coordinate to 
the power q. This corresponds to the intertwining with the Galois action 
discussed above. 

Notice moreover that, as we have seen in Proposition 4.179, only the 
semigroup Cq acts on the reduced system S(Gq > ) and it acts by endomor- 
phisms. It nevertheless acts in a bijective manner on the points of Sq. This 
is similar to what happens with the Frobenius endomorphism (4.529), which 
is only an endomorphism of the field of functions K, while it acts bijectively 
(as a Galois automorphism of the coordinates) on the points of C(F q ). 

Further notice that there is a striking formal analogy between the oper- 
ators F and N of Proposition 4.181 satisfying the relation (4.526) and the 
Frobenius and local monodromy operators introduced in the context of the 
"special fiber at arithmetic infinity" in Arakelov geometry (see [100], [102]). 
In particular, one should compare (4.526) with §2.5 of [102] that discusses 
a notion of Weil-Deligne group at arithmetic infinity. 

7.6. Vortex configurations (an analogy). 

We formulate here an analogy between some of the beginning steps of the 
Weil proof of RH for function fields and statements formulated in terms of 
differential operators and index theory. The purpose is to help in building 
a dictionary between correspondences given in terms of divisors in the Weil 
proof and correspondences in terms of something akin to Kasparov modules 
and (pseudo) differential operators in noncommutative geometry. 

Since the purpose of this section is mainly to build an analogy, we will 
not give the full analytic details of the vortex moduli spaces we consider 
below, but we include references to the literature where the reader can find 
a more detailed treatment. 

We assume that C is a smooth algebraic curve and we think of it as a 
curve over C (a compact Riemann surface) to obtain the differential geo- 
metric analogs of the arguments given by Weil in the function field case 
(for a curve defined over a finite field). It is already a well known fact that 
the complex geometry analog of positivity can be found in the Hodge index 
theorem, in the form of Castelnuovo positivity (cf. e.g. [267]). 
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As in §6.2 above, we consider a correspondence, given by a divisor Z on 
C x C. As we have seen, this can be viewed as a multivalued map (4.388). 
We consider the two degrees (4.383). 

As we have seen in §6 above, in the Weil argument one first uses trivial 
correspondences P x C and C x P to alter the degree of Z{P). Thus, up 
to trivial correspondences, we can start by assuming that we are handed a 
correspondence Z{P) with 

(4.531) d(Z) = g, 

where g is the genus of the curve. 

We begin by translating these data into more operator theoretic lan- 
guage. For a fixed P £ C, we are dealing with a divisor D = Z{P) on the 
Riemann surface C. There is an associated line bundle L = on C. 

Lemma 4.182. The Riemann-Roch formula for the curve C can be equiv- 
alently written as the Atiyah-Singer index theorem 

(4.532) lndd L = [ ch(L) Atd(TC). 

Jc 

Proof. The right hand side of (4.532) can be computed as 

J c ch(L)Atd(TC)= f c (l + Cl (L))(l + i Cl (TC)) 

(4.533) 

= / c ci(L) + | f c c 1 (TC)= deg(L) + l-«7. 
This recovers the usual Riemann-Roch formula upon identifying 

(4.534) Ker<9 L = H°(C,L) 
and 

(4.535) Coker<9 L = Kerd* L = H\C,L) = H°(C, K <S> L' 1 ), 

where K. ~ T*C is the canonical line bundle and the last identification is 
given by Serre duality. □ 

One sees from the formulae (4.532) an (4.533) that if we consider a line 
bundle L with deg(L) = g, which is what we obtain from (4.531), then we 
have Inddi = 1, which guarantees that dimKerS^ > 0. 

There is another natural differential operator on the Riemann surface 
C, which differs slightly from the 8 operator considered above. It is the 
Dirac operator (/). On a compact Riemann surface C this is related to the 3 
operator by 

(4.536) $ = 8x1/2. 

As in the case of the 3 operator, one can consider the Dirac operator twisted 
with a line bundle L, 

(4.537) $ L = 3 K1/ ^ L . 
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The Atiyah-Singer index theorem for is then of the form 

(4.538) Ind^ L = J ch(L) A A(TC) = deg(L). 

Thus, in the case of the Dirac operator, if we consider a line bundle L with 
deg(L) = g we obtain not just a positive dimensional kernel, but the stronger 
condition Ind^ = g, which implies dimKer^ > g — 1. We will encounter 
below another differential operator that has this same property. 

In the Weil proof one then proceeds to modify the divisor Z{P) to an 
effective divisor, while maintaining the same degree d(Z) = g. This is done 
using the fact that any divisor of degree g is linearly equivalent to an effective 
divisor. We want to see the same result, and the effect of moving D = Z{P) 
by a principal divisor, in operator theoretic terms. 

We first recall the following procedure, which is standard when dealing 
with the index for families (cf. e.g. §5.1.3 and §5.2.1 of [121]). Notice that we 
are in fact dealing with a family case, since the divisor D = Z{P) depends 
upon the point PeC, through the correspondence Z, so that we are in fact 
dealing with a family of differential operators 

(4.539) V p = 9l z{p) or V P = B Lz(py 

parameterized by P G C. 

Suppose given an elliptic differential operator D with pointwise index 
satisfying IndD > 0. For the moment, we can assume that T> is either Bl or 
$ L , with the line bundle L associated to the divisor D = Z(P) as in (4.539), 
but we will soon focus on a slightly different choice of V. The operator acts 
between smooth sections of vector bundles, 

V : Y{E) -► T(E'). 

The formal difference [KerPp] — [CokerPp] defines an element in the 
K-theory of C. We use the notation £ P = T(C,E P ) and £' P = T(C,E' P ). 
The map T>p is Fredholm, upon fixing suitable Sobolev completions of the 
spaces £p and £' P . If V is surjective, then KerP is a vector bundle over 
C. Otherwise, one can find a trivial vector bundle on C and a map 
T : C N — ► £'p such that the linear operator T> © T is surjective, and one has 

Ind(P) = [Ker(P © T)} - [C N ] £ K(C). 

The map T is defined locally so that its image spans the CokerDp and 
patched together globally. The index class does not depend on the choice of 
such a map T. The determinant line bundle of V is then defined equivalently 
as 

det V = A max Ker V © ( A' nax Coker V)* 

(4.540) 

= A max Ker(PffiT) ©(A^C^)*. 

The right hand side shows that indeed det T> is a well-defined line bundle, 
regardless of the fact that the dimensions of Ker I? and Coker I? may jump. 
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As observed in §5.2.1 of [121], passing from T> to P©T by the construc- 
tion above is closely related to the procedure of transverse perturbations, 
widely used in gauge theory to achieve transversality of the relevant moduli 
spaces (cf. e.g. §4.2 of [121]). In that setting, typically, the virtual dimen- 
sion of a moduli space is computed by an index theorem for the Fredholm 
operator given by the linearization at a solution of a system of nonlinear 
elliptic differential equations. The value of the index gives the virtual (ex- 
pected) dimension of the moduli space. In fact, while the kernel of the 
operator represents infinitesimal deformations of the solutions (in the Ku- 
ranishi model), the cokernel represents obstructions to the smoothness and 
transversality of the moduli space. 

We now rephrase in these "gauge theoretic" terms the operation of mod- 
ifying the divisor D = Z{P) by a principal divisor. To this purpose we 
rephrase the data of divisors in terms of vortex configurations. 

Definition 4.183. For a given holomorphic line bundle L over a com- 
pact Riemann surface C, one considers the non-linear Yang-Mills functional 

(4.541) E{A,u)= l -\\F A \\ 2 + 2 

where A is a U iX)- connection on L and u is a section. 
One then has the following result. 

Lemma 4.184. The first order equations associated to the variational 
problem that minimizes the energy functional give rise to the self-dual (or 
anti-self-dual) equations of abelian Higgs theory, 

1 - Id 2 

(4.542) d A u = 0, *iF A = — f-L. 

The moduli space Ml(C) of solutions to the equations (4.542) modulo gauge 
transformations Maps(C,U(l)) is a copy of the symmetric product of the 
curve C, 

(4.543) M L {C) =S d (C), 

where d = deg(L). 

The moduli space (4.543) corresponds to the effective divisors of holo- 
morphic sections of the line bundle L, 

D = u-\0) = (Q 1 ,...,Q d )eS d (C). 

The identification (4.543) actually holds only in a certain range of values 
of deg(L). To extend the range of validity to arbitrary deg(L) one can 
introduce an additional sufficiently large real parameter in the equation, 



1 + Id 



d A u 



+ 



1 



i + Id 
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which corresponds to scaling the volume, as in [32]. We discuss this point 
later. 

The configuration space Bl{C) is the set of all pairs (A,u) of connec- 
tions and smooth sections of L modulo gauge, completed in suitable Sobolev 
norms so that the linearization of the equations is a Fredholm operator. The 
moduli space (4.543) is cut out transversely by the equations (4.542) inside 
the configuration space Bl{C). This means that the linearization, which 
gives the deformation complex for the moduli space, has trivial cokernel. 
This follows, for instance, from the results of [137]. 

There is a way to extend the gauge theoretic picture to include the 
case of meromorphic sections (and non-effective divisors). The functional 
(4.541) extends to a Yang-Mills functional defined on sections of the complex 
projective bundle F(L © C) over C (cf. [271], [209]) and this corresponds 
to a gauge theory on Riemann surfaces where vortices and anti-vortices 
simultaneously arise, namely, where the section it is a meromorphic section 
with a certain number n of poles. Since, if m denotes the number of zeros, 
the difference m — n = J c c\(L) = deg(L) is fixed, assigning n also fixes m. 

We need to define a suitable configuration space Bl(C, n) for these data, 
with Bl(C) = Bl(C, 0). It is convenient to consider the elements of Bl(C, n) 
as gauge equivalence classes of pairs (A, u), where A is a [/(^-connection 
and u is a smooth section of the projectivized bundle P(L©C) . The numbers 
of zeros and poles are then specified by the data 

m = #(u(C) n s (C)), n = #(u(C) n Soo(C)), 

where so and Soo are the two natural sections of P(L © C) , 

S (x) = i( 0x ,l), Soo(x) = £( Vx:0 ), 

where £( VxjU ) denotes the complex line through the point (v x ,u) £ L x © C. 
In this way, one introduces two different charts, 

^oo = {uDsq = 0}, ft = {uDSoo = 0}. 

In the chart the section u can be identified with a section of L, while 
in the chart Oqo, u can be identified with a section u y of the dual bun- 
dle Hom(L,C). Here we view Hom(L,C) C P(L © C) by identifying h G 
Hom(L, C) with the complex line {(v x , h{v x )) : x £ C}. The connection can 
also be identified with a connection A v on the dual line bundle. 



Lemma 4.185. The functional (4.541) then extends to all of Bl(C,u), 
for any given n, in the form 
(4.544) 



E{A,u) 



\F A \r + 2 



||F A v|| 2 + 2 



l 



i+M 2 
i 



d A u 



+ 



i-M 2 



i+M 2 



i+|« v | 



vT2 UA 



+ 



l + |« v | 2 



u 6 J7q 



The values of the functional agree in the overlap of the two charts. 
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The corresponding first order equations can also be seen in the two 
charts and they give the Bogomolny equations (4.542). These determine a 
meromorphic section u of L and a meromorphic section u v of the dual line 
bundle. The zeros u(C)C\sq(C) are the zeros of u and the poles ■Lt(C)ns o(C) 
are the zeros of u y . 

A global solution (A, u) thus determines local solutions (A, u) and 
{A y ,u y ) of (4.542) in CIq and floo, with u and u v meromorphic. 

The reason for going through this gauge theoretic reformulation of the 
data of a holomorphic line bundle L with a Hermitian connection A and a 
meromorphic section is that now we can give a reformulation of the operation 
of modifying a divisor D by a principal divisor so as to obtain an effective 
divisor in terms of deforming a first order elliptic differential operator by a 
zero order perturbation to make it surjective. 

The family of differential operators we consider here are given by the 
linearization of (4.542) at a solution. 

Lemma 4.186. The linearization of the equations (4.542) at a solution 
(A, u) gives a first order elliptic differential operator T)(a,u) acting on pairs 
(a, w) of a 1-form a = a ' 1 + a 1 ' and a section w. This is explicitly of the 
form 

Baw + ia 0,1 • u 
(4.545) V( AiU )(a,w) = < - * ida + i{\u\ 2 )$t(u, w) 

, d*a — i^s{u,w), 
where, in the second equation we have 

t(x) = 2 ( x 2 - '' 



1 + x 2 

The third equation is the gauge fixing condition (the slice of the gauge 
action) given by the L 2 -adjoint G*^ A u \(a, w) of the infinitesimal gauge action 

G(A,u)(f) = (-idf,ifu). 
We obtain the index of the linearization (4.545). 
Lemma 4.187. The index ofT>/ A v \ is given by 

(4.546) Ind V {Au) = Ind B L + Ind B* = deg(L) . 

PROOF. This follows from the identity d*a — i * da = 23a ' 1 . In fact, 
this shows that, up to zero order terms, one can compute IndP(_A jtt ) as 
Inda L + Ind<9*. □ 

Corollary 4.188. If (A,u) and (A v ,u v ) are the data coming from the 
restriction of (A,u) to the charts and U^, respectively, then 

(4.547) Ind£> (A v iM v) = Ind<9 L -i +Ind<9* = -Ind P (j4jU) . 



718 4. ENDOMOTIVES, THERMODYNAMICS, THE WEIL EXPLICIT FORMULA 



Lemma 4.187 gives the virtual (complex) dimension of the space of gauge 
classes of solutions (A, u) of the equations (4.542). If the linearization (4.545) 
is surjective, then the virtual dimension equals the actual dimension, while 
if the dimension of the kernel is larger than the index, there may be excess 
intersection and the moduli space will not be cut out transversely by the 
equations. 

As we remarked before, the virtual dimension being positive does not 
guarantee that the moduli space will be nonempty. Conversely, there may be 
cases where the moduli space is nonempty though having a negative virtual 
dimension. Thus, computing the virtual dimension does not suffice and we 
need to find the actual dimension of the moduli spaces Ml(C, n). 

It is in fact known what the actual dimension of the moduli spaces 
A4l(C, n) is. First one needs to ensure that the Ml(C, n) are nonempty. 
A necessary condition is seen if one integrates the curvature equation of 
(4.542). 

Lemma 4.189. A necessary condition for the equation (4.542) to admit 
solutions with nontrivial section u is the estimate 

(4.548) | deg ( L )|<^M. 

PROOF. The term with the curvature form yields the topological invari- 
ant 27rdeg(L) and the term 1/(1 + \u\ 2 ) is bounded above by 1. Thus one 
obtains an estimate of the form (4.548). □ 

This bound can be improved upon inserting a positive real parameter r 
in the equation (replacing 1 — \u\ 2 with r — \u\ 2 ). This relaxes the condition 

(4.548) to the weaker 

(4.549) |deg(L)|<^^. 

The main result of [271] shows the following. 
Proposition 4.190. For an assigned divisor 

(4.550) D = {q 1 ,...,q m ,-p 1 ,..., -p n } 
of degree 

deg(D) = m — n = deg(L), 
there exists a unique solution (A, u) (in the gauge slice). 

The argument is given as a fixed point argument, as is customary in 
problems of pasting of solutions of nonlinear elliptic equations. We do not 
reproduce a proof here. The result is proved in [271] for the unperturbed 
equations (r = 1) with the constraint (4.548), while the fixed point argument 
for a perturbed version of the equations is considered in [209] , although with 
a different choice of perturbation and a variant of (4.549). 

As a consequence of Proposition 4.190 one can also obtain the actual 
dimension of the moduli space of solutions. 
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Corollary 4.191. The actual dimension of the moduli space Ml(C, n) 

is 

(4.551) dime Ml(C, n) = n + m. 

Proof. Upon describing solutions in terms of the data of divisors as 
in Proposition 4.190, one sees that the freedom to move along the moduli 
space from a point [A, u] corresponds to the freedom to move the choice of 
the n + m points (zeros and poles) of the divisor D. □ 

We can now formulate the following result. 

Proposition 4.192. Suppose given a divisor D on the Riemann sur- 
face C of assigned positive degree and a continuous family of divisors D%, 
depending on a real parameter t £ [0, 1], such that 

Dq = D = {qi, . . . , q m , -pi, -p n } 

and with D\ effective. There is a corresponding family / D(A t ,u t ) °f fi rs ^ order 
elliptic differential operators withlndV^ t , Ut ) = deg(Di) = deg(-D) and such 
that dim Coker T>^ , Uo ) = n an d dimCoker = 0. 

Proof. If one considers the restriction (A, u) of a solution (A, u) to CIq, 
thus freezing the n modes corresponding to poles, one obtains then that 
dim Ker = m (the number of zeros) and, from the index computation 

(4.546), dim Coker T>^,u) = n (the number of poles). 

A neighborhood of the solution (A,u) in the moduli space AiiiC^n) 
can be obtained via a gluing construction. Upon writing the divisor D of 
(4.550) in the form D = D - A>o with 

(4.552) D = {q 1 ,...,q m } = {p u . . . ,p n }, 

one can consider the moduli space Ai l(C, -Doo) of gauge classes of solutions 
(A, u) of the equations (4.542), where u is a meromorphic section with poles 
at Dqq. Similarly, one considers the moduli space M.l-i(C,Dq) of gauge 
classes of solutions (^4 V , u v ) of the equations (4.542) on the dual line bundle 
L _1 , with u y a meromorphic section with poles at Dq. One can paste 
together elements of Ml(C, Ax>) and Ai L -i(C, Dq) by a cutoff function 
and create approximate solutions 

(4.553) (A,u)#(A\u v ) 

in a neighborhood -x of the original solution (A, it) in the configuration 
space Bl(C, n). The dimension of this neighborhood is given by the "ap- 
proximate kernel" of the linearization (4.545) at the approximate solution, 
that is, by the span of the eigenvectors with small eigenvalues of the operator 

( 4 - 554 ) V *A,u)#(AV , u v ) P( J 4, u )#(AV , u v). 

This span can be seen to have dimension 

(4.555) dim Ker £>(a,«) + dimKer T>^ A v u vy 
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Inside this neighborhood of the solution (A, u) one finds the neighborhood 
of actual solutions 

(4.556) V^pW^fl^Cn) 

as the zero set of an obstruction section 

(4-557) V^^-'fOlc^, 

of a bundle over with fiber the approximate cokernel, i.e. the small 

eigenmodes of 

^(A,«)#( J 4v, u v ) P(' AiU)#(j4 v iU v)), 

of dimension 

(4.558) dim Coker T>^ Au ^ + dim Coker P^v^v). 

The fixed point argument of [271] translates into the fact that the obstruc- 
tion section vanishes and all approximate solutions can be perturbed to 
actual solutions (by an iteration method). Thus, the (n + m)-dimensional 
tangent space of the moduli space Ml(C, n) can be identified with 

(4.559) T (A ^M L (C, n) ~ KerP (AjU) x KeiV^^ . 

Suppose now given a continuous family of divisors D tl depending on a 
real parameter t £ [0, 1], such that Dq = D = {q±, . . . , q m , —pi, . . . , —p n } 
and with D\ effective. We have 

deg(A) = deg(£>o) = m-n = deg(L). 

By the result on existence and uniqueness of solutions described above, this 
family D t determines a path [A t ,{( t ]. There will be intervals [tfc,tfc+i] with 
to = and ijv = 1 such that, for all t £ [tk,tk+i], we have L4.£,i((] € 
M.L(C,rik), for some n& > 0, with [Ao,«o] £ A^i(C,n) and L4i,{ii] € 
M L (C,0) = s dc ^ L \C). 

If we consider the corresponding one-parameter family of linear differ- 
ential operators P(A t ,u t ) we see that 

dm Coker XV4 0jtt0 ) = n while dim Coker XV^m) = 0. 

Thus, we have shown that deforming a given divisor D of assigned (positive) 
degree to an effective divisor of the same degree corresponds to deforming 
the differential operator P(a,u) to a surjective operator while preserving the 
index. □ 
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(Virtual) correspondences 


Bivariant class T 


Composition 


Cup product in KK-iheory 


Frobenius correspondence 


Z(f) => bivariant element T = F(f) 


Degree of correspondence 


Pointwise index c^(T) 


Trivial correspondences 


Elements of the range V 


Adjusting the degree 
by trivial correspondences 


Failure of Fubini 
on the test functions 


£(D) - l(K — D) = deg D — (g — 1) 


Indd L =td(TC)+ci(L) 


deg Z(P) > Z + div(/) effective 


d(r) > => T + K onto 


Effective correspondences 


Epimorphism of C*-modules 


Modulo torsion 


KK(A,B<g>lh) 


Lefschetz formula 


Bivariant Chern of F(/) 
(by localization on the graph Z(f)) 


Weil trace 
unchanged by principal divisors 


Bivariant Chern 
unchanged by compact perturbations 



Table 1. The Weil proof and the adele class space: a dictionary 



7.7. Building a dictionary. 

We have described some of the first steps towards building a dictionary 
between the Weil proof of RH for function fields and the noncommutative 
geometry of the adele class space. We outline here some of the entries of the 
dictionary, some of which we have already described and some that are still 
more tentative. They are summarized in Table 1 below. 
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Correspondences in the noncommutative geometry setting, as we have 
seen at the beginning of this chapter, can be thought of in terms of Kas- 
parov modules and KK-theory classes, with the Kasparov product behaving 
like composition of correspondences. As we already pointed out in §1, the 
equivalence relation of homotopy imposed on Kasparov modules to obtain 
KK-theory classes is most likely not the best equivalence relation to work 
with when one wants a good analog of correspondences given by algebraic 
cycles. In the zero-dimensional setting of endomotives this is not a problem 
as the dependence on the equivalence relation is no longer seen, as in the 
case of Artin motives, cf. §2, but more generally this issue will have to be 
addressed. 

We have seen that we do have a natural replacement for the Frobenius 
correspondences ^2 n a n Fr n , given by the scaling action of Ck, in the form 
of the elements 



There is also a good analog for the degree of a correspondence, which 
should be identified with a pointwise index, if we think of the correspondence 
Z(f) as giving rise to a bivariant class T(f). (This is a necessary step of 
quantization of the Frobenius correspondence.) We have also seen that it is 
possible to modify the degree of a correspondence Z{f) by adding to / an 
element in the range V of the restriction map TV o tt. 

The next very important step is the perturbation of a correspondence Z 
with degree deg(Z) = g to an effective correspondence, obtained by adding 
a principal divisor div(/). This lacks an immediate analog. We have 
given in §7.6 above a heuristic argument which suggests that the analog of 
changing a correspondence by principal divisors to make it effective can be 
thought of as achieving surjectivity of a Fredholm operator of positive index 
by a compact perturbation that yields an operator with the same index 
and a trival cokernel. The Riemann-Roch formula becomes in this context 
the index theorem. This in particular requires interpreting the degree of a 
correspondence Z(f) as the local index of an associated bivariant class T(f). 

In Weil's proof the positivity of the trace ignores all the torsion in the 
algebra of correspondences under composition. Thus, in building an appro- 
priate dictionary, one should perform a similar simplification. In the context 
of il\fr-theory, replacing KK(A,B) with KK(A,B®N), where M is a type 
III factor, has the effect of removing torsion by tensoring the group with 
M. This makes it possible to consider combinations of correpondences with 
real coefficients, due to the fact that dimension theory for Hi factors gives 
K{M) = M. Thus, to be able to work modulo torsion, it is best to work with 
correspondences obtained after tensoring with a type Hi factor. 
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This discussion only touched upon some of the issues involved in the 
making of such a dictionary. The development of this project will also imply 
further developing and refining the tools of noncommutative geometry. 



8. The analogy between QG and RH 

We end this chapter and the book by returning to the problem of con- 
structing a theory of quantum gravity. We use the understanding we gained 
in the last chapters about phase transitions in the quantum statistical me- 
chanical systems of Q-lattices and the analogy with the way the electroweak 
phase transition is treated in [268]. This suggests that the KMS condition 
may be taken as a definition of temperature states on a suitable algebra Hq 
of quantum gravity observables. 



8.1. KMS states and the electroweak phase transition. 

We discuss the electroweak phase transition in the Standard Model fol- 
lowing [268]. It is based on the computation of the effective potential for 
the scalar Higgs field in the Standard Model and the effect of high temper- 
ature on symmetry breaking. 

8.1.1. Effective potential at one loop. The effective action of Chapter I 
§3.5 can be expanded in powers of the derivatives of the classical field <f> 
around the constant field <p = (j) c . This expansion, written in increasing 
powers of the momenta, is then of the form 



x 



(4.560) S ef 0) = J \-V{4>) + lid^fZ^) + .-.}d D 

where V and Z are ordinary functions of one variable. 

The function V is the effective potential and determines spontaneous 
symmetry breaking through minimization of V and the existence of a non- 
zero solution of 

(4.561) dV/d(f) c = , <j) c / 
tion is, in the Euclidean cont 

s eff (<t>) = s(<t>) - V h L 



Since the effective action is, in the Euclidean context, the formal power series 
in h 



^ a(r) ' 

re ipi v ' 



one finds that the effective potential V can be expressed as the following 
sum over IPI diagrams with zero external momenta: 

(4.562) V lM = - £ ^ (rfa = , r ,- m =°» f 

re ipi ^ ' 

where (f) c is viewed as a real variable, and Vo(4> c ) is the classical potential. By 
construction the quantum corrections are organized in increasing powers of ft 
and these correspond to the loop number of the IPI graphs. At the one-loop 
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level and for a polynomial interaction, one finds that the unrenormalized 
value gives ([268], equation 2.64) 

(4.563) V(c(> c ) = V (cf> c ) + \ J log(l + V ^)-^ + 

In dimension D = 4 the integral diverges in the ultraviolet due to the two 
terms 

( , 564) w _ ~! 

in the expansion of the logarithm at large momentum k. If the classical 
potential Vb is at most quartic the divergences can be compensated by adding 
suitable counterterms in the classical potential. Thus, in particular, if 
one uses an ultraviolet cutoff A and considers the (f) 4 theory with classical 
potential Vo(<p) = \m 1 § 2 + \(j) 4 , one gets a quadratic divergence of the form 

(4-565) + m ^ " sl^ 1 ^^ 2 ' 

whose elimination requires adjusting the classical potential as a function of 
the cutoff A as 



A 2 1 A 

(4.566) (V + 5V )(<P) = V (<f>) - ^(3A0 2 ) + ^(6m 2 \<f> 2 + 9A 2 - j < 

dill 



where we ignored an irrelevant (but A-dependent) additive constant. 

This shows very clearly that, in order to obtain a A- independent effec- 
tive potential, one needs the bare action to depend upon A with a large 
negative quadratic term of the form — 3^2 (3A0 2 ) at the one-loop level. This 
is precisely the type of term present in the spectral action of Chapter I, in 
the case of the Standard Model. The presence of the other quadratic diver- 
gences coming from the Yukawa coupling of the scalar field with fermions 
alters the overall sign of the quadratic divergence only at small enough A. 
However, as shown in [52] §5.7, it reverts to the above sign when A gets 
above 10 10 GeV and in particular when it is close to the unification scale. 

After elimination of the divergences the renormalized effective potential 
at one-loop in the case of the Standard Model is of the form (cf. [268] 
equation 4.1) 

V(4>c)= im 2 2 + |^ + 



(4.567) eh 



B 4>t log $ + (3A<A 2 + m 2 ) 2 log 



+ 



+3(A0 2 + m 2 ) 2 log^+^ 

where \x is the renormalization scale, and B is given by 

3 

IB 1 



(4.568) B = A(3 9 * + 2glgl + gf) - 3yf. 
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One needs to check that the quantum correction does not affect too dras- 
tically the value (j} c = o~ at which the first derivative of V vanishes. The 
classical value (assuming m 2 < 0) is given by a 2 = — The coefficient 

of the leading term <#tlog 4 in (4.567) is X = (12 A 2 + B). This term 
will give rise to an additional contribution to the derivative dV/d(j> c of the 
form 2X(j)c, which will add to the classical term A^j?. This gives us as a 
rough estimate that, provided we take the running scale /i of the same order 
as a, the leading alteration of a 2 is obtained by replacing a 2 = — ^ by 



2 _ m 



2 



a = — 



X+2X 



(cf. [268] equation 2.105). In the case of the Standard Model 
at the electroweak scale one has 2X ~ —j^2 ~ —0.0039 while A ~ 0.24, 
which gives an error of two percent. 

8.1.2. Effective potential at high temperature. To understand how to 
take temperature into account, let us first give the physics interpretation 
of the one-loop correction to the effective potential in the zero temperature 
case. One considers (4.563) and performs the integration over the compo- 
nent fco of the Euclidean momentum. This gives (in D = 4 dimensions) 

(4.569) V(<f> c ) = V (<l> c ) + h f ^k 2 + V "^ c )^ + O(h 2 ), 

which is the integral of the energy density of zero-point energy fluctuations 
around <f c . 

Proposition 4.193. The effective potential at temperature T in Eu- 
clidean space-time is the same as the effective potential at zero temperature 
in the product of space by a circle S l of length = y with antiperiodic spin 
structure. 

Proof. We repeat the formal proof given in [268, §3.1.2]. The theory 
at temperature T is given by the ensemble of temperature Green's functions 
associated to the Gibbs state 

G= ipp(A 1 (x 1 ,t 1 )---A n (x n ,t n )) 

= Z- 1 Ti(e-P H A 1 (x 1 ,t 1 )---A n (x n ,t n )) 

where Z = Tr(e _/3// ) and H is the Hamiltonian. Working at the formal level 
using the identity 

(4.571) A m (x m , t m ) = e itmH A m (x m , 0)e itmH 

one obtains the following formula for the temperature Green's functions: 

G((x 1 ,t 1 ),...,(x n ,t n )) = 

(4.572) 

z -i Tr(e~P H e itlH A 1 (x u 0)e i ^- t ^ H • • • A n (x n , 0) e - u " H ) 
and one checks that this expression is invariant under the translation 

itm 1 * Urn ~\~ 
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In other words, the temperature Green's functions are periodic in Euclidean 
time with period (3. Since the functional integral when performed in the 
product of space by a circle S 1 of length (3 = ^ with antiperiodic spin 
structure does provide Green's functions which are periodic in Euclidean 
time with period (3, one simply asserts that this gives the desired answer. 

□ 

Thus, in the computations of Feynman graphs in the perturbative ex- 
pansion of the functional integral, one simply replaces integration over the 
fco-component (dual to time) by 

(4.573) J dk i ^ 2vrT ^ and J dk ^ 2vrT ^ , 

according to whether one deals with bosons or fermions. 

One can then compute the effective potential at temperature T at one 
loop. Instead of (4.563), it gives (cf. [268]) 

V(<f> c ) = Wc) 

h f d^k 

(4.574) + -TJ2 / log(^ 2 + (2vrnT) 2 + y o "(0 c )) + 0(h 2 ), 

ignoring (infinite) constants such as | Jlog(k 2 )-^^. One then gets ([268]) 
Wc)= V T= o((t> c ) 

(4.575) 

2^r 



+ / °° log(l - exp[- Vx 2 + yo"(^)/T 2 ]) xHx. 



The right hand side is the free energy of a free field of bosons with mass 
V^Oc) ^ ag Qne can gee £ rom chapter I §2 (1.24). This holds for a scalar 
field and one has a similar expression for the contribution to the effective 
potential coming from the Yukawa coupling of the scalar field with fermions. 
This generates an additional term of the form 

(4.576) -4^J log (l + exp[- y/x* + V Q "(</> C )/T* ]) x 2 dx, 

which corresponds to the free energy of a free massive fermionic quantum 
field theory. One has a similar expression for the contribution to the effective 
potential coming from the minimal coupling with gauge bosons ([268]). 

8.1.3. Electroweak phase transition. To analyze the high temperature 
behavior one expands the additional contributions to the effective potential 
above in decreasing powers of T. One obtains for these additional contribu- 
tions at one loop, with the factor of H removed, the expressions 

(4-577) _^ 7r 2 T 4 + ^ Wc)T 2 + ... 
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for bosons and 

(4-578) __!_ 7r 2 T 4 + _l_ Wc)r2 + ... 

for fermions. (There is a typo in the corresponding expressions in [268].) 
Both expansions are valid for T 2 large with respect to Vo"(4> c )- 

Thus, the effect of high temperature is to add a large positive term 
proportional to T 2 (fi 2 to the effective potential, and for high enough T this 
will eliminate the symmetry breaking vacuum. We then get a situation which 
is reminiscent of the phase transition occurring in the quantum statistical 
mechanical systems of Chapter III, with symmetry being restored at high 
enough temperature. In order to get a better understanding of a possible 
extension of this phenomenon to the full gravitational sector (of which the 
electroweak sector is only a small "inner" part) we need to describe in a 
more precise manner the general conceptual framework for QG, in analogy 
with the framework of Chapter III. 



8.2. Observables in QG. 

We saw in Chapter I §2 that the classification of vacuum states on the 
algebra of observables in a given QFT provides a natural framework for the 
non-perturbative formulation of the theory. Moreover, the classification of 
KMS^ states is the natural extension of the theory at finite temperature. 
This can be seen in the details of the proof of Proposition 4.193 and it 
provides at the formal level the right algebraic framework to formulate the 
symmetry breaking associated to the analysis of the effective potential in 
§8.1. One difficulty in this approach is to obtain a well-defined time evolu- 
tion, since the Hamiltonian is a priori only defined in a perturbative manner. 

Table 2 suggests an analogy between the well-defined quantum statistical 
mechanics of Q-lattices analyzed in Chapter III and an extension of the 
above algebraic framework of QFT to the full gravitational sector. We 
need to keep in mind that what plays the role of Q-lattices in this analogy 
is space, and not space-time. Thus we are discussing here the geometry of 
3-dimensional space rather than 4-dimensional space-time. In particular, 
the spectral observables such asDw Tr(Z?~ n ) = Tr(<is ra ), which play the 
same role as the Eisenstein series of Chapter III, are invariants of the Dirac 
Hamiltonian rather than of the Euclidean fermion propagator. 

The idea here is to develop a suitable notion of "spectral correspon- 
dences" r that generalizes spectral triples but relates two different geome- 
tries, i.e. involves two different algebras. We elaborate on this idea of spectral 
correspondence in §8.4 below. In fact it is still unclear what the relevant 
notion of spectral correspondence should be and it could well be formulated 
in terms of 4-dimensional cobordisms between 3-geometries as explained in 
§8.5. 
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Q- lattices 


Quantum Gravity 


Q-lattice 


Real spectral triple 
of dimension d = 3 


Invertible Q-lattice 


Poincare duality 
spectral triple 


Commensurable pair 
of Q-lattices 


Spectral correspondence 
(or cobordism) 


Scaling action 


XD 


Composition of pairs 


Composition of 
correspondences 


/ y i — > / y~ 1 


Contragredient 
correspondence 


Groupoid C*-algebra 


Hecke algebra of 
functions of correspondences 


Eisenstein series 


D i — ^ Tr(D-' n ) = Tr(ds n ) 


Shimura variety 


Moduli space of Dirac 
operators 



Table 2. Q-lattices versus Quantum Gravity 
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The composition of spectral correspondences T should allow one to define 
a convolution algebra TCq of functions f(T) similar to the convolution algebra 
of the groupoid of commensurable pairs of Q-lattices, up to scale. This Hecke 
algebra Hq should be closely related to the algebra of observables in the still 
non-existing theory of quantum gravity. 

8.3. Invertibility at low temperature. 

We have seen in Chapter 3 how the invertible Q-lattices, seen as the 
classical points of the Shimura variety of GLi or GL2 appear as extremal 
KMS states at low temperature for the algebra of coordinates on the non- 
commutative space of Q-lattices up to commensurability and scaling with 
its natural time evolution defined by the ratio of covolumes of commensu- 
rable lattices. The analogous idea here is that a spectral geometry, such as 
the one we used in Chapter I to describe the Standard Model coupled to 
gravity at unification scale, would only appear as a low temperature state 
of an algebra of coordinates on the space of all spectral correspondences 
up to suitable equivalence. The phase transition phenomena we observed, 
in Chapter III, in the case of Q-lattices suggest that, at a sufficiently high 
temperature, one can have an unbroken phase (or even one may not have 
KMS states at all as in the case of the GL2 system). 

This, in this context of quantum gravity, would mean that geometry 
may only appear as an emergent phenomenon coming from a low tempera- 
ture state. In particular, what this analogy suggests is that, when applying 
the formalism of quantum mechanics to gravitation, i.e. to the entire uni- 
verse, one should not use ground states but rather temperature states. It 
raises in particular the possibility that the geometry of space only emerges 
after a suitable symmetry breaking mechanism which extends to the full 
gravitational sector the electroweak symmetry breaking that we discussed 
above. The invariance of the spectral action under the symplectic unitary 
group in Hilbert space is broken during this process to the compact group 
of isometries of a given geometry. In order to have an unbroken phase it is 
important to include among configurations those in which the line element 
ds can be degenerate and in particular non-invertible including the extreme 
case ds = 0. This is in line with the need to include non-invertible vierbeins 
when dealing with 2 + 1 gravity ([302], [303]). What we saw in Chapter III, 
in the context of Q-lattices, is that the invertible Q-lattices have positive 
measure for the extremal KMS/3 states only at low enough temperature. In 
the context of geometry, among the conditions fulfilled by the Dirac spectral 
triple of ordinary smooth Riemannian manifolds, as formulated in [70] and 
recalled in Chapter I §18.2, the following two involve an "invertibility": 

• The real orientability (cf. Chapter I §18.1). 

• The invertibility of the intersection form (cf. Chapter I §18.2). 

These are invertibility conditions which ought to play a role similar to the 
invertibility for Q-lattices. Thus, they should not be assumed in general but 
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should single out special elements from which positive energy representations 
can be constructed. 

8.4. Spectral correspondences. 

We first briefly explain how the notion of real spectral triple (Chapter I) 
extends to the situation in which instead of a bimodule over the same algebra 
A one considers the asymmetric case of two different algebras A, B. In fact it 
suffices to consider the algebra C = A © B and work with real spectral triples 
for C for which the representation of C (8> C° is supported by the projection 
1.4 <8> l|g + Is © 1^4 where 1^ and lg = 1 — 1^ are the central projections. 
One can then isolate the structure corresponding to the subspace which is 
the range of I.4 (8> lg. It is by construction an „4 — fi-bimodule. Passing 
to the contragredient bimodule (cf. Definition 1.174 of Chapter I) should 
allow one to obtain a natural involution on the algebra Hg- It also should 
give a natural reason for the real structure J, which ought to be viewed 
as an isomorphism of the correspondence with its contragredient. This is 
the counterpart of the condition 7 = 7 _1 which is fulfilled by units in a 
groupoid. 

Remark 4.194. The above notion of spectral correspondence should 
play a role in extending to the noncommutative case the notion of funda- 
mental group. Indeed one expects that this analogue should be incarnated as 
a suitable tensor category (like the category of finite dimensional represen- 
tations of a group). One thus expects to deal with suitable .A-£>-bimodules 
which fulfill a suitable "flatness" condition. 

8.5. Spectral cobordisms. 

Rather than using the idea of correspondence described above in §8.4, 
there is an alternative which is to relate two 3-geometries by cobordisms 
using 4-geometries with boundary. The case of geometries with boundary is 
developed in [51] where it is shown that manifolds with boundary naturally 
give rise, in the even dimensional case, to a spectral triple. Moreover the 
spectral action delivers the York-Gibbons-Hawking boundary term with 
correct sign and relative coefficient. This suggests to develop, in the context 
of spectral triples, an algebra of cobordisms between 3-geometries, where a 
cobordism is weighted by the coefficient e~ s ( D / A \ using the spectral action. 
The resulting algebra then requires performing a sum which is similar to the 
Euclidean functional integral. 

8.6. Scaling action. 

If we follow the analogy with the case of Q- lattices, we need to divide 
by the scaling. Note that there is a natural action of W + on spectral triples 
which is simply given by 

(4.579) (A,H,D) ^ (A,n,XD) , VA G M* + . 
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This action should extend to spectral correspondences (and to cobordisms) 
exactly as the scaling action on Q-lattices extends to commensurable pairs. 
Moding out by the scaling action is tantamount to focussing on the confor- 
mal structure underlying the geometry. 

For each s £ C one has a function which is homogeneous of weight s, 



We need to understand the meaning of the dual system, as explained in 
§4.9 of Chapter III. Of course we expect the dual action to be related to the 
renormalization group flow /U<9^. 

Having a good notion of dual system and scaling action makes all the 
tools of cooling and distillation described earlier in this chapter available 
to this context, including the notion of classical points of the periodic orbits 
that we discussed in the case of the Bost-Connes system in relation to the 
spectral realization of zeros of the Riemann zeta function. It is still unclear 
at this stage how these notions should be interpreted in the context of quan- 
tum gravity, but one can follow the example we developed in studying the 
Riemann zeta function as a guideline. In Chapter IV §4, we have seen how 
the spectral realization is obtained naturally using the distillation procedure 
from the dual system. It is at this level of the construction that one expects 
to make contact with the BRS cohomological techniques which are used in 
QFT to deal with situations involving gauge invariance. 

8.7. Moduli spaces for Q-lattices and spectral correspondences. 

Another interesting comparison between the case of the quantum statis- 
tical mechanical systems for Q-lattices and the proposed approach to quan- 
tum gravity is that similar moduli spaces may play a role in both cases. As 
we have seen in Chapter 3 (cf. also the work of [159]), for the quantum statis- 
tical mechanical systems obtained by considering the equivalence relation of 
commensurability on Q-lattices, the extremal low temperature KMS states 
are parameterized by a classical moduli space which has the form of an adelic 
quotient. In the case of 1-dimensional and 2-dimensional Q-lattices this is 
given, respectively, by the Shimura varieties GLi(Q)\(GLi(Aqj) x {±1}) 
and GL 2 (Q)\(GL 2 (A Q)/ ) x H*) = GL 2 (Q)\GL 2 (A Q )/C*. On the other 
hand, as we have seen in Chapter 1, the moduli space of Dirac operators on 
the finite geometries associated to the matter sector of the Standard Model 



(4.580) E S {H,D) = Ti{\D\- s ) 

which is the analogue of the function on Q-lattices given by 




L 



The analogue of the Eisenstein series is 

(4.581) E{n){H,D) =Tr(LT n ). 
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coupled to gravity is given by a quotient of a somewhat similar nature, 
namely by the double quotient (17(3) x £/(3))\(GL 3 (C) x GL 3 (C))/f7(3) for 
the quark sector and a fibration over it for the lepton sector (cf. Chapter 1, 
Proposition 1.192). In addition to this kind of moduli space for the matter 
sector, one should expect to have in the algebra of spectral correspondences 
also the 3-manifolds that give the gravitational part (as we mentioned above, 
we think here of working with space rather than spacetime). One can imag- 
ine, for instance, that the units of the groupoids may be taken to be product 
geometries of S 3 by a finite geometry of the type described in Chapter 1, 
while the arrows would be be spectral correspondences that are again prod- 
ucts of a finite spectral correspondence by a 3-manifold, thought of as a 
geometric correspondence over the 3-sphere, for instance by realizing it as 
a covering of the 3-sphere branched along a knot. It may be that one has 
to extend the notion of spectral triple and spectral correspondence to in- 
corporate the boundary strata in a suitable compactification of the moduli 
space of Dirac operators of Chapter 1, Proposition 1.192, and possibly adelic 
versions as in the Q-lattices setting. 



Appendix 



This appendix covers some basic notions and material that we need in 
the rest of the book. 

We provide a quick reminder of some basic notions of operator algebras 
that we use as tools for the analytic description of noncommutative spaces 
that we deal with throughout the book. We also recall some notions from 
number theory, especially the general ideas of Galois theory which is a 
recurrent theme we encounter in different contexts and settings. 

1. Operator algebras 

1.1. C*-algebras. 

The use of C*-algebras to describe noncommutative spaces originates 
with the work of Israel Gelfand. In fact, noncommutative C*-algebras pro- 
vide a natural extension of the algebro-geometric duality 

(1.1) Space <-> Commutative algebra. 

This duality can be formulated in the form of the Gelfand-Naimark corre- 
spondence 

X <- C Q (X) 

between locally compact Hausdorff topological spaces and commutative C*- 
algebras. 

Definition 1.1. An involutive algebra A is an algebra over C, together 
with an involution * : A — > A satisfying 

(1.2) (x*)* = x, {x + y y = x*+y\ (xy)* = y*x*, (Ax)* = Ax*, 
for all x,y G A and all A 6 C. 

Definition 1.2. A C* -algebra A is an involutive algebra which is com- 
plete with respect to a Banach algebra norm \\ ■ \\ such that the C* -condition 
holds, namely 

(1.3) || xx* || = ||x|| 2 Vx 6 A ■ 

Note that the norm || • || is uniquely determined by the algebraic structure 
and is in fact given by the spectral radius: 

(1.4) ||x|| = sup{A G M + : xx* - A 2 ^ A^ 1 } . 
where A -1 denotes the set of invertible elements of A. 
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The Gelfand-Naimark correspondence for commutative C*-algebras as- 
signs to A the set X of its maximal ideals. This is a locally compact Haus- 
dorff space, compact when the algebra is unital. By identifying X with the 
set of homomorphisms <j) : A — > C, the Gelfand transform a i— > f a (4>) = <K a ) 
gives an isometric *-isomorphism A = Cq(X), so that every commutative 
C*-algebra has this form. 

An important invariant of C*-algebras is given by the -KT-groups Kq(A) 
and K\{A). The Kq{A) group is the algebraic K$ theory of the ring A, 
namely it is the Grothendieck group of the semigroup Kq{A)+ generated by 
projections in matrix algebras M n (A) up to stable equivalence, or equiva- 
lently stable isomorphism classes of finite projective modules over A. The 
group K\{A) is obtained by considering the invertible elements GL„(„4) in 
M n (A), modulo the connected component GL n (A)°. The direct limit of the 
induced homomorphisms GL n (.A)/GL ra („4) — ► GL n+ i(„4)/GL n+ i(.A) de- 
fines Ki(A). For a separable C*-algebra, Kq and K\ are countable abelian 
groups. In the case of a commutative algebra C(X), they give the topolog- 
ical K-theory groups K l (X). 

1.2. Von Neumann algebras. 

One should think of von Neumann algebras as algebras of operators 
defined by symmetries. This means that a von Neumann algebra Ai is 
a unital involutive algebra of operators with the property that there is a 
group U of unitary transformations such that the elements T G Ai are 
characterized by the invariance UTU* = T for all U G U: 

(1.5) M ={T\ UTU* = T , VC/G^} 

More precisely, let TL be a separable Hilbert space and let CiTL) denote 
the algebra of bounded linear operators on TL. 

Definition 1.3. The commutant of a subset M C C(TC) is defined as 

(1.6) M.' := {T G C{TL) : TS = ST, V5 G M}. 

A von Neumann algebra is then defined as follows. 

Definition 1.4. A von Neumann algebra is a unital subalgebra Ai C 
CiTL), which is stable under adjoint T ^ T* and satisfies one of the following 
equivalent conditions. 

(1) M = M" , where M" = (M!)' is the double commutant. 

(2) Ai is closed in the weak topology. 

(3) Ai is closed in the strong topology. 

A net (T a ) of operators T a G C(TC) is convergent to T for the weak 
topology (resp. the strong topology) if and only if (T a ^,rj) — > {T£,rj) (resp 
T a £, — ► T 1 ^) for any vectors £,r] eH. The cr-weak (and cr-strong) topology 
is defined in a similar manner using absolutely convergent countable sums, 
i-e- E( T £n,??n) instead of (T£,r)). 
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The equivalence of the three conditions in the above definition is the 
content of von Neumann's double commutant theorem. This equivalence 
holds for any of the four possible topologies: weak, strong, cr-weak and 
c-strong. In particular, the commutant provides a way of constructing von 
Neumann algebras. For the pair of von Neumann algebras M. and M', given 
by M. and its commutant, the intersection 

Mf)M' = Z(M) = Z(M') 

is the center for both algebras. 

Finally, von Neumann algebras can be described as dual spaces, namely, 
we have the following. 

Proposition 1.5. Let C l {H) C C(H) denote the trace class operators on 
TL. Let M. C C(TL) be a von Neumann algebra, and M. 1 - be the annihilator 

M L = {Te C\H) : Tr (ST) = 0, VS* £ M}. 

Then the Banach space = vC 1 (H)/A / i" L is the predual of M, that is, 
(A4*)* = M.. Under this identification, the a-weak topology on M. is the 
one induced by the junctionals S i— > Tr(ST), for some T G M.*, and for all 
S£M. 

In fact, one can show that, for any unital subalgebra M C C(7i) stable 
under adjoint, the double commutant M" is the c-weak closure of Ai. 
This, in particular, implies that von Neumann algebras are C*-subalgebras 
of JC(H) that are u-weakly closed. It is also possible to characterize von 
Neumann algebras as precisely those C*-algebras that are dual spaces. 

One should keep in mind that, though this in general implies that it is 
possible to regard von Neumann algebras as C*-algebras, this always (ex- 
cept in the finite dimensional case) gives rise to C*-algebras that are non- 
separable, hence not really relevant (except possibly as intermediate tools) 
as noncommutative topological spaces (somewhat like non-metrizable topo- 
logical spaces). To maintain the correct intuition, one should rather think 
of von Neumann algebras as measure spaces, and separable C*-algebras as 
metrizable topological spaces. 

In von Neumann's setting, ordinary measure theory becomes the special 
case of commutative von Neumann algebras, in the following sense. 

Example 1.6. Let (X,fi) be a measure space, with X a locally compact 
Hausdorff space, and fi a probability measure on the Borel sets of X . We 
can regard functions f in L°°(X,fj,) as multiplication operators Mf acting 
as bounded operators on L 2 (X,/i). This gives rise to a commutative von 
Neumann algebra M. = L°°(X,fj,). 

In fact, this example describes the general commutative von Neumann 
algebras up to isomorphism. Measure theory can be reconstructed from 
commutative von Neumann algebras. This is a consequence of the spectral 
theorem and can be seen as follows. 
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Definition 1.7. Let M C CiTL) be a unital subalgebra closed under 
adjoint. A vector x G TC is cyclic for M. if the subspace Aix is dense in TC. 
A vector x G TC is separating for M. if it is cyclic for the commutant M! . 

We then have the following result. 

Proposition 1.8. Consider an operator T in CiTL), which is normal 
(commuting with its adjoint), and consider the C* -algebra C*(T) generated 
by T. The minimal von Neumann algebra W*(T) containing T and the 
identity I will then be the closure of C*(T) in the strong topology. Assume 
W*(T) has a cyclic vector. Then there is an isometry U of L 2 (X,/j,) with 
TC, where X = cr(T) is the spectrum ofT and /j, is the spectral measure, and 
f i — ^ UMfU* gives an isometric ^-isomorphism between L co {X,^i) and M. 

This isomorphism is obtained by assigning to each polynomial 



the operator p(T,T*) = Y< a ij Ti { T *) j in tne algebra W*(T). This corre- 
spondence extends to all Borel functions /, and one shows that for a bounded 
sequence of functions f n which converges pointwise to / on X = cr(T), the 
operators f n {T) converge strongly to an operator which defines f(T). 

We say that an operator S has the same symmetries as T if it satisfies 
USU* = S for any unitary operator U on TL such that UTU* = T. When 
T is normal any such operator S can be written in the form S = f(T), for 
some Borel function /. 

The condition on the existence of a cyclic vector for M corresponds to 
being maximal commutative, i.e. not contained in any larger commutative *— 
subalgebra of C{TL). In turn this is equivalent to the condition M = M', and 
corresponds in the spectral theorem to requiring eigenvalues to be simple. 
In a more general case, one needs to consider the additional datum of a 
multiplicity function at points of X = cr(T). 

We have seen that commutative von Neumann algebras recover classical 
measure theory. On the other hand, one can consider von Neumann algebras 
that are "as far as possible" from the commutative case. This gives rise to 
the very rich theory of factors. 

For a general von Neumann algebra M the center Z(M) is always of 
the form L°°(X, fi) for some measure space (X, fi). The case which is as 
noncommutative as possible is when this center consists only of constant 
functions. 

Definition 1.9. A von Neumann algebra M. with trivial center, Z(Ai) 
= C, is called a factor. 

An important notion in studying factors is that of a trace. 

Definition 1.10. Let Ai be a factor. A trace r on M. is a linear func- 
tional on M. satisfying r(ab) = r(ba) for all a,b £ M.. A trace is normalized 
if it satisfies the further condition r(l) = 1. 
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The term factor was introduced by von Neumann, whose aim in relation 
with quantum mechanical systems was to show that such an algebra should 
induce a factorization H = Hi H2 of the ambient Hilbert space H such 
that M consists of the operators of the form T\ <g) 1, with T\ G £(Hi). As 
shown early on by Murray and von Neumann such a factorization result 
does not hold in general. An example where it fails can be given as follows. 
Consider a discrete group T, with the property that the conjugacy classes of 
all non-trivial elements in T are infinite. Consider the Hilbert space £ 2 (T) 
with canonical basis (eh) her an d the left regular representation 

The algebra M. of left-invariant operators on £ 2 (T) is a factor. Moreover, 
the function 

Te M ^ (ei.Tei) =: r(T) 

defines a finite trace, with t(I) = 1. However, if M were the algebra of 
bounded operators on a Hilbert space, there would be no such finite trace. 

Though the factorization result originally expected by von Neumann 
does not hold, factors are indeed crucial to the study of von Neumann alge- 
bra, because all information about von Neumann algebras can be reduced to 
the case of factors, via von Neumann's reduction theorem. In fact, in [289], 
von Neumann proved the following: 

Theorem 1.11. A von Neumann algebra M. on a separable Hilbert space 
TC is always isomorphic to a direct integral of the form 

/ M(x)dfj,(x) 
Jx 

over a measure space (X,fx), where each M.(x) is a factor. 

Murray and von Neumann classified factors into the types I n and loo, Hi 
and Hoc, and III. Their initial classification produced the following picture. 



Type l n 


M n (C) 


Type loo 


£(H) 


Type Hi 


factors that admit a finite trace 


Type IIoo 


Hi® loo 


Type III 


whatever remains 



In this picture, factors of Type I are very rigid: either finite dimensional 
matrix algebras, or the algebra of all bounded operators on a Hilbert space. 
There is a lot more interesting structure in Type II and III factors. For a 
long time, however, very few examples were known, until Powers introduced 
a continuous family of mutually non-isomorphic type III factors [247]. It 
was later understood that the best way to approach the theory of factors 
and produce many significant examples is geometrically, via the theory of 
foliations [66] . All types of factors occur from this geometric construction 
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and the continuous dimensions of Murray and von Neumann play an essential 
role in the longitudinal index theorem [98] . Typical examples of algebras of 
foliations that are of Type I occur when the foliation is actually a fibration, 
or when all the leaves are compact, or in slightly more general cases like 
the Reeb foliation of the 3-sphere, where in any case the foliation admits a 
measurable section and the space of leaves is a nice Borel space. Examples 
of Type II include the Kronecker foliation that defines noncommutative tori. 
An example of a foliation that gives a Type III case is the Anosov foliation 
given by the orbits of the right action of upper triangular matrices on the 
unit tangent bundle r\PSL(2,M) of a compact Riemann surface of genus 
g > 1 with Fuchsian uniformization £ = r\H. 

While the existence of traces provides a tool for the study of type II 
factors, it was only the use of Tomita theory that made an in-depth study 
and a classification of type III factors possible [63] . We will not discuss in 
detail the classification of factors here and we refer the interested reader to 
[63] . However, we recall an important result of the theory of von Neumann 
algebras, which is used several times in the rest of this book and we show 
how it came to play an important role in the classification of factors. 

1.3. The passing of time. 

An important property of noncommutative von Neumann algebra is that 
they evolve in time, namely, they carry a one-parameter group of automor- 
phisms, which is canonical up to inner automorphisms [63]. 

Recall that, in classical and in quantum mechanics, the notion of time 
can be introduced both as a flow on the configuration space or as a one- 
parameter group of automorphisms of the algebra of observables. In quan- 
tum mechanics, these two approaches represent the complementary view- 
points of Schrodinger and Heisenberg. 

Let Ai be a von Neumann algebra in the Hilbert space H, and £ G H a 
cyclic and separating vector for Ai, 

(1.7) M£ = H, ~Ml = H. 

It determines a faithful normal state (p on Ai as the quantum mechanical 
expectation 

(1.8) ip(a) = (£,<), VaGM. 
The (closure of) the operator defined by 

(1.9) Sa£ = a*£, 

for all a G Ai, admits a polar decomposition of the form 

(1.10) S = JA 1 / 2 , 

with A a positive self-adjoint operator and J anti-unitary. Tomita's theory 
[280] provides the following result. 
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Theorem 1.12. (Tomita) The operator S of (1.9) has the following 
properties. 

JMJ = M', 

(1.11) 

A^'MA" = M. 

The first part of this theorem should be read as the statement that u Ai 
has the same size of its commutant". The second part provides a one- 
parameter group of automorphisms af of the von Neumann algebra Ai, 
given a state <p, hence the notion of a time flow in the sense of the Heisenberg 
picture. When we introduce the formalism of quantum statistical mechanics, 
we also introduce an important class of states that correspond to the possible 
thermodynamical equilibrium states of the system at a given inverse tem- 
perature (3. These are characterized by the KMS (Kubo-Martin-Schwinger) 
condition, which extends the notion of Gibbs measure for classical statistical 
mechanical systems. We then return to the time evolution af defined by 
Theorem 1.12. Takesaki [280] showed that it is the unique one-parameter 
group of automorphisms of Ai that satisfies the KMS condition for (3 = 1. 

An even more surprising fact is true. Connes proved in [63] that, modulo 
the inner automorphisms of the algebra, the one-parameter group af deter- 
mines a canonical time evolution, which no longer depends on the choice of 
the state cp. The normal subgroup of inner automorphisms Inn(A^) is given 
by automorphisms implemented by unitary elements u € Ai, 

T i — ^ uTu* . 

The main result on the Tomita time evolution af is given by the following 
theorem. 

Theorem 1.13. (Connes [63]) In the exact sequence 

1 -► Inn(TW) -► Aut(M) -► Out(M) -► 1, 

the class of af in Out(A^) does not depend upon the choice of the state (p. 

Thus, given a von Neumann algebra Ai, there is a completely canonical 
homomorphism 

(1.12) M^Out(M). 

This fact is entirely an effect of noncommutativity, with no classical analog 
for commutative algebras. 

In [97] a hermeneutical interpretation for the time flow (1.12) is proposed 
as the physical time in generally covariant theories, and this hypothesis is 
tested against non-relativistic and classical limits, and cosmology. In fact, 
a major problem arises in trying to recover the notion of physical time 
in generally covariant theories, such as general relativity, and any theory 
involving the gravitational field relativistically, where no preferred time flow 
can be assigned. In [97] the idea of [257] of a definition of physical time that 
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depends on the thermal state of the system is given a rigorous mathematical 
content in the form of the Tomita time evolution of von Neumann algebras. 

This independence of the state of the automorphism group satisfying the 
KMS condition modulo inner automorphisms plays a crucial role in Connes' 
classification of Type III factors in [63] . 

In fact, it is possible to define invariants of factors using the group of 
modular automorphisms 

(1.13) af(a) = A; tt aAj 

associated to the state (p(a) = (x, ax). Two important invariants are defined 
by 

(1.14) S(M) := n^Spcc(A^) 

(1.15) T(M) :={t£R : af € Inn(M)}. 

In principle, it would be extremely hard to compute invariants such as S(M), 
since they involve all states. However, the result of Theorem 1.13 provides 
the key to make such invariants computable. 

The multiplicative subgroup S'(A / J)\{0} of subdivides type III factors 
into the types III A for which S(M) = {A n : n G Z} U {0}, with < A < 1, 
or S(M) = R*+ for A = 1, or S(M) = {0, 1}, for A = 0. 

Type III factors can be studied by reducing them to the type II case 
via a crossed product construction involving the time evolution. This comes 
up crucially in this book when we discuss quantum statistical mechanical 
systems like the Bost-Connes system with arithmetic properties and the dual 
system obtained by taking the crossed product by the time evolution. The 
underlying structure theory is exactly the reduction from type III factors to 
type II factors and their automorphisms first introduced by Connes in [63] . 

The classification result for factors of type IIIa with < A < 1 is then 
of the following form. 

Theorem 1.14. (Connes, [63]) For < A < 1, type III\ factors have 
a discrete decomposition of the form M = N Xg Z, with N a type 11^ 
factor, and 9 an automorphism of M , acting on any trace t on M by scaling 
t o 9 = At. Conversely, every such crossed product gives a type III\ factor. 
The pair (JV, 6) is uniquely determined up to inner automorphisms. 

In the Type III case, the role of traces is replaced by generalized traces, 
namely semi-finite normal weights such that <p(l) = oo and Spec(A^) = 
S(A4). The factor J\f is the centralizer of a generalized trace. 

By theorem 1.14 the classification of type IIIa factors is reduced to clas- 
sification of type Hqo factors and of classes of 9 in Out (J\f) with the property 
that r o 9 = At. This can be treated within the framework of noncommuta- 
tive ergodic theory (cf. [68] for a detailed discussion of these topics). 
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In the type IIIo case, the result is similar to Theorem 1.14 above, but 
the algebra J\f need no longer be a factor and the uniqueness result is then 
given in terms of conjugate automorphisms induced by projections in the 
center. 

Theorem 1.15. (Connes [63]) Type IIIo factors have a discrete decom- 
position of the form M. = M »e with J\f of type 11^ (not necessarily a 
factor), and 6 an automorphism of J\f , which is a contraction (i.e. to8 < At 
with A < 1). Given two such pairs (Mj,6j), j = 1,2, which give rise to the 
same M., there are projections ej in Z{J\f ) such that the induced automor- 
phisms 9j^ e . are conjugate. 

The case of type IIIi can be derived from the continuous decomposition 
of type III von Neumann algebras ([281]). 



As shown repeatedly throughout this book, many interactions between 
noncommutative geometry and number theory involve some form of Galois 
theory. Instances include motivic Galois theory and differential Galois the- 
ory that play a crucial role in the theory of perturbative renormalization 
in quantum field theory. Another important form of Galois theory that is 
interestingly related to noncommutative geometry is class field theory and 
Hilbert's 12th problem (explicit class field theory). In particular we are us- 
ing the Kronecker-Weber theory of the maximal abelian extension of Q, i.e. 
the Galois theory of cyclotomic fields, as well as the explicit class field the- 
ory for imaginary quadratic extensions of Q. The latter involves the Galois 
theory (automorphisms) of the modular field, i.e. the field of modular func- 
tions associated to the tower of modular curves. This plays an important 
role in the GL2 analog of the Bost-Connes system, discussed at length in 
this book. For all these reasons, it seems appropriate to recall some general 
facts about Galois theory that illustrate the general philosophy underlying 
all these different manifestations that are encountered in the book. 

We give here a brief account following closely the original exposition 
by Galois [136] and hopefully enticing the reader to think in a fresh way 
about the general strategy. In particular, we would like to stress the fact that 
Galois' original formulation shows that Galois theory is in essence describing 
a symmetry-breaking phenomenon. 

Let us start with a ground field k. For simplicity, in this section we only 
consider the case of characteristic zero, which suffices for our purpose. 

We then consider a polynomial equation 



of degree n with coefficients in k. We let K denote an algebraic closure of 
k, so that we can take the roots 
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(1.16) 



P(x) = 



(1.17) 



K = {a G K : P{a) = 0} 
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of (1.16) in K. We assume the roots to be all distinct so that the cardinality 
of 1Z is #1Z = n. Equivalently, the discriminant of P is 7^ 0. The discrim- 
inant of P is the square of the Vandermonde determinant; it is rational in 
the coefficients of P. 

The first main lemma consists in maximally breaking the symmetry 
between the roots by choosing an appropriate function V. It was stated 
and proved by Galois in the following form. 

Lemma 1.16. Consider a polynomial equation (1.16) as above. 

(1) There exists a rational function V(xi, x 2 , ■ ■ ■ , x n ), of n variables, 
such that V(ai, . . . ,a n ) takes n! different values under the permu- 
tations of the n roots ctj £ 1Z = {a±, . . . , a n }. 

(2) With V as above, there exists a rational function R(z) with coeffi- 
cients in k such that a± = R(£.) for £ = V(cti, . . . , a n ). 

Proof. (1) We take V(x\,x 2 , . . . ,x n ) = ^ XjXj with Xj e Q c k. 
Consider then two permutations a, a' of the points {a±, . . . , a n } of TZ. The 
equality 

(1.18) V(a(a u aa n )) = V(a'( ai ), a'{a n )) 

determines a linear subspace H a y C Q n of codimension at least 1 of the 
space Q n of coefficients Xj. Since a finite collection of hyperplanes in R n 
cannot cover the dense subset Q n Ct", one can choose the Xj so that none 
of the equalities (1.18) hold, for distinct permutations a, a' £ S n . 
(2) Consider the polynomial 

(1.19) Z(X) = l[(X - V(a u a(a 2 ), a{a n ))) 

where a G ranges through all permutations of the n — 1 roots 

(«2, • • • , Q n ). Since the symmetric functions of these n — 1 roots are poly- 
nomials in ol\ and the symmetric functions Sj of (a±, a 2 , ■ ■ ■ , a n ), the same 
holds for all the coefficients Cfc(ai) of the polynomial Z{X) = ^ X k . Let 
£ G K be given by V(ai, a 2 , ■ ■ ■ , a n ) and consider the two equations in x 

P{x) = 

(1.20) Q(x) = Y,c k (x)C k = 0- 

They are fulfilled by construction for x = cci, but the point is that ol\ is 
their only common root in the algebraic closure K of k. Indeed, the roots 
of P are the aj and one has (with j = 2 for instance) 

c fcM X k = Y[(X - V(a 2 , a(ai), a(a 3 ), a{a n ))) 

where a ranges through all permutations of the n — 1 roots (ai, 03 . . . , a n ). 
Thus, using the first part of the lemma one gets that ^ Ck{a 2 ) £ fc 7^ and 
a 2 is not a root of the equation Q(x) = ^ c&(x) £ k = 0. 
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One then applies the Euclidean algorithm to compute the greatest com- 
mon divisor of the pair of polynomials P, Q. It is a polynomial of degree 1 
whose only root is a±. This determines a\ as a rational function of £ with 
coefficients that are rational in the Sj and the coefficients Xj of the linear 
form V. □ 

In a similar way one gets «2 = ^2(£)> a 3 = ^afOi-i where all these 
rational functions are different only by the use of permuted values of the 
coefficients Xj. 

It is interesting to note that the proof of Lemma 1.16 gives in fact a 
universal form for R as a rational function R = (sj), (A&)). Its explicit 
form is very complicated and it is a nice exercise in computer skill to work 
it out for small values of n. The fact that explicit computations get quickly 
out of control is typical of Galois theory, but as Galois insists, there is no 
point in getting lost in these computations; instead, as he puts it, the goal 
is 

"Sauter a pieds joints sur ces calculs; grouper les opera- 
tions, les classer suivant leurs difficultes et non suivant 
leurs formes; telle est selon moi, la mission des geometres 
futurs " 

Evariste Galois, [136]. 
He then considers the equation 

(1.21) W(x) = ]J(x - V(a( ai ),a(a 2 ), a{a n ))) = 0, 

where a 6 S n ranges through all permutations of the n roots {a>i, . . . , a n } 
of (1.16). 

He then associates to the decomposition 

(1.22) w=n^ 

i 

of W into irreducible polynomials over k the group G of permutations of the 
roots of (1.16) given by 



(1.23) 



(fli(0, MO, MO) 
(Ri(&), Mb), ^n(6)) 

(Ri(tid), Mb), RniU)) 



where the £j are the roots of the irreducible factor W\ of (1.22) containing 
£ as the root £i. 

He explicitly writes ([136]) the definition of a group of permutations and 
characterizes the group of permutations described above in the following 
form. 
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Theorem 1.17. (Galois) The set of permutations (1.23) forms a group 
G which is uniquely characterized as the only group of permutations of the 
roots with the following property: 

For any rational fraction R G k(x±, . . . , x n ) 

(1.24) R((aj)) G k <^ R(a(a 1 ), . . . ,a(a n )) = R(ai, . . . ,a n ) , Ma G G . 

This characterization clearly shows that the group G does not depend 
upon the explicit choice of the function V in Lemma 1.16. 

An equation E(x) = such as E = W\ has the peculiar property that 
the following group of transformations x t— ► T(x) acts transitively on the 
roots: 

(1.25) {T G k(x) | E{x) = ^ £?(T(x)) = 0} 

Indeed, all roots of Wi(x) = are of the form rf = V(a(ai),a(a2), ■ ■ ■ , d(a„)) 
for some permutation a while a.j = Rj(£) are rational functions of £, which 
allows one to write rj as a rational function T(£). 

We let F C K be the field generated by all roots of equation (1.16); then 
we get: 

(1.26) Any root rj of W{rj) = generates F. 

This shows that, if we decompose W into irreducible factors over k as in 
(1.22), we then have for each factor W\ an isomorphism 

(1.27) F~k[x]/Wi, Vi. 

In particular all the W{ have the same degree d. Let us then fix W\ by 
W\{£) = and identify F with Since all roots of W = are 

rational functions of £, the polynomial W"i has all its roots in i* 1 and splits 
over F as a product of polynomials of degree one. For each root 77 of W\ = 
we thus get an automorphism of F 

(1.28) 9 £ Aut fc (F) 

uniquely determined by 0(^) = 77. Their action on the roots of (1.16) is given 
exactly by (1.23) and Galois' characterization of the group G is simply that 
G = Autfc(-F). To be more precise note that if a is a permutation of the 
roots such that for any polynomial Q £ k[x±, . . . , x n ], 

Q(ai, . . . , a n ) G k Q(a(oti), a(a n )) = Q{a u ...,a n ) 

then the map 

Q(ai, . . . , a n ) i-> Q(<r(ai), a(a n )) 

gives a well defined homomorphism p from F to F (since Q(a\, . . . , a n ) = 
G fc implies (5(cr(ai), . . . , o"(a n )) = Q(a±, . . . , a„) = 0) and p is the identity 
on k so that p G Aut^(F). This shows that any group of permutations of the 
roots fulfilling (1.24) is a subgroup of the group G of permutations of the 
roots induced by elements of Autfc(F). It remains to show that the group 
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Autfc(F) fulfills (1.24) and any strict subgroup fails. Given a group H of 
automorphisms of a field E one lets E H be the subfield 

E H = {x G E ; 9{x) = x \/9 G H} . 

The remaining step is immediate using the following well known general 
result due to E. Artin ([5]) 

Proposition 1.18. Let E be a field and H a finite group of automor- 
phisms of E. 

(1) One has [E : E H ] = #H. 

(2) Aut fiH E = H. 

Proof. As before, we assume that the fields have characteristic zero. 
Let us first show that [E : E H ] < #H. We let m = #H. We take m + 1 
elements Co> • • • > Cm £ P an d consider the matrix 

/ 0"! (Co) ••• Cl(£m)\ 



\0"m(Co) ••• Cm(Cm)/ 

which has m rows and m + 1 columns. Thus it has non-trivial kernel and 
there exists 

fvo\ 
r)=\ : G P m+1 , 

such that T?7 = and 77 7^ 0. One has rjj 7^ for some j and we can assume 
j = and in fact 770 = 1 by P-linearity of the kernel. Then Yl a (£j) Vj = 
=> ECjCr _1 (^) = 0. Avera ging over if gives a non-trivial relation Co + 
J2 Cj Aj = 0, with Aj G P ff . Thus [P : P^] < 

Let k = E H . To get a bound on Aut&(P) one proves a bound on the 

cardinality of the set of field morphisms E — > K, where K is an algebraic 
closure of k. Let k C F C P(C) C P be subfields, with C ^ P. Then let P be 
the monic irreducible polynomial with coefficients in F such that P(C) = 
(the minimal polynomial of £). Its degree is [P(C) : P]- 

If we know 9 on P, then to extend it to P(C) requires choosing a solution 
of 9(P)(X) = in K and there are degP = [P(C) : P] such solutions. Thus, 
writing C &(Ci) C A;(Ci)(C2) C • • • = P, one gets the bound 

(1.29) Card(Hom fc (P,P;)) <[E:k\. 

It follows thus that #Aut fe (P) < [E : k] and (1) and (2) follow. □ 

Corollary 1.19. Let E and H be as above, with k = E H . Then, for 
CeP ; 

C generates E over k & 9 (C) + C V0/1 (0 G H) . 
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Proof. The implication =4> is immediate. To get the other, let P be the 
minimal polynomial of £. Then all are roots of P and are distinct, so 
that deg(P) > m = #H. The subfield has degree m over k and equals 
E. □ 

Proposition 1.20. Let E, H, and k = E H be as above. Let G E be 
such that if 9(£j) = £j, for all j, then 9 = 1. It follows that E is the ring 
generated by the £j over k. 



PROOF. Let R be the ring k[£j]. Since we have R C E, then every non- 
zero element rj G R is injective as a multiplier of R, hence also surjective on 
this finite dimensional /c-vector space. Thus R is a subfield of E and it is 
enough to show that the subfield generated by the £j is E. 

Let k\ = and Pi be the corresponding irreducible polynomial of 

degree n±. Let 

Hi = {9 £ H : = 6} 

and mi = #Hi, with mi \ m. Then consider 

(1.30) Pi(X)= H (X-0&)) 

as above. Thus degfci = degPi = m/mi. Since [E : E Hl ] = mi and 
ki C E Hl , we get 

(1.31) h = E Hl . 

We can then go on with £2 and &2 = ^1(^2), so that ki = E H2 with 

(1.32) H 2 = {9€Hi : 0(&) = 6}. 

In the end we get H n = {1} with k n = E = fc(£i, ■ • • , Cn) as required. □ 

In fact the proof above applies without change and yields the "funda- 
mental theorem" of Galois theory. 

Theorem 1.21. With E, H, and k = E H as above, consider elements 
£j G E 1 . T/ien i/te subring generated by the £j is the fixed subfield E J with 

J = {6eH; 9(Z j ) = £ j Vj}. 

Thus, given any subfield k C F C E, one has 

(1.33) F = E J , with J = {0€H : 0(€) = £ V£ G F} , 

and one gets a bijection between subgroups of H and subfields of E. Normal 
subgroups correspond to normal extensions, i.e. one has the following result. 

Proposition 1.22. Let k C F be a finite extension. Then the following 
are equivalent. 

(1) k = F G where G = Aut fc (F). 

(2) Any irreducible polynomial P G k[X] with one root in F has all its 
roots in F. 
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(3) There exists (eF, with = F, such that all roots of P(£) = 
(minimal polynomial of £) are in F. 

Proof. (1) (2). Let a be that root. Then Pi = fe(a) is a subfield of 
degree n± = degP and is of the form F Hl , for Hi = {9 £ G : 0(a) = a}. 
This implies that the 9(a), for 9 G H{\G, are the ni roots of P in F and P 
splits in P. 

(2) =>■ (3). Take elements ai £ F that generate P over and corre- 
sponding irreducible polynomials Pj G fc[X]. Then P = Yl^Pi has all its 
roots in P by (2). By Lemma 1.16 (which does not use irreducibility) , we 
find a rational function £ of the roots which generates P over k. Taking the 
minimal polynomial of £ and using (2) we get (3). 

(3) =>• (1). One constructs deg(P) automorphisms of P over k. □ 

If J < P is a normal subgroup, then the quotient group H/ J acts on 
E J = P as automorphisms, with k as fixed points. Thus, P fulfills (1) 
of Proposition 1.22 above. Conversely, if P fulfills (3) of Proposition 1.22, 
then the subgroup Hi = {9 £ G : = £} is unchanged by replacing 

£ with a(£), for a G G, since a(£) G P is another root of P. Thus Pi 
is a normal subgroup of G. In other words, in the Galois correspondence 
between subfields and subgroups, normal subgroups correspond to normal 
extensions. 

This brief excursion into the basic facts of Galois theory serves as a quick 
introduction to the many different variants of the theory that are discussed 
in the book. As a fundamental tool in number theory, it appears repeatedly 
in our encounters between noncommutative geometry and arithmetic. 
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